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Abstract

Objectives. The efficient management of parallel ETL (Extract, Transform, Load) process execution in central data
warehouses critically impacts overall processing time. Existing orchestration tools such as Apache Airflow, NiFi, Luigi
employ simplified prioritization algorithms which ignore dependency graph topology and resource dynamics, leading
to suboptimal scheduling. The objective of this work is to develop and validate a novel task prioritization method for
ETL pipelines, aimed at minimizing their total duration through deep analysis of structural features of Directed Acyclic
Graphs (DAGs), as well as the use of simulation modeling to evaluate various scheduling strategies under conditions
of competition for limited concurrency slots.

Methods. The study proposed a Python simulation model, replicating ETL process execution in an environment with
limited concurrency slots. The model generates a DAG which reflects the dependency structure of processes for building
a central data warehouse and compares 9 prioritization algorithms. These include basic algorithms (prioritization
by minimum/maximum average execution time), topological algorithms (prioritization by minimum/maximum layer
level, maximization of dependency count), and hybrid algorithms (splitting slots into queues for minimum and maximum
execution time). Experiments were conducted on graphs of a variety of topologies using the developed simulation
model.

Results. The hybrid algorithm (slot allocation: 50% for tasks with maximum execution time, 50% for tasks with
minimum execution time) demonstrated the highest level of efficiency. It reduced total execution time by 15-17%,
when compared to basic algorithms, minimized task idle time by 20-25%, and showed resilience to graph topology
variations. A linear combination of optimized coefficients (execution time being the most significant factor) ranked
second in terms of efficiency.

Conclusions. Prioritization based on DAG topology analysis and hybrid strategies significantly reduces ETL pipeline
execution time. The hybrid algorithm is recommended for implementation in orchestrators, since it balances
minimizing pipeline duration and task idle time. A promising area for further study is the development of adaptive
algorithms that account for real-time dynamic resource load.

Keywords: ETL orchestration, simulation modeling, dependency graphs, data warehouse, directed acyclic graph
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Pesiome

Llenn. 3o dekTrBHOE ynpaBieHne napannesbHbiM BbINMOJHEHNEM ETL1-npou,eccos B LLleHTpasbHbIX XPaHUNn-
wax OaHHbIX KPUTUYECKM BaUsieT Ha obuiee Bpems 06paboTkn. CyliecTBYOLWME MHCTPYMEHTbLI OpKecTpaumm
Apache Airflow, NiFi, Luigi ncnonb3yoT ynpoOLEHHbIE airOPUTMbl NPUOPUTUIALNN, UTHOPUPYIOLLME TONOOI IO
rpadoB 3aBUCUMOCTEN N ANHAMUKY PECYPCOB, YTO NPUBOANUT K cyBoNTMManbHOMY NaaHupoBaHuio. Lienbto naH-
HOWM paboThl ABNAOTCA pa3paboTka U Bannaaumst HOBOro MeToa npuopuTnusaummn 3agay B pamkax ETL-koHBel-
€poB, HaNpPaBAEHHOro Ha MUHUMU3ALNIO UX 0OLLEer ONUTENBHOCTU 3a cHeT rnyboKoro aHanmaa CTPYKTYPHbIX
0COBEHHOCTEN HanpaB/IEHHbIX AUMKINYEeCKNX rpadoB U MCMONb30BAHUA UMUTALMOHHONO MOAENNPOBAHNSA ANS
OLEHKN pasfinyHbIX CTpaTernii NiaaHMPOBaAHUSA B YCNIOBUSAX KOHKYPEHUMN 32 OrpaHUYEeHHble CNOoThbl napanne-
nmama.

MeTopbl. NpeanoxeHa nMuUTaunmoHHas Moaesb Ha a3blke Python, Bocnponadsogsiwasa BeinonHeHne ETL-npouec-
COB B Cpefe C orpaHnyYeHHbIMU cnoTamMmum napannenuama. Mogenb reHepupyeT HanpaB/ieHHbIN auuKIMYecknin rpad,
OTpaxaroLLMin CTPYKTYPY CBSI3eN NPoLEeCccoB AN GOPMUPOBAHUS LEeHTPaIbHOro XpaHuunwa AaHHbIX, U cpaBHMBa-
eT 9 anrop1UTMOB NpMopuUTM3aumm, BkIovas 6a3oBble (MPUoOpUTU3aLLMs MUHUMAlbHOMO/MaKCHMMaibHOro CpeaHero
BPEMEHM BbINOJIHEHNS), TONONOrMYeckne (NPUoPUTU3aLLUS MUHUMaNIbHOr0/MakCUMasnbHOMO YPOBHS CNOS1, MaKCu-
Mm3aLms Ymcna 3aBUCUMOCTEN) U rMbpuaHble (pa3aeneHne CNoToB Ha ovepenn 41 MUHUManbHOMo 1 MakCcUMasb-
HOrO BPEMEHM BbINOJIHEHNS). DKCNEPUMEHTbI MPOBEAEHbI HA rpadax pasfinyHbIX TOMNOIOr A HA OCHOBE MOJTyYEeHHOW
VIMUTaUWOHHOM MOogenu.

PesynbTatbl. [M6puaHbIA anroputm (pasaeneHue cnotos: 50% nnsa 3agay ¢ MakCMMasbHbIM BPEMEHEM BbIMOJI-
HeHus1, 50% — C MUHMMaSIbHBbIM) MOoKasan Hauydwyilo 3PdEKTUBHOCTb: CHMXEHNE OOLLLEro BPEMEHU BbIMNOJIHE-
HUa Ha 15-17% no cpaBHeHWUO ¢ 6A30BbIMUY ANropUTMaMm, MUHUMU3ALMIO BPEMEHM NPocTos 3aaa4d Ha 20-25%
M YCTOMYMBOCTb K Bapmaumsam Tononorum rpados. JInHeinHas KoMOUHALMSA C ONTUMU3UPOBAHHBIMU KO3DDULIMEH-
Tamu (BpeMms BbINOJIHEHUSA — Hanboree 3Ha4YMMbI pakTop) 3aHANa BTOPOE MECTO Mo 3pPEKTUBHOCTHU.

T VsBneueHune (extract), npeobpasosaHue (transform) n 3arpyska (load) faHHbIX.
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BbiBogbl. [1pnoputnsaumsa Ha OCHoOBe aHanmM3a DAG2-Tononorum n rmépuaHbIX CTpaTernii CyLecTBEHHO cokpalla-
€T BpeMs BbinosnHeHus ETL-koHBeepoB. MNOpUOHbIN anroputM pekoMeHAYeTCs AN BHEAPEHUS B OPKECTPaTOPbI
Kak GanaHCcUpylLWmMin MUHUMN3aUWio QJINTENBHOCTM KOHBEEpPa U BPEMEHM NPOCTOs 3aaad. NepcrnekTmBHOE Ha-
npasfieHne — aganTyBHbIE aJIfTOPUTMBbI, Y4UTbIBAIOLLME OMHAMUYECKYIO 3arpy3Ky PECYpPCOB B peasibHOM BPEMEHN.

KnioueBble cnoBa: opkecTtpaunsa ETL-npoueccoB, MMUTaUMOHHOE MOAenupoBaHue, rpadbl 3aBUCUMOCTEN, Xpa-

HUNNLLLE OAHHbIX, aUUKINYECKUI HanpasieHHbIn rpad

Ana untupoBanua: [ywkapes [.A., boratbipee B.A. MeTtogbl npuvoputn3aumm MNPOLLECCOB MeEpeHoca AaHHbIX
B UeHTpanbHOe xpanunuuwie. Russian Technological Journal. 2026;14(1):7-18. https://doi.org/10.32362/2500-

316X-2026-14-1-7-18, https://www.elibrary.ru/TAUPKU

Mpo3spayHocTb hMHAHCOBOM AEATENbHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOM 3aMHTEPECOBAHHOCTY B NPEACTaB/IEH-

HbIX MaTepuanax Wi MmetTogax.

ABTOpPbI 3a9BNSIOT 006 OTCYTCTBUN KOHDANKTA MHTEPECOB.

INTRODUCTION

Every year sees a growth in the amount of data passing
through various applications. One of the main tasks
facing data storage developers is to collect and store this
data Central data warehouses (CDWs) [1, 2] have been
proposed as a solution to this problem. These are distributed
storage facilities which collect data from all services for
further analysis, and provide additional information which
businesses can use to their advantage. In this way, CDWs
are becoming the center for all business decisions [3].

The repository is populated through the processes
of extracting (Extract), transforming (Transform), and
loading (Load) data—ETL [2, 4-7]. These processes
are complex operations aimed at integrating data from
a variety of sources, including relational databases,
file systems, and web servers. The first stage involves
data extraction which means collecting information
from the specified sources. Next, the data undergoes
a transformation process, during which it is structured,
normalized, and cleaned, in order to improve the quality
and consistency of the information. The final stage is
loading the prepared data into the target storage to make
it available for subsequent analysis and use.

In modern data processing systems, ETL processes
play a key role in preparing information. However, with
the increase in infrastructure scales and the number of
such processes, the problem of effectively managing
their execution arises. When dozens or hundreds of
ETL tasks interact within a complex architecture,
manually determining the order in which they are
launched becomes not only labor-intensive, but also risks
suboptimal results. The sequence of process execution
directly affects the overall data processing time.
Competition for computing resources, cascading delays
due to dependencies between tasks, and suboptimal load
distribution can multiply the execution time of the entire
process pipeline. For example, a delay in a process which

provides data for several subsequent stages can cause
a chain reaction of downtime. In order to resolve this
problem, not only do prioritization methods need to be
implemented, but also the architecture of the ETL system
needs to be clearly modeled.

Complex interrelationships between processes,
including explicit data dependencies, in which the output
of one task serves as the input for another, and hidden
constraints (memory resources, network bandwidth), can
be visualized using directed acyclic graphs (DAGs) [8].

Directed acyclic graphs are accepted as the standard
tool for modeling data extraction, transformation, and
loading processes. This is due to their key properties
which ensure reliability, efficiency, and transparency
of data processing [2, 7, 8]. The acyclic nature of the
structure guarantees the absence of infinite cycles,
critical for ensuring the completion of tasks in data
processing pipelines, especially when working with large
amounts of information. The graph data structure allows
the execution of interdependent tasks to be controlled,
which is important when building data warehouse filling
processes (for example, data extraction always precedes
data transformation). In addition, thanks to its structure
a directed acyclic graph allows parallel tasks to be
worked on efficiently. This also allows the dependencies
between different stages of data processing to be
visualized. Thus, the tasks represented in the graph are
independent and can be performed simultaneously.

Orchestration tools such as Apache Airflow [9—11]
provide basic mechanisms for defining dependencies, but
effective prioritization requires more detailed analysis
which takes into account dynamically changing loads,
the criticality of business metrics, and which predict
bottlenecks. Without a systematic approach to describing
the architecture and formalizing the rules for ordering
processes, there is a risk that they will be executed in
a sequence which is far from optimal. This is particularly
critical in the context of near real-time analytics.

2 Directed acyclic graph — opreHTMPOBaHHbIN auuKIn4ecknin rpad.
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Despite the significant practical importance of
optimizing ETL pipelines, the number of specialized
studies on task prioritization in this area remains
limited. Most existing orchestrators®> # (Apache Airflow,
NiFi, Luigi) [6, 10-12] use simplified strategies
such as first-in-first-out or static priorities set by
the user based solely on their empirical experience.
Significant achievements exist in the related field of
real-time systems, in which the DAG model is also
widely used [13]. These studies solve the problem of
guaranteed adherence to strict deadlines for parallel
tasks on multiprocessor systems, using the concept
of parallel progression of selected paths in a graph
with sub-task prioritization and complex worst-case
response time analysis.

Despite their common foundation in directed acyclic
graphs, the goals and conditions of ETL optimization
differ fundamentally from real-time planning. Firstly,
ETL focuses on minimizing the average pipeline
execution time and task downtime with flexible
parallelism, while real-time systems require guarantees
of deadline compliance with strict resource allocation.
The probability of completing requests within a given
time and the readiness coefficient for completing
requests within a given time can be used as metrics for
real-time systems [14, 15]. Secondly, the performance
metrics differ. For ETL, the total duration and resource
utilization are critical, rather than worst-case analysis.

The direct application of methods for improving the
efficiency of real-time systems (including path selection
algorithms) in an ETL context is suboptimal. Their
excessive complexity and reservation requirements lead
to underutilization of resources, ignoring at the same
time the specifics of data storage layers and the dynamic
constraints of orchestrators. Static approaches to real-
time assurance are poorly adapted to load changes, in
which hybrid strategies are more efficient. Thus, despite
the formal similarity of the models, the difference in
operational requirements and metrics necessitates the
development of specialized prioritization methods
for ETL, which justifies this study.

An analysis of existing ETL prioritization
methods [16, 17] reveals significant limitations in
current approaches:

e The proposed algorithms do not take into account
the topological characteristics of process graphs
which negatively affects the efficiency of planning
in distributed systems;

e The predominant method of prioritization remains
static. It is based on user labels for individual tasks

3 https:/nifi.apache.org/. Apache NiFi. Apache Software
Foundation. Accessed January 10, 2025.

4 https://www.informatica.con/. Informatica. Informatica LLC.
Accessed January 12, 2025.

and does not take into account the dynamics of

execution and the mutual influence of processes in

the pipeline.

The aim of this work is to develop and justify
a method for prioritizing ETL processes which
minimizes the execution time of the entire data pipeline
using system analysis and simulation modeling methods.

This study proposes a simulation model which
enables ETL process management in complex
architecture environments to be analyzed. The model
recreates an environment in which a directed acyclic
graph is generated, reflecting the chains of ETL task
execution which form a theoretical data warehouse. Each
directed acyclic graph models dependencies between
processes and time constraints. A key feature of the
approach is the ability to compare different prioritization
algorithms under identical conditions, providing an
objective assessment of their effectiveness. This allows
not only the execution of processes to be visualized
within a centralized data warehouse, but also the impact
of the selected algorithm on the overall duration of the
pipeline to be quantitatively assessed. For example, by
varying the number of nodes, the depth of dependencies,
or the duration of a single task, it is possible to determine
which algorithm demonstrates the best results in which
scenarios. The results of the model generate metrics
for comparison such as average execution time and
percentage of resource downtime, forming the basis
for an informed choice of optimization method in real-
world conditions. Thus, the simulation model serves
as a tool for systematic analysis of ETL orchestration,
minimizing the risks of implementing ineffective
solutions in industrial systems.

1. FORMALIZATION OF THE TASK

As part of this work, we will formalize the task
of orchestrating ETL processes and will also establish
a number of constraints necessary for its solution. The
orchestration task includes several key stages: defining
priorities for tasks; controlling the number of processes
running simultaneously; and managing changes in task
statuses according to their current status.

It should be emphasized that the study will not
analyze the load on the target computing system.
Instead, a variable will be introduced to regulate the
load on the system, in order to determine the maximum
number of simultaneously active tasks—slots. This is
a common approach in similar tools. For example,
Apache Airflow has a parameter for the number of
available computing slots’, responsible for the total

3 https://airflow.apache.org/docs/apache-airflow/stable/
configurations-ref.html. ~ Airflow  Configuration Reference.
Accessed January 20, 2025.
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number of tasks which can be executed simultaneously
across all processes. In addition, an additional
restriction will be imposed. Once a specific process
is started, its execution cannot be suspended until that
process is completed. Resources will only become
available once it has finished running.

Let us formulate the optimization problem for the
orchestration process. Let G = (V, E) be a directed
acyclic graph, in which V is a set of processes and E is
a set of dependencies between them. In the case where
the maximum number of simultaneously executing
processes is limited to one, the problem can be solved
using the classic method of topological sorting.
Topological sorting is a linear ordering of the vertices
of a directed acyclic graph, in which for each directed
edge from vertex A to vertex B, the condition that
A precedes B in this ordering is satisfied. Applying
topological sorting to graph G allows us to obtain
a sequence of process execution which satisfies all the
established dependencies.

For this task, we can use the following notations:
P={p.. p,, ..., p,} 1s the set of processes; D(p,) set of
processes upon which the process p; depends; ¢ is the
execution time of each process.

The objective is to minimize the total execution
time of all processes, taking their dependencies into
account. This optimization problem can be written as
follows:

n
minimize Ty, = 1;, (1)
i=1

provided that for each process p;, the following condition
holds: p ; is executed before p; if p;€ D).

However, with such a formulation of the problem,
in which only one process can be launched at a time, we
obtain a single solution. This is the sum of the execution
times of all processes:

n

Ttotal :Z ti :

i=1

If N processes can be run simultaneously (in
parallel), this solution may not be unique. Given this
formulation, the new optimization problem can be
described as follows:

1. Letus define a set of active processes A(#) which can

be launched at time z.

2. Let C(t) £ N be the number of processes which can

be launched at time 7.

3. The execution time of all processes will now depend
on the parallelism of their execution.

The general objective remains the
minimizing the total execution time (1).

same—

2. SIMULATION MODELING
OF ORCHESTRATION

Comparing different prioritization algorithms upon
real data in a computing cluster can be challenging for
several reasons. Firstly, individual experiments can take
several hours to complete. Secondly, running multiple
parallel processes requires significant cluster computing
power. Therefore, it makes sense to consider a simulation
model which would reproduce the behavior of a similar
system while minimizing time and computational
resources.

The simulation of parallel execution of tasks
with a limited number of slots was implemented
using a discrete-event modeling approach with
a custom event scheduler based on a priority
queue, implemented in Python. Python was chosen
for implementing the simulation model due to its
combination of advantages, corresponding to the
specifics of the research problem. This programming
language provides a well-developed ecosystem of

scientific libraries which significantly simplify
model implementation. Furthermore, Python’s
integration with visualization tools and data

processing capabilities simplifies model validation
and interpretation of experimental metrics.

The operation algorithm includes four key stages.
First, a list of running tasks is generated. At this stage,
the program analyzes the directed acyclic graph and
adds processes to the queue, the dependencies of
which are already fulfilled (for example, parent nodes
in the graph are completed or missing). The current
priority of these processes is the highest among
available tasks. This is implemented by checking
the status of nodes in a directed acyclic graph and
sorting them according to specified prioritization rules
(for example, based on the layer value at which the
process is running). Second, the minimum execution
time among all active tasks in the list is determined:
this is the time it takes for at least one of the tasks
to complete. Third, this value is added to the total
pipeline execution time, thus moving the system
forward in time by this amount. Finally, for all running
tasks, their remaining execution time is reduced by the
calculated minimum value. Completed processes are
marked as completed, updating the dependency graph
for subsequent iterations. This approach effectively
emulates the concurrent execution of tasks, taking into
account both the logical dependencies between them
and the dynamics of resource allocation, providing
flexibility for testing various prioritization algorithms
within a single model.

Let us consider the data upon which the experiments
will be conducted. A classic data warehouse has a layered
structure [1, 7, 18, 19].
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Operational data storage. Stores operational, often
current, detailed data which has not yet been aggregated.
This layer serves as a source of operational information
for reporting and can be directly used to build higher-
level layers.

Detailed data layer. A centralized repository of
integrated data collected from one or more disparate
sources. The data is structured specifically for querying
and analysis.

Data marts. A subset of a data storage focused
on a specific area of activity or team. Data maps are
developed with specific needs or analysis in mind.

There are situations in which the number of layers
may exceed three. This parameter is determined by
the specific application conditions. However, the
most common implementation option is three-layer
architecture: the architecture proposed by Ralph
Kimball [1] and the medallion architecture [13, 20].

In this study, directed acyclic graphs were generated
to ensure maximum coverage of diverse scenarios.
The generation was performed using the following
methodology:

e Number of layers is 3. This number is most common
when forming a data storage.

e The total number of nodes (processes) for each graph
was generated according to a uniform distribution in
the range from 250 to 400.

e The nodes were distributed among the layers in
accordance with Table 1.

e Additionally, links were added within the layers
of the detail layer and data marts to model
complex transformations. Each node had up to
two random predecessors within its layer (the
probability of establishing a link was 0.1, the
Pareto distribution for the number of links).
After generating the links, a check for cycles was
performed in order to exclude links that could
cause a given cycle. The total number of links per
node does not exceed 10.

e The execution time of each node was assigned
independently, and uniformly distributed in the
range from 100 to 5000 s. No relationship was
established between execution time, layer, or node
degree.

Table 1. Percentage of tables relative to the layer

Layer Share of tables
Source data storage 30-40%
Integrated reposnory'of a structured 30-40%
data ready for analysis
Spec1gllzed s1.1bset focused on 20-30%
a specific subject area

In order to evaluate the performance of nine
prioritization algorithms, each algorithm was run on
each generated directed acyclic graph. Experiments
were conducted for varying numbers of parallelism slots
to assess the impact of increasing this parameter on the
performance of the algorithm.

3. PRIORITIZATION ALGORITHMS

Task prioritization is a process in which the
priority level of each individual task is determined
based upon its characteristics and relationships with
other tasks. This priority level can be random or
determined based on the parameters of a specific task,
its position, and its relationships with other elements.
Let us consider several possible prioritization
algorithms.

Random selection. This algorithm operates on the
principle of equal priority. This means that any process
that can be launched at a given moment will be activated
with equal probability. This solution is not optimal and
is more of a baseline solution used for comparison with
alternative approaches.

Minimum execution time. Processes with the
shortest execution time are executed first.

Maximum execution time. Processes with the
longest execution time are executed first.

Maximizing the number of dependencies. The
algorithm is based on the number of processes dependent
on each process.

Hybrid time algorithm. This approach divides the
available computing slots of the ETL system into two
parts. The first part is allocated to execute the tasks with
the highest priority according to the maximum execution
time strategy. The second part is allocated to execute the
tasks with the highest priority according to the minimum
execution time strategy.

Recursive maximization of the number of
dependencies. An algorithm which takes into account
the number of dependent tasks not only of the current
process, but also of all downstream processes that
depend on this one.

Minimum layer level. An algorithm based on the
layer level within which a given ETL process is executed.
The operational layer corresponds to level 0, the detailed
layer to level 1, and the data mart layer to level 2. If there
are more layers, they are classified similarly according
to the graph topology.

Maximum layer level. An algorithm which
prioritizes processes at a higher layer level.

Linear combination. This approach integrates
all parameters into a single model. For prioritization,
a linear combination of features and their corresponding
coefficients is constructed. The following criteria
are selected as parameters: execution time, number
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of dependent processes, and layer level. The resulting
linear combination has the following form:

Lxy T pxy g,

wherein x|, x,, x, are constants, /; is the layer level of the
ith process.

When using this combination, the appropriate
coefficients need to be selected. For this purpose,
optimization algorithms were used, in which each
iteration runs the simulation model with a new parameter
vector X, resulting in the overall execution time of the
model. This time must be minimized.

4. EXPERIMENTAL RESULTS

Based on the requirements described above, 50 graphs
were generated representing the different architectures of
ETL processes which fill the data storage.

Let us consider the process of selecting coefficients
for an algorithm based on a linear combination.
In order to determine the optimal values for these
coefficients, N graphs were selected, which were run
with predetermined coefficients x,. The objective of the
optimization model is to minimize the total execution
time of all N graphs. Thus, the coefficients are selected
not for a specific model, but rather generalized for
various graph topologies. This approach is necessary
because in real-world applications of the algorithm it
may be impossible to select such parameters.

The following methods were selected as optimization
algorithms for solving this problem: Powell’s algorithm;

300

25

o

20

o

15

o

Total execution time, 103 s

10

o

5

o

o

2 4 6 8 12 16 32 64

Table 2. Results of solving the optimization problem
for a linear combination

Model Iterations Exe.cutlon Coefficients
time
2.58792896,
Powell 193 32282 2.66311897,
-1.85081307
2.10667215 - 1075,
CG 43 32385 4.67212040 - 1073,
0
1.1580144,
COBYLA 26 32274 0.80662082,
1.44364821
—3.68735705,
Nelder—Mead 109 30193 0.75631002,
0.5

the COBYLA method (from Constrained Optimization
BY Linear Approximations); the Nelder—Mead
algorithm; and the Conjugate Gradient (CG) method.
The implementation of these algorithms is taken from
the SciPy library, optimize module®. The results of the
optimization algorithms are presented in Table 2.

The best result was obtained using the Nelder—Mead
algorithm. Based on the coefficients obtained, it can be
concluded that this algorithm identified execution time as
the most influential parameter for process prioritization.

The algorithm was applied to a set of graphs not
included in the training set. The result was the total
processing time of all processes in these graphs for various
values of the number of available slots parameter (Fig. 1).

= Hybrid time algorithm

== |inear combination

== Time maximization

= | ayer maximization

== Number of dependencies maximization

== Time minimization

== Layer minimization

mm= Number of dependencies recursive maximization
== Random priority

Number of slots

Fig. 1. Orchestration results of the presented algorithms (colors are indicated in order from left to right)

6 https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize. minimize.html. Accessed January 27, 2025.
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= Hybrid time algorithm

4000

3000

2000
: ‘ ‘ |||I| ‘I‘
0 2 4

Task idle time, 103 s

m=u Linear combination

== Time maximization

mmE | gyer maximization

=== Number of dependencies maximization

= Time minimization

=== Layer minimization

== Number of dependencies recursive maximization
m=s Random priority

I||II|III IIIIIIIII | TR -
6 8 12 16

Number of slots

Fig. 2. Tasks idle time for different algorithms

To assess the efficiency of task servicing in the
queue, we introduce an additional metric—task idle
time. It is calculated as the total time spent in the queue
by tasks ready to run. The results of this metric are
presented in Fig. 2.

The results of the study demonstrate that the
algorithm for prioritizing tasks with maximum
execution time provides the best overall execution time
for ETL processes only under conditions of limited
parallelism. This is when the number of concurrently
executing tasks (slots) is no more than two. Under such
conditions, this algorithm minimizes the impact of long-
running tasks as bottlenecks, preventing their blocking
effect on the completion of the entire queue.

However, as the degree of parallelism increases,
the hybrid algorithm, which divides the queue into two
equal parts—one for tasks with minimum and one for
maximum execution time—outperforms the algorithm
which maximizes execution time based on total execution
time. This is due to the ability of the hybrid approach
to efficiently allocate resources. Dedicated slots for
short tasks enable the queue to be quickly cleared of
small operations, while slots for long-running tasks
ensure their continuous execution without downtime.
Furthermore, the hybrid algorithm significantly reduces
the idle time of tasks in the queue, when compared to
the time-maximizing algorithm. However, it is inferior
in this respect to the algorithm that prioritizes tasks with
minimum execution time.

The discrepancy regarding idle time, where
minimizing time yields the lowest values and
maximizing time yields the highest, can be explained by

the fundamental difference in their optimization goals.
An algorithm which prioritizes tasks with the shortest
execution times ensures their rapid completion. This
dramatically reduces the waiting time for most tasks
in the queue. An algorithm which prioritizes tasks
with the longest execution times starts processing the
longest tasks, forcing short operations to accumulate
and remain idle for the entire duration of long processes.
For example, if a queue contains one 10-h task and
twenty 1-min tasks, prioritizing long processes will
cause all short tasks to wait for the entire duration of the
10-h operation, creating colossal cumulative idle time.

Thus, an algorithm which prioritizes long-running
processes optimizes the overall queue completion time
by concentrating resources on long-running operations,
while an algorithm which prioritizes tasks with minimal
execution time sacrifices the processing speed of long-
running tasks in order to minimize the waiting time
for most operations. A hybrid algorithm mitigates this
tradeoff, achieving a balance between the two metrics
while demonstrating the best result in terms of the
duration of the entire pipeline of tasks.

CONCLUSIONS

This article proposes a combination of
a methodological approach and tool solutions for
optimizing ETL pipelines adapted to dynamic execution
conditions. Unlike classical studies which focus on static
prioritization or isolated algorithm analysis, the proposed
model integrates task execution simulation, while taking
into account resource constraints and the topological
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characteristics of the process chain which generates the
data warehouse’s content.

The study demonstrated that prioritization based
on the topology of process links is feasible and can
reduce the overall execution time of a data pipeline.
Thus, the optimal choice of prioritization algorithm can
significantly reduce overall idle time. This will impact
the overall duration of processes, as demonstrated by
a hybrid algorithm that divides the queue into a queue of
tasks with the shortest execution time and those with the
longest execution time.

The results of the study have significant practical
value for optimizing the design and operation of
ETL processes in modern data warehouses and data
lakes. The developed hybrid prioritization algorithm
demonstrated experimental results which reduced the
overall execution time of data pipelines by 15-17%
compared to alternative algorithms. A key advantage for
its practical implementation is the architectural flexibility
of the algorithm. It can be implemented as a custom
component for popular open-source orchestration
systems, such as Apache Airflow. This integration
enables increased efficiency in the utilization of cluster
computing resources with minimal modifications to the
existing infrastructure.

A promising area for further research is the
development and evaluation of adaptive prioritization
algorithms capable of dynamically accounting for the
current load of centralized data storage computing

resources in real time. While a strategy based on
maximum task duration has proven effective under static
conditions, ETL pipeline performance largely depends
on the actual availability of resources such as computer
cores, memory, disk subsystem bandwidth, and network
capacity, which can fluctuate significantly during
execution. Integrating resource monitoring systems
and using these dynamic metrics as additional input
parameters for the prioritization algorithm will pave
the way for more flexible and responsive systems. This
approach will potentially enable the optimization of task
allocation not only at the planning stage but also during
execution. This will also promptly increase the priority
of tasks, the execution of which can be accelerated
by a temporary surplus of a particular resource, or by
downgrading resource-intensive tasks during peak load
periods. This will thereby minimize overall execution
time and reduce the risk of downtime due to resource
shortages. The study of the effectiveness of various
strategies for combining predicted task durations with
actual resource metrics is of significant scientific and
practical interest.
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Abstract

Objectives. The paper examines the problem of improving the accuracy of identifying the message flow between two
subscribers in multi-agent systems. This is done by analyzing the contextual characteristics of the overall message
flow in the communication channel. Situations may arise during the process of source identification and verification
of authenticity in which authentication codes for two or more messages collide. One way to resolve such conflicts
is to isolate the message flow between two subscribers by leveraging its unique statistical characteristics which differ
from the characteristics of the general message flow within the system. The aim of the paper is to develop a method
which reliably identifies the target message flow even in cases of authentication code collisions.

Methods. The contextual characteristics of messages are used, in order to analyze and highlight patterns of agent
behavior in the message flow. These characteristics include frequency of sending, message size, timestamps,
and historical interaction data. The method involves the formation of statistical characteristics of the message flow
between two agents in a multi-agent system, such as skewness and kurtosis, as well as distribution parameters
for the number of messages sent between events from the target source along with their classification by means
of logistic regression.

Results. During experiments, the method developed has been found to demonstrate a Precision metric value in the
range of 0.81-0.85. This is 40-50% higher than existing methods based on the analysis of inter-packet time intervals,
indicating that 81-85% of the messages classified as belonging to the target source are actually such. ROC" analysis
confirmed the high efficiency of the model and acceptable classification quality.

Conclusions. The results of the study show that the use of contextual characteristics and statistical analysis enables
the accurate identification of target flows in multi-agent systems with a total number of agents ranging from 70 to 110.
This method can be used in low-bandwidth communication channels where it is essential to minimize the size of the
transmitted batch header and computational costs associated with authentication procedures.

1 Receiver operating characteristic.
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HAYYHAA CTATbA

BbigesieHue NoToka COOOIEHUN MexKy AByMS
A00HEHTAMHU B MHOTOATCHTHBIX CUCTEMAaX HA OCHOBE
AHAJIM3A er0 KOHTEKCTYaJbHBIX XaPAKTEPUCTUK
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Pesiome

Llenu. B cTatbe nccnepyetcs 3agaya MoBbILLEHUS TOYHOCTU BblOeNeHNs NoToka CooBLLEeHNA Mexay AByMs abo-
HEHTaMM B MHOroareHTHbIX CUCTEMaxX Ha OCHOBE aHan3a KOHTEKCTyaslbHbIX XapakTepuCTMK 00LLEero notoka coob-
LeHn B kaHane ceasu. Mpu npoBeneHnn nNpoLeayp onpeneneHns NCTOYHMKA M YCTaHOBIEHUS! ero NOA/IMHHOCTH
MOrYT BO3HMKATb KOTN3UM KOOOB ayTeHTUdMKaumm apyx n 6onee coobuieHnin. OgHMM n3 cnocoboB pas3peLleHus
NoAo6HbIX CUTYaLMA SBNSIETCS BblAENEHME NOToKa COOBLLEHNI Mexay ABYMS abOHEHTaMM Ha OCHOBE ero cTaTtu-
CTUYECKMX XapaKkTepPUCTUK, OTINYAIOLLMXCS OT XapakTepuCTUK 00LLero notoka coobuieHunii B cucteme. Lienb pabo-
Tbl — pa3paboTka MeToaa, NO3BONSAOLLENO HAAEXHO MOEHTUDMUMPOBATL LEeNIeBO NOTOK B C/ly4ae BO3HUKHOBEHUS
KONNN3NN KOOOB ayTeHTUdUKaunn.

MeTopabl. [1ns aHannaa v BblaeieHns NaTTePHOB aKTUBHOCTM areHTOB B MOTOKE COOOLLEHUIA MCMOJIb30BaHbI KOHTEK-
CTyaJibHble XapakTepMCTUKM COOOLLEHMIA: YacTOTa OTNPaBKX, pa3Mep, BPEMEHHbIE METKU N UCTOPUYECKME OaHHbIE
B3anmMogericTenin. Meton Bkto4aeT GOPMUPOBAHNE CTAaTUCTUYECKUX XapakTepuUCTUK NOToka COOOLLLEHN Mexay
[BYMSI areHTaMy MHOIrOareHTHOW cUcTeMbl (KO3 ULIMEHTEI aCUMMETPUN 1 3KCLUEecca, NapaMeTpbl pacnpeaene-
HWS KOJINYECTBa COOOLLLEHMI MEXAY COObITUSIMU LLEENIEBOI0 MCTOYHMKA) U NX KITACCUDUKALMIO C MOMOLLbIO JIOTUCTU-
4YeCcKom perpeccumn.

PesynbTaTthl. B X046 NpoBeAEeHHbIX 9KCNEPUMEHTOB ObII0 YCTAHOBJIEHO, HTO pa3paboTaHHbIN METOA AEMOHCTPM-
pyeT 3HavyeHus meTpukn Precision (nonHota) B ananaszoHe 0.81-0.85 (o1 81% po 85% coobuieHunii, knaccudm-
LMPOBaHHbIX KaK NpuHagnexaiwme uenesomMy UCTOUYHUKY, AENCTBUTENbHO SBASIOTCSA TakoBbiMM), 4TO Ha 40-50%
npeBblllaeT noka3aTenn CyLLECTBYIOLLMX METOLOB, OCHOBAHHbIX HA aHaNIM3e MeXMNakeTHbIX MHTEPBaIOB BPEMEHN.
ROC?2-aHanus noaTeepans BLICOKYIO 3P dEeKTUBHOCTL MOAENN U MPUEMIEMOE Ka4ecTBO KnaccuduKaLmm.

2 Receiver operating characteristic — paboyas xapakTepucTrka npuemMHmuka.
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BbiBOAabl. Pe3ynbtatbl nCCnegoBaHns nokasanu, YTO UCMOJIb30BAHNE KOHTEKCTYasIbHbIX XapakTepPUCTUK N CcTaTu-
CTWYECKOro aHann3sa rno3BosiieT TOYHO BblOENATb LesieBble NOTOKM Npu 0OLEM YNCTIe areHTOB B MHOMOareHTHbIX
cuctemax ot 70 go 110. MeTon, MOXeT NPUMEHATLCA B KaHanax CBA3U C HU3KOW NMPOMYCKHOW CNOCOBOHOCTLIO, rae
HEeo6xo0a1MO MUHUMN3NPOBATL Pa3Mep 3aroyIOBOYHbIX HacTel NepegaBaeMblX NakeToB AaHHbIX U BbIYUCUTESbHbIE

3aTparthl Ha BbINOJIHEHWE MPOLLEAYP ayTeHTUdMKaunn.

KnioueBble crioBa: MHOr0areHTHbIe CUCTEMbI, KOHTEKCTYaslbHbIE XapakTepUCTUKK, BHapHas knaccudurkaums, no-
rucTM4eckas perpeccus, acummeTpus, akcuecc, ROC-aHanus

Ana uutupoBanua: TaHubirH M.O., MuwwuH U.0., Kynewosa E.A., Kucenes A.B. BbloeneHne notoka coobuuie-
HUIN Mexay OBYyMSi aBOHEHTAMW B MHOrOareHTHbIX CUCTEMax Ha OCHOBE aHain3a ero KOHTEKCTyaslbHbIX XapakTepu-
cTuk. Russian Technological Journal. 2026;14(1):19-30. https://doi.org/10.32362/2500-316X-2026-14-1-19-30,

https://www.elibrary.ru/TXHMHW

Mpo3payHocTb hMHAHCOBOM AEATENbHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOM 3aMHTEPECOBAHHOCTM B NPEACTaB/IEH-

HbIX MaTepuanax Wi Mmetogax.

ABTOpbI 329BNSIOT 06 OTCYTCTBUM KOHMIMKTA MHTEPECOB.

INTRODUCTION

A multi-agent system (MAS), often referred to
as a self-organized system, represents an advanced
distributed computing network composed of numerous
interacting agents. Each agent operates with a degree of
autonomy and the capacity to adjust to its surroundings.
MAS is used in a variety of fields including robotics,
resource management, intelligent transportation, and
e-commerce. The effectiveness of MAS systems relies
significantly on the reliability and safety of interactions
between agents, thereby making authentication a vital
factor to consider [1].

In MAS, authentication focuses on verifying the
identity of data sources, known as network agents. This
process is essential for safeguarding the trustworthiness
and privacy of data during transmission. With the escalation
of cybersecurity threats, the development of adaptable and
resilient authentication methods is increasingly crucial.

In MAS, multiple authentication techniques are
employed, each with its own influence on the security
and operational efficiency of the system.

Cryptography is a common approach to authentication
in MAS. The use of both symmetric and asymmetric
cryptographic algorithms enables trustworthy data security
and agent identification [2]. Symmetric approaches,
exemplified by the advanced encryption standard (AES),
deliver rapid processing speeds, although they require a
secure key exchange. Asymmetric encryption techniques
such as Rivest-Shamir—Adleman (RSA) and elliptic-
curve cryptography circumvents the challenges of key
distribution. In resource-limited environments, they might
prove less efficient [3].

A variety of authentication protocols have been
specifically designed for MAS. For example, challenge-
response protocols enable agents to verify their identity
while keeping their secret keys private. These protocols
may be enhanced with timestamp mechanisms to defend
against replay attacks [4, 5].

Multifactor authentication (MFA), also employed
in MAS systems, demands confirmation through
multiple factors, in order to validate the identity of
an agent. While MFA significantly enhances security
within MAS, implementation introduces complexity to
the authentication procedure and potentially increases
system response times. It is important to acknowledge
that design or implementation shortcomings in the
authentication protocols can result in vulnerabilities and
performance problems. Study [6] explores the challenge
of identifying weaknesses in MFA protocols by means of
a structured analytical approach. The authors establish
a comprehensive set of criteria to evaluate security,
encompassing both established and novel factors. The
paper further examines the applicability of MFA across
diverse sectors and pinpoints potential vulnerabilities.
The study also uncovers critical flaws in ten prominent
MFA protocols and offers solutions to mitigate these risks.

Dynamic authentication is another noteworthy aspect
of MAS which uses fluctuating parameters to verify
agent identities. This can include temporary passwords or
unique codes generated through specific algorithms. This
method significantly reduces the vulnerabilities arising
from compromised static credentials. For example, in
article [7] the author examines passwords as a form of
authentication. Despite advancements in authentication
methods, this technique remains the primary
authentication approach in numerous systems. When
heightened security is necessary, it is often used together
with other authentication methods, creating a two-factor
or multi-factor authentication setup. This research
highlights the drawbacks of the current authentication
method and suggests an alternative of a time-based
one-time password (TOTP) system. TOTP generates
unique access codes which are only valid for a specific
timeframe. This approach, along with dynamic passwords
and a hybrid system blending one-time passwords with
traditional passwords, offers solutions for both user
authentication and peer-to-peer (P2P) authentication.

Russian Technological Journal. 2026;14(1):19-30

21


https://doi.org/10.32362/2500-316X-2026-14-1-19-30
https://www.elibrary.ru/TXHMHW

Identification of the message flow between two subscribers

in multi-agent systems based on the analysis of its contextual characteristics

Maxim O. Tanygin
etal.

In MAS, where agents interact with each other under
uncertain conditions, reputation-based authentication
plays a crucial role. This process enables agents to
evaluate the reliability and trustworthiness of other
agents based on their past interactions. The approach
not only allows for the authentication of agents but also
fosters the development of trust relationships within
the system. Study [8] proposes a method for message
authentication using blockchain technology. This
method relies on a reputation assessment mechanism, in
order to authenticate messages. Blockchain is employed
to manage identities and certificates in this context,
while identity authentication and certificate revocation
are facilitated through smart contracts. A reputation
mechanism is devised in the aims of evaluating the
credibility of messages. This can be integrated with
message authentication, in order to ensure effective
verification of message reliability. The performance
analysis conducted in the study demonstrates that the
proposed approach is more efficient than the traditional
signature-based authentication method. This has been
determined by comparing the following characteristics:
computational power requirements, message latency,
and data loss rate. The findings of the authors indicate
that the solution proposed offers an acceptable level
of protection against various well-known types of
cyberattacks.

With the advancement of blockchain technology, it is
now possible to use decentralized authentication methods
in MAS. Blockchain provides for both transparency and
the immutability of records, enabling agents to exchange
sensitive information securely. This approach has the
potential to significantly enhance security and reduce
risks associated with centralized management. Study [9]
proposes a novel (MFA) strategy to enhance security in
dynamic environments, utilizing blockchain technology.
The research also introduces a consensus model based
on the Raft algorithm for selecting a trusted host,
ensuring fast and reliable authentication. The analysis
demonstrates that this approach effectively mitigates
cyberattacks which target authentication systems.

The analysis also indicates that selecting an
authentication method for MAS largely hinges on
the particular needs for security, performance, and
scalability. Integrating multiple approaches can result in
more resilient and secure systems, capable of operating
efficiently in dynamic environments prone to potential
threats.

OVERVIEW OF AUTHENTICATION COLLISION
PROTECTION METHODS

Each message in MAS can be assigned a unique
identifier, enabling it to be distinguished from other
messages and preventing duplication. However, one issue

which arises during the processes of source verification
and authenticity validation in MAS is the occurrence of
identifier collisions. For the purpose of this discussion, a
collision refers to the matching of test sequences for two
or more distinct messages [10]. Numerous methods exist
to safeguard against such collisions. Let us examine the
primary approaches.

Using unique message identifiers as verification
sequences helps to prevent collisions during the
authentication process. These identifiers can be generated
using time stamps, random numbers, or a combination
of both [11].

One effective method for guarding against collisions
is the implementation of cryptographic hash functions
with robust properties to mitigate the likelihood
of generating identical hash outputs for distinct
messages [12]. Prominent examples of such hash
functions include SHA-256 and SHA-3 (Secure Hash
Algorithm) [13]. The same category of applications
also incorporates digital signature algorithms across
various domains, in order to establish links between
these algorithms and their scenarios [14]. The authors
have conducted comparative analyses of widely-used
digital signature algorithms such as RSA, Lamport,
Elliptic Curve Digital Signature Algorithm (ECDSA),
and Edwards-Curve Digital Signature Algorithm, in
terms of their performance. Study [15] also analyzes
existing encryption techniques and proposes a multi-
layered encryption strategy. This strategy uses AES
for data encryption, RSA for key protection, and role-
based encryption for access control. This hierarchical
method significantly raises the computational difficulty
of unauthorized access attempts. Integrating these
technologies has led to a 50% reduction in key
compromise risks and an improvement in data integrity
by leveraging MAS verification.

At the same time, when considering an MAS class
where communication occurs over low-bandwidth
channels, such as sensor networks, industrial Internet
systems, or the Internet of Things, the algorithms
mentioned above are not applicable. This limitation
arises due to the restricted size of the transmitted
batch header. In such cases, the likelihood of collisions
is influenced more by the identifier size than the
cryptographic function properties. This mechanism
offers protection against spoofing and collisions, since
altering the message results in a hash mismatch [16].
The paper addresses both the confidentiality of message
content and the role of digital signatures in verifying
its authenticity and integrity. These mechanisms not
only shield the message from unauthorized access but
also confirm that it has been sent by the specific agent
associated with the signature.

Enhancing the reliability of flow separation—
identifyingthesource ofeachmessageinacommunication
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flow—can be achieved by incorporating the contextual
characteristics of the messages into the authentication
process. Contextual details such as message timing,
agent location, message type, and content contribute to
more precise assessments of risks and subsequent actions
during authentication. For example, the research outlined
in [17] addresses inter-operability issues in MAS related
to communication, coordination, and adaptability in
dynamic environments. The study emphasizes strategies
designed to elevate communication within MAS by
focusing on protocols, reward structures, learning
algorithms, and trust-building mechanisms. Standardized
message formats and the implementation of context-
aware communication approaches can greatly enhance
both the clarity and relevance of exchanged information.
Furthermore, integrating reinforcement or deep learning
algorithms enables agents to adapt dynamically and
develop cooperative behaviors over time. Applying
these strategies in MAS results in more efficient and
dependable performance within complex and ever-
changing environments.

In a dynamic MAS environment, it is recommended
to implement adaptive authentication mechanisms which
adjust parameters according to the characteristics of
messages and the context of interactions. For example,
if a message appears to be suspicious, the system could
require extra layers of authentication or verification.
The research outlined in [18] introduces a solution
which incorporates risk assessment with a platform-
based MFA system. This approach can be seamlessly
integrated into applications, enabling the delegation of
the authentication process to an external resource while
preserving the internal security of the system.

Combining various methods enhances the accuracy
of'the flow identification. For example, statistical analysis
can be employed for preliminary data filtering [19],
followed by the application of machine learning
algorithms to improve classification accuracy [20].

MATERIALS AND METHODS

In order to address the challenge of identifying a
specific message flow between two participants from a
shared communication channel, a method which relies
on analyzing the contextual characteristics of the shared
message flow within the communication channel is
proposed.

Using the previously referenced sensor network as
an example of an MAS, the following characteristics can
be identified as contextual for distinguishing message
flows from multiple sensors at the gateway [21]:

e the frequency of sending messages serves as a
quantitative parameter which measures the intensity
of data transmission from individual sensor agents.
It is determined by calculating the ratio between the

number of messages sent by a sensor and a specified

time interval.

e the message size represents the amount of data
transmitted by the sensor, encompassing both the
average and maximum sizes of messages sent.
Given that sensors of the same type often transmit
messages with uniform sizes, this characteristic can
be used to identify and classify devices within the
network.

e the message types categorize messages based on
their content or purpose, such as requests, responses,
or notifications. Since sensors of similar types
typically send messages for analogous purposes,
this parameter enables specific data flows from
individual sources to be isolated and their activity
evaluated.

o the send time refers to the time at which messages
are transmitted, utilizing timestamps for analysis.
This parameter makes it possible to detect activity
patterns of sensors. However, data interpretation
may require caution due to potential distortions
caused by packet losses stemming from interference.

e the historical data comprises previous interaction
records related to the source, including successful
and failed authentication attempts.

The method is proposed, in order to address issues
related to the collision of message identifiers. This
approach relies on determining the source by counting
the number of messages exchanged through the
communication channel between two specific messages,
thus testing the hypothesis that they originate from the
same source. The method assumes that the contextual
characteristics of agents remain relatively stable over
time, enabling historical data to be used to analyze
and distinguish message flows effectively. It takes into
account that an originating agent may produce messages
for a given target based on interactions with other agents,
such as transmitting messages after a fixed or calculated
number of exchanges with other MAS agents. This
implies that the agent has the ability actively to manage
the stability of its message flow contextual characteristics.
The proposed solution offers notable benefits, including
simplicity in implementation: a key consideration
for devices with low computational capabilities and
autonomous power supplies. Furthermore, this method
can be executed independently on either the sender or
the receiver side, since such meta-information does not
need to be transmitted within service messages.

Several mechanisms can be employed to evaluate
the statistical characteristics of message flow at the
receiver during the processes of authentication and data
flow identification:

1. Statistical analysis techniques such as clustering
and regression analysis are effective in identifying
patterns within the data and isolating the target flow.
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Clustering allows for messages to be grouped around
similar attributes, thus facilitating the distinction of
message groups related to specific subscribers [22].

2. Machine learning algorithms, such as decision trees,
neural networks, and support vector machines, can
be trained on historical data to classify messages
and identify the desired flow. For training purposes,
structured data regarding interactions between
specific subscribers can serve as a training
dataset [23].

3. Time series analysis enables temporal dependencies in
the data to be considered. This aids in the detection of
anomalies which may signify the start or end of particular
message flows. Techniques such as autoregressive
models and moving average models can be applied to
predict future messages based on past trends [24].
When relying on only one contextual characteristic,

clustering is inadequate for decision-making due to the
potential for a significant number of type I and type II
errors, especially when similar characteristics appear
in different flows. In addition, data derived from time
series analysis can be heavily affected by the specific
communication protocols in use. In fact, this has led
the authors to abandon the continuous-time model [19],
adopting instead a discrete-time approach based on
counting messages transmitted in MAS. Consequently,
a more suitable method for analyzing the resulting
data involves machine learning. Logistic regression
in this method serves as an efficient tool for reducing
computational complexity during decision-making: an
essential consideration for highly autonomous sensor
devices in the MAS class under review.

Amodelis proposed for generating analyzed samples
representing the number of messages transmitted in
MAS between dataflow messages from a single source
to a single receiver (Fig. 1).

This scenario contains a specific sequence of messages,
Si15Si5Si41:Sis1-15 0 Sie1>Si1415Sig 1425 sent by the
network target agent, alongside multiple messages,
D; s, Dy o Dy 15Dy, originating from  other
network agents and transmitted accordingly. The count of
these messages from other agents within the system is
measured between pairs S;_; and S;, S; and S, |, ..,
Sippand S, Let m_y 0ty g s Mg 1514y denote
the cardinalities of the associated sets. Using these
values, a sequential dataset is constructed to represent the
number of messages exchanged before, during, and after
each message in the sequence sent by the target agent.

i-1 N M1 Mk Mivk

t
Sict Doy S; By Sy Dy St Siy Dkt Sieer Dik Sigea

Fig. 1. A scheme for sampling statistical

characteristics of the message flow depending
on the message arrival time

Using fixed or calculated message values in MAS
poses significant risks from an information security
perspective. The inherent predictability allows an
external observer to easily identify such message flows.
As a consequence, the MAS structure becomes
vulnerable and can be mapped by an attacker, even
without directly analyzing the content of the transmitted
data. However, introducing randomness in defining the
sizes of sets D, ,D;,D, , ..., D; ;_4,D;,;, —where
the distribution law and its parameters act as a shared
secret between the sender and receiver—significantly
enhances security. This approach complicates an
attacker’s ability to isolate messages from the source in
the overall MAS message flow. Such increased
unpredictability requires prolonged monitoring efforts,
making unauthorized analysis much more challenging.

The message flow process operates as follows:
once the source transmits a message, it waits for
other MAS agents to send a random number of
messages. This number can either remain constant
or be calculated, as previously noted. In the study,
a source is implemented where its messages are
produced based on a count subordinate to the Poisson
distribution. Randomizing the intervals allows for the
messages from each specific source to be masked.
This effectively conceals the MAS structure and
the contextual details of the information flows from
individual sources.

In the given scenario, unique message identifiers
serve as verification sequences transmitted by a specific
agent during a collision event (Fig. 2). Let us consider a
sequence of messages, S, |, S, S, 1, S; b o Siyp
S 1e1> ;s 1400 generated by the target agent with inter-
message intervals, 7,_j,7;,7 15 .s N p_1>M; 4, Which
are random values distributed according to the Poisson
distribution in this scenario. Now, let us assume that the
message S, is Treceived between messages
S,_; and §; ;. Upon verification of its identifier, it is
determined to be a target agent-generated message
appearing between two authentic messages. Since the
unique parameters used to generate testing sequences
are not known to the attacker, and any coincidence of
these sequences in S, and S, is entirely random, the
message ID within the message sequence n,_| +n;
in MAS adheres to a random distribution. Therefore,
the value of n, is uniformly distributed in
the interval n;_; +n;.

nj_4 n;

A A
l"}%{iiwii'rwlili{i—
|Si—1 v |s, sab Si+1

Nap Ni_q+Mi=Ngp

Fig. 2. Model for generating intervals
in the case of a collision of unique verification sequences
for two different messages
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The task of the receiver involves analyzing two sets
of paired values, (n,_;,n;) and (n,,n;_; +n, —n,), in
order to calculate the probability that pair 1 follows the
Poisson distribution, accounting for the generation of
corresponding messages by the target agent. Meanwhile,
pair 2 does not conform to this distribution, allowing
message S; to be excluded from consideration. These
pairs can be enhanced by integrating a series of random
values distributed according to the Poisson law. They
represent the number of messages in MAS exchanged
between different target source messages preceding or
succeeding a collision. This approach considers not only
a sequence of three messages where a collision takes
place but also a broader sample of messages generated
by the agent. However, the size of such a sample may
not be large a priori. Expanding it excessively would
lead to delays in determining which message caused the
collision or require storing a substantial history of
messages. Such scenarios would negatively impact the
overall performance of the agents, especially their
autonomy.

As highlighted in [25], skewness and kurtosis are
effective tools for identifying the type of distribution.
These coefficients, indicating variations in agent activity
patterns, can serve as features for classifying message
flows. However, when working with small sample sizes,
the application of these coefficients requires caution.
Their high sensitivity to extreme values makes them
less reliable for small samples (n < 50), since standard
coefficient errors tend to increase with decreasing n.
This, in turn, diminishes the reliability of normality
tests [26].

EXPERIMENTAL

The paper examines message flows in MAS to be
identified using specific parameters for generating
messages by the source and analyzing them at the
receiver:

e M chain =11 refers to the number of messages from
target agents analyzed, during which an ID collision
occurred for one specific message.

e K = 70-110 represents the Poisson allocation
parameter (accessible to the receiver), used by
the source to define intervals between successive
messages. In the context of MAS, this parameter
corresponds to the ratio of message generation rates
of all MAS agents to that of the source over a unit of
time. It can also be understood as the total number of
agents in MAS, assuming equal message generation
rates among all agents.

Binary classification is used to assess the quality
of the classification process using a message flow
identification technique based on the individual
statistical characteristics of each subscriber.

For each simulation cycle on the test dataset, the

following steps are performed:
1. Create empty arrays to store information about
messages and their properties.
2. Generate data:
a) generate time intervals for the message sequence
using the Poisson distribution (sequence A4:
ny, s Ngs M)

b) generate time intervals for the
sequence(sequenceA,: ny, ..., My, g + g —Nyp s
where n,, is the evenly distributed number in the
interval ng +nyq).

¢) calculate the skewness a and kurtosis e for two
data sets, 4, and 4,.

d)assign  labels to the input
fle,a,e5,ay) =1, f(ey,a,,¢,a,)=0,
labels from the interval {0, 1}.

Next, training and testing datasets are created
from the generated dataset, in order to train the logistic
regression model. Then the accuracy of the model
classification on the testing dataset is assessed. Based
on the values of type I and type II errors obtained,
a classification matrix is constructed and ROC? analysis
is performed to evaluate the model performance.

Logistic regression is used for binary classification.
The likelihood of event Y occurring given the values
of X is described by the following equation:

message

datasets,
using

1
1+e—(B0+[31X1+[32X2+ B, X))’ (1)

PY=1|X)=

wherein B¢,By, ..., B, represent the model coefficients.
The following metrics are commonly employed to

evaluate the performance of binary classification models:

1. Specificity (True Negative Rate) is calculated using
the following formula:

TN

TNR=—
TN + FP

)

wherein TN represents the number of true negatives
while FP denotes the number of false positives.

2. Accuracy measures the degree to which the predicted
outcomes match the actual results, expressed as
follows:

TP + TN
TP+ TN +FP+FN’

Accuracy =

€)

wherein TP stands for true positives, FN for false
negatives, TN for true negatives, and FP for false
positives.

3 Receiver operating characteristic.
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3. Precision is described using the following formula:

Precision = l @)
TP + FP
4. Recall (or sensitivity) is calculated as follows:
TP
Recall = ————. 5)
TP+ FN

5. F1 score is the harmonic mean of Precision and
Recall, which is defined as follows:

Fle2. Precision x Recall

(6)

Precision + Recall

The F1 score ranges from 0 to 1, where a score of 1
signifies perfect precision and recall, while a score
of 0 indicates no correct predictions.

In multi-class classification tasks, the following
approaches are commonly used to aggregate metrics like
Precision, Recall, and F1 score:

1. Macro average is an average value associated
with aggregated or general indicators. It is used
to compare the performance of a model across all
classes, regardless of the size of each class:

Macro avg =% ililM is @)
wherein N represents the total number of classes
while M; is the metric value for class i.

2. Weighted average calculates the average metric
value for each class, taking into account the number
of instances in each class:

N
j=1""1"i

Weight avg = = v ,

i=1i

®)

wherein o, represents the number of instances (or
weight) for class i.

RESULTS AND DISCUSSION

The studies reveal that the metric values (Precision,
Recall, F1) for each of the two classes (0; 1) with
K =70-110, vary between 0.81 and 0.85. These metrics
are derived by analyzing the contextual characteristics
of information flows from individual sources. A method
is used which identifies message flows based on these
contextual attributes. The Precision metric signifies
that 81% to 85% of messages classified as belonging to
the target source actually originate from it. Similarly,
the Recall metric shows that 81% to 85% of all

messages from the target source are correctly identified.
The F1 score reflects the balance of the model, and
demonstrates its effectiveness in minimizing both false
positives and false negatives.

The Accuracy metric represents the overall
percentage of messages correctly classified, indicating
that 81% to 85% of all messages in the system (both
target and irrelevant) are assigned to their correct
categories. The alignment of the Macro average and
Weighted average values suggests that there is no
class imbalance. This is crucial because, in real-world
scenarios, a balanced distribution of target and irrelevant
messages makes analysis more straightforward and
enhances method reliability.

The identical values for classes 0 and 1 can
be attributed to the balanced data and the use of
optimized feature selection, derived from the statistical
characteristics of message flow.

Figure 3 illustrates the ROC curve for the logistic
regression model at K = 90. The x-axis depicts the false
positive rate, while the y-axis shows the true positive rate.
The area under the curve (AUC) is calculated to be 0.83,
suggesting that the model exhibits high sensitivity and
effectively distinguishes between target and non-target
messages, delivering satisfactory performance.

The experimental results indicate that the model
operates reliably, even with a high value of K. Here,
K represents the ratio of the total number of messages
in MAS per unit of time to the number of messages from
the target agent during the same time period.

1.0 4

0.8 4

0.6 A

0.4

True positive rate

0.2 4

-~ — Logistic regression (area = 0.83)

0.4 0.6 0.8

False positive rate

0.2 1.0

Fig. 3. ROC curve for the logistic regression model
with K= 90 (solid blue line). The red dashed line
represents a random classifier (AUC = 0.5)

Study [19], previously examined, introduces
a methodology for identifying the origin of messages
through statistical analysis of inter-packet interval
times. It incorporates an evaluation of skewness and
kurtosis, in which the defining rules are expressed
as linear relationships between these parameters.
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However, the study does not account for the impact of
interference on the communication channel or delivery
time. This omission is justified by disregarding the
inter-packet interval time in the given context, allowing
the influence of such interference to be reasonably
overlooked.

The application of advanced statistical analysis,
as opposed to the algebraic comparison of skewness
and kurtosis, enables higher Precision metric values to
be achieved than those reported in [19]. For example,
with the same predefined message sequence length
of M chain = 11, a Precision metric in the range
of 0.3-0.4 is achieved in [19].

When comparing the results of this study to the
aforementioned method, it can be concluded that under
comparable communication system parameters the
Precision metric shows an improvement, increasing
by 0.4-0.5.

CONCLUSIONS

The study of the hypothesis presented in this
paper regarding the use of skewness and kurtosis in
identifying the distribution type of random variables has
demonstrated its potential for distinguishing differences
in the activity patterns of agents based on their contextual
characteristics.

Through simulation of the operation of the message
flow identification subsystem in the event of a collision
of unique message identifiers, satisfactory values for
binary classification quality metrics have been achieved

using a method for identifying message flows based on
information flow characteristics from specific sources.

The approach described, which involves calculating
the total number of messages exchanged between
all MAS elements for a given target agent, is notable
for its simplicity of implementation. This aspect is
particularly important for low-performance devices
which rely on autonomous power supplies. In addition,
the method enables such counting to be performed
independently on both the sender and receiver sides. The
classification accuracy achieved by this approach ranges
between 0.81 and 0.85.

The research findings demonstrate that leveraging
contextual characteristics and statistical analysis
facilitates accurate identification of target flows in MAS
containing 70 to 110 agents. This method is especially
suitable for low-bandwidth communication channels, in
which it is crucial to minimize the size of transmitted
batch headers and reduce the computational costs
associated with authentication procedures. A particularly
promising avenue for further development involves
integrating adaptive mechanisms capable of handling
dynamically changing traffic congestion, where the
effective number of agents in MAS may vary widely.
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Abstract

Objectives. A key challenge when transmitting data in modern communication systems is the multipath propagation
of signals caused by reflections from various obstacles. Various methods have been developed to address this
issue including: directional antennas; diversity reception; adaptive filtering; and the choice of effective modulation
methods. One promising approach is the use of filters with impulse response (IR) inverse to IR channel. This allows
for compensating delayed signals. The effectiveness of such filters depends on the accuracy of their parameter
settings. The paper aims to develop guidelines for effectively using filters with inverse IR to compensate for multipath.
Additionally, it aims to evaluate the impact of various channel parameters, such as time delays and reflected signal
intensities, on the bit error rate (BER) and to determine the energy gain.

Methods. The methods of statistical radio engineering, the theory of optimal signal reception and mathematical
modeling were used.

Results. The results of a study on the effectiveness of multipath compensation in communication channels when using
filters with inverse IR to that of the channel at the receiving side are presented. A multipath communication channel
model was developed in the Simulink software environment, consisting of six beams with different time delays and
intensities. Discrete information reception was simulated using different modulation methods: 16-QAM (quadrature
amplitude modulation), 8-PSK (phase-shift keying), and 8-FSK (frequency-shift keying). The BER value was estimated
depending on the signal-to-noise ratio and multipath channel parameters, including time delays and reflected beam
intensities. It was shown that the use of filters with inverse IR can significantly reduce BER and improve communication
quality. The change in the BER value is estimated for deviations of filter parameters from the ideal ones.
Conclusions. The results demonstrate that the use of compensating filters is effective in combating multipath
distortion, especially under strong interference conditions. The data obtained can be used for the design and
optimization of modern communication systems operating in complex signal propagation conditions.

Keywords: multipath communication channel, impulse response, filter with inverse impulse response, multi-position
modulation, bit error probability, signal-to-noise ratio
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MHOI0JIy4€BOCTH B KaHAJIaX CBA3HU MPHU UCIIOJIb30BAHUN
(pUILTPOB ¢ UHBEPCHON UMITYJILCHOU XapPaKTEPUCTUKON
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Pesiome

Llenu. Mpu nepenaye AaHHbIX B COBPEMEHHbIX CUCTEMAX CBA3U OAHOM U3 KNIOYEBbLIX NPOBGIEM SBIIETCS MHOIOJTy4EBOE
pacnpoCcTpaHeHNEe CUMHAMOB, BbI3BAHHOE OTPaXEHUSAMU OT PasfinyHbIX NPpensaTcTeuii. [ns 60pbbbl C 3TUM 3ahdekTom
MCMNONbL3YIOTCH PasHble MeTOpl, TakMe KaK HanpasfieHHblE aHTEHHbI, Pa3HECEHHbIV NpueM, aganTmeHad GunsTpaums
1 BbI6Op 9 PEKTUBHBLIX METOLOB Moaynaumn. OOHVM 13 NEePCrNeKTUBHbIX MOAXOO0B SABASETCS NPUMEHEHME PUNLTPOB
C MMNynbCHOM xapaktepucTtukon (UX), nieepcHom NX kaHana, KOTopble NO3BOASIOT KOMMEHCUPOBATb 3a4epXaHHble
curHanbl. APPEKTUBHOCTb Taknx GUNLTPOB 3aBUCUT OT TOYHOCTU HACTPOMKN NX NapamMeTpoB. Llenb paboTbl cocTouT
B BbipaboTke pekomeHzaumin anst obecnedveHns adEKTUBHOM KOMMNEHCALMN MHOIO/TyHEBOCTU MPU UCMONIb30BaHUN
bUNbTPOB C MHBEPCHOM VX, oLEeHKe BNSHUS NapaMeTPOB KaHasa (BPEMEHHbIX 3a0ePXeEK M UHTEHCMBHOCTEN OTPaXeH-
HbIX CUrHaNI0B) Ha BEPOSTHOCTb 61TOBOI OLWMOKK (bit error rate, BER) 1 onpeaeneHnmn aHepreTMyeckoro BelurpbiLLla.
MeToabl. Icnosib3oBaHbl METOObI CTATUCTUYECKOM PAANOTEXHNKM, TEOPUM ONTUMAaJIbHOIO NPUemMa CUrHasoB 1 Ma-
TEMaTN4EeCKOro MOAENNPOBAHNS.

PesynbTaTtbl. [lpeacrasneHbl pe3ynbtarbl UccnenoBaHna 3d@eKTUBHOCTM KOMMNEHCALMNM MHOMOly4eBOCTU B Ka-
Hanax CBS3u Mpu UCrosib30BaHUM Ha NPUEMHON CTOPOHe GunbTpoB ¢ X, nieepcHomn VX kaHana. B nporpammHon
cpene Simulink pa3paboTaHa MoAeflb MHOIO/ly4eBOro KkaHana CBA3W, BKIIHOYAOLLLASA LWECTb Jlydeil ¢ pasfinyHbIMU
BPEMEHHbLIMU 3a4ePXKaMn U MHTEHCUBHOCTSAMU. [TpoBeAeHO MoaenvpoBaHne npruema auCcKpeTHom nHoopmaumm
ONst pasHbix MeToaoB Moaynsaumn: 16-KAM (kBagpaTypHoi amnanTygHoi), 8-OM (MHOrono3uumMoHHoM (Ga30Boit)
n 8-4M (MHOrono3nuMoHHON YaCTOTHOI) MOAYNAUMAMU. BbinonHeHa oueHka BEPOSATHOCTN GUTOBOM OLWIMOKK B 3a-
BUCVMOCTM OT OTHOLUEHUS CUrHasl/liymM 1 rnapamMeTpoB MHOMOJIy4eBOro KaHasna (BPEMEHHbIX 3adepXekK, MHTEH-
CMBHOCTEN OTPaXXEHHbIX sy4ein). lNokasaHo, 4To NpMeHeHne GunbLTPOB C MHBEPCHOM X no3BONgEeT 3HA4YUTENIbHO
CHU3UTb BEPOSATHOCTbL OMTOBOW OLUMOKN 1 YNYHLLINTb KAY4eCTBO CBA3U. OLLEHEHO 3MeHeHMEe BeNnYuHbl BER npu oT-
KJIOHEHUAX NapamMeTpoB GunbTpa OT naeanbHbIX.

BbiBOAbl. Pe3ynbTaTbl AEMOHCTPUPYIOT, 4TO UCMOJIb30BaHNE KOMMNEHCALMOHHbLIX GUIbTPOB 3 dEKTUBHO A 60pb-
Obl C MHOIOJTY4E€BbIMU NCKAXEHUSIMU, OCOBEHHO B YCITOBUSIX CUIbHOM MHTepdepeHumnn. MonydeHHbIe AaHHbIE MOTYT
ObITb MCMNOJIL30BaHbI A1 NMPOEKTUPOBAHUSA 1 ONTUMUI3ALLMM COBPEMEHHbIX CUCTEM CBSA3U, PabOoTaIOLLMX B CIOXHbIX
YCINIOBUSAX PACNpPOCTPaHEHNS CUrHaOB.
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MpospayHocTb GMHAHCOBOM AeATENbHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOI 3aMHTEPECOBAHHOCTM B MPEACTAB/IEH-

HbIX MaTepuanax nin Metoaax.

ABTOpbI 329BNASI0OT 06 OTCYTCTBUN KOHDNNKTA MHTEPECOB.

INTRODUCTION

Modern communication systems face various
challenges, one of which is data transmission in
multipath environments. Multipath propagation, caused
by signal reflection from various obstacles, can result
in interference and degradation of the received signal,
significantly reducing the quality of communication.
In order to overcome this issue, several methods
have been developed, such as: the use of directional
antennas [1, 2], diversity reception [3—6], adaptive
filtering [7, 8], and the selection of appropriate
modulation techniques [9—12]. One key method used to
mitigate the negative effects of multipath is through the
use of impulse response (IR) filters which are inverse
to the channel IR which allows delayed signals to be
compensated [13—17]. This paper presents the results
of modeling and analysis of the efficacy of these filters
in a multipath communication channel when utilizing
signals with various modulation techniques, such as:
quadrature amplitude modulation (16-QAM, coherent
detection); multi-position phase-shift keying (8-PSK,
coherent detection); and multi-position frequency-shift
keying (8-FSK, noncoherent detection).

The paper aims to evaluate the impact of multipath
channel parameters (delay, reflected signal strength)
and the filter on the bit error rate (BER) when
receiving discrete signals, as well as to determine the
energy gain from employing filters with inverse IR.
For analysis, a multipath model was developed in the
Simulink! environment, comprising six beams with
distinct delays and intensities (discrete multipath).

MULTIPATH CHANNEL MODEL

An IR communication channel can be defined and
its parameters estimated by means of a preliminary
probing of the channel with specific form signals such
as short d-pulses, signals with frequency modulation,
or signals encoded with specific pseudo-random
sequences [18-23]. While this aspect is not detailed
in the paper, it is assumed that the parameters of

I https://www.mathworks.com/products/simulink.html.
Accessed February 15, 2025.

the IR channel have been determined accurately or
with some degree of error. Such information in the
model can be obtained by using a short probe pulse,
the duration of which determines the lower limit of
the range of possible beam delays. For instance, the
duration of the probe pulse is chosen to be 1 ns.

A discrete multipath channel model (6 beams,
including the direct path 54 () 1is created
using the MATLAB/Simulink (trial version) and
Scilab Xcos® software environments. The delays T
of the signals are O (for the direct path), 7, 14, 21, 28,
and 33 ns, while the relative (relative to the average
amplitude of the direct path signal) intensities , of
the delayed signals are 0.09, 0.08, 0.07, 0.06, and 0.05,
respectively (Fig. 1, left). The values for delays are
provided for illustrative purposes only and may be
adjusted depending on the specific radio propagation
conditions.

Therefore, the output of the multipath channel can
be described as follows:

5
(1) = Sgret (D + D W Srer ¢ =) + (D),
k=1

wherein n(f) is white Gaussian noise (additive white
Gaussian noise channel), 7 is the time.

The circuit of the filter with inverse IR
consists of 6 branches, each with an amplification
factor corresponding to the intensity and time
delay (Fig. 1, right). In the portion which corresponds to
delayed signals, the circuit acts as a mirror (in terms of
polarity) of the communication channel mode.

BENCHMARKING FILTER WITH INVERSE IR

The benchmarking of a filter with inverse IR can be
clearly seen when passing a single probe pulse through
the channel. Figure 2a shows the oscillogram of the
signal at the communication channel output showing
1 direct signal and 5 reflections, which corresponds to
that of the IR channel.

2 https://www.scilab.org/software/xcos. Accessed April 05,
2025.
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Multipath generation Filter with inverse IR
AWGN - >
™ Channel * *
738 0.05 + 738 0.05 +
7728 0.06 + z 28 0.06 +
LH 1 NG
721 0.07 + z21 0.07 +
z14 0.08 + 14 0.08 +
z7 0.09 + z7 0.09 +

Fig. 1. Multipath signal generation and processing
model.
z 'is delay unit, where “~1” is beam delay time

Figure 2b shows the signal at the output of a filter
with inverse IR. This demonstrates that the filter has
compensated for delayed beam signals. However,
instead of these signals, responses appear at time
positions that are twice the time delay. This is easily
explained by the characteristics of signal passage
through the filter [24].

SIMULATION OF COMMUNICATION CHANNEL
USING MULTIPOSITION SIGNALS

Energy gain analysis

The study analyzes the energy gain (in terms of
signal-to-noise ratio, SNR) in relation to the relative
intensity of a reflected beam for various modulation
techniques: 16-QAM, 8-PSK, and 8-FSK. The modeling
is conducted with one direct and one reflected beam,
with a delay of 7 ns. The intensity of the reflected beam
u varies over a broad range, allowing for an assessment
of the impact of both weak and strong reflections on
bit error rates. For each modulation technique, the
relationships between BER and SNR (E/N,, where
E, is the energy per bit of information and N,, is the noise
power spectral density) are plotted (Fig. 3) both without
the use (dashed lines) and with the use of the inverse
IR filter (solid lines).

Figure 4 shows the results of calculating the energy
gain for BER = 1073,

Figures 3 and 4 show that for a reflected beam
intensity of p = 0.3, the gain in the SNR (E}/N,),
when wusing a filter with inverse IR, varies
between 1 and 10 decibels, depending on the modulation
scheme employed. The gain for the 16-QAM signal is
approximately twice that of the 8-PSK signal, and more
than 10 times that of the 8-FSK signal. This is due to the

Sost
=}

ok I Il M m M

0 5 10 15 20 25 30 35 40
Time, ns
(a)

T T T T T T

1.4]

1.2}
> 1.0
%;;0.8-

0 5 10 15 20 25 30 35 40
Time, ns
(b)

Fig. 2. Oscillograms: (a) IR; (b) signal at the output
of the filter with inverse IR

fact that the 8-FSK signal has the highest initial immunity
to interference [11]. For example, with the reflected
beam intensity of p = 0.3 and SNR (£,/N,) of 9 dB,
BER without a filter is approximately 1073 for 8-FSK.
It is more than one order of magnitude higher for 8-PSK
and twice as high for 16-QAM.

The relationship between BER and SNR

The next stage of the study involves modeling
a communication channel with 1 direct beam and
5 reflected beams, each with varying delays (7, 14,
21, 28, and 33 ns) and intensities (for 16-QAM
and 8-PSK, u=10.09, 0.08, 0.07, 0.06, and 0.05 relative
to the average amplitude of the direct signal beam,
and for 8-FSK, p = 0.2, 0.3, 0.4, 0.5, and 0.6).
The simulation results are BER as a function of
SNR (£,/N,) for various numbers of beams (Figs. 5-7),
with (solid lines) and without (dashed lines).

Figures 5 and 7 show that for any number of
received signals, the filter with inverse IR compensates
for multipath interference for all signal types, thus
reducing BER. For example, with SNR of 10 dB for
16-QAM and 8-PSK signals with 5 received reflections,
BER is reduced approximately by a factor of 7. For
8-FSK signal which has higher noise immunity. More
intense reflections are used in the simulations, thus the
improvement is less significant than when compared to
16-QAM and 8-PSK signals.
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The impact of parameter inaccuracy
in the filter with inverse IR

The performance of the filter with inverse IR depends
on the precision of its parameter settings, including gain
coefficients and time delays within the branches. Under
real-world conditions, these parameters can deviate from
their calculated values due to variations in the signal
transmission environment, inaccuracies in channel
estimation, or errors in adaptive algorithms. Therefore,
it is essential to assess how parameter deviations in
the filter with inverse IR affect communication quality
and BER.

In order to evaluate this, a scenario is selected with
a channel comprising a direct and delayed signal, with
a relative power of 0.2 and a time delay of 21 ns at
SNR of 10 dB.

Figure 8 presents graphs of the relationship
between BER and deviation of the gain in the filter
branch, normalized to a nominal value of 0.2, for
16-QAM, 8-PSK, and 8-FSK signals.

From the results obtained, it can be concluded
that the correct operation of the filter is maintained
within a fairly broad range of gain variations in the
filter section. Therefore, even if the gain deviates by
1.5 times the nominal value specified by the reflected
beam level, BER will increase approximately
twofold. If the gain deviates two times, BER will
increase by an order of magnitude for all signals under
consideration.

Figure 9 shows graphs of the relationship
between BER and the deviation of the delay in the
filter branch, normalized to a nominal value of 21 ns,
for 16-QAM, 8-PSK (at the reflected beam intensity
of ©=0.2), and 8-FSK (at the reflected beam intensity
of n=20.5).

The graphs in Figs. 9a and 9b (for 16-QAM
and 8-PSK, respectively) have a characteristic
appearance which can be explained by the use of
a complex envelope in the signal representation
model. This results in a lower “plateau” along
the normalized delay time axis, with a duration
determined by the channel symbol duration, during
which the information component of the signal phase
remains constant. When the delay deviates beyond the
boundaries of this “plateau,” BER sharply increases.
For the 8-FSK model, BER cannot be accurately
estimated when the delay deviates from the nominal
value by less than 5% due to certain software
limitations. Nevertheless, the results indicate that the
filter is operating correctly within a very narrow range
around the nominal delay value. It can be said that an
accuracy of approximately 1% is required for proper
operation.
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CONCLUSIONS

The paper presents the results of an investigation
into the efficiency of the filter with inverse IR to that
of the communication channel with a discrete multipath
at the reception of signals with multi-position types of
modulation, such as 16-QAM, 8-PSK, and 8-FSK. Based
on mathematical modeling in the Simulink environment,
the impact of channel parameters and filter parameters
on BER is explored.

The use of such compensation filters offers
a substantial energy advantage in terms of SNR, which
varies depending on the modulation type from units to
tens of decibels, making them particularly promising for
high-speed communication systems. It was ascertained
that the filter continues to function with deviations in the
branch gains up to 1.5 times the nominal value, although
it is highly sensitive to the accuracy of time delays, with
a permissible deviation of 1%.

The efficiency of the filter is also dependent on the
number and intensity of beams. Therefore, the upper
limit of applicability can be considered to be the value
of u, which is slightly greater than 0.5. When p — 0.9,
the filter becomes ineffective due to the high level of
response at time positions that are twice the time
delay (Fig. 2).

Therefore, the use of filters with inverse IR to that
of the communication channel is an effective method for
combating multipath distortion, significantly improving
communication quality and gain. The results obtained
confirm the potential of this approach in increasing the
reliability and capacity of modern telecommunication
systems.

Future research will focus on developing adaptive
algorithms aimed at determining the IR of the
communication channel and automatically determining
parameters for a filter with inverse IR.
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Abstract

Objectives. The aim of this study is to develop and demonstrate an effective method for obtaining large-area,
high-quality monolayers of molybdenum disulfide (MoS,) on the surface of ferroelectric lead zirconate titanate (PZT)
films which exhibit pronounced granularity and texturing. Conventional mechanical exfoliation techniques are
inefficient for transferring two-dimensional materials onto nonplanar surfaces. This is due to local height variations
and substrate granularity which hinder the formation of continuous monolayers and high-defect-density transferred
structures. A particular challenge is the transfer onto functional substrates with surface topography characterized
by heterogeneities ranging from tens of nanometers to micrometers.

Methods. A gold-assisted exfoliation (GAE) method was employed, including: magnetron sputtering of a 50 nm
gold film; mechanical delamination of monolayers using thermally cleavable tape; and subsequent gold etching. The
characterization was performed using X-ray diffraction, optical confocal microscopy, atomic force microscopy, and
second harmonic generation techniques. The efficiency of the transfer process was compared for Si/SiO, and PZT
substrates.

Results. MoS, crystallites with areas up to 3000 um?2 were obtained on PZT and over 65000 pm? on standard
Si/Si0, substrates, both of which exhibit minimal defect densities. Conventional mechanical exfoliation is shown
to be unable to ensure transfer onto textured surfaces, whereas the GAE method preserves the monolayer character
of the transferred crystallites even on nonplanar substrates.

Conclusions. This work demonstrates for the first time the possibility of obtaining large-area, high-quality
MoS, monolayers on substrates with pronounced grainy and textured structures, such as ferroelectric PZT films,
using the gold-assisted exfoliation method. The work also shows that gold-assisted exfoliation is an effective
technique for fabricating extended two-dimensional films with controlled morphological and structural properties,
including on substrates previously considered unsuitable for such applications.

Keywords: two-dimensional materials, molybdenum disulfide, gold-assisted exfoliation, ferroelectric thin films,
lead zirconate titanate, mechanical exfoliation, nanostructures, FeEFET
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Pesiome

Llenu. Llenb paboTbl 3ak/toyaeTcs B pa3paboTke U AeMOoHCTpaumm 3addekTUBHOrO MeToAa NnonyyYeHust NpoTsXKeH-
HbIX 11 BbICOKOKa4€CTBEHHbIX MOHOCI0EeB Ancynbduaa monubaeHa (MoS,) Ha NoBEpPXHOCTM CErHETONEKTPUYECKMNX
NMieHokK uMpkoHaTa-tutaHata cemHua (LITC) ¢ BbipaXeHHO 3epHUCTON U TeKCTYPUPOBaAHHOM CTPyKTypoii. CTaH-
[apTHble MeTOObl MeXaHMYecKon akcdonmaummn okasbiBaloTcst HeaddEeKTUBHbIMY 1S NepeHoca ABYMEpPHbIX MaTe-
pranoB Ha HEPOBHbIE MOBEPXHOCTU N3-3a JIOKasbHbIX NePenaaoB BbICOTbl M 3€PHUCTOCTM NOASIOXKN, YTO NPUBOOUT
K HEBO3MOXHOCTM HOPMUPOBAHUS MPOTSXKEHHLIX MOHOCJ/IOEB M BbICOKOWM MJIOTHOCTU AedeKTOB B NEPEHOCUMbIX
cTpykTypax. Ocobylo CNOXHOCTb NpeacTaBasieT NepeHoc Ha GYHKLMOHASbHbIE MOASIOXKM C pesibedOM NOBEPXHO-
CTW, XapakTepuayoLmnmMcs HeOOHOPOAHOCThLIO Ha MacluTabax 0T AeCATKOB HAHOMETPOB 40 MUKPOMETPOB.
MeTopabl. Micnonb3oBaH MeTo, 30/10TO-aCcCUCTUPOBaHHOW akcdonmaunm (gold-assisted exfoliation, GAE), Bknto-
YaloLMA MarHETPOHHOE HanblfleHMe 30JI0TOM MNeHKM ToNwmHol 50 HM, MexaHnyeckoe OTAefleHMe MOHOCIIOEB
C NMOMOLLIbIO TEPMOPACLLENISIEMOro CKOTYa 1 Nocneaylolee TpaBeHne 30010Ta. Xapaktepusaums NpoBeaeHa me-
ToOaMM PEHTIEHOBCKOM Andpakumm, onTuYeckon KoOHMDOKanbHOM MUKPOCKOMNNK, aTOMHO-CUIOBO MUKPOCKOMUA
M reHepaumm BTOPOI ONTUYECKOM rapMoHnkn. CpaBHeHne 3dpdekTUBHOCTM NepeHoca BbINOJSIHEHO Ha NoAJ1oXKax
KpeMHusi/okcmaa kpemHus (Si/Si0,) n LITC.

PeaynbTtatbl. [onyyeHsl kpyuctanimtel MoS, nnouwaaso 1o 3000 MkMZ Ha LITC v cBbiwe 65000 MKM2 — Ha CTaH-
napTHbIx noanoxkax Si/SiO, Npy MUHUMasbHOV NIOTHOCTM AedeKToB. okasaHo, YTo CTaHAapTHas MexaHuYeckas
akcdonmaums He obecrneymBaeT NePeHOC Ha TEKCTYPUPOBaHHbIE MOBEPXHOCTU, Toraa kak GAE coxpaHseT MOHO-
CNIOMHOCTb NePeHOCUMbIX KPUCTaNIMTOB AaXe Ha HEPOBHbIX MOA0XKAX.

BbiBoAbl. BriepBble NpoaeMoHCTpMpoBaHa BO3MOXHOCTb MOJTyYEeHUS MPOTSXXEHHbIX W BbICOKOKA4YeCTBEHHbIX MO-
Hocnoes MoS, Ha NOANIOXKAaX C BbIPAXEHHON 3€PHMUCTON 1 TEKCTYPUPOBAHHOW CTPYKTYPOMR, Takmx Kak CerHeTo-
anekTpuyeckme nneHkn LTC, ¢ nomowplo Metoda 30/10TO-aCCUCTUPOBaHHOM akcdonmaumn. NokasaHo, 4To
30/10TO-aCCUCTUPOBAHHAsA akchonmaumsa npeacTaBnsieT cobon apdekTUBHbIM MeToa, 4J11 CO34aHUS NMPOTIXKEHHbIX
[BYMEPHbIX NMIIEHOK C KOHTPOMPYEMbIMU MOPDOIOrMYECKUMN U CTPYKTYPHBIMU XapakTepucTukamm, B T.4. HA NMOA-
JIOXKax, paHee CYMTaBLUMXCS HEMPUrOAHbIMKM 1 NOAO0OHbIX 3agay.

KnioueBble cnoBa: asymepHble MaTepuansl, amcynbdua MmonmdaeHa, 30/10T0-aCCUCTUPOBaHHas akchonmaums,

CErHeTO3/IeKTPUYECKME MIEHKN, LMPKOHAT-TUTAHAT CBUHLLA, MexaHndeckas akchonmaums, HAHOCTPYKTypbl, FEFET
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npospaquocn: d)MHaHCOBOﬁ neaTesibHOCTU: ABTOpr HEe NnMeloT q)l/lHaHCOBOI7I 3anHTEepPeCcoBaHHOCTW B npeacTaB/ieH-

HbIX MaTepunasiax nin Mmetogax.

ABTOpbI 3a9BASIOT 06 OTCYTCTBUM KOHMIMKTA MHTEPECOB.

INTRODUCTION

Over the past two decades, two-dimensional (2D)
materials such as graphene, molybdenum disulfide,
and hexagonal boron nitride have become the subject
of intensive research due to their unique physical,
optical, and electronic properties, fundamentally
different from those of their bulk analogs [1, 2]. These
properties are due to the quantum size effect, high
anisotropy, increased specific surface area, and changes
in the electronic structure upon going to atomically
thin layers. 2D materials in particular exhibit unusual
quantum phenomena such as the quantum Hall effect,
strong fluorescence in MoS, monolayers, and ultra-high
charge carrier mobility. This opens new horizons for
fundamental research in condensed matter physics and
materials science [3].

Thanks to these properties, two-dimensional
materials are being considered as platforms for creating
new generations of electronic, optoelectronic, energy,
and sensor devices. However, the practical realization of
their promise is closely linked to the ability to produce
high-quality, defect-free, and extended-area monolayers,
as well as their integration into modern micro- and nano-
electronic technologies. Until recently, the synthesis of
such layers and their transfer to functional substrates was
a serious technological challenge, significantly hindering
both in-depth research into fundamental principles and
the development of applied solutions.

There are several methods for producing two-
dimensional materials, each with its own advantages
and limitations. The most common approaches include
mechanical exfoliation, liquid exfoliation, and chemical
vapor deposition (CVD). Mechanical exfoliation, first
used to synthesize graphene, remains the benchmark
method for producing high-quality samples with
low defect density [4]. However, its scalability is
limited by small lateral dimensions. Liquid exfoliation
enables the mass production of materials but leads to
crystal fragmentation and contamination. Chemical
vapor deposition enables the synthesis of large-area
films, but the defect density in such materials often
exceeds 1012103 cm™2 [5].

One possible solution to the problem of creating
layers with the desired characteristics is the gold-
assisted exfoliation (GAE) method which has been

relatively recently developed. This method combines
the advantages of mechanical exfoliation and
scalability, enabling the production of single crystals
up to a centimeter in size [6-8], while the defect
density in the resulting layers is minimal and can reach
~3 - 10" cm™2 [9]. Thus, GAE is the preferred method
for applications where high structural perfection and
surface cleanliness are critical.

Despite  significant progress in  producing
2D materials, integrating high-quality 2D crystalsintoreal
devices still poses significant technological challenges.
One of the key challenges in modern electronics is the
creation of functional structures in which 2D layers
are transferred onto substrates with distinct surface
topography. These include such films as ferroelectric
lead zirconate titanate (Pb(Zr, 4¢Ti 5,)O5, PZT) films
used in ferroelectric field-effect transistor (FeFET)
architectures and other memristor devices. However,
standard mechanical exfoliation methods are ineffective
for transferring 2D materials to such uneven or textured
surfaces. Localized differences in height and substrate
graininess dramatically reduce the contact area between
the 2D crystal and the substrate, making it impossible
to form extended and continuous monolayers. As
a result, attempts to use classical approaches lead either
to a complete absence of transfer or to the formation of
highly fragmented and defective regions unsuitable for
practical application.

In order to overcome these limitations, new methods
must be developed to ensure selective and delicate
transfer of 2D materials, even onto complex substrates
with pronounced microroughness. One of the most
promising solutions is the GAE method mentioned
above. However, its application to textured ferroelectric
films has remained largely unexplored to date. Given
that such structures are essential for the implementation
of modern FeFET and memristor devices, demonstrating
the feasibility of efficient transfer of 2D materials onto
PZT and similar surfaces is of fundamental and applied
importance.

The main objective of this study is to experimentally
demonstrate that gold-assisted exfoliation enables
the formation of extended, high-quality monolayers
of 2D materials not only on standard flat substrates,
but also on functional ferroelectric films with distinct
topography. This study compares the transfer efficiency
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0f SiO, and PZT, and analyzes the morphology, structural
perfection, and area of the resulting -crystallites.
Particular attention is paid to the comparison with the
results obtained using classical mechanical exfoliation.
As this study shows, this does not, however, ensure the
transfer of 2D materials onto uneven substrates. Thus,
the results of this study not only expand our fundamental
understanding of the mechanisms of interaction between
2D crystals and textured surfaces, but also open up new
possibilities for integrating 2D materials into promising
electronic and spintronic devices.

1. MATERIALS AND METHODS

1.1. Methodology for creating
two-dimensional films

Molybdenum disulfide (MoS,) was chosen as
the two-dimensional semiconductor material for
creating monolayers. This is due to two key factors:
its widespread use in modern research; and its strong
chemical interaction with gold [10]. Gold atoms,
which possess vacant d-orbitals, effectively interact
with the lone electron pairs of sulfur atoms, forming
strong covalent bonds. This interaction ensures the high
selectivity of the GAE method with respect to sulfur-
containing compounds, making MoS, the optimal
material for developing this technique.

In order to verify the developed method, experiments
were conducted in two stages. In the first stage,
a standard silicon/silicon oxide (Si/SiO,) structure,
traditionally used in mechanical exfoliation [11, 12],
was used as a substrate for the formation of reference
quasi-two-dimensional crystallites. In the second stage,
the gold-assisted exfoliation technology was adapted for
deposition onto a textured ferroelectric PZT film. This
allowed for the applicability of the method for creating
two-dimensional structures on functional materials with
a non-uniform surface to be evaluated.

PZT films (Pb(Zr, 44Ti, 5,)O;) were formed from
a film-forming solution prepared by the sol-gel method
using a complex of zirconium isopropoxide monosolvate
(Zr[OCH(CHj;),1,(CH,),CHOH, Sigma-Aldrich, USA),
titanium tetraisopropoxide (Ti[O(CH5;),CH],,
Sigma-Aldrich) and lead acetate (Pb(CH,COO),)
synthesized from lead oxide (PbO, Sigma-Aldrich)
according to a previously developed technique [13].
The PZT solution was applied layer by layer
(6 layers, ~220 nm) by spin coating on platinized
silicon substrates with the following structure:
Pt (~150 nm)-TiO, (~10 nm)--SiO, (~300 nm)-Si (~800 um).
After spin coating (2500 rpm), each layer was dried
for 5 min with an infrared lamp in pulsed mode at
a temperature of ~200°C and annealed for 15 min at
a temperature of 400°C in an SNOL 1.6.2.5.1/10-1ZM

muffle furnace (Termiks, Russia). After heat treatment
of the sixth layer, the sample was crystallized for 10 min
using an AS-One 150 fast annealing unit (Annealsys,
France) at a temperature of 650°C (heating rate ~15°C/s).

The process of creating single-crystal samples
involves five key steps which are detailed in Fig. 1. In the
first step, abulk molybdenum disulfide crystal is separated
layer by layer using adhesive tape (e.g., silicone tape).
This step enables the production of multilayer fragments
with thicknesses ranging from a few nanometers to
microns. In the second step, a 50-nm-thick gold film
is deposited onto the pre-treated multilayer MoS,
crystallites using a VUP-5 magnetron setup (Russia).
The process is carried out in a vacuum chamber at
a power of 100 W and an argon pressure of 5 - 103 Torr.
In the third step, thermal release tape (TRT) is tightly
pressed onto the gold surface. After fixation, the tape
is carefully peeled off from the original substrate, thus
capturing the top MoS, layer along with the gold film.
The Au-MoS, adhesive force exceeds the interlayer
van der Waals bonds in MoS,, enabling selective
detachment of the monolayer. In the fourth step, the
resulting TRT-Au-MoS, structure is transferred to
a Si/Si0, substrate, in order for the MoS, layer to remain
in contact with the substrate. The substrate is then heated
on a hot plate at 130-150°C for 1-2 min. This weakens
the adhesion of the TRT tape, enabling its removal
without leaving a trace. In the final step, the gold film is
removed by immersion in an etching solution (4 g KI +
+1 g1, in 40 mL H,0) for 3-5 min at room temperature.
MoS, demonstrates the chemical inertness to this
reagent due to its covalent S-Mo-S structure. After the
etching is complete, the surface is cleaned for 10 min
with acetone to remove any remaining etchant, followed
by a rinse with isopropyl alcohol. This procedure
ensures the complete removal of contaminants and
reagent residues, facilitating the formation of clean,
high-quality 2D semiconductor monolayers with large
lateral dimensions.

1.2. Research methods

X-ray diffraction was used to analyze the crystal
structure, allowing us to determine interplanar spacings
and structural symmetry. This is necessary, in order to
verify the phase purity of bulk molybdenum disulfide
and assess the quality of the PZT films, which served
as the basis for creating the two-dimensional films. This
approach allows us to confirm the material compliance
with the specified characteristics and their suitability for
further research.

Diffraction patterns were obtained using a DRON-8T
diffractometer (Burevestnik, Russia) at a voltage
of 40 kV and a current of 20 mA. Due to the limitations of
the method, only bulk MoS, samples and polycrystalline
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Fig. 1. Process of creating monolayer MoS, films:
(a) mechanical exfoliation of MoS,; (b) magnetron sputtering of gold on MoS,;
(c) application of TRT tape to gold and subsequent exfoliation of MoS,; (d) removal of TRT tape by heating;
(e) etching of gold with a Kl/I,, solution; (f) the finished monolayer on a Si/SiO, substrate

PZT films were studied, since the small thickness of
two-dimensional films significantly complicates the
separation of the diffraction signal from the substrate.

Following GAE exfoliation, standard optical
confocal microscopy was used to detect monolayer MoS,
crystallites on the substrate surface. This approach
is optimal for rapid preliminary analysis, enabling
the determination of crystallite thickness, size, and
the presence of defects [8]. An Alpha 300s+ optical
microscope (WITec, Germany) with high-aperture
objectives and color filters was used. This provides
enhanced image contrast for monolayer crystallites,
critical when working with atomically thin materials.
This method effectively identifies promising areas
for subsequent detailed study using other analytical
methods.

Atomic  force microscopy (AFM), which
complements optical data, was used to accurately assess
the topography of two-dimensional materials. Atomic
force microscopy provides a three-dimensional image
of the surface with a resolution of up to nanometers,
enabling the detection of defects such as cracks,
dislocations, and roughness. This is especially important
for quality control of the resulting two-dimensional
films and the assessment of the influence of the
substrate on their morphology [14]. All measurements
were performed using an Ntegra Prima scanning probe
microscopy system (NT-MDT, Russia) in contact mode.
Rigid probes of the Etalon series with a spring constant
of 12 N/m were used, ensuring an optimal balance
between resolution and the integrity of the studied
samples.

The standard fluorescence microscopy-spectroscopy
technique was not used in this study. This is due to the

complete signal quenching caused by residual gold
nanostructures after the GAE technique. Even very
small amounts of gold (Au), retained on the substrate
surface or near two-dimensional crystallites, act as
effective nonradiative recombination centers. This is due
to two main mechanisms of luminescence quenching.
The first mechanism is the charge quenching effect:
electron transfer from MoS, to Au leads to p-doping of
the material and suppression of exciton luminescence.
The second mechanism is resonant energy transfer: at
distances less than 10 nm between Au and MoS, non-
radiative energy transfer from excitons to plasmonic
modes of gold occurs [15, 16]. In addition, this
technique is not applicable to samples thicker than one
monolayer [17].

For this reason, second harmonic generation (SHG)
was additionally used to study structural symmetry,
crystallographic orientation, and defects in two-
dimensional materials. This nonlinear optical method
is based on the conversion of two photons of exciting
radiation into one photon with doubled frequency
in non-centrosymmetric media. SHG is particularly
effective for studying thin MoS, layers, since the signal
intensity depends significantly on the number of layers
and their polytype. In regions with broken crystal
symmetry, including edges, defects, and transitions
between domains, a significant enhancement of the non-
linear response is observed, ensuring high sensitivity of
the method to the structural features of two-dimensional
crystallites.

The experimental setup used a TiF-DP 60 femto-
second titanium:sapphire laser (Avesta, Russia) with
a pulse duration of 20-60 fs and a repetition rate of
80 MHz. The femtosecond pulses provided high peak
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power with low average power, enabling an intense
nonlinear response without thermal damage to the
sample. A modified WITec Alpha 300S+ confocal
microscope was also used for precise sample positioning
and scanning.

2. RESULTS

In order to characterize the crystal structure
and phase composition of the starting materials,
X-ray diffraction studies were carried out in the
20-scanning mode. The results are presented in Fig. 2.
The diffraction pattern of the bulk MoS, crystal
demonstrates clearly defined reflections (004), (006),
and (008), indicating a high degree of crystallinity and
a preferential orientation of the crystallites along the
axis perpendicular to the plane of the layers. The nature
of the diffraction pattern indicates a hexagonal structure
of the 2H or 3R polytype of MoS,, fully consistent
with the literature data [18, 19]. Analysis of the
diffraction pattern of the PZT film revealed the presence
of characteristic peaks (100), (111), (002), (200),
and (301), confirming the formation of the
perovskite phase with a preferential orientation in
the (111) plane [20]. The formation of the perovskite-
like AVOj, structure in PZT provides the emergence of
ferroelectric properties. This is due to the displacement
of Ti*/Zr*" and Pb?" cations from centrosymmetric
positions in the oxygen octahedra, which disrupts the
inversionsymmetry ofthe crystaland creates spontaneous
polarization [21]. The possibility of reorienting this
polarization by an external electric field determines
the ferroelectric behavior of the material, as confirmed
by characteristic hysteresis loops in the polarization-
electric field dependences [22]. The low-intensity
reflections corresponding to the Pt and Si phases are
associated with the multilayer structure of the substrate
used. They do not affect the functional properties of
the ferroelectric film. Quantitative analysis of the
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half-width of the diffraction lines indicates the absence
of significant microstrains and structural defects in the
studied materials, confirming their high crystalline
perfection and structural homogeneity. These results
indicate the suitability of the selected materials for
further use as feedstock and functional substrate in the
creation of heterostructures by gold-assisted exfoliation.

In order to analyze the influence of the surface
parameters of the used substrates on the efficiency of the
GAE technique, the surfaces of both substrates—Si/SiO,
and PZT—were analyzed using the AFM technique.
The resulting three-dimensional maps of the substrate
surfaces are presented in Fig. 3. As can be clearly seen
from the results obtained, PZT has significantly greater
surface inhomogeneities due to the characteristics
of grain growth during crystallization. PZT films
obtained by the sol-gel method are characterized
by the formation of a polycrystalline structure with
pronounced grain boundaries, leading to the formation
of a textured surface. Further analysis of the results
obtained revealed that PZT has a roughness of
about 1.090 - 10~ m, while for the Si/SiO, substrate
this parameter is 5.073 - 10710 m.

Thus, the height differences on the PZT substrate
surface are comparable to or even exceed the thickness
of the 2D MoS, (films deposited on it (~0.7 nm for
a monolayer), leading to a significant reduction in
the contact area between the substrate and the film.
Non-uniform contact between the materials negatively
impacts the van der Waals forces responsible for MoS,
adhesion to the surface. This in turn degrades
the deposition quality of 2D crystallites and leads
to the formation of defects at the interfaces between
the 2D material and the substrate. All this reduces the
efficiency of charge transfer and degrades the electronic
performance of the devices.

After sample creation, several hundred two-
dimensional MoS, crystallites were identified on
the surfaces of the Si/SiO, and PZT substrates using
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Fig. 2. Diffraction patterns of bulk MoS,, (crystals (a) and PZT substrate (b)
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Fig. 3. Three-dimensional surface topography maps
of the substrates obtained by AFM:
(a) Si/Si0, and (b) polycrystalline PZT film
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Fig. 4. Results of gold exfoliation:
(a) Optical image of a region with MoS,, crystallites
on a Si/SiO, substrate;
(b) AFM topography of a MoS,, crystallite
on a Si/SiO, substrate;
(c) The height profile obtained from
the section (red dashed line) shown in (b);
(d) Optical image of a region with MoS,, crystallites
on a PZT substrate;
(e) AFM topography of a MoS, crystallite
on a PZT substrate;
(f) The height profile obtained from
the section (red dashed line) shown in (e)

w
o

N
o O
Height, nm

o ==

Height, nm

onNn O
N

confocal optical microscopy. Representative samples
with typical morphological characteristics were selected
for detailed analysis: an area of ~200 um?, the absence
of visible defects, and a uniform distribution over
the surface. Figures 4a and 4d show the crystallites for
each substrate, selected as standards for the comparative
study.

In order to determine the thickness and lateral
dimensions of the crystallites, topographic maps were
obtained using AFM (Figs. 4b and 4e). The thickness
of the film on the Si/SiO, substrate was 5 nm,
corresponding to ~8 monolayers of MoS, with an
interlayer distance of 0.65 nm, while on PZT, a thickness
of 8 nm (~12 layers) was recorded. The crystallite area
was approximately 200 pm? for both crystallites.

The average surface roughness of the MoS, films was
2.53 nm for both substrates, significantly exceeding the
values for the original substrates (0.51 nm for Si/SiO,
and 1.09 nm for PZT). This increase in roughness is
due to the appearance of pronounced morphological
irregularities, primarily folds, which are clearly
visible in the topographic maps and highlighted in red
in Figs. 4c and 4f. The formation of folds is associated
with the characteristics of mechanical transfer and the
specific application of the GAE technique. In addition,
foreign defects caused by residual materials after gold
etching can be observed on the crystallite surface. These
defects manifest themselves as local inclusions and can
be detected both on the substrate and over the entire
surface of the monolayer. It is important to note that the
grain structure of the PZT substrate is partially visible
through the MoS, surface, indicating non-uniform contact
between the film and the substrate and the presence of
regions where MoS,, appears to be “suspended” above the
surface.

Figure 5a shows a scanning electron
microscopy (SEM) image of a MoS, crystallite on a Si/SiO,
substrate where characteristic film folds (marked
with arrows) formed during mechanical transfer are
clearly visible. Topography analysis revealed that the
fold height reaches 30 nm with an average length of
5 um, consistent with the AFM data (Figs. 4b and 4e).
Similar SEM measurements were not carried out
for the PZT substrate due to the occurrence of local
polarization reversal of the ferroelectric film under the
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Fig. 5. SEM image of a MoS,, crystallite
on a Si/SiO, substrate (a); two-dimensional map
of the second harmonic (SH) distribution
in quasi-two-dimensional MoS,, crystallites
on Si/Si0, and PZT substrates (b), (d);
azimuthal dependencies of the SH intensity
in MoS,, crystallites on Si/SiO, and PZT substrates (c),
(e) in parallel (YY) and crossed (YX) combinations of pump
radiation polarization
and the selected SH field component
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Fig. 6. Histogram of the area of two-dimensional MoS, crystallites on a substrate (a) Si/SiO, and (b) PZT

action of the electron beam which significantly distorts
the distribution of the second optical harmonic [23].
It has been established experimentally that even
short-term (~30 s) exposure to electrons with an
energy of 5 kV leads to an irreversible change in the
domain structure of PZT, which makes it impossible
to correctly compare optical and electron microscopic
data.

Spatialmapsofthe SHGintensity distributionobtained
by scanning nonlinear microscopy (Figs. 5b and 5d)
enable the reliable identification of morphological
defects, including folds and cracks. A local increase in
signal intensity is recorded in zones corresponding to
such defects. This increase may be due to a violation of
local centrosymmetry or to edge effects caused by an
increase in nonlinear optical susceptibility near domain
boundaries or at the edges of the crystalline region [24],
as well as an increase in film thickness.

The six-beam azimuthal dependence of the second
optical harmonic intensity in thin MoS, (Figs. 5c and 5e¢)
is due to the crystallographic symmetry of the material.
In the case of a non-centrosymmetric 3R polytype, as
well as with an even number of layers, the structure is
characterized by the point symmetry group C, . This
leads to a pronounced six-beam dependence of the
second harmonic intensity on the azimuthal rotation
angle of the sample [25, 26]. In the experiment, the
phases of the intensity maxima coincide at all flake
points, indicating the single-crystal nature of the film,
and the uniform orientation of the crystallographic
axes.

A uniform SHG intensity distribution is observed in
most of the MoS, film regions studied. This indicates
a low density of morphological defects and high
crystalline quality of the material. The uniformity of
the signal confirms the absence of significant grain
boundaries, folds, and cracks over the bulk of the flake,
and also indicates a minimal influence of polytypism,
in particular, the dominance of the non-centrosymmetric
3R polytype, which makes the largest contribution to the
SHG signal.

In order to conduct an objective comparison of
the efficiency of forming quasi-two-dimensional
films on various substrates, a statistical analysis of the
morphological parameters of over 300 created crystallites
was performed. One of the key criteria in this case is
the area distribution of individual crystallites, since this
parameter determines the suitability of the material for
further applications and directly depends on both the
chosen exfoliation method and the substrate properties.

The area distribution histograms of quasi-two-
dimensional MoS, crystallites obtained by the
GAE method are shown in Fig. 6, demonstrating
a significant difference between the Si/SiO, (Fig. 6a)
and PZT (Fig. 6b) substrates. It is important to note
that the statistical sample includes crystallites with an
area greater than 0.2 um? and a thickness less than or
equal to 7 nm (~10 monolayers), corresponding to
the transition region between quantum-well and bulk
properties. The lower area threshold was chosen based
on technological requirements. Smaller crystallites are
unsuitable for the creation of functional devices due to
limitations of lithography and the formation of electrode
structures.

For Si/SiO, substrates, more than 25% of the
visualized crystallites have an area exceeding 65000 um?,
or four orders of magnitude higher than the typical
results of conventional exfoliation (<0.5 um?) [27].
On the PZT substrate, the distribution is shifted
towards the lower values. The area of the largest 25%
of crystallites is only 3000 um?2, associated with
increased surface roughness (R, = 1.09 nm) and, as
a result, heterogeneous contact between the film and
the substrate. It is fundamentally important that, when
using standard mechanical exfoliation, not a single
crystallite with an area greater than 1 pm? could be
detected on the PZT.

Thus, the gold-assisted exfoliation method
ensures the formation of extended and high-quality
MoS, monolayers not only on standard but also on
textured substrates, where other approaches prove
ineffective.
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CONCLUSIONS

For the first time this work demonstrates the
possibility of producing extended, high-quality MoS,
monolayers on substrates with a pronounced granular and
textured structure, such as ferroelectric PZT films. The
gold-assisted exfoliation method enables the formation
of crystallites with an area of up to 3000 um? on PZT
and over 65000 um? on standard Si/ SiO, substrates. This
is several orders of magnitude greater than the results
achievable using traditional mechanical exfoliation
where no crystallites larger than 1 um? can be formed on
textured substrates. The crystallinity and homogeneity
of the resulting layers were confirmed by AFM and
nonlinear optical microscopy.

The results obtained open up new prospects for
integrating 2D semiconductors into functional devices
such as FeFETs and memristors which require layer
transfer onto complex and uneven substrates. The
GAE technique can be extrapolated to a wide range of
2D materials and various types of functional surfaces.
Thus, gold-assisted exfoliation represents an effective
and reproducible tool for creating extended 2D films with
controlled morphological and structural characteristics,
including on substrates previously considered as
unsuitable for such applications.
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Abstract

Objectives. This work aims to theoretically and experimentally investigate the specific features of magnetoresistance
temperature dependence in nanostructured films of doped manganites. The temperature dependence of electrical
resistance for La,g,Baj ;3MnO,; manganite films, grown by laser ablation on various dielectric substrates,
is investigated over a wide temperature range.

Methods. Epitaxial La, 4,Ba, ;3MnO; films with a thickness of 80 nm were grown by pulsed laser ablation using
an ArF excimer laser (a laser wavelength of 247 nm) on single-crystalline SrTiOs and ZrO,(Y,05) substrates. The
magnetoresistance properties were measured using a two-probe DC method. The measurements were conducted
in magnetic fields up to 8 kOe applied in the film plane, across a temperature range of 80—-350 K. To accomplish the
research objectives, an empirical magnetoresistance model was applied in two distinct temperature regions: near
the magnetic phase transition temperature and in the ground-state region.

Results. Empirical relations for temperature dependence of magnetoresistance for nanostructured
La, g7Bay 33Mn0O;, films were established, encompassing both the Curie temperature region and the ground-state
regime. Our studies revealed that the magnetoresistance of epitaxial single-crystalline La, c,Baj 3sMnO; films
exhibits a sharp peak exclusively near the Curie temperature while remaining negligible in other temperature
ranges. Conversely, La;¢,Ba, 33MnO; films with a variant structure demonstrate significant low-temperature
magnetoresistance. This effect arises from magnetic-field-induced modifications of the high-frequency conductivity,
which results from spin-polarized electron tunneling across structural domain boundaries. A unified empirical model
to describe various mechanisms of magnetoresistance in doped manganites is proposed.

Conclusions. For the first time, an empirical model to describe both the colossal and tunneling magnetoresistance
in thin films of doped manganites has been developed. This model demonstrates excellent agreement between
experimental and calculated data for La, ¢-Baj 33MnO; films with and without a variant structure. The simulation
results agree well with experimental data. The findings elucidate the understanding of magnetoresistance
mechanisms, contribute to the development of the magnetorefractive effect theory for thin-film manganites, and
inform new approaches for controlling charge carrier dynamics in strongly correlated magnetic oxides.

Keywords: manganites films, variant structure, colossal magnetoresistance, spin-dependent tunneling,
magnetorefractive effect, structural domains
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Peslome

Llenu. Llenbto paboTbl ABNSETCSA 9KCNEPUMEHTaNIbHOE N TEOPETUYECKOE NCCNeaoBaHMe 0COOEHHOCTEN TemMnepa-
TYPHbIX 32aBUCUMOCTEN MAarHNTOCOMNPOTUBNEHNS B HAHOCTPYKTYPMPOBAHHbIX MJIEHKAX NEermMpoBaHHbIX MAHIaHUTOB.
B wnpokom TemnepatypHOM Anana3oHe N3y4eHOo NoBEeLEHNE 31IEKTPOCONPOTMBAEHUS NIEHOK MaHIaHNUTOB CoCcTa-
Ba La, 57Ba 53MN0O;, BbipallleHHbIX METOA0M fla3epHO abnaumm Ha PasiMyHbIX ANBEKTPUYECKMX MNOAM0XKaX.
MeToabl. Insg OOCTUXEHUA NOCTABMEHHOM LIeN METOAOM fla3epHOMN abnsauum ¢ UCNosib30BAHNEM UMMYTbCHOIO
BKCUMEPHOro GbiNn BbipaLleHbl anMTakcuasbHble NneHkn La, g7Bay 55MnOg4 TonumHom 80 HM Ha MOHOKpUCTaNn-
yeckux nopnoxkax SrTiOg n ZrO,(Y,04). MarHUToCoNpoTUBNEHNE N3MEPANIOCH ABYXKOHTAKTHBIM METOAOM Ha Mo-
CTOSIHHOM TOKe B nonisix Ao 8 k3 B nnockocTn obpasua 1 tTemnepatypHom nHtepsane 80-350 K. na nocTuxeHms
NMOCTaBMEHHOM LLeNn NPUMEHSNAch 3aMNpUYeckast MoLesb MarHMTOCONPOTUBIIEHUS B ABYX TeMMNepaTypHbIx obna-
CTAX: BONM3M TeMnepaTypbl MarHUMTHOro ¢pasoBoro nepexoaa 1 B 0671aCTi OCHOBHOIO COCTOSIHUS.

PeaynbTaTtbl. [10CTPOEHbLI SMNUPUYECKME TeMMepaTypHble 3aBUCUMOCTU MarHUTOCOMPOTUBAEHUS OIS HaHO-
CTPYKTYPUPOBAHHOM NneHku La, g,Ba, 53Mn0O,, oxBaTtbiBalolime kak 061acTb Temnepatypbl Kiopy, Tak 1 06nacTb
OCHOBHOr0 COCTOSIHMA. TokasaHo, 4TO B aNUTAKCUaIbHOW MOHOKPUCTANIMYECKON NeHKe La1o_67Ba0_33MnO3 mar-
HUTOCOMPOTUBIIEHNE MMEET BbIPAXEHHbI MakCUMyM BO6n3m Temnepatypbl Kiopy 1 npeHebpexnmMo Mano B Apyrnx
obnactax. B nneHke La, 5;Ba, 33MnO, ¢ BapraHTHOM CTPYKTYPOV MMEETCA CUJIbHBIN HU3KOTEMIMEPaTypHbI BKag,
B MarHMTOCOMNPOTUBJIEHNE, CBA3AHHbLIN C UBMEHEHMEM BbICOKOYACTOTHOM NPOBOANMOCTM NAIEHKM BO BHELLHEM Mar-
HUTHOM MOJiE N3-3a NPOLLECCOB TYHHENMPOBaHWS CMNH-NONSAPN30BAHHbIX 3/IEKTPOHOB Yepea rpaHunLLbl CTPYKTYPHbIX
LOMeHOB. [peanoxeHa eanHasa aMnnpuyeckas Moaenb A8 OnNMcaHus pasnnyHbIX MEXaHU3MOB MarHUTOCOMNPOTMB-
JNIEHNS B IETMPOBAHHBIX MaHFaHMUTax.

BbiBOoAbl. Bnepsbie B pamkax 0oHOM SMNNPUYECKOM MOOENM NPOBELEHO ONMCaHNE KONOCCaNbHOIMO U TYHHENbHO-
ro MarHUTOCONPOTMBEHUS ANF NAEHOK TIErMPOBaHHbIX MaHraHNTOB. lokaszaHo, 4TO Takad MOLENb AAeT XxopoLluee
cornacme aKCneprMeHTabHbIX U PacHeTHbIX AaHHbIX B MieHke La, g,Ba, ;3MnO; ¢ BapuaHTHOM CTpykTypon. Pe-
3ynbTaTbl MOLENPOBAHMSA XOPOLLUO COMMIacyloTCs C 9KCNEPUMEHTaNbHbIMU AaHHBIMU. TONy4YEHHbIE AaHHbIE MOTYT
CNoco6CTBOBATb MOHMMAHUIO MEXaHNU3MOB MarHUTOCOMPOTMBAEHNS N PA3BUTUIO TEOPUN MarHUTOpedpPakTUBHOIO
addekTa Ans TOHKOMIEHOYHbIX MAHFaHUTOB, a Takke pa3paboTke HOBbIX MOOXOLAOB K YyNPaBieHMO ANHAMUKON HO-
cuTenen 3apsaa B CUIbHO-KOPPEMPOBAHHBIX MarHUTHbLIX OKCUAAX.
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BUCUMOCTEN KONIOCCANbHOIMO Y TYHHENIbHOIrO MarHMTOCOMNPOTUBIEHUS B MJIEHKaX MaHraHuToB. Russian Technological
Journal. 2026;14(1):55-63. https://doi.org/10.32362/2500-316X-2026-14-1-55-63, https://www.elibrary.ru/FDCWGD

MpospayHocTb GMHAHCOBOM AeATENbHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOI 3aMHTEPECOBAHHOCTM B MPEACTAB/IEH-

HbIX MaTepuanax nin Metoaax.

ABTOpbI 329BNASI0OT 06 OTCYTCTBUN KOHDNNKTA MHTEPECOB.

INTRODUCTION

In modern physics, special attention is paid to the
study of fundamental magnetic and transport properties
of composite or nanostructured functional thin-film
nanomaterials. Such materials form the basis of many
current technological applications, from information
carriers to sensor devices [1]. Doped lanthanum
manganites are a promising class of substances
exhibiting unusual properties [2-5] and possessing
a number of unique characteristics. These include high
spin polarization of charge carriers and magnetization,
high sensitivity of static and optical conductivity to
structural and magnetic phase transitions and external
fields [2-5], e.g., metal-insulator transition, colossal
magnetoresistance (MR) effect, giant magneto-
transmittance, magnetorefractive effect (MRE),
etc. [6-8]. These properties render doped lanthanum
manganites potential candidates for use in spintronics
and magneto-optical devices in the infrared (IR) range
operating at room temperatures.

The magnetorefractive effect consists in a change in
optical parameters (refractive indices, or more precisely,
reflection and transmission coefficients) in a magnetic
field. In heavily doped manganites, this is a high-
frequency analogue of colossal MR in the IR range of
the spectrum [2]. In manganite films, the MRE reaches
gigantic values (10-20%); at the same time, its spectral
and temperature dependence is quite intricate due to
the contribution of not only delocalized charge carriers
but also the magnetic and charge uniformity of the
films, their thickness and MS value, as well as size
effects, resonance phenomena, and defects ([2] and the
references therein).

The physical properties of manganite films
are determined by their composition and growth
conditions, as well as by the type of substrate. Thus,
the study [9] investigated La,,Ba,;MnO; films
on ZrO,(Y,0,) substrates and found the formation
of a variant (equivalent) structure during epitaxial
growth of the film on a single-crystal substrate with
significantly different crystal lattice parameters. This
structure is formed by structural domains (variants)
with nanoscale crystallites in the film bulk,

separated by coherent high-angle boundaries with
a thickness of ~0.4 nm. It should be noted that the
fixed orientation of crystallites with a limited set of
angles is a fundamental difference between films with
a variant structure and polycrystalline samples with
disoriented crystallites of different sizes in the film
bulk. The nature and features of the variant structure
were discussed in detail in [10].

Consequently, the domain structure of such
films determines the appearance of an additional
mechanism underlying the MR caused by the tunneling
processes of spin-polarized charge carriers at the
domain boundaries, which are most intense when the
temperature approaches absolute zero. A comparative
analysis of the optical, electrical, and magneto-optical
properties of La,;Ba, ;MnO; films with and without
a variant structure allowed us to study the main
features of the physical mechanisms responsible for
the temperature and field dependence of MR and MRE
in these films [2, 7-9]. To describe MRE as a response
to colossal MR in manganites, the effective medium
approximation [11], previously proposed for the
analysis of tunneling processes at optical frequencies
in various metallic nanocomposites and granular
alloys [12], was successfully applied. However, the
high susceptibility of the electrical properties of
manganites to internal and external factors leads to
difficulties in the theoretical description of the MR
and MRE mechanisms. Indeed, the developed theory
is applicable to purely metallic and tunnel conduction
and is capable of considering the redistribution of
the high- and low-conductivity phases; however, it
fails to take into account the effects associated, e.g.,
with changes in the magnetic field concentration of
charge carriers, absorption edges, effective mass
of polarons [2], etc. Furthermore, there is currently
no single model describing the coexistence of two
MR mechanisms in films of doped manganites
with significantly different temperature regions of
existence.

This article presents the results of simulating the
temperature dependence of MR ina La,, .,Ba, ;;MnO, (LBM)
manganite film with a variant structure, in comparison
with a film without a variant structure. It is shown that
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the proposed empirical approach enables the main
features to be taken into account, thus being useful when
developing a general theory of MR in strongly correlated
magnetoresistive magnetics.

EXPERIMENTAL

LBM epitaxial films with a thickness of d = 80 nm
were grown by laser ablation using an excimer
pulsed argon fluoride laser (ArF laser), with a laser
wavelength of 247 nm and a frequency of about
9 Hz, on single-crystal SrTiO; (hereinafter referred to
as STO) and ZrO,(Y,0,) (hereinafter referred to as
YSZ (Y,0; stabilized ZrO,)) substrates, at a substrate
temperature of 730 K and an oxygen pressure
of 0.4 mbar. The thickness of the films was determined
by exposure duration. According to scanning electron
microscopy (SEM) data, the surface of the LBM/YSZ
film has a multi-grain structure with an average crystallite
size of 40-70 nm. This structure is formed by columnar
oriented crystallites growing through the thickness
of the film, which is fundamentally different from the
island-like growth of thin LBM/STO epitaxial films. The
synthesis method and the results of film sample testing
are detailed in [9, 13].

The magnetoresistance of  the films

A
=L [Py —Pol/ Py, where p,, and p,, are the values of
p

the specific resistance in the presence and absence of
a magnetic field, was measured using a two-contact
method at direct current in fields up to 8 kE in the plane
of the sample and in the temperature range of 80-50 K.
The experimental temperature and field dependencies of

the MR of the films are shown in Fig. 1. The
magnetoresistance in epitaxial films of
LBM manganites (without a variant structure)

demonstrates a field and temperature dependence similar
to that of bulk single crystals of the same composition.
In the LBM/STO film, a pronounced maximum in the
temperature dependence of the negative MR effect in the
region of Curie temperature 7> = 305 K was observed.
The presence of this maximum is associated with the
suppression of magnetic moment fluctuations by the
field, which are maximal in the region of magnetic phase
transition. This maximum is characteristic of manganites
with colossal MR [2, 14]. The field dependence of MR
in this region shows a linear dependence without
hysteresis and saturation in fields up to 8 kE (Fig. 1¢). At
the same time, for the LBM/Y SZ film, the MR dependence
on T shows only a shoulder near 7. against the
background of a continuous increase in MR with
decreasing temperature (Fig. la). The continuous
increase in MR is associated with the tunneling of spin-
polarized electrons through the boundaries of structural
domains.

The maximum value of the tunnel MR obtained was
approximately 27% at 7= 13 K (not shown in the figure).
Estimation of the degree of electron spin polarization P

A
at T ~ 0 K using the expression 2P _op2 /(1-P?%)
p

gives a value of P~ 0.36, which is close to the value of P
for La, ¢Ag, ;MnO;,/ZrO,(Y,05) films with a variant
structure [15]. The field dependence of low-
temperature MR differs significantly (Fig. 1b). Thus, the
negative MR sharply reaches saturation and gains
almost 25% in magnetic fields greater than 2 kE,
resulting in a butterfly-wing hysteresis characteristic of
materials with tunnel MR with weak positive maxima in
the fields of about 0.5 kE. The arrow in the figure
indicates a feature associated with the colossal MR in
the LBM/YSZ film. The hatched areas schematically
reflect the regions of predominant contribution of the
tunnel (I) and colossal (II) MR mechanisms, respectively.
More detailed results of the analysis of the temperature
and field dependence of MR and MRE in LBM films can
be found in [9, 13, 16].

0 0
S S
- 710 -
2 o
= s -8
20 -12
9-6-3 036 9 6 3 0-3-6
H, kKE H, kE
(b) (c)

Fig. 1. Experimental characteristics:
(a) temperature dependence of MR for LBM/STO
and LBM/YSZ films at H = 7.5 KE;
(b) and (c) are field dependencies of MR for LBM/YSZ
and T=80 Kand LBM/STO films at T = T, respectively

SIMULATION RESULTS

The nanostructured LBM/YSZ film (with
a variant structure) shows the presence of conductive
ferromagnetic structural domains separated by weakly
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conductive boundaries. When a constant external
magnetic field is applied in the 7. region, a peculiarity
associated with colossal MR in the domain volume is
observed in the MR. At low temperatures, tunnel MR
associated with charge carrier tunneling at domain
boundaries is observed. In this regard, the peculiarities
of the temperature behavior of MR in LBM/YSZ were
considered in two main areas: near and well below the
ferromagnetic ordering temperature (Curie temperature).
At low temperatures, the MR(7) dependence has the
form of a quasi-linear function 7 ~ 250 K. Upon an
increase in temperature, it takes the form of a film
without a variant structure (LBM/STO) and is described
by a second-order polynomial function (or, in the first
approximation, a linear function). To account for these
two contributions, the proposed mathematical model is
complemented with the coefficients of o and . In terms of
its physical meaning, the coefficient a takes into account
the contribution of low-temperature (tunnel) MR:
a=1lat7<T_ and o =0at7> T_. This condition is
satisfied by the expression of the form:

o= (1)

where T is the critical temperature at which a change
in the MR mechanism is observed. Similarly, we
can obtain a formula for the coefficient f of the high-
temperature (colossal) MR:

1
P 2)

1+ele™™

A similar approach was used to describe the MR
in the LBM/STO film (without a variant structure).
The low-temperature region of the MR has a weakly
linear section with a zero output near 7 = 0 K.
Above 250 K, the MR(7) dependence is described by
a Gaussian function. A similar pattern was observed
for La, ,Ca, ;MnO; films in [17].

The low-temperature region of the MR films
was approximated as a quasi-linear section. The best
match between the experimental and calculated curves
is achieved by approximation with a second-order
polynomial function (Fig. 2). However, the use of
a polynomial significantly complicates the calculations;
hence, a linear approximation was used. As a result,
the general formula for describing the temperature
dependence of MR (Ap/p) can be represented as:

~(T-T¢)?
Ap 2
—=o4T+B| AT, +Be 2o , 3)
p

where A4, is a coefficient describing the slope of the
temperature dependence curve and determined by the
growth conditions and composition of the sample (the
magnitude is small and amounts to =~0.01, which is
associated with a slight change in MR in the low-
temperature region); B, is the MR value for a given film;
o is the root mean square deviation.

6 -
i R
—=— Experiment

2 —a—Theory

0
R -2 s
: !
S -4 A
g

K 3

-10 ﬂ
-12 ‘

50 100 150 200 250 300 350
T,K

Fig. 2. Temperature dependence of MR (Ap/p)
for LBM/STO film: experiment and calculation

In LBM films with a variant structure, the differences
between low-temperature and high-temperature
regions are not extremely significant (Fig. 3). The
presence of structural domains in the film leads to
a noticeable change in the MR(7) curve and the
absence of pronounced features near 7. At the same
time, the value of MR increases with a decrease in
temperature, in contrast to films without a variant
structure. A similar MR dependence was also observed
for (Lag 4551 35)9 gMn; ,05.5 films with a variant
structure [18]. In the low-temperature region, the
dependence Ap/p(T) is linear, becoming close to
quadratic above the critical temperature (Fig. 3). In
a first approximation, this feature near 7. can be
considered insignificant. Then the dependence Ap/p(T)
will be quasi-linear. As a result, similar to the case
considered earlier, we obtain a simplified expression
for Ap/p(T) for the LBM/YSZ film:

%=<a+ﬁ>(Ao + A7), )

where coefficient 4, is the MR of the sample in terms of
modulus (at 7= 0 K), 4, is the coefficient describing the
slope of the curve (~0.086).

Thus, in doped LBM manganites, it became possible
to account for the high- and low-temperature components
of MR within a single empirical model. A simplified
linear model that takes into account the critical
temperature and characteristic values of colossal and
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tunnel MR enables a good description of experimental
data for both films with and without a variant structure.
This model can be applied to explain the temperature
characteristics of MR in a wide class of manganites of
other compositions. The next step is to develop a theory
of MRE in polycrystalline and composite manganite
samples, taking into account the development of optical
calculations of magnetic reflection [19, 20] and the
results of this work. It is important to note that MRE,
compared to the linear equatorial Kerr effect, is an even
magnetization magneto-optical effect. In the IR region
of the spectrum, taking into account interference
effects [21, 22], the former can significantly exceed the
latter, which makes MRE the most promising intensity
effect from the point of view of fundamental and applied
problems.
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Fig. 3. Temperature dependence of MR (Ap/p)
for LBM/YSZ film: experiment and calculation

CONCLUSIONS

The work shows that in the LBM/STO film,
the MR has a pronounced maximum near the Curie
temperature and is negligible in other areas. In the
LBM/YSZ film, a strong low-temperature contribution
to MR is observed, associated with a change in the high-
frequency conductivity of the film in an external magnetic
field due to the tunneling of spin-polarized electrons
through the boundaries of coherent structural domains.
For the first time, a unified empirical model that takes into
account different MR mechanisms is proposed. Such an
approach provides good agreement between experimental
and calculated data for doped manganites. The proposed
empirical approach can be used to model spin transport
processes in strongly correlated magnetoresistive magnets,
including at optical frequencies in the form of MRE.

It should be noted that the wide temperature window
of MR existence in a film with a variant structure is
important from the point of view of possible practical
applications.
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Abstract

Objectives. This work aims to derive and study the system of equations of orbital motion of an artificial satellite of the
Moon (ASM) in the gravitational field of an attracting planet using Delaunay variables. This will ensure a reduction
in computational complexity when modeling long-term trajectories, as well as provide an analysis of stationary orbits
of the Moon taking into account the gravitational influence of the Earth as a third body.

Methods. The study uses analytical mechanics, asymptotic methods, in particular, the averaging method, methods
of stability theory, numerical methods for integrating systems of ordinary differential equations.

Results. The Hamiltonian and equations of motion of the ASM in canonical Delaunay variables are obtained.
Averaged and non-averaged systems of equations of motion of the ASM are derived in the form of autonomous
systems of ordinary differential equations with respect to the following orbital parameters: semi-major axis,
eccentricity, inclination, longitude of the ascending node, longitude of the pericenter from the ascending node, and
true anomalies. A closed system of differential equations of the second order with respect to the orbital eccentricity
and the pericenter longitude from the ascending node is obtained. Its stationary solutions are found, their stability
is investigated, and conditions for the existence of stationary motions are determined depending on the value
of the constant of the first integral of the averaged system of equations. Integral curves and phase portraits were
constructed to demonstrate the interrelationship of orbital parameters. A comparative analysis was conducted using
JPL Horizons! data and previously published works.

Conclusions. The method developed enables the design of trajectories for future lunar missions to be optimized (e.g.,
Artemis, Luna-Glob), thus providing a balance between accuracy and computational efficiency. The results confirm
the prospects of using Delaunay variables for analyzing long-term orbital dynamics in gravitational fields of complex
configuration.

Keywords: artificial satellite of the Moon, gravitational field of the attracting center, Hamiltonian, canonical Delaunay
variables, system of equations of orbital motion, orbital parameters

1 JPL Horizons is an online service from the National Aeronautics and Space Administration (USA) that provides access to key data
about the solar system and enables the calculation of precise trajectories of objects in it. https://ssd.jpl.nasa.gov/horizons/. Accessed
March 04, 2025.
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HAYYHAA CTATb4A

MaremaTuuyeckoe MoJeJIUPOBAHNE OPOUTAJILHOTO
JABUKEHUA UCKYCCTBEHHOI0 CIIyTHUKA JIyHBI
C MCII0JIb30BaAHMEM NepeMeHHbIX [deone

0.B. MewkoBa, A.B. LLlatuHa @

MWP3A — Poccuiickuii TexXHoJIorm4eckuii yimepcutet, Mockea, 119454 Poccus
@ AsTOp AN nepenvickn, e-mail: shatina_av@mail.ru

* Moctynuna: 19.05.2025 ¢ Jopa6oTaHa: 10.07.2025 ¢ MpuHaTa k ony6nukoBanuio: 07.11.2025

Pe3iome

Llenu. Llenbto paboTbl ABNSETCS BbIBOL U UCC/EA0BAHME CUCTEMbI YPABHEHUI OPOUTANIbHOIO ABUXKEHUSI UCKYC-
CTBEHHOr0 cnyTHMKa JlyHbl (MCJ1) B rpaBUTaLMOHHOM MOJIE NPUTAMMBAIOLLEN NNaHETLI B NEPEMEHHbIX [JenoHe, obe-
CMeyrBaloOLLEN CHUXEHWE BbIMUCITIUTENBHOW CIIOXHOCTU NMPY MOAENNPOBaHNY A0JITOCPOYHbIX TPAEKTOPUN, a Takxe
aHanus cTaunoHapHbIX 0pOUT JIyHbl C Y4ETOM rPaBUTALLMOHHOIO BVSIHUS 3EMIN Kak TPETLENO Tena.

MeToabl. VIcnonb3yTCcd METOObl aHAJIMTUYECKOM MEXaHWKM, aCUMMNTOTUYECKME METOAbl, B YAaCTHOCTU, METOL,
YCPeLHEHUs1, MeToAbl TEOPUM YCTONYMBOCTU, YUCIEHHbIE METOb! AN UHTErPUPOBAHUSA CUCTEM OObIKHOBEHHbIX
ondoepeHumanbHbIX ypaBHEHN.

Pe3ynbTathl. [10ny4yeHbl raMUNbTOHMAH U ypaBHeHUs ABvxeHnsa NCJ1 B kKaHOHMYECKnX nepeMeHHbIx [lenoHe, Ha oc-
HOBE KOTOPbIX BblBEAEHbI YCPEOHEHHAs  HeyCpeaHEHHAsa CUCTEeMbl ypaBHeHU asukeHns VICJT B Buae aBTOHOMHbIX
CUCTEM OObLIKHOBEHHbIX ANdPEpPEHLMaNbHbIX YPaBHEHWI I OTHOCUTENBHO CleAyoLMX napamMeTpoB opbuTkl: 60sb-
LLIOM MOJIyOCU, SKCLEHTPUCUTETA, HAKJIOHEHUS, AONTOTbl BOCXOOALLErO Y3512, OO/r0OThbl NepULEHTPa OT BOCXOAdLLe-
ro yana, UCTUHHbIX aHoOManuin. lNMonydyeHa 3amMmkHyTaa cuctema guddepeHumnanbHbliX ypaBHEHNI BTOPOro nopsaka
OTHOCUTENBLHO 3KCLEHTPUCUTETA OPOUTLI U AONTrOThl NEPULEHTPA OT BOCXOASLLEro y3na. HanaeHsl ee ctaumoHap-
Hble peLLeHnd, nccnegoBaHa nx yCTom4YMBOCTb, OnpenesieHbl YC/I0BUA 419 CYLWEeCTBOBAaHNA CTaUMOHaPHbIX OBUXe-
HUIN B 3aBMCUMOCTU OT 3HAYEHUSA KOHCTaHTbI MEPBOro MHTerpassa ycpeaHeHHOM CUCTEMbI YpaBHEHWUI. [TOCTPOeHbI
VHTEerpasbHble KpuBble 1 ha30Bble NOPTPETHI, AEMOHCTPUPYIOLLME B3aMMOCBSA3b NapaMeTpoB opbuTkl. [poBeaeH
CpaBHUTENLHBIV aHanu3 ¢ AaHHbIMK JPL Horizons? u paHee ony6ankoBaHHLIMU paboTamu.

BbiBoAbl. PazpaboTaHHbIli METOA, NO3BONSIET ONTMMU3MPOBATL NPOEKTUPOBAHNE TPAEKTOPUIA AN OyAyLLMX NyH-
HbIX MUCCUA (Hanpumep, Artemis, «JlyHa-Ino6»), obecnednBas 6anaHc Mexay TOYHOCTbIO U BbIYUCTIUTENIbHOWN 3d-
beKTMBHOCTBLIO. Pe3ynbtarthl NOATBEPXOAIOT NEePCrNEKTUBHOCTbL MCMOIb30BaHUA NepeMeHHbIx [enoHe ong aHannsa
[,0NrOCPOYHON OpOUTANBHON ANHAMUKA B FPaBUTALLMOHHbIX MOJISAX CIIOXHOW KOHDUIrypaLmu.

KnioueBble cnoBa: CKYCCTBEHHbIM CMYTHUK JIyHbI, rPaBUTALMOHHOE MOE NPUTAMMBAIOLLErO LEHTPA, raMUIbTOHWAH,
KaHOHMYecKne nepemMeHHble lenoHe, cuctemMma ypaBHEHUM opOuTanbHOro ABMXKEHUS, NapameTpbl OpOUTHI

2 JPL Horizons — oHnaiiH-cepauc HauyoHanbHOro ynpasieHnsi Mo aspoHaBTUKE Y UCCNeJ0BaHMI0 KOCMUYECKOro NPOCTpaHCTBa
(CLLA), koTopbI NpenocTaBnseT A4OCTYN K Ko4eBbiM AaHHbIM 0 CONMHEYHON CUCTEME U MO3BONSIET BbIYUCTATL TOYHbIE TPaekTopumn
006bekToB B Hel. https://ssd.jpl.nasa.gov/horizons/. JaTa o6paiteHmns 04.03.2025. [JPL Horizons is an online service from the National
Aeronautics and Space Administration (USA) that provides access to key data about the solar system and enables the calculation
of precise trajectories of objects in it. https://ssd.jpl.nasa.gov/horizons/. Accessed March 04, 2025.]
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npospaqucn: d)MHaHCOBOVI AeaTesibHOCTU: ABTOpr HEe UMeloT d)I/IHaHCOBOI‘/JI 3anHTEepPeCoBaHHOCTW B nNpeacTaB/ieH-

HbIX MaTepunanax nnm MmetTogax.

ABTOPbI 3a9BNSIOT 06 OTCYTCTBUM KOHGMIMKTA MHTEPECOB.

INTRODUCTION

The mathematical modeling of the orbital motion
of an artificial satellite of the Moon (ASM) is one of
the most pressing problems in space research. The
relevance of this work is enhanced by the growing
interest in long-term lunar projects, such as: the
Artemis program (Artemis National Aeronautics and
Space Administration, USA, 2022) [1]; the Chang’E-5
and Chang’E-6 missions (China National Space
Administration, China, 2020 and 2024) [2, 3];
Chandrayaan-3 (Indian Space Research Organization,
India, 2023) [4, 5]; and the Russian lunar program [6]
which includes the deployment of an orbital station. In
the context of the intensification of the lunar program
in Russia, including the launch of new missions and
research projects, accurate models of satellite motion are
becoming especially necessary. The Moon is considered
not only as an object of scientific study, but also as
a potential base for further space research [6].

Although orbital motion around the Moon obeys
Kepler’s laws, significant deviations from the idealized
model are explained by the influence of external
disturbances. The fundamentals of analyzing such
disturbances are laid out in the works of Laplace and
Lagrange who proposed methods for solving the
equations of motion for many-body systems?.

In the 1960s, studies of the evolution of planetary
satellite orbits with a twice-averaged perturbation
function were carried out. A detailed study of this
problem began with the discovery of a new first
integral of the averaged system of equations. This
discovery was made almost simultaneously in 1961 by
the Soviet scientist M.L. Lidov [7] and the American
scientist Y. Kozai[8] and was called the Lidov—Kozai effect.
Subsequently, a picture of the evolution of a satellite’s
orbital motion, based on this effect, was developed in the
works of M.A. Vashkovyak [9, 10]. Lidov was the first to
conduct a thorough study of the influence of gravitational
perturbations on the motion of satellites in systems with
several bodies. In his works [7, 11], he considered the
effects caused by the gravity of a third body which lead to
long-period changes in orbital parameters. In addition, he

3 Lagrange J.-L. Mécanique Analytique. Paris: Veuve
Desaint, 1788.

proposed methods for simplifying complex equations of
motion for practical application.

In turn, T.A. Eli [12] focused on numerical modeling
of the orbital motion of lunar satellites taking into account
significant external disturbances. In studies published in
the early 2000s, he considered both short-term and long-
term changes in orbital parameters under the influence
of the gravity of the Earth, the Sun, and the Moon’s
mascons. Eli T.A. showed that for satellites in low lunar
orbits (Low Lunar Orbit, LLO), the main influence is
exerted by gravitational anomalies of the Moon, whereas
for satellites in high lunar orbits (High Lunar Orbit, HLO),
disturbances from the Earth and the Sun dominate.

In recent years, significant progress has been
made in modeling lunar gravity anomalies. Study [13]
demonstrated the use of high-order spherical harmonics
to account for mascons, critical for low lunar orbits.
Work [14] is devoted to the analysis of orbital stability
within the framework of the Artemis mission, in
which the authors use hybrid methods (analytical and
numerical) to predict long-term evolution. In 2022,
machine learning algorithms were proposed in [15],
in the aims of accelerating the calculations of orbital
perturbations especially relevant for real-time problems.
In addition, the Chandrayaan-3 mission [4, 5] provided
new data on the dynamics of highly elliptical orbits,
confirming theoretical models. Work [16] proposed an
approach to the design of frozen low lunar orbits based
on the sequential application of non-gradient methods,
Bayesian optimization and the Nelder—Mead method.

The motion of a lunar satellite is subject to various
perturbations, including the gravitational influences of
the Earth, the Sun, and other celestial bodies, the non-
sphericity of the Moon, the influence of mascons (mass
concentrations) in its lithosphere, solar radiation
pressure, interactions with the space environment, and
others. This article will focus on the system of equations
for the spatial perturbation of the ASM motion caused
by the Earth’s gravitational field. This is the primary
perturbation for satellites in high orbits.

Modern trajectory calculation systems rely on highly
complex numerical methods which require significant
resources. The proposed model, based on satellite
orbital motion equations in Delaunay variables, provides
comparable accuracy while reducing computation time.
This makes the method promising for preliminary orbital
analysis during the mission design phase.
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1. TASK STATEMENT. HAMILTONIAN

Let us consider a model problem of the motion of
a celestial body—satellite system in the gravitational field
of an attracting center. The celestial body, satellite, and
attracting center will be modeled by material
points P, S, O with the masses m,, m,, m,,
respectively (Fig. 1). We will assume that
my L my < my. The radius vector of the center of
mass C, of the celestial body—satellite system is denoted
by the vector R, and the relative position of
points P and § is denoted by the vector R,, ie.,
R, =0C,, R, = PS. We will assume that |R1|>>|R2|.

Let us introduce the inertial coordinate system OXYZ
and the Koenig axes C(&,&,E;. The radius vectors of the
points P and S are expressed through R, R, as follows:

my v my
—3 _R,, OS=R;+——2—R,. (L.1)

OP=R, -
m2+m3 m2+m3

The kinetic energy of the celestial body—satellite
system is determined by the equity:

2 2
r=tm, (4P| +1m(£55] .
2 dt 2 dt

Taking into account relations (1.1), we obtain:

1 . 1 . m,m
T=—(m, +my)R? +=—m R2, m :A, 1.2
2(2 3)12r rm2+m3()
m_ is the attached mass.
z
olmy) s
S(f%)
R, 8
X R,
/CO Eg
£ P(m,)

Fig. 1. Celestial body-satellite system

The potential energy of mutual attraction forces in
the given problem is represented as:

M=-— fimym, _
ms
R, - R,
m2 + I’VZ3
(1.3)

_ fimymy Jmyms

R+ 2 R, R

m2 + m3

where  f=6.672-10""'m3kg~1s2 is the universal
gravitational constant.

Given that the distance between the celestial body
and the satellite is small compared to the length of
the radius vector of the center of mass C,, and using
the formulas for the generating function of Legendre
polynomials P (x) [17], while retaining the second-
order terms of smallness in R,/R,, we can transform
expression (1.3). The potential (1.3) will take the
following form:

_fml(m2 +m3) B Jmymy B

= R R
; 1 2 (1.4)
_Jmm, 2 B
2R, (3cos Vi, 1)—R12.

Here R| = |R1|, R, = |R2|, V,, is the angle
between vectors R, R,.

As a basic task, let us consider the motion of
satellite S, with mass m (material point) in the
gravitational field of the attracting center Q. In this
case, the satellite moves along a Keplerian orbit—one
of the conic sections. Let us focus on the case of an
elliptical orbit.

The following parameters are used to determine the
position of a satellite in the orbit: a is the semi-major
axis of the ellipse; e is the eccentricity; 7 is the inclination
of'the satellite’s orbit; /4 is the longitude of the ascending
node (angle between Qx and the line ON, of the
intersection of the plane of the satellite’s orbit with the
plane Oxy); g is the longitude of the pericenter 7 from
the ascending node (the point of the satellite’s orbit
closest to the center Q); 9 is the true anomaly, the angle
between the direction to the pericenter m and the

vector R, G =R x mR is the momentum vector of the
point S, (Fig. 2).

Fig. 2. Satellite orbit elements
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The values 4, i, g, e, n, a in the undisturbed problem
remain constant, and the true anomaly 3 is a function of
time:

g (1recosd)”  [fy
(1_62)3/2 ; PEN

Jo=/M,, where M, is the mass of the center of attraction.
Kinetic and potential energies in this case are
expressed as:

. m
T =—mR2, H:—f‘)— (1.5)
2 R
In celestial mechanics, canonical Delaunay

variables L, G, H, [, g, h are used to describe the orbital
motion of celestial bodies. These variables are related
to the modulus R of the satellite’s radius vector and
elements a, e, i by the following equations [18-20]:

L=m foa,G=m1lf0a(1—ez),
H=m«[f0a(1—e2)cosi,

G2
R= .
fom? (1+ecos9)

Here g, h, i, 9 are the previously defined orbital
parameters, / is the mean anomaly. The dependence of
the true anomaly 9 on the variables /, L, G is implicitly
expressed using the eccentric anomaly w through the
following relationships:

e+cosd

cosw= ,[=w—esinw.

1+ecosd

The Hamiltonian of the unperturbed problem with
kinetic and potential energies (1.5) in Delaunay variables
has a simple form:

f02 m3
212

Let us return to the task at hand with kinetic
energy (1.2) and potential energy (1.4). We will describe
the motion of the mechanical system using canonical
variables Delaunay L, G, H,, [, g;, h,, corresponding
to the vector R, (k = 1, 2). The Hamiltonian of the task,
taking this into account, will take the form:

H:

(fml )2 (mz +my )3 B

H=-
217

1.6

fz(m +m )2m3 (0

_ 2 3 T
213

+H,

2

RZ
ol (1.7)

H, :_lfmlmr(

3cos? W, —1
2 R )

In formula (1.7), the modules of the vectors R, R,
are expressed in terms of Delaunay variables as
follows (k= 1, 2):

Gt
R = 5 ,
Jmy (m2 + m3) (1 +e cosSl)

G3
f(m2 +m3)mr2 (1+e2 COSSZ),

/ G?
k
ek = 1——2
Lk

At the same time, there are equalities:

R, - (18)

e, +cosY,

—5
1+e, cos 9,

For large orbital semi-axes and cosine of the
inclination angle, expressions using Delaunay variables
have the following form:

2 2
a, = 4 a, = L
o 2’ 2_f(m +m)m27
fml(m2+m3) 2 3 )M (1.9)
. H,
COSiy =—=.
GZ

Due to the conditions of the problem, we can
assume that points P and S do not affect the motion of
the center of mass C, i.e., point C;; moves along an
undisturbed Keplerian elliptical orbit in the OXY plane.
Let us write out vectors R, R, in the inertial coordinate
system OXYZ.

R, =Rmy, m; = (cos(g, +9), sin(g, +9),0),

B al(l—elz) 5
_1+e1 cos 9, ’

(1 +e cos Y )2

n
32 P
(l—elz)

_ [ Sm
l’ll = —3
4

R, = RNy, My = (Mo My Mozo)s
Ny, = C0sh,cos(g, +9,) —sink, cosi,sin(g, +9,),

1
(1.10)

My, = sin/, cos(g, +9,) + cosh,cosi,sin(g, +9,), (1.11)

N,, = sini,sin(g, + 9,).
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In the limited setting under consideration, the first term on the right-hand side of formula (1.6) is a constant.
Therefore, we can write the Hamiltonian of the problem in the form:

fz(m2+m3)2mr3

H=- +H,. (1.12)
213

Taking into account (1.7)—(1.11), the perturbing part of the Hamiltonian H; in formula (1.12) will take the
following form:

B f2m14G§ (m2 +my )4 (1 +¢ cos 3, )3

- 1-3cos2 vy, ), (1.13)
1 2G16mr3 (1 +e,c089, )2 ( 12)

cosy,, =My, M,) = cos(g, +9))[cosh,cos(g, +9,) —sinh,cosi,sin(g, +4,)] +

+sin(g, + 9,)[sinh,cos(g, +§,) + cosh,cosi,sin(g, +8,)].

2. EVOLUTION OF SATELLITE ORBITAL MOTION

Let us perform the procedure of averaging the Hamiltonian over the “fast” angular variables—the mean
anomalies /;, [,:

( 227 1d1 o 2n2n . (1_612)3/2 (1_6%)3/2
Ll ~ 2II 2_(27:)2‘” 2 2
00 (1+e100581) (1+e2cos82)

d9,d$,.

The perturbing part of the Hamiltonian (1.13) will take the following form as a result of the averaging procedure:

f2m4 m, +m 4 74 . - o
<H1>11’12 = 15611213’ 3) G132L% {2(1—3cos212)+3e%(1—3cosz12—5005(2g2)s1n212)}. 2.1)

Expressing eccentricity e, and inclination i, through the variables L,, G,, H, according to formulas (1.8), (1.9)
and taking into account formulas (1.12), (2.1), we will move on to the averaged Hamiltonian in Delaunay variables:

2y +my ) md 2wt (my+my)t 14 H3 G} H3 G?
<H>ll :_f ( 2 3) r +f 1( 2 3) 2 J1-322 5= 3_ 15005(2g2) 1-—2 |[1-—=2|}. (2.2)
1°h 213 16m? GI3 G2 13 3

2
2 G 2

Thus, we obtain an average representation of the Hamiltonian in terms of fast angular variables. The averaged
equations of motion are written as a system of canonical equations:

L, = m,g _m,g _ a<Hl>ll’12 i _6<H1>11Jz +f2(m2+m3)2mr3

P S T, A 3 | (2.3)
g = a<H1>11,12 6<H1>l],12
277 > = :
0G, oM,

Taking into account formula (2.2), the evolutionary system of equations of motion of the satellite in Delaunay
variables (2.3) has the form:

L,=0,H, =0,
2,,4 4 2 2
G2:_15f m <m2 +m3) ) L5 (1_iJ{1_G_2]sin(2g2)
s Gl G\ B
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4
) 6f2m14 my +my 14 H? G?
g = ( 3 ) =3 g 5—%(1—cos(2g2))——§(1—500s(2g2)) ,
16mr G1 L G2 G2 L5

4
],'l :—6f2m14(m2 +m3) . Lg ﬂ 24 _G_22 (3_5005(2g ))
2 16m3G2 G13L:1}’ G2 L% 2 D

. 2(my +my ) m3 2m (my +my)* H? G2 H3 G3
12=f (m, ; ), S 1(323 33) 203 4[1-3=2 || 10-3—2 |- 15c0s(2g, )| 1-—% || 2—=% | .
3 16m}GP L G3 3 G3 3

Using the following inverse ratios H?7 / G2 =cos? iy, 1 - (H? / G32)=sin’i,, G3 / 13 =1-¢3, obtained from
equations (1.8) and (1.9), we derive an averaged system of equations for the satellite’s motion in Delaunay
variables (relative to “slow” variables):

)3/2 sin? iy sin(Zg2 ),

= ) s o2 (3o , |
7) 8\/(m2+m3) af(l—elz)m (1_6%)cos12{ +e2( 5cos( gz))}

Next, we will perform transformations in the evolutionary system of equations of motion to transition to a form
that depends on the variables e,, i,, g,, h,, and also perform a transition to dimensionless time t = n,t,

ny, =,/f (m2 +my )ag 3 . The final system takes the form:

ay =0,
o = 15110(3) . 92\/1—;%2 sin2 i sin(2g2),
8 (1—612)
. —15n ages - sin(2i, )sin(2g, ).
16 ,/1—6% (1—612)
ot % {(-2+3sin 4, )(7+3¢3 ) ~15c0s(2g, )sin’ i, (1+ 3 ), @)

3

g :3?“. (1_612)52 = {4+e% (1—5005(2g2))—53in2 i (1—cos(2g2))},
B = e ag COS i, {2+e§ (3—5cos(2g2 ))},

8 (1—e12)3/2 l—e%
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m 3 a% . . . .
where p=——, q5 = -5 1s the mass ratio (the ratio of the mass of the attracting center to the sum of the masses
m, +m a
2 3 1

of the celestial body and the satellite) and the axial ratio (the ratio of the semi-major axes of the orbits), respectively.

Note that the value of the major semi-axis a, does not change over time. Furthermore, the right-hand sides of the
system of equations (2.5) depend only on three variables: eccentricity e,, orbital inclination 7,, and longitude of the
pericenter g,. Therefore, the 2nd, 3rd, and 5th equations of the system are separated from the rest of the equations,
and the 4th and 6th equations can be integrated after the functions e,(t), 7,(t), g,(t) are found. The angular variable /,
is “fast.” This variable was averaged. Therefore, it can be excluded from consideration. The system is reduced to four

basic equations:
. _ 15k ey /11— e%

el = s T 3 sinzi2 sin(2g2),
-
= _:Zk . e% 3 sin(2i2)sin(2g2),
J1-4 (1-¢ )2 (2.6)
g :%. 31 {4+e§ (1-5co0s(2g,))-5sin2 (1—cos(2g2))},
(1—ef)5,l1—e§
. —Zk ' CO: I {2+ e% (3 —5005(2g2 ))},

(l—elz)gwll—e%

where k = uag.

The resulting system (2.6), with an accuracy up to a constant factor responsible for the choice of dimensionless
time, coincides with the system of equations obtained by M.L. Lidov [7, 8], if we neglect the perturbations caused by
the eccentricity of the Moon’s gravitational field. The system of equations (2.6) has first integrals [7, 8]:

cos? i, (1 ~e3)=C, 2.7)
es g—sm g,8in“ i, [=D. (2.8)
From the resulting ratio (2.7), it follows that as the value of e, increases, the value of i, will decrease, and
vice versa. Let us move on to the parameters of the system (2.6):
m, =5.9736 - 102 kg is the mass of the Earth,

my =7.349 - 1022 kg is the mass of the Moon,

my = 103 kg is the mass of the satellite,

1024
po M 597610 g hguss,

Cmy+my 7.349-1022 4103

As a first approximation, we can assume that the Moon moves in an elliptical orbit with eccentricity e; = 0.0549
and a semi-major axis of the geocentric orbit a; = 384400 - 103 m.

We will consider lunar orbits with altitudes ranging from 500 to 20000 km (310 to 12430 miles), where the
Earth’s gravity has the greatest effect and causes orbital perturbations. Let a, = 6500 - 10° m be the semi-major axis
of the satellite’s orbit, then:

a3 6500-10°

=——————~0.017117, k=paj ~81.28453-0.017117 ~1.39135.
al  379739-103

3 _
ap =
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We can integrate the resulting system (2.6) using the fourth-order Runge—Kutta method with a constant step size,
setting the initial values: &, = 0.01, izo =%, 8, = 0, h20 =0, j=30°, 45°, 60°, 85°, and on this basis we can
construct integral curves. The resulting graphs (Fig. 3) clearly demonstrate compliance with the relationship of the

first integral (2.7) of the system under consideration. The change in the value of eccentricity (the degree of ellipticity
of the orbit) and the inclination angle (the angle between the orbital plane and a certain reference plane) on the graph
can be either gradual or abrupt.

3. STATIONARY SOLUTIONS OF THE EVOLUTIONARY SYSTEM OF MOTION EQUATIONS OF THE ASM

Frozen orbits around the Moon, natural satellites, or asteroids are of great interest, since a number of space
missions aim to fly around such bodies. Frozen orbits are those in which changes in inclination, eccentricity, and
longitude of the pericenter from the ascending node are minimized. In order to define such orbits, we will determine
stationary solutions to the first three equations (2.6), determined by the conditions:

e, =0,i,=0, g5 =0. 3.1)
Since elliptical orbits are being considered, we will limit the values of eccentricity e, to the interval [0; 1):
0<e,<l. (3.2)

Considering integral (2.7), we obtain a closed autonomous system of the second order with respect to g,, e,:

ey =5Skiey\1—e3 (1—e§ —C)sin(2g2),
kl

g5 :—3/2{(1_65)(4+e% —56% cos(2g2 ))—5(1—e§ —C)(1—005(282 ))}

(-4

(3.3)

Here

3k
8(1-¢f )3/2

Let us find stationary solutions to system (3.3) by setting its right-hand sides equal to zero. Taking into account
condition (3.2), we obtain the following system of equations:

e (l—e% —C)sin(2g2)= 0,
(1-€2)(4+e3 —5€3 cos(2g,)) -5(1- €2 - C)(1-cos(2g, )) = 0.

Note that according to equality (2.7), the value of the constant C is limited by the interval [0; 1].

k1:

(3.4)

From the first equation of system (3.4), it follows that either e, = 0, or 1- e% —C=0, orsin(2g,) = 0. In the
case e, = 0 from the second equation of system (3.4), we obtain:

1-5C
COS(2g2)=m. (35)

Equation (3.5) has a solution under the condition 0 < C < 0.6. Therefore, with the specified values of the
parameter C we obtain the first series of stationary solutions:

e =0, g5 :i—arccos_—c+nm, meZ (C e[0; 0.6]). (3.6)

1
2 5(1-C)

If1- e% —C =0, then from the second equation of system (3.4) we obtain:

_ 4
5(1-C)

Given the restrictions imposed on the constant C, the latter equality is possible if C = 0. But then e, = 1. Thus we
come at a contradiction with (3.2).

cos(2g2):1+
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Fig. 3. Integral curves of the averaged system of equations (2.6) e,(1) and iy(1) at i20 =mn/6, n/4, /3, 851/180
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If sin(2g,) = 0, then either cos(2g,) = 1, or cos(2g,) = —1. If cos(2g,) = 1, then from the second equation of
system (3.4) we obtain e, = 1, therefore this case is not suitable. If cos(2g,) = —1, then from the second equation of

system (3.4) it follows that:
5C
er=1-,—.
2 V'3

This equality is possible under the condition: 0 < C <0.6. Thus, we obtained another series of stationary solutions:

5C
& =\1-\75 g’zk:§+7tm, meZ (Ce(0;0.6]). (3.7)
Let us investigate the stability of stationary solutions based on a perturbed system of first-order equations. We can

denote e, = e; +X, &= g; + X, , and further denote the right-hand sides of the system of equations (3.3) respectively
as F|(e,, g,), F,(e,, g,). Then the perturbed system of equations of the first approximation will be written as:

r_ r_
X| =ap Xy T apXy, X) =ay X +dyx,,
* * * * 3k £
6Fl(e2,g2) _61:1(62’8’2) _6F2(e2,g2)

a — = "7 a
> Y12 > "21
0g,

_ R (¢.23) (338)

N Cl22 R

a =
0g,

Oe, Oe,

The partial derivatives of the right-hand sides of the evolutionary system of equations (3.3) are of the form:

aFi (ez,gz) = Skl sin(2g2) {(1—e§)(l—3e§ —C)—e% (l—e% —C)},

Oe, M

0g,

oF, (e2,g2) _ 3e, F, (ez,gz) . 4k e,
de, 1-e3 1-e3

(1 —5005(2g2 )),

OF, (e,.8,) _ 10k, sin(2g2)(c_(l_ez)2)'
agz (1—3%)3/2 2

For the stationary solution (3.6), the coefficients a; on the right-hand sides of equations (3.8) are as follows:
a;, =5k;sin(2g5)(1-C), a;, =0, a,; =0, ay, =—2a,,.

The roots of the characteristic equation are real and of different signs (the type of singular point is a saddle point).
Consequently, the stationary solution (3.6) is unstable.
For the stationary solution (3.7), we obtain:

/5C 24k,e;
_ _ % %) _ 1%2 _
a =0, ap, ——IOklez,/l—e2 [ T_CJ<O’ ay =—=>0, ayy =0.

22
l-e;

The roots of the characteristic equation A> — a,,a,, = 0 are purely imaginary. Therefore, in the first approximation,
the stationary solution is stable (the type of singular point is a center).

Figures 4-7 show phase portraits of the system of equations (3.3) for different values of the constant C.

We can see that the nature of the change in eccentricity is oscillatory. With regard to the evolution of the argument
of perihelion, its change demonstrates either a system of open trajectories of a monotonic nature or a system of
closed trajectories of an oscillatory nature surrounding the equilibrium positions. According to the analytical study,
when C> 0.6 the system of equations (3.3) has no stationary solutions. This case is shown in Fig. 7. Here, the changes
in eccentricity are oscillatory, and the longitude of the pericenter changes monotonically.
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4. UNMEDIATED EQUATIONS OF SATELLITE MOTION FOR THE EXCITED TASK

Let us derive the unaveraged system of equations of motion for the ASM. The Hamiltonian of the problem has
the form:

2 23
m, +m m
T ( 22L23) L+ H, Hy=—
2

l_fmler22

2 R

(302 -1). (4.1)

The summand H; in the expression for the Hamiltonian depends on the Delaunay variables L,, G,, H,, 15, g5, h,
via R, = R,(L,, G,, l,) according to (1.8) and ®:

® =cosy, =cos(g2 +82)cos(g1 +9 —l12)+cosz'2 sin(g2 +82)sin(g1 +9 _hz)- (4.2)

The canonical equations of motion of a satellite in Delaunay variables are as follows:

. OM, . = OH, .
Ly=—=2, Gy=——2L, H,=-

—__1 87'{1
al, g,

2
f2(m2+m3) m§+aH1 . O0MH, . N
Oh,

51 - 5 - 5 = -
2 3 aL,” %2756, " on,

(4.3)
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After calculating the partial derivatives, we obtain:

3 fmler22 .(1+e2 c0s82)

{(3(132 - l)e2 sin$, + 3(1 +e,c089, )q)d)z},

B (1-g)”?
2 2
G, =2 m;";rRZ oD, H, = LLE-R
1 1
fmm_R
ly=n,— R131L2e22 {(2e2 —cos 3, —e, cos 82)(3CI)2 —1)+3<I>¢>2 sin 8, (2+e2 cos 3, )}, @.4)
g —M{(l+e cos 9 )cosS (1—3@2)+3CD(D sin 9 (2+e cos 9 )+
2 R13e2G2 2 2 2 2 2 2 2
+3®e, cosi, sin(g2 +82)sin(g1 +9,—h )},
. 3 fimym,, R?
h, =—#(Dsm(g2 +9 )sm(gl +98,-h )
Here
S?(my +m3)2mr3
n, = IE ,
2
@, =£:—sin(g2 +82)cos(g1 +9, —l12)+cosz'2 cos(g2 +82)sin(g1 +9, —hz), 4.5)
2
@, E:cos(gz +92)sin(g1 +9 —hz)—cosi2 sin(g2 +92)cos(g1 +9; _hz)-

" on,

Thus, we obtain a system of equations (3.4) for the motion of a 6th-order satellite in Delaunay variables. The first
equation with Lz is responsible for the change in total orbital action over time, the second with G2 is responsible for
the change in total angular momentum over time, and the third with H » is responsible for the change in azimuthal
angular momentum over time. The remaining three equations are responsible for changes in the orbital elements:
mean anomaly /,, argument of pericenter g,; and the longitude of ascending node 4,. Point C;; moves along an
undisturbed Keplerian elliptical orbit in the OXY plane. Therefore R, 8, in (4.4), (4.5) are given functions of time
according to (1.10), and the longitude of the pericenter g, the semi-major axis a, and the eccentricity e, are constant
values.

Let us make the transition to dimensionless variables o> €5 1y €95 3y, hy, Where

2
2 3
nz_f (m2+m3) m; | fmy
Ny =—== N
Bn a3
n 2™ 1

Furthermore, let us move on to dimensionless time T = n,#/(2x) the number of revolutions of the center of mass C,,
relative to point O. We will transform the right-hand sides of the equations of system (4.4), taking into account (1.10)
and relying on the known relations for the Delaunay variables:

L, =mr1/f(m2+m3)a2, G, :mr\/f(m2 +m3)a2(1—e§),

H, :mr\/f(m2 +m3)a2 (1—e§)cosi2.

(4.6)

As a result, we obtain:

_e2 3
nyy =V 2 (14 cos,) {(307 ~1)e,sin 9, +3(1+ ¢, cos 8, )0, |,
(1—612) (1+ezcos\92)
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_a2f ’
, 2nm(1+6100591) {(3(1)2_1)Sin92(1+6200582)+3(Dd)2(2cos\92+62005282+ez)},

e, = N 5
(1—e1) (1+e200582) 50

67 (1—6% )3 (1+e1 cos 3, )3

iy = (Dsinizcos(g2+82)sin(gl+81—h2),

(1 - el2 )3 (1 +e, 089, )2 Ny

amf(1-e2Y (1 9,)
gé: " (3 e2) ( +€1COZS 1) {(1+e2cosSz)c0582(1—3®2)+
(l—elz) (1+e2 cosSz) ey

+3®d, sin 3, (2 +e,c089, ) +3®e, cosi, sin(g2 +9, )sin(g1 +8,—h, )}, 4.7
, 275(1 +e,c089, )2 Ny
9 = 32 +
(l—e%)

am(1-e2) (1 s,)
+ . (3 ez) ( +elcoj 1) {(1+ezcos82)00582(3d)2—1)—3CDCI)2sin82(2+ezcosSz)},
(1—612) (14—e2 cosSZ) eyny

6m(1-e2) (1 9,V
h,__ TC ( e2) ( +€1COS 1) q)sin

= g, +9,)sin(g; +9 -4, ),
? (1—612)3(1+e200592)2n20 (2 2) <l 1 2)

2TC(1 +e,cos Y, )2
(1 — el2 )3/2

9

We will perform the numerical integration of the averaged and unaveraged systems of equations (2.6) and (4.7)
and compare the obtained numerical results with the modern temporal variations of eccentricity and inclination
presented in [12]. As initial values, following [12], for the averaged system of equations (2.6) we take (2.6)

e,(0) = 0.61, i,(0) = 55.9° = 55.97/180 rad, g,(0) = /2, ,(0) = 0. (4.8)

Since a dimensionless time in system (2.6), T=nyt, ny =,/ f (m2 +m3)a2_3 is used, therefore, in order to

. . . 2.5-365
consider a double period 27 = 2.5 years or 2.5 - 365 days, the time range needs to be set: T= 2 =10440.
Figure 8 shows the integral curves of the averaged system of equations (2.6).
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Fig. 8. Integral curves e,(1) and iy(T) of the averaged system of equations
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We obtain the following predicted deviations of the average values of the elements: Ae, ~0.08, Ai, ~3.7°(0.07 rad),
close to the results from [12]. This reflects the basic nature of the changes in the elements, while omitting short-period
gravitational effects.

Next, we integrate the unaveraged system (4.7). In order to do this, we need to specify the initial values of the
eccentricity, semi-major axis, longitude of the pericenter of the Moon’s orbit, and the initial value of its true anomaly.
The data was collected using the Horizons System* utility with the following parameters: target object is the Moon;
coordinate center is the Earth; and time is 2009-07-15 01:00:00. Since [12] provides only 4 initial values (4.8), the
remaining missing values of the true and mean anomaly were also collected using the Horizons System for the
ASM operating at that time: LRO 2009-031A%. As a dimensionless time in the system (4.7), © = n,#/(2m) is used.
Therefore, in order to consider the double period 27 = 2.5 years or 2.5 - 365 days, the time range needs to be set in
oo 2.5-365 _

27.0632

Figure 9 shows the integral curves e,(¢) and i,(?) of the averaged and non-averaged systems of equations. Figure 10
shows the integral curves of the systems of equations (2.6) and (4.7) with the same initial conditions in the plane (g,, e,),
which are generally similar to the analogous curves presented in [12]. A characteristic steady oscillatory motion is
observed, the length of the pericenter depends on the eccentricity in accordance with the periodic law. A change in the
eccentricity e, is noted in the range from 0.61 to 0.69, which is relatively similar to Ae ~ 0.09 in the work [12].
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Fig. 9. Integral curves e,(t) and i,(t) of averaged and unaveraged systems of equations of satellite orbital motion

The graphs obtained also show periodic behavior

and the main period, as in the averaged model, but with 0.75 — Unaveraged
high-frequency oscillations superimposed upon it. The " Averaged

total amplitude of the oscillations corresponds to the 0.70 T |

amplitude of the averaged line, while the instantaneous

values of eccentricity and inclination deviate from the 0.65

averaged value. The averaged system is a “smoothed” &

version of the unaveraged system. The integral curves 0.60 |

of the unaveraged system of equations contain more

details and information about short-term changes in 0.55 |

orbital elements. The averaged system can be useful for '

long-term forecasting and analysis of general trends.

The unaveraged system is necessary for accurate 0'5070 75 80 8 90 95 100 105 110
modeling and prediction of satellite behavior over short g,, degrees

time intervals. Although more difficult to analyze, the Fig. 10. Integral curves of averaged and unaveraged
unaveraged system provides a more complete picture of systems of equations of satellite orbital motion
satellite behavior. inaplane (g,, e,)

4 https://ssd.jpl.nasa.gov/horizons/#api. Accessed February 04, 2025.
5 Lunar Reconnaissance Orbiter is a robotic spacecraft orbiting the Moon. Launched on June 18, 2009. https://www.n2yo.com/
satellite/?s=35315. Accessed February 04, 2025.
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CONCLUSIONS

As a result of the study, averaged and unaveraged
systems of equations of motion for the ASM were
derived, taking into account the perturbation caused
by the Earth’s gravitational field, based on the system
of equations of motion of the satellite in Delaunay
canonical variables, enabling to track the change in its
orbital parameters over time.

Stationary solutions of the averaged system of
equations were found, and their stability was investigated.
Conditions for the existence of “frozen” orbits were
obtained, in which changes in inclination, eccentricity,
and longitude of the pericenter from the ascending node
are minimized. Phase portraits were constructed for the
averaged system of equations at various values of the
problem parameter which depends on the initial values
of the inclination and eccentricity of the orbit. Integral
curves of the non-averaged system of equations were
also constructed.

It should be noted that the study takes into account
the influence of the main factor on the satellite’s orbit—
external gravitational disturbance. Further study of this
issue may enable a more accurate description of the
motion of satellites around celestial bodies. The study
has practical significance for the development and
planning of space missions related to the exploration of
the Moon and its vicinity. The equations obtained can
be used to more accurately predict the orbital motion of
satellites and determine the optimal parameters of their
orbits.
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Abstract

Objectives. This study focuses on the development and investigation of a generalized nonlinear Support Vector
Machine (SVM) method incorporating an adaptive transformation of the feature space. Its aim is to improve
computational efficiency while maintaining high classification accuracy. The binary classification problem is used
as a case study. The main objective of the research is to quantitatively evaluate the performance of the proposed
approach when compared to classical SVM models using fixed kernel functions, and to analyze how the transformation
parameters affect classification quality.

Methods. The proposed approach involves a preliminary transformation of the input data using a learnable
nonlinear mapping with a fixed structure. This mapping is implemented as a composition of elementary functions and
is parameterized by a limited number of trainable weights which allows control over model complexity. A linear SVM
with L2 regularization is applied after the transformation. The model is trained using conventional, unconstrained
numerical optimization methods. The classification quality is evaluated using the Accuracy metric averaged over
10-fold cross-validation. The work also studies the behavior of the model with varying feature space dimensionality.
In addition, computational complexity is analyzed in terms of the number of operations and inference time required
on test datasets.

Results. Numerical experiments demonstrate that the proposed model significantly reduces classification time
when compared to a polynomial-kernel SVM, while maintaining a comparable level of accuracy. The runtime analysis
confirms that the proposed approach scales much better than traditional kernel methods. At the same time, the
structure of the model remains interpretable and can be further adapted to the specifics of the application domain.
Conclusions. The method developed provides an efficient alternative to traditional kernel-based algorithms. Through
the use of a parameterized transformation of the feature space, the method enables adaptability, interpretability, and
scalability, making it promising for practical applications in machine learning tasks.

Keywords: classification, feature space transformation, nonlinear mapping, nonlinear support vector machine,
kernel functions, computational complexity
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Pe3iome

Llenu. Pa6oTa nocesleHa pa3paboTke 1 nccnegoBaHmio 0600LEHHOrO HEIMHENHOrO MeToAa OMOPHbLIX BEKTO-
poB (support vector machine, SVM) ¢ ncnonb3oBaHMeM afanTUBHOM TpaHCHOpMaLMM MPOCTPaHCTBA NPU3HAKOB,
HarMpaBJ/IEHHOrO Ha YJyylleHMe BblYNCINTENbHOM 3D@PEKTUBHOCTM NPU COXPAHEHUM BbICOKOrO KayecTBa Kjiaccu-
durkaunm. B kauecTBe 3agaymn-nprumMepa paccmMarpmpaeTcs AByxknaccoBas knaccunoukaums. Llensto nccnegosaHns
ABNAETCHA KOJIMYECTBEHHAs OLLeHKA NMPOU3BOLANTENBHOCTU NMPEA/IOKEHHOMO NOAX0Aa B CPABHEHUMN C KNACCUYECKUMU
SVM-mozensimm, UCnonb3yoLwmMmm GUKCUPOBaHHbIE SAPOBbIE PYHKLUMW, @ TaKKe U3Yy4EeHME BAVSHUS NapaMeTpoB
TpaHcdopMaLmn Ha Ka4eCTBO Kiaccudukaumm.

MeTopabl. [pegnaraetcsa MoandULMPOBAHHBIM NOAXOA, NPU KOTOPOM BXOAHbIE AAHHbIE NMPEeaBapUTENbHO NPeot-
pas3yloTCcs ¢ NOMOLLBID 00y4aeMOro HeIMHENHOro O0TobpaxeHuss GUKCUMPOBAHHOW CTPYKTYpPbl. TO OoTOOpaxeHue
peanu3yeTcsa B BUAE KOMMNO3MLMM 3fIEMEHTAPHbIX QYHKLMIA 1 NapaMeTpudyeTcsl OrpaHNYEeHHbIM YMCIOM 00yyae-
MbIX BECOB, 4TO 06ecneyrBaeT KOHTPOJb HaZ, CIIOXKHOCTbIO Moaenu. lNocne TpaHchopmMaumy NPUMEHSAETCS INHEN-
HbIn SVM ¢ L2-perynapusauveii. ng o0y4yeHns MOAENM UCNONb3YIOTCA CTaHAAPTHbIE METOAbl YACTIEHHOW OMNTU-
Musaumm 6e3 orpaHnyeHuin. Kayectro knaccudukaumm oueHMBaeTCs ¢ NMOMOLLbIO METPUKM TOYHOCTU (Accuracy),
ycpeaHeHHoW no pesynbtatam 10-KpaTHOM NepekpecTHOW Banupauum. PaccmatpuBaeTcs NnoBedeHue mMoaenu
npu U3MEHEHNN Pa3MEePHOCTU MPU3HAKOBOro NPOCTpPaHCcTBa. MpoBOANTCHA aHaNN3 BbIYUCIUTENIbBHOM CIIOXHOCTU
Mo YMcny onepauunii u BPEMEHN NPUMEHEHNA MOAENN HA TECTOBbIX BbIOOPKAX.

Pe3ynbTaTbl. YACNEHHbIE 3KCNEPUMEHTHI MoKa3asnu, YTo NPeaoXeHHas MoAe b NO3BOJIAET CYyLLECTBEHHO COKpa-
TUTb BpeMs krnaccmndukaLmm no cpaBsHeHmo ¢ SVM ¢ nonnHoMmnanbHbIM 14p0M, o6ecneynsas npyv 3TOM CONoOCTaBu-
MO€ Ka4yeCTBO. AHaNN3 BPEMEHHbIX 3aTPaT NOATBEPAWI, HTO NPEAJIOXKEHHbIN NOAX0A MacLUTabMpyeTCa 3HAYUTEb-
HO Nydlle, YeM KiacCcu4eckne 9apoBble MeToabl. [1py 9TOM CTPYKTypa MOLENN COXPAHAET UHTEPNPETUPYEMOCTb
1 MOXeT ObITb AOMONHUTENBHO aAanTUPOBaHa No4 0CO6EeHHOCTY NpeaMeTHOM 0b6nacTu.

BbiBoabl. PaspaboTaHHbIi MeTon, NpencTaBnsier cobon apPEKTUBHYIO anbTEPHATMBY KIIACCUYECKUM S0POBbIM
anroputMam. bnaropgaps napameTpmayeMoMy OTOOpPaXeHWio MPU3HAKOBOrO MPOCTPAHCTBA OH obecneyvBaeT
a[anTUBHOCTb, MHTEPNPETUPYEMOCTb 1 MACLLUTAabMPYEMOCTb, YTO AENAET ero NepPCrnekTUBHbIM A5 MPaKTUYEeCKOro
NPYMEHEHS B 3a4a4ax MaLLUMHHOIO 00y4YeHus.

KntoueBble cnoea: knaccudukaums, npeobpasoBaHne NpM3HAKOBOrO MPOCTPAHCTBA, HENMHEHOe oToBpaxeHe,
HEeNVHEHbI METOA, ONMOPHbLIX BEKTOPOB, PYHKLMM SAPA, BEIMUCNTENbHASA CTOXHOCTb

Ansa uutupoBanua: Penopos A.B. MapdeHos [.B. TpaHchopmaums NpocTpaHCTBa NPU3HAKOB B METOAE OMOPHbIX
BekTOpoB. Russian Technological Journal. 2026;14(1):82—-90. https://doi.org/10.32362/2500-316X-2026-14-1-82-90,
https://www.elibrary.ru/KCUBAG

npospaquocn: d)MHaHCOBOﬁ AedaTesibHOCTU: ABTOpr HEe NMeIoT ¢I/IHaHCOBOI7I 3anMHTEepPeCcoBaHHOCTW B npeacTaB/leH-
HbIX MaTepunasiax nin Mmetogax.

ABTOpPbI 3a9BASAIOT 06 OTCYTCTBUM KOHMIMKTA MHTEPECOB.
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INTRODUCTION

A fundamental problem in machine learning (ML)
is addressing the challenge of classifying linearly
inseparable data. A traditional method for tackling this
involves employing a generalized nonlinear support
vector machine (SVM) with kernel functions. These
kernels facilitate the computation of scalar products in
a transformed space which offers improved geometric
properties for class separation [1]. However, this
approach has certain limitations. The commonly used
kernels often have a limited number of parameters,
restricting their flexibility. Furthermore, the variety of
kernels utilized in practice is relatively small, which
reduces the adaptability of the model.

The paper introduces an alternative approach which
differs from traditional kernel methods by enabling
the direct optimization of nonlinear transformation
parameters within the feature space during SVM training.
The proposed transformation is divided into two
stages. Initially, the input features undergo a linear
mapping defined by a matrix containing trainable
coefficients. Subsequently, one-dimensional nonlinear
transformations, executed through polynomials with
trainable coefficients, are applied to each component of
the resulting vector. This approach offers the flexibility
to tailor the characteristic space to specific data needs
while preserving high computational efficiency.

The primary benefit of the proposed model lies in
its considerable reduction in computational costs when
utilizing the pre-trained model, compared to approaches
reliant on kernel functions. In traditional SVMs which
use kernel functions, the computational complexity
depends heavily on the number of support vectors. In
real-world scenarios these can be quite large, thereby
substantially increasing classification time. In contrast,
the proposed approach performs data transformation
with a fixed computational complexity determined solely
by the dimensions of the input and output spaces and
the selected polynomial order. This feature makes the
method especially efficient for processing large datasets.

Recent efforts have focused on enhancing the
effectiveness and flexibility of classification techniques
in ML applications. For example, study [2] presents
a robust SVM model enhanced with a customized
optimization approach to ensure resistance against noise
in the data. Research [3] establishes the theoretical basis
for multiscale, adaptive feature extraction, proposing
it as a viable alternative to traditional kernel-based
approaches. Study [4] investigates the geometric
interpretation of adaptable feature transformations in
neural networks, in line with the idea of a parametrizable
representation of feature spaces. Furthermore,
study [5] introduces a method involving the diagonal
expansion of parameters within a Hilbert space

endowed with a reproducing kernel. This facilitates
the simultaneous training of both the feature structures
and the kernel parameters. Finally, the adaptive law-
based transformation (ALT) method discussed in [6]
is designed for adaptive feature transformations,
specifically targeting time series classification. It bears
conceptual similarities to the approach presented in this

paper.
1. TRANSFORMATION OF THE FEATURE SPACE

As previously mentioned, each object in the original
dataset, denoted as x € R"” (where n represents the
dimensionality of the original space), is transformed
through the m x n matrix A. The resultant vector X € R™
is then calculated using the following equation:

all CZ12 oo aln xl

a a .ooa X
%= Ax = 21 22 2n 2 )

aml am2 amn Xn

The dimension m, chosen by the user, specifies the
number of features in the transformed space, influencing
whether the data space is expanded or reduced. Matrix A
contains trainable parameters, enabling adjustments to
align the linear transformation with the specific data
structure.

For each vector

element in the resultant

X =(X], Xy, X, )T, a nonlinear function is applied in
the form of polynomial p,(x;) of degree d,
where i =1,_m. The resultant vector, X € R™, is then
calculated as follows:

P (i1 )
1)) (3?2)

M

D3 (fm)

The polynomials p;(-) may vary for each coordinate,
providing high flexibility within the model. The general
form of polynomial p;(x) is defined as follows:

N o F =2 ~d
D;i(X) = ¢ X +¢ipX 4.+ ¢y X9,

wherein c;; represents trainable parameters, and d denotes
the fixed-degree polynomial.

The inclusion of nonlinear functions enables the
adjustment of the feature space geometry, facilitating
a more effective separation of classes. A key aspect of
the proposed classifier model lies in the simultaneous
training of both the feature space transformation
parameters and the support vector method.
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The objective of training the model can be outlined
as follows:

l||w||2 + C%max (1 -y (<w,(D (X.)>+b),0)2 — min .
2 par i AP\ W.b.AP

Here, x; € R" represents the input vectors;
y; € {~1; +1} are the associated class labels.
@, p(x) represents the original vector x after the linear
transformation A and the application of polynomial
functions p; A and P are transformation parameters
for the linear and polynomial operations, respectively;
w and b are linear classifier parameters. C represents the
penalty weight assigned to deviations, while N indicates
the total number of training samples included in the
dataset.

The proposed approach incorporates
L2 regularization [7, 8], crucial for stabilizing the
training process and mitigating the risk of overtraining.
This regularization is applied not only to the parameters
of the linear transformation matrix but also to the
coefficients of the polynomial mapping. By employing
L2 regularization, the growth of weight norms is
restricted, thereby decreasing the probability of
overtraining. Numerical experiments have demonstrated
that this regularization technique supports effective
learning outcomes. Consequently, the objective function
has the following form:

Table 1. Overview of dataset characteristics

imax(l -V (<w,(DA,P (xl.)> + b),O)2 +
i=1

1 2 2 2
gl AL+ 2 [P -

6]
min ,

w,b,A,P

wherein A, and A, are regularization coefficients.

In order to address problem (1), an optimization
method without BFGS' constraints is utilized [9],
provided through the Optim.jl package?. The gradients
of the objective function are computed using automatic
differentiation based on dual numbers [10, 11], facilitated
by the ForwardDiff jl package.

2. BENCHMARKING

Benchmarking involves evaluating the performance
of the classifier using datasets from the Curated
Classification Benchmark OpenML-CC18 [12]. These
datasets are specifically curated for comparing various
ML algorithms. Table 1 provides an overview of the
datasets utilized, highlighting their key attributes such
as the number of objects, the dimension of the feature
space, and concise descriptive details.

All tasks involve binary classification, meaning each
task contains exactly two categories.

In order to evaluate model performance, 10-fold
cross-validation [13] is implemented, ensuring a more
dependable measurement of classifier quality.

Number . .
No. Dataset el s Dimension Summary

| blood-transfusion-service-center 748 4 ?redlct_lon of blood dgnatlon behavior in the future
is required (2 categories)

) phoneme 5404 5 Clasmﬁcatlon of speegh sounds into two categories
is required (2 categories)

3 diabetes 768 3 Dete.ctlon of dlabet.es presence or absence is
required (2 categories)

4 gsar-biodeg 1055 41 Predlctlon. of chemical biodegradability is required
(2 categories)

5 kel 2109 21 Detection pf the software module errors is required
(2 categories)
The task is similar to kc1 that involves classifying

6 pcl 1109 21 software components into “with errors”
and “no errors” categories (2 categories)

! The Broyden-Fletcher-Goldfarb—Shanno algorithm.

2 Optim.jl Documentation. Optim.jl is Julia optimization library. https://julianlsolvers.github.io/Optim.jl/stable/. Accessed July 07, 2025.
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Employing multiple datasets facilitates testing the
ability of the model to generalize across diverse inputs.
Additionally, using a standardized test dataset ensures
comparability with existing methods and published
research, providing an objective analysis of the model’s
strengths and weaknesses.

Prior to training the classifier, all data is subjected to
preliminary normalization processes, such as centering
and scaling. These steps are essential for enhancing
model stability and improving its generalization
capabilities. Combined with 10-fold cross-validation and
testing across diverse samples, these measures ensure
an objective and reliable evaluation of the classifier’s
quality (Accuracy) [14].

The results of testing this classifier model with
adaptive feature space transformation are presented
in Table 2.

The proposed model is evaluated against the
SVM method utilizing a polynomial kernel, as referenced
in studies [15, 16]. In the case of SVM with polynomial
kernels, classification takes place within an implicitly
defined higher-dimensional space, in which the scalar
product is computed directly via the kernel function,
thus eliminating the need for explicit construction of

Table 2. Classifier model testing results

the feature transformation. Conversely, the proposed
method differentiates itself by explicitly constructing
a nonlinear mapping of the original space. This is then
subjected to linear separation through the support vector
method.

It should be noted that SVM with a polynomial kernel
is often regarded as a viable benchmark model. This is
because, while the polynomial kernel typically delivers
slightly lower classification performance when compared
to more advanced kernels such as the radial basis
function (RBF), it offers notable computational efficiency.
This makes it a practical trade-off between classification
accuracy and computational demands. The proposed
approach achieves performance comparable to that of
the SVM with a polynomial kernel, while simultaneously
offering even greater computational efficiency.

Evaluation tests have been conducted where the
parameters of the polynomial kernel are selected using
a random search strategy over a predefined grid of
values. The parameter selection process employs 10-fold
cross-validation, ensuring careful optimization of the
kernel hyperparameters and facilitating an accurate
comparison across models. The test results for the SVM
with a polynomial kernel are presented in Table 3.

No. Dataset Output space dimension (1) Polynomial degree (d) Accuracy, %
1 blood-transfusion-service-center 4 3 79.29
2 phoneme 5 3 83.33
3 diabetes 8 3 77.47
4 gsar-biodeg 41 3 85.97
5 kel 21 3 84.45
6 pcl 21 3 92.24

Table 3. Testing results for SVM with a polynomial kernel

No. Dataset Degree (d) Accuracy, % Number of support vectors
1 blood-transfusion-service-center 3 77.14 367
2 phoneme 3 83.81 2,074
3 diabetes 2 76.95 397
4 gsar-biodeg 2 86.24 429
5 kel 3 84.69 643
6 pel 3 93.06 158
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Table 4. Accuracy comparison between the proposed model and SVM with a polynomial kernel

Accuracy, %

No. Dataset
Offered model Polynomial kernel
1 blood-transfusion-service-center 79.29 77.14
2 phoneme 83.33 83.81
3 diabetes 77.47 76.95
4 gsar-biodeg 85.97 86.24
5 kel 84.45 84.69
6 pel 92.24 93.06

Table 4 presents a comparison of the classification
accuracy of the proposed model and the SVM with
a polynomial kernel on each dataset.

As shown in Table 4, the proposed classifier achieves
an accuracy level similar to that of the SVM with
a polynomial kernel. This highlights the flexibility of the
model and its capacity to adapt effectively to the dataset
characteristics.

3. ANALYSIS OF COMPUTATIONAL COMPLEXITY

In many ML tasks, the focus extends beyond
just achieving high model accuracy: it also evaluates
its computational complexity during classification.
This becomes particularly critical in scenarios which
demand rapid data processing, such as real-time
systems used for object detection, data flow analysis,
or diagnostics. Additionally, limited computational
resources pose a significant challenge, especially
when working with low-power devices such as mobile
phones, embedded systems, or microcontrollers.
These devices often lack sufficient memory, energy,
or processing capabilities, making complex models
impractical for deployment. Therefore, when selecting
a model, it is crucial to account for its complexity and
performance relative to the capabilities of the targeted
hardware.

After training the proposed model, the resulting
classifier (decision function) is as follows:

f@)=<w;bA$(n>+h

The transformation ®, p(x) can be reduced to
matrix multiplication and polynomial component
transformation. Multiplying by matrix A involves
n x m multiplication operations and (n — 1) x m addition
operations. Applying the polynomials p(x) necessitates

d x m multiplications along with (d — 1) x m additions.
Additionally, the shift dot product entails m more
multiplication operations and m added additions.

Consequently, the classification of a single object
involves m x (n + d + 1) multiplication operations
and m x (n + d — 1) addition operations. Thus the
computational complexity of the classification process
remains independent of the number of support vectors.
This represents a fundamental distinction between the
proposed approach and the classical SVM, reliant on
kernel functions and resolving the dual problem [17].
Leveraging an explicit parameterized features
transformation @ A’P(x), eliminates the need to transition
to the dual problem, a hallmark of kernel tricks [15, 18].
This approach substantially reduces computational
complexity, particularly in scenarios where resolving
a dual problem results in a large number of support
vectors, a common occurrence with noisy or high-
dimensional datasets.

By applying kernel transformation, the dual
minimization problem is addressed, leading to the
following decision function:

/
F(x)=> a;k(x;,x) +b,

i=1

where k(x,,x) represents the kernel function, while
x; denotes the support vectors.
The polynomial kernel is expressed as follows:

k(x,x") = ((x,x’) + c)d s

where ¢ and d refer to the kernel parameters.

The calculation of the polynomial kernel involves
(n +d— 1) xImultiplication operations when dealing with
lowpowers (d€ {2;3}),aswell asn x [addition operations.
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Here, n represents the space dimensionality (the length
of vector x), d denotes the degree of the polynomial
kernel, and / refers to the number of support vectors. In
order to make a classification decision, the algorithm
sums over all reference vectors, entailing / multiplication
operations (where the kernel function value is multiplied
by the coefficient o,) and / + 1 addition operations.
Consequently, the total number of basic operations
required for classification is / x (n + d) multiplication
operations and / x (n + 1) + 1 addition operations.

In practical scenarios, the number of support
vectors, [/, is typically substantial, resulting in
a significant rise in computational requirements. In order
to preliminarily analyze the computational complexity
of the proposed feature space transformation method
in comparison to the conventional approach based on
kernel functions, the following commonly observed
relationships can be considered:

I»n,I>m,I>d m~n,d<n.

An approach utilizing kernel functions typically
demands  considerably more calculations  for
classification purposes at the output stage. The findings
are consolidated in Table 5, which outlines the total
number of elementary operations necessary for object
classification across all datasets.

The results demonstrate that the proposed
model performs classification with substantially
fewer arithmetic operations, such as additions and
multiplications. Consequently, this method is more
computationally efficient than when compared to using
a polynomial kernel.

4. MODEL PERFORMANCE

The experiment evaluates the time taken to
classify a single object from each dataset. The
BenchmarkTools.jl package? is utilized to ensure precise
runtime measurement, since it reduces the influence
of background processes and provides an accurate

Table 5. Analysis of computational complexity between the proposed model and SVM with a polynomial kernel

Number of operations

No. Dataset
Offered model Polynomial kernel
1 blood-transfusion-service-center 56 4405
2 phoneme 80 29037
3 diabetes 176 7544
4 gsar-biodeg 3608 36466
5 kel 1008 29579
6 pel 1008 7269

Table 6. Performance comparison between the proposed model and SVM with a polynomial kernel

Performance, ps

No. Dataset
Offered model Polynomial kernel
1 blood-transfusion-service-center 0.356 7.75
2 phoneme 0.384 45.1
3 diabetes 0.422 11.3
4 gsar-biodeg 1.94 21.8
5 kel 0.822 222
6 pel 0.822 5.25

3
Accessed July 07, 2025.

BenchmarkTools.jl Documentation. BenchmarkTools,jl Manual. https:/juliaci.github.io/BenchmarkTools.jl/stable/manual/.
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estimation of computational costs. The measurements
are conducted on pre-trained models, with classification
times recorded in microseconds. The median runtime
across all runs is chosen as the key metric, since it is
less affected by outliers and effectively represents the
typical model performance. A summary of the results is
presented in Table 6 which facilitates a comparison of
the classification speeds between the proposed model
and the SVM with a polynomial kernel.

The experimental findings indicate that the
proposed model provides significantly improved
computational performance than when compared
to an SVM using a polynomial kernel. For all
datasets tested, the time taken to classify a single
instance is noticeably shorter in the proposed
model. This is in line with theoretical predictions
regarding its computational complexity. In
contrast to the polynomial kernel, which has
a classification complexity depending on the number
of support vectors, the proposed method has a fixed
computational complexity, making it substantially
more efficient for processing large datasets. Analysis
of median runtime values reveals that this increase
in classification speed is achieved without a notable
decline in performance quality, thus positioning
the proposed approach as a viable and competitive
alternative to kernel-based techniques. Therefore, the
experimental findings affirm that the proposed model
presents a promising solution for tasks demanding
high classification speed while preserving accuracy.

Additional experiments have been conducted using
synthetic data, in order to investigate how classification
time varies with the dimensionality of the feature
space. For these experiments, the linear transformation
matrix A is selected as a square matrix with the same
number of rows and columns (m = n). This study
allows the impact of dimensionality on computation
time to be evaluated. The experiments are conducted
on generated datasets with varying dimensions,
and for each scenario, the median time required for
classification of a single object is recorded. The results
are visualized (see Figure) to show the increase in
computation time as the dimension of the feature space
increases.

The results demonstrate that for dimensions n < 600,
the classification time grows at a moderate pace. This
suggests that the proposed method can be effectively
applied even to problems involving high-dimensional
features. Consequently, the model maintains
computational efficiency at medium to moderately high

500

400

Time, us

100

300 400 500 600
Dimension

0 100 200

Figure. Classification time versus dimension plot

dimensions, making it well-suited for a broad spectrum
of practical applications.

CONCLUSIONS

The paper introduces a method for transforming the
feature space, aimed at effectively classifying linearly
inseparable data. Unlike traditional kernel methods,
this approach employs an explicit nonlinear feature
mapping, with parameters optimized during the training
process.

In order to evaluate the method performance,
numerical experiments have been conducted. These
include comparisons with classical kernel techniques
in terms of classification accuracy and computational
efficiency. The results demonstrate that the proposed
model significantly outperforms SVM with a polynomial
kernel in classification speed while maintaining
comparable classification quality. Further analysis
of runtime dependency on feature space dimensions
reveals that for dimensions up to n < 600, the increase in
classification time remains moderate. This indicates that
the method is well-suited for handling high-dimensional
data effectively.

In summary, the method developed presents
a computationally efficient alternative to conventional
kernel methods, offering a practical solution for
tasks which demand high processing speed without
compromising classification accuracy.
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Abstract

Objectives. Identification of the propagation patterns of surface waves in inhomogeneous and nonlinear crystal
structures using mathematical models is an important fundamental problem in condensed matter physics, specifically
waveguide optics. Models of waveguide structures used to establish an exact analytical solution are of particular
significance. The aim of this work is to carry out a theoretical study of transversely polarized surface electric waves
propagating along a photonic crystal with a certain refractive index profile.

Methods. The methods of mathematical physics, analysis, differential equations, and theory of special functions,
as well as physical models of waveguide optics, were used in this study.

Results. A generalized hyperbolic permittivity profile was proposed to describe the spatially inhomogeneous
distribution of the optical properties of a photonic crystal. This profile has a wide range of possibilities for varying
its shape, allowing it to be used for a wide range of problems not limited to waveguide optics. An exact analytical
solution of the wave equation with the selected permittivity profile was found in terms of the Whittaker function.
Frequent cases of the generalized profile for which exact analytical solutions were indicated were also considered.
These are expressed through the Whittaker and Macdonald functions. The study also describes surface transverse
electric waves, where the field is localized near the surface of the photonic crystal and decreases with distance
from it. The solution obtained also describes waveguide modes in which the field decreases with distance from
the surface of the photonic crystal with oscillations. New features of surface wave localization were established.
These were caused by a change in the parameters of the generalized hyperbolic profile modeling the dependence
of the permittivity. It was also established that the maximum intensity of the surface wave is located in the photonic
crystal.

Conclusions. The results of the description of the characteristics of surface waves obtained expand the
theoretical concepts of waveguide optics. They can be useful in predicting the optical properties of various
photonic crystal structures, as well as in designing various waveguide structures with the required dispersion-
optical characteristics.

Keywords: inhomogeneous optical media, photonic crystal, surface waves, guided waves, waveguide modes
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HAYYHAA CTATb4

MogaennpoBaHue MOBEPXHOCTHBIX BOJIH
B (OTOHHBIX KPUCTAJLIMYECKHX CTPYKTYypax
¢ npoduiieM MOKa3areJisi MpeJOMJICHUA,
yOBIBAIOIIUM C PACCTOSTHHEM OT MOBEPXHOCTH

C.E. CaBoTueHko @

MUP3A — Poccumicknii TexHos1orn4eckni yamsepceutet, Mocksa, 119454 Poccus
@ AsTOp AN nepenvcku, e-mail: savotchenkose@mail.ru

e Moctynuna: 27.11.2024 » Oopa6oTaHa: 30.05.2025 ¢ MpuHaTa k ony6nukoeaHuto: 18.11.2025

Pe3iome

Lenu. BoisBneHne 3akOHOMEPHOCTEN PacnpoOCTPaHEHUSI MOBEPXHOCTHbLIX BOJSIH B HEOAHOPOOHbIX N HENMHENHbIX
KpUCTaNIMYECKNX CTPYKTYPaxX Ha OCHOBE MaTeMaTUYECKUX MOLENEN ABNAETCS BaXHOM pyHOAMEHTaNbHOM 3a4a4en
B PM31KE KOHOEHCUPOBAHHOIO COCTOSIHUS, OTHOCSLLENCS K BOTHOBOAHOM onTuKe. Mpn 3TOM 0CO00I BaXXHOCThLIO
obnagaloT Takme MOAEeNN BOJSIHOBOAHbLIX CTPYKTYP, B KOTOPbIX YOAETCS HAWTX TOYHOE aHaNIMTUYeCKOoe peLleHune.
Llenb paboTbl — TeOpeTUYeckoe N3yHeHne NOBEPXHOCTHbIX SNIEKTPUYECKMX BOJIH NMOMNEPEYHON nonspusaunu, pac-
NMPOCTPaHALWMXCA BOOSIb GOTOHHOIO KpucTania ¢ onpeaeneHHomn Gopmon npoduis nokasaTesns NpenoMaeHns.
MeToabl. [IpyMeHeHbl METOAbI MaTeEMATMYECKON GU3nkn, aHanusa, guddepeHumanbHbiX YPaBHEHUA U TEOPUN
cneumanbHbIX PYHKUMIA, a Takke pusndeckmne Mmoaesnm BOTHOBOAHOM ONTUKU.

PesynbTaTbl. 19 onncaHna NnpocTPaHCTBEHHO HEOAHOPOLHOMO pacrnpeneneHns onTMY4eCckmnx CBOMCTB POTOHHO-
ro KpucTasnia npeanoxeH 0600LLEHHbIN rmnepdonmyeckmini NPodub AN3NEKTPUYECKON MPOHULIAEMOCTU, KOTOPbIN
o6nagaeT WNPOKNMM BO3MOXHOCTSIMU Bapuaumm GopMsbl, 4TO NO3BOJISIET €ro UCMNONb30BaTb A1 LUMPOKOro Kpyra
3a4a4, He OrpaHMyYMBasdCb BOSTHOBOAHOM ONTMKOW. HamgeHo ToOYHOEe aHanuTUYeckoe pelueHne BOSIHOBOro ypaBs-
HEeHUs1 ost BbIOPaHHOro Npoduns OUanekTPMYeCcKon NPOHULLAEMOCTH, BbipakaeMoe Yepe3d PyHKUmMio YnTTekepa.
PaccMoTpeHbl YacTble crydam 0600LLEeHHOro Npoduns, Ans KOTOPOro ykasdaHbl TOYHbIE aHAIMTUYECKUE PELLeHMS,
Bblpaxkaemble Yepe3d pyHkunm Yuttekepa n MakpooHanbna. OnmcaHbl MOBEPXHOCTHbIE MOMepeYHble aneKkTpuye-
CKMe BOJIHbI, M0OJiIe B KOTOPbIX JIOKaNM30BaHO BOIM3M NOBEPXHOCTU GOTOHHOIO KpuUcTanna n ybblBaeT npu yaane-
HUM OT Hee. [Mony4YeHHoe peLleHmne Takxke ONnUCbIBaeT BOSTHOBOHbIE MO/bI, B KOTOPbIX NoJsie yOblBaeT Npuv yaaneHnm
OT NOBEPXHOCTM GOTOHHOIO KpMcTaia ¢ ocumnnaumsamu. BoisBneHbl HOBble 0COOEHHOCTM NlokanmMaaumm noBepx-
HOCTHbIX BOJIH, 06YCNOB/IEHHbIE UBMEHEHMEM MapaMeTpoB 0006LLEHHOMO rMnepbonnyeckoro Nnpoduns, Moaenm-
PYIOLLEro 3aBUCMMOCTb ANINEKTPUYECKOWN MPOHNLLAEMOCTN. YCTAHOBMAEHO, YTO B JIMHENHOW MOBEPXHOCTHOM BOJTHE
MaKCUMYM UHTEHCMBHOCTW pacnosioxeH B pOTOHHOM KpucTanne.

BbiBOAbI. [105y4eHHbIE pe3ynbTaTbl ONMCAHUSA XapakTEPUCTUK NMOBEPXHOCTHbLIX BOJIH PACLUMPSIOT TeopeTnyeckme
npencTaBneHns BONHOBOAHOM onTUKK. OHM MOTyT ObITb NOMIE3HbI AJ1 NPOrHO3MPOBAaHMS ONTUYECKMX CBOMCTB pas-
JINYHBbIX GOTOHHbLIX KPUCTANINYECKNX CTPYKTYP, a Takxke Npu NpoekTUPOBaHUM Pa3INYHbIX BOTHOBOOHbIX CTPYKTYP
¢ TpebyeMbIMM ANCNEPCUOHHO-0NTUYECKUMIN XapakTePUCTUKaMM.
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MpospayHocTb pMHAHCOBOMN AeATEesIbHOCTU: ABTOP HE MMEET GUHAHCOBOW 3aMHTEPECOBAHHOCTM B NMPEACTaBEH-

HbIX MaTepuanax nin Metoaax.

ABTOp 3aaBNSeT 00 OTCYTCTBUM KOHPIMKTA UHTEPECOB.

INTRODUCTION

The study of the properties of surface waves
in crystals, including photonic heterostructures, by
mathematical modeling is an important fundamental
problem [1]. Of special significance are such models of
waveguide structures which can be used to find an exact
analytical solution.

When describing real crystals,the refractive
index (or permittivity) profile which models the optical
inhomogeneity is selected, in such a way that it best fits
the experimental data. For example [2], the photonic band
gap in one-dimensional exponentially graded photonic
crystals was investigated using an exponential profile,
in order to represent the change in refractive index
between the initial and final boundaries of the graded
layer. An exponential refractive index profile was also
used to describe the properties of a new photonic crystal
resonator structure [3]. A simple hyperbolic refractive
index profile in the form n ~ 1/x, characterizing its
decrease with distance x from the contact surface, was
used in the description of photonic band gaps [4, 5]. It
was also used in a new approach to achieve improved
sensitivity characteristics of photonic crystal [6].

The problem of finding exact solutions to the
wave equation in nonlinear and inhomogeneous
media is associated with the choice of the refractive
index (permittivity) profile in inhomogeneous
media [7]. Many exactly integrable refractive index
profiles are known [8—11]. However, there remain
a significant number of problems involving the
definition of explicit analytical expressions for
surface waves. These are described not by solutions
of individual equations, but by solutions of boundary-
value problems of systems of equations in certain
domains which satisfy the conjugation conditions at
their boundaries [12—-14].

This paper presents the results of a theoretical
study of surface waves, or more precisely, transversely
polarized electric waves propagating along a photonic
crystal with a specific refractive index profile. A new
exact analytical solution was obtained for this spatial
dependence, which is a generalization of the hyperbolic
profile [15]. It was used to describe new types of linear

and nonlinear surface waves. Linear surface waves
for a simple hyperbolic permittivity profile € ~ 1/x
were recently described [16]. Nonlinear surface waves
propagating along the contact of an inhomogeneous
medium with such a profile with a nonlinear medium
with step nonlinearity were also described [17]. In this
work, surface waves with step nonlinearity were studied
using a generalized hyperbolic permittivity profile. Such
a profile has wide possibilities for varying its shape
which allows its use for a wide range of problems not
limited to waveguide optics [18].

1. MODEL OF APHOTONIC CRYSTAL STRUCTURE
WITH A VARIABLE REFRACTIVE INDEX

Let us consider a photonic crystal in which the
refractive index decreases with distance from its
surface. Such a decreasing profile can be achieved by
injecting ions of specially selected impurities [5]. Ton
implantation technologies are well developed and allow
the formation of an ion distribution which will provide
the desired spatial refractive index profile [2—6]. This
paper considers models of hetero-structures made
of nonmagnetic materials consisting of a photonic
crystal in contact with a medium with uniform optical
characteristics.

Let the Ox axis be perpendicular to the surface of
the photonic crystal which is assumed to be flat. Then
the crystal surface coincides with the plane x = 0. The
Oy and Oz axes are located in this plane. The spatial
distributions of the optical properties of the photonic
heterostructure under consideration over the surface
are assumed to be uniform. They change only in the
direction transverse to the surface.

Let us consider only transverse monochromatic
waves propagating along the surface of the crystal with
the electric field strength component:

E (x,2) = u(x)e k==, (1)

wherein u(x) is the transverse profile of the electric
field strength, £ = 2m/A is the wave number, A is the
wavelength, n = ck/o is the effective refractive index,
o is the frequency, and c is the speed of light in a vacuum.
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The equation for finding the transverse profile of the
electric field strength has the following form [7]:

u"(x) + {e(x,I) — n2}kKu(x) = 0. 2)

Here, &(x,/) is the permittivity of the photonic
hetero-structure which in general can reflect a nonlinear
response in the form of a specific dependence on the
electric field intensity 7 = |u|> (a model of nonlinearity
of the medium). It also characterizes the optical
inhomogeneity modeled by a dependence on the
spatial coordinate (a spatial profile). The square of the
permittivity determines the refractive index.

In the case under consideration, when the photonic
crystal with the flat surface is in contact with the optically
homogeneous medium with a nonlinear response
(nonlinear medium) or without it (linear medium), the
permittivity can be represented as follows [13]:

N g, (x), x>0,
e D)= e (1), x <. 3)

Here, ¢, (x) models the inhomogeneity of the
permittivity profile as a function of the coordinate in the
direction perpendicular to the surface of the photonic
crystal, and g, (/) models the nonlinear response of
the optically homogeneous medium in contact with the
photonic crystal.

If the transverse profile of the electric field strength
is written as:

in( ;x>0
u(x)={” o @

upo (1), x <0,

wherein u; (x) and w, (1) are the electric field strength
profiles defined on the half-axes in the photonic crystal
and in the optically homogeneous medium, respectively,
then Eq. (2) is divided into two equations on the half-axes:

ufy (%) + {3, () =2 k2w (6) =0, x>0, (5)
up (%) + {epo (1) — n?}k2uy (x) =0,x<0.  (6)
The continuity of the field components on the

surface of the photonic crystal determines the boundary
conditions of conjugation at x = 0:

U, (10) = uy (-0), (7)
ul (+0) =u] _(-0). (8)

Finally, the following conditions should be added
which follow from the requirement that the field

disappears at infinity: u, (x) — 0, u; (x) — 0 as x| — oo.

As a result, a model is formulated as conjugation
boundary-value problem (5)—<8). The continuous and
everywhere bounded solutions can be used to describe the
propagation of surface waves in photonic crystal structures.

2. MODELING OF A DESCENDING
REFRACTIVE INDEX PROFILE OF APHOTONIC
CRYSTAL STRUCTURE

In order to find solutions in explicit form, a specific
form of the permittivity profile ¢, (x) and the model & (/)
of nonlinearity of the medium need to be selected. The
inhomogeneity of the photonic crystal structure is often
modeled using decreasing profiles [2—6]. They describe a
decrease in the refractive index with increasing distance
from the surface into the depth of the photonic structure.
The following dependence is proposed:

X+hyo (x+hy)?

g, (X)=¢y +

wherein e, e,, e,, h,, and h, are parameters of the spatial
profile of the permittivity.

This form ofthe permittivity profile is a generalization
of the hyperbolic profile considered earlier [ 15—17]. This
can be obtained from expression (9) at ¢, = e, = 0.

Substitution of profile (9) into Eq. (5) leads to the
following equation:

" € &
u (%) + [eo +

+ —n? |k%u,_(x)=0. (10
X+hy o (x+hy)? nj i) =0 (10)

Using the definition of the Heun confluent
function H (g, o, v, 3, e, z) as a solution }(z) of the Heun
confluent differential equation [19]

z(z=-1Dy"+(y(z=1D)+8z+z(z-1e)y +(az—¢q)y =0,

the general solution of Eq. (10) can be written with its
help in the following form:

i+l
i, (¥) = (x+ Iy C (x+hy) 2 H %

) 1 x+h2
x| 2kng(hy —hy), my, 1,k el(hz_h])’?h ) +
2 1

ny+l

+Cy(x+hy) 2 H,x

) 1 x+h,
X 2kn0(h2—h1),—n1,l,k el(hz_hl),g,m .
2 1

1
wherein 7 =1/n2—eo, n =5,11—4k2e2, and

C, and C, are integration constants.
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The analysis of such a solution is clearly very
difficult. However, if it is assumed that 4, = &, = h, then,
for the profile:

a \7)
—t .
x+h  (x+h)?

g, (x)=¢y +

an

Equation (10) has the following form:

u! (x)+ e()+i+e—2—n2 k2u._(x)=0. (12)
" x+h  (x+h)? "

Given this simplification, the general solution
of Eq. (12) is expressed in terms of the Whittaker

functions WH’V(Z) and MH’V(Z) as solutions y(z) of the
Whittaker differential equation [19]:

which is clearly simpler than the Heun differential
equation.

Since a solution of the Whittaker equation
which is bounded and decreases at infinity is the
Whittaker function Wu,v(z), then the transverse profile
of the electric field strength in the photonic crystal
structure determined by the solution of Eq. (10) can be
written as follows:

Wu,v (2ngk(x + h))
Wiy (2nykh)

(13)

Ui () =g

Here, u,, is the value of the electric field strength on
the surface of the photonic crystal, and the parameters of
the Whittaker function are determined by the parameters
of Eq. (11) as:

u=ek/2n, =elk/2,/n2 -€,
v=n = 1-4k2e, /2.

Hence, it follows that solution (13) exists under the
conditions n? > ¢, and k? > 1/4e,.

Thus, the spatial distribution of the electric field
strength in the photonic crystal structure with the
permittivity profile decreasing with distance from the
surface according to generalized hyperbolic law (11)
was obtained in explicit analytical form (12).

Note that the use of the generalized profile (11)
allows the solution obtained (13) to be applied not only
in the theory of waveguide optics, but also in quantum

mechanics. Equation (12) can be considered as the
stationary Schrodinger equation [18] with a generalized
hyperbolic potential described by profile (11).
Moreover, varying the values of the parameters of
profile (11) enables significantly different forms of it to
be obtained (Fig. 1). These are applicable in describing
both monotonic (Fig. 1a) and nonmonotonic (Fig. 1b)
potential barriers, as well as potential wells (Fig. 1c).

8 2.0
7
6 1.8
E{Ci :;5;1.6
w'3 W 1.4
2 1.2
]
0 L 1.0
2 4 6 8101214 02 46 8101214
X X
(a) (b)
1.0
0.81
20.6-
& 0.4
0.21

2 46 8101214
X
(c)

Fig. 1. Spatial profiles of permittivity (11)

at various values of its parameters

(in conventional dimensionless units):
(a)ey=-0.1,e,=38,and e, =0.2;
(b)eg=-1,e,=2,and e, = —1;

and(c)ey=1,e,=-2,e,=1,andh=0.5

Let us consider special cases of profile (9).

1) e, = 0. In this case, profile (9) takes the form of
a dependence decreasing according to a hyperbolic law:

4
g, (¥) = ey +——, 14
ln(x) eO x+h ( )

and Eq. (12) is written as:
" e] 2 k2 -0
u; (x)+ eo+m—n u;, (x)=0. (15)
The general solution of Eq. (5) is expressed in terms
of the Whittaker functions:
u, (x) = C, Wu, 1 (2nok(x + h)) +
(16)

+OW »(2ngk(x + h)),

wherein the parameters of the Whittaker functions are

w=ek/2ny =ek/2,n? —e, andv=1/2.
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Since the description of surface waves requires that
the solution should be bounded at infinity: u; (x) — 0
as |x| — oo, for further application of solution (16),
it is necessary to set C, = 0. In order to satisfy
conjugation condition (7) at the interface of the crystals,
C, = uy/ Wi »(2nykh), may be chosen. In this case,
solution (16), which can be used to solve the boundary-
value conjugation problem, takes the following form:

W12 2ngk(x + 1))
W, 172 (2nokh)

a7

u;, (x) =

2) e; = 0. In this case, profile (9) takes the form of
a dependence decreasing according to a hyperbolic law:

)

(x+h)?’ (18)

g,(X)=¢y +

and Eq. (12) is represented as:

ui"n(x)+[eo+ © —nzjkzuin(x)zo. (19)

(x + h)?

The study found a general solution to Eq. (19):

U, (X) =~x+hx 20)
x {C\1,2nyk(x + h)) + C, K, (2nyk(x + h))}.
Wherein [ (z) and K (z) are modified cylindrical

functions of the imaginary argument of the first and second
kind, also called the Infeld and Macdonald functions,

respectively, of the order v =n, =/1-4k2e, /2. These

functions are linearly independent solutions of the modified
Bessel differential equation [19]:

2
y//+lyl_[l+v_2jy:()’
z z

which is obviously simpler in comparison with both the
Heun differential equation and the Whittaker differential
equation.

Since the Infeld function is unbounded, C; = 0 needs
to be set for the further application of solution (20). In
order to satisfy conjugation condition (7) at the interface

of the crystals, C, = uoﬁ / K, (2nykh), can be chosen.
In this case the solution (20), which can be used to solve
the boundary-value conjugation problem, takes the
following form:

~ / X K, (2nyk(x + h))
u, (x) =ug, |1+ P —KV NG . (21)

It should be noted that solution (17) is such a special
case of solution (13) obtained at e, = 0 in an obvious
way, while solution (21) does not follow explicitly from
solution (13) at e, = 0. However, its form is preferable
for use in constructing a solution to the boundary-value
conjugation problem in modeling surface waves. The
Macdonald function contains one parameter less than
the Whittaker function, which simplifies the analysis of
the solution.

3. SURFACE WAVES ALONG
A PHOTONIC CRYSTAL WITH A DECREASING
REFRACTIVE INDEX

In the case under consideration, when the
photonic crystal is in contact with air or with an
optically homogeneous dielectric without a nonlinear
response (linear medium), the permittivity in this half-
space is assumed to be constant and independent of the
field intensity: g, (/) = &,

As a result, the photonic crystal structure under
consideration has a permittivity of:

e e,
+ )
x+h (x+h)?

€y, x<0.

x>0

€0+

e(x,]) = (22)

Then, taking into account the assumptions made,
Eq. (6) describing the distribution of the field in
a homogeneous medium is written as follows:

up (%) — qguho (x)=0,x<0, (23)
wherein g = k2(n? - €g)-

The solution of Eq. (15) decreasing at infinity has
the following form:

Uy (X) = upe?or (24)

The surface wave is described by the solution of
boundary-value conjugation problem (5)—(8). To find
this solution, the parameters of obtained solutions (13)
and (24) on the semi-axes need to be defined in such a
way that they satisfy boundary conditions (7) and (8).
Solutions (13) and (24) clearly satisfy continuity
condition (7) on the surface of the photonic crystal. In
order to satisfy the continuity condition of the derivatives,
i.e., to ensure the smoothness of the transverse profile of
the surface wave, solutions (13) and (24) are substituted
into boundary condition (8). This gives the following
dispersion equation:

W .. (2nkh)
% =£(n3—61/2)— p+Lv 0

_ . (25)
n, h Wu’V (2ngkh)
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Fig. 2. Dependencies of the effective refractive index (in conventional dimensionless units):
(@)onhatey=-0.1,e,=3,e,=0.2,6,=0.05, and k= 0.5;
(b)oneyath=0.5e,=3,e,=0.2,e,=0.05,and k= 0.5;

(c)one,ath=0.5,e,=-0.1,6,=0.2,6,=0.05,and k= 0.5;
(dyoneyath=0.5e,=-0.1,e,=3,e,=0.05and k=0.5;
(e)oneyath=0.5e,=-0.1,e,=3,e,=0.2,and k=0.5;

and (fjonkath=0.5,e,=-0.1,e,=3,€,=0.2,and g, = 0.05

The dispersion equation defines a continuous
spectrum of values of the effective refractive index n as
a function of the parameters of permittivity profile (22).
Figure 2 presents the results of the numerical solution
of dispersion Eq. (25). The effective refractive index
increases with increasing parameters e, e, e,, €,, and k
and decreases only with increasing 4.

Thus, the solution to boundary-value problem (5)—8),
describing a surface wave propagating along the surface
of the photonic crystal, is obtained after substituting
solutions (13) and (24) into

expressions (4):

following

An increase in parameter /2 leads to an increase in
the field localization width. The intensity maximum
shifts into the depth of the photonic crystal, and its
intensity increases (Fig. 3a). With a decrease in the
parameter e, (an increase in its absolute value), the
field penetration depth into the homogeneous dielectric
increases and that into the photonic crystal decreases.
The intensity maximum shifts toward the surface, and
its intensity also decreases (Fig. 3b). An increase in the
parameter e, leads to a decrease in the field localization
width. The intensity of the maximum increases, and
its position does not change (Fig. 3¢). An increase in
the parameter e, also leads to a decrease in the field

W, v 2ok (x + h)) localization width. However, the intensity of the
maximum decreases, and its position shifts toward

u(x)=ugq Wy (2nokh) the surface (Fig. 3d). An increase in parameter g,
ed0*  x < 0. leads to almost the same effect, except that the field

Figure 3 presents the transverse profiles of the
electric field strength in surface wave (26).

The electric field is clearly localized in narrow
regions near the surface on both sides, with the maximum
intensity in the photonic crystal. The intensity can be
higher in the photonic crystal than in the homogeneous
dielectric, despite the fact that the field penetration
depth in the photonic crystal may be less than that in the

dielectric.

penetration depth into the homogeneous dielectric
increases (Fig. 3d). An increase in the wavenumber (a
decrease in the wavelength) leads to a decrease in the
field localization width, the intensity of the maximum
increases, and its position shifts slightly toward the
surface (Fig. 3e).

The analysis shows that the field penetration depth
into the photonic crystal decreases with increasing
effective refractive index. Therefore, by adjusting the
angle of incidence of the laser beam exciting the surface
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wave, the field penetration depth into the photonic
crystal can be varied.

An important point is that the solution (26) to the
formulated boundary-value problem (5)—(8) obtained
describes not only a surface wave, in which the electric
field strength profile decreases fairly rapidly with
increasing distance from the surface, but also waveguide
modes, in which the electric field strength profile

_15

-15

_15

decreases with oscillations. Waveguide modes are
excited at specific parameter values. Their characteristic
profiles are shown in Fig. 4. The oscillation amplitudes of
waveguide modes decrease as they approach the crystal
surface. The order of a waveguide mode can be defined
as the number of maxima of the intensity / = |u|? (the
number of maxima and minima of the electric field

strength).

Fig. 3. Transverse profiles of the electric field strength in surface wave (26) at various values of the system
parameters (in conventional dimensionless units):

(@)h=(17)0.5and (2)0.9,e,=-0.1,e,=3,e,=0.2,e,=0.05, and k= 0.5;
(b)h=0.5,e5=(7)-0.1and (2)-0.9,e,=3,e,=0.2,e,=0.05, and k= 0.5;
(c)h=0.5,e,=-0.1,e,=(7)2and (2) 3,e,=0.2,e,=0.05, and k= 0.5;
(d)h=0.5¢,=-0.1,e,=3,e,=(7)0.2and (2) 0.9, e, = 0.05, and k= 0.5;
(e)h=0.5,e45=-0.1,6,=3,€,=0.2,e5=(7) 0.05and (2) 0.5, and k= 0.5; and
(fh=0.5,e,=-0.1,6,=3,e,=0.2,6,=0.05,and k= (7) 0.5and (2) 0.7
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u/ug

Fig. 4. Transverse profiles of the electric field strength
of waveguide modes (26) at fixed values
(in conventional dimensionless units)
ofh=0.5,e,=-0.1,e,=0.2,e,=0.05,
and k = 0.5 and various values
ofe;=(1)3,(2)9.1,(3) 10.1,and (4) 17.5

Let us now briefly consider a special case of
profile (9) at e, = 0. Then the photonic crystal structure
under consideration is characterized by a permittivity of:

)

e t——7,%> 0,
e(x,l)= (x+h) 27)

€y, X <0.

The mathematical description of the surface
wave is now constructed from solutions (21)
and (24). In order to find a solution to conjugation
problem (5)—(8) in this case, the parameters of
obtained solutions (21) and (24) on the semi-axes
need to be defined, in such a way that they satisfy
boundary conditions (7) and (8). Solutions (21)
and (24) clearly satisfy continuity condition (7) on the
surface of the photonic crystal. As a result, a solution
to boundary-value conjugation problem (5)—(8) is
obtained in the following form:

x K, ngk(x + )
ik VNN
u(x) = 1, h K, (2nykh)

e?0* x <.

(28)

In a similar way, a dispersion equation is obtained:

2_ 2_1 _ KV+](§)
V& ey k) =2 +v e

wherein § = nkh.
Dispersion Eq. (29) defines a continuous spectrum
of values of the following effective refractive index:

(29)

n? = ey + (&/ kh), (30)

wherein & is the positive root of Eq. (29).

A detailed analysis of solution (28) and the roots of
the dispersion equation in the special case ¢, = 0 was
given previously [20].

Thus, the exact analytical solutions of the boundary-
value problem are obtained. In two cases using different
functions, these solutions describe surface waves and
waveguide modes propagating along a photonic crystal
in contact with an optically homogeneous medium. The
photonic crystal is characterized by the refractive index
which decreases with distance from the contact surface
in accordance with a generalized hyperbolic profile.

The formulated models and described characteristics of
linearand nonlinear surface waves can be useful in predicting
the optical properties of various photonic crystal structures,
and multilayer composite optical structures [21, 22] used in
optoelectronic engineering and photonics [23]. The results
of this work can also be used in the design of various
waveguide structures, including layered ones, with the
required dispersion-optical characteristics.

CONCLUSIONS

This paper proposes models of photonic
heterostructures with a spatial permittivity profile that allows
for an exact analytical solution. A generalized hyperbolic
profile was used to model this spatial distribution. Exact
analytical solutions of the wave equation for the selected
permittivity profiles were found. These are expressed in
terms of the Whittaker and Macdonald functions.

A boundary-value problem was formulated
to describe surface waves and waveguide modes
propagating along the surface of the photonic crystal.
This problem was solved using an exact solution for the
generalized hyperbolic profile. Cases of contact between
the photonic crystal and a homogeneous dielectric or a
nonlinear optical medium were considered. Expressions
were derived for surface transverse electric waves where
the field is localized near the surface of the photonic
crystal and decreases with distance from it.

A detailed analysis was made of the influence of
the optical characteristics of the system for photonic
crystal in contact with the homogeneous dielectric.
This includes the parameters of the generalized
hyperbolic permittivity profile, the permittivity of
the homogeneous medium, and the wavenumber. A
dispersion equation describing the dependence of the
effective refractive index on the optical parameters
of the system was derived and numerically analyzed.
The study identified conditions for control parameters
which allow for the localization of the electric field
near the photonic crystal surface. It was shown that the
solution to the boundary-value problem also describes
waveguide modes, where the field decreases with
oscillations with distance from the photonic crystal
surface.

Russian Technological Journal. 2026;14(1):91-102

99



Modeling of surface waves in photonic crystal structures Sergey E. Savotchenko
with a refractive index profile decreasing with distance from the surface

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

REFERENCES

. Agrawal G.P. Physics and Engineering of Graded-Index Media. New York: Cambridge University Press; 2023, 348 p.

https://doi.org/10.1017/9781009282086

. Singh B.K., Bambole V., Tiwari S., Shukla K.K., Pandey P.C., Rastogi V. Photonic band gap consequences in one-dimensional

exponential graded index photonic crystals. Optik. 2021;240:166854. https://doi.org/10.1016/j.ijle0.2021.166854

. Dash D., Saini J., Goyal A.K., Massoud Y. Exponentially index modulated nanophotonic resonator for high-performance

sensing applications. Sci. Rep. 2023;13(1):1431. https://doi.org/10.1038/s41598-023-28235-6

. Singh B.K., Bijalwan A., Pandey P.C., Rastogi V. Photonic bandgaps engineering in double graded hyperbolic, exponential

and linear index materials embedded one-dimensional photonic crystals. Eng. Res. Express. 2019;1(2):025004.
https://doi.org/10.1088/2631-8695/ab48a0

. Singh B.K., Bambole V., Rastogi V., Pandey P.C. Multi-channel photonic bandgap engineering in hyperbolic

graded index materials embedded one-dimensional photonic crystals. Opt. Laser Technol. 2020;129(17):106293.
https://doi.org/10.1016/j.optlastec.2020.106293

. Dash D., Saini J. Hyperbolic Graded Index Biophotonic Cholesterol Sensor with Improved Sensitivity. Progress In

Electromagnetics Research M. 2023;116:165—-176. https://doi.org/10.2528/PIERM23032302

. Chen C-L. Foundations for Guided-Wave Optics. New York: John Wiley & Sons Inc.; 2005, 462 p.

https://doi.org/10.1002/0470042222

. Lachance R.L., Belanger P.-A. Modes in divergent parabolic graded-index optical fibers. Journal of Lightwave

Technology (JLwT). 1991;9(11):1425-1430. https://doi.org/10.1109/50.97628

. Touam T., Yergeau F. Analytical solution for a linearly graded-index-profile planar waveguide. Appl. Opt. 1993;32(3):

309-312. https://doi.org/10.1364/A0.32.000309

Shvartsburg A.B. Dispersion of electromagnetic waves in stratified and nonstationary media (exactly solvable models). Phys.
Usp. 2000;43(12):1201-1228. https://doi.org/10.1070/PU2000v043n12ABEH000827

[Original Russian Text: Shvartsburg A.B. Dispersion of electromagnetic waves in stratified and nonstationary
media (exactly solvable models). Uspekhi  Fizicheskikh ~ Nauk. 2000;170(12):1297-1324 (in  Russ.).
https://doi.org/10.3367/UFNr.0170.200012b.1297 ]

Svendsen B.B., Sdderstrom M., Carlens H., Dalarsson M. Analytical and Numerical Models for TE-Wave Absorption in a Graded-
Index GNP-Treated Cell Substrate Inserted in a Waveguide. Appl. Sci. 2022;12(14):7097. https://doi.org/10.3390/app12147097
Almawgani A.H.M., Taya S.A., Hussein A.J., Colak I. Dispersion properties of a slab waveguide with a graded-index
core layer and a nonlinear cladding using the WKB approximation method. J. Opt. Soc. Am. B. 2022;39(6):1606—-1613.
https://doi.org/10.1364/JOSAB.458569

Savotchenko S.E. Models of waveguides combining gradient and nonlinear optical layers. Russian Technological Journal.
2023;11(4):84-93 (in Russ.). https://doi.org/10.32362/2500-316X-2023-11-4-84-93

Savotchenko S.E. Models of symmetric three-layer waveguide structures with graded-index core and non-linear optical
liners. Russian Technological Journal. 2024;12(5):77-89 (in Russ.). https://doi.org/10.32362/2500-316X-2024-12-5-77-89
Savotchenko S.E. Nonlinear surface waves propagating along an interface between the Kerr nonlinear and hyperbolic graded-
index crystals. J. Opt. 2025;54:2363-2371. https://doi.org/10.1007/s12596-024-01907-w

Savotchenko S.E. New surface waves in a hyperbolic graded-index crystal. Rom. Rep. Phys. 2024;76(4):406.
https://doi.org/10.59277/RomRepPhys.2024.76.406

Savotchenko S.E. Features of the surface wave propagation along the interface between the hyperbolic graded-
index layer and nonlinear medium with a step change in the dielectric constant. Phys. Lett. A. 2024;524(11):129822.
https://doi.org/10.1016/j.physleta.2024.129822

Kaplan I.G. Intermolecular Interactions: Physical Picture, Computational Methods and Model Potentials. Hoboken:
John Wiley & Sons; 2006, 367 p. https://doi.org/10.1002/047086334X

Andrews G.E., Askey R., Roy R. Special Functions. UK: Cambridge University Press; 1999, 664 p. https://doi.org/10.1017/
CBO09781107325937

Savotchenko S.E. Surface waves in a medium with spatial monotonic attenuation of the refractive index. Rom. Rep. Phys.
2025;77(1):402. https://doi.org/10.59277/RomRepPhys.2025.77.402

Yurasov A.N., Yashin M.M., Gladyshev I.V., Semyonova D.V., Gan’shina E.A., Kanazakova E.S. Influence of size effects and
granule distribution by size on optical and magneto-optical properties of nanocomposites. Russian Technological Journal.
2021;9(3):49-57 (in Russ.). https://doi.org/10.32362/2500-316X-2021-9-3-49-57

Zhang X., Shao J., Yan C., Qin R., Lu Z., Geng H., Xu T., Ju L. A review on optoelectronic device applications of 2D
transition metal carbides and nitrides. Materials & Design. 2021;200:109452. https://doi.org/10.1016/j.matdes.2021.109452
Santiago S. Optoelectronics, Photonics and Sensors. Prague: Czech Technical University of Prague; 2017, 40 p.

CMUCOK JINTEPATYPbI

. Agrawal G.P. Physics and Engineering of Graded-Index Media. New York: Cambridge University Press; 2023, 348 p.

https://doi.org/10.1017/9781009282086

. Singh B.K., Bambole V., Tiwari S., Shukla K.K., Pandey P.C., Rastogi V. Photonic band gap consequences in one-dimensional

exponential graded index photonic crystals. Optik. 2021;240:166854. https://doi.org/10.1016/j.ijle0.2021.166854

100

Russian Technological Journal. 2026;14(1):91-102


https://doi.org/10.1017/9781009282086
https://doi.org/10.1016/j.ijleo.2021.166854
https://doi.org/10.1038/s41598-023-28235-6
https://doi.org/10.1088/2631-8695/ab48a0
https://doi.org/10.1016/j.optlastec.2020.106293
https://doi.org/10.2528/PIERM23032302
https://doi.org/10.1002/0470042222
https://doi.org/10.1109/50.97628
https://doi.org/10.1364/AO.32.000309
https://doi.org/10.1070/PU2000v043n12ABEH000827
https://doi.org/10.3367/UFNr.0170.200012b.1297
https://doi.org/10.3390/app12147097
https://doi.org/10.1364/JOSAB.458569
https://doi.org/10.32362/2500-316X-2023-11-4-84-93
https://doi.org/10.32362/2500-316X-2024-12-5-77-89
https://doi.org/10.1007/s12596-024-01907-w
https://doi.org/10.59277/RomRepPhys.2024.76.406
https://doi.org/10.1016/j.physleta.2024.129822
https://doi.org/10.1002/047086334X
https://doi.org/10.1017/CBO9781107325937
https://doi.org/10.1017/CBO9781107325937
https://doi.org/10.59277/RomRepPhys.2025.77.402
https://doi.org/10.32362/2500-316X-2021-9-3-49-57
https://doi.org/10.1016/j.matdes.2021.109452
https://doi.org/10.1017/9781009282086
https://doi.org/10.1016/j.ijleo.2021.166854

Modeling of surface waves in photonic crystal structures Sergey E. Savotchenko
with a refractive index profile decreasing with distance from the surface

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

. Dash D., Saini J., Goyal A K., Massoud Y. Exponentially index modulated nanophotonic resonator for high-performance

sensing applications. Sci. Rep. 2023;13(1):1431. https://doi.org/10.1038/s41598-023-28235-6

. Singh B.K., Bijalwan A., Pandey P.C., Rastogi V. Photonic bandgaps engineering in double graded hyperbolic, exponential

and linear index materials embedded one-dimensional photonic crystals. Eng. Res. Express. 2019;1(2):025004.
https://doi.org/10.1088/2631-8695/ab48a0

. Singh B.K., Bambole V., Rastogi V., Pandey P.C. Multi-channel photonic bandgap engineering in hyperbolic

graded index materials embedded one-dimensional photonic crystals. Opt. Laser Technol. 2020;129(17):106293.
https://doi.org/10.1016/j.optlastec.2020.106293

. Dash D., Saini J. Hyperbolic Graded Index Biophotonic Cholesterol Sensor with Improved Sensitivity. Progress In

Electromagnetics Research M. 2023;116:165—176. https://doi.org/10.2528/PIERM23032302

. Chen C-L. Foundations for Guided-Wave Optics. New York: John Wiley & Sons Inc.; 2005, 462 p.

https://doi.org/10.1002/0470042222

. Lachance R.L., Belanger P.-A. Modes in divergent parabolic graded-index optical fibers. Journal of Lightwave

Technology (JLwT). 1991;9(11):1425-1430. https://doi.org/10.1109/50.97628

. Touam T., Yergeau F. Analytical solution for a linearly graded-index-profile planar waveguide. Appl. Opt. 1993;32(3):

309-312. https://doi.org/10.1364/A0.32.000309

IBapudypr A.B. Jlucnepcus dMeKTPOMAarHUTHBIX BOJTH B CIIOUCTHIX U HECTAIIMOHAPHBIX CpeiaX (TOYHO peliacMble MOJICIH).
Venexu usuueckux nayx (YOH). 2000;170(12):1297—-1324. https://doi.org/10.3367/UFNr.0170.200012b.1297

Svendsen B.B., Soderstrom M., Carlens H., Dalarsson M. Analytical and Numerical Models for TE-Wave Absorption in a Graded-
Index GNP-Treated Cell Substrate Inserted in a Waveguide. Appl. Sci. 2022;12(14):7097. https://doi.org/10.3390/app12147097
Almawgani A.H.M., Taya S.A., Hussein A.J., Colak I. Dispersion properties of a slab waveguide with a graded-index
core layer and a nonlinear cladding using the WKB approximation method. J. Opt. Soc. Am. B. 2022;39(6):1606—1613.
https://doi.org/10.1364/JOSAB.458569

Cagoruenko C.E. Moienu BOJIHOBOJIOB, COUCTAOIIMX IPAJAUCHTHBIC U HETMHEHHO-ONTHYECKUE cllon. Russian Technological
Journal. 2023;11(4):84-93. https://doi.org/10.32362/2500-316X-2023-11-4-84-93

Caotuenko C.E. Mopmenn CHMMETPUYHBIX TPEXCIOWHBIX BOJHOBOIHBIX CTPYKTYp C TpaJMEHTHOW cep-
LHEBUHOM W HEJIMHEHHO-ONTHYeCKUMH  oOknankamu.  Russian  Technological — Journal.  2024;12(5):77-89.
https://doi.org/10.32362/2500-316X-2024-12-5-77-89

Savotchenko S.E. Nonlinear surface waves propagating along an interface between the Kerr nonlinear and hyperbolic graded-
index crystals. J. Opt. 2025;54:2363-2371. https://doi.org/10.1007/s12596-024-01907-w

Savotchenko S.E. New surface waves in a hyperbolic graded-index crystal. Rom. Rep. Phys. 2024;76(4):406.
https://doi.org/10.59277/RomRepPhys.2024.76.406

Savotchenko S.E. Features of the surface wave propagation along the interface between the hyperbolic graded-
index layer and nonlinear medium with a step change in the dielectric constant. Phys. Lett. A. 2024;524(11):129822.
https://doi.org/10.1016/j.physleta.2024.129822

Kaplan 1.G. Intermolecular Interactions: Physical Picture, Computational Methods and Model Potentials. Hoboken:
John Wiley & Sons; 2006, 367 p. https://doi.org/10.1002/047086334X

Andrews G.E., Askey R., Roy R. Special Functions. UK: Cambridge University Press; 1999, 664 p. https://doi.org/10.1017/
CB09781107325937

Savotchenko S.E. Surface waves in a medium with spatial monotonic attenuation of the refractive index. Rom. Rep. Phys.
2025;77(1):402. https://doi.org/10.59277/RomRepPhys.2025.77.402

IOpacor A.H., Sluma M.M., I'mageimes 1.B., Cemenona JI.B., I'anbinna E.A., Kanazakosa E.C. Bnusinue pasmepHbix 3¢-
(heKTOB U pacmpeeNieHUs FPaHy’l o pa3MepaM Ha ONTHYSCKHE M MATHUTOONTHYECKUE CBOMCTBA HAHOKOMITO3UTOB. Russian
Technological Journal. 2021;9(3):49-57. https://doi.org/10.32362/2500-316X-2021-9-3-49-57

Zhang X., ShaoJ.,YanC.,QinR.,LuZ., Geng H., Xu T., Ju L. A review on optoelectronic device applications of 2D transition
metal carbides and nitrides. Materials & Design. 2021;200:109452. https://doi.org/10.1016/j.matdes.2021.109452

Santiago S. Optoelectronics, Photonics and Sensors. Prague: Czech Technical University of Prague; 2017, 40 p.

About the Author

Sergey E. Savotchenko, Dr. Sci. (Phys.-Math.), Associate Professor, Professor, High Mathematics Department,

Institute for Advanced Technologies and Industrial Programming, MIREA - Russian Technological University
(78, Vernadskogo pr., Moscow, 119454 Russia). E-mail: savotchenkose@mail.ru. Scopus Author ID 6603577988,
RSCI SPIN-code 2552-4344, https://orcid.org/0000-0002-7158-9145

Russian Technological Journal. 2026;14(1):91-102
101


https://doi.org/10.1038/s41598-023-28235-6
https://doi.org/10.1088/2631-8695/ab48a0
https://doi.org/10.1016/j.optlastec.2020.106293
https://doi.org/10.2528/PIERM23032302
https://doi.org/10.1002/0470042222
https://doi.org/10.1109/50.97628
https://doi.org/10.1364/AO.32.000309
https://doi.org/10.3367/UFNr.0170.200012b.1297
https://doi.org/10.3390/app12147097
https://doi.org/10.1364/JOSAB.458569
https://doi.org/10.32362/2500-316X-2023-11-4-84-93
https://doi.org/10.32362/2500-316X-2024-12-5-77-89
https://doi.org/10.1007/s12596-024-01907-w
https://doi.org/10.59277/RomRepPhys.2024.76.406
https://doi.org/10.1016/j.physleta.2024.129822
https://doi.org/10.1002/047086334X
https://doi.org/10.1017/CBO9781107325937
https://doi.org/10.1017/CBO9781107325937
https://doi.org/10.59277/RomRepPhys.2025.77.402
https://doi.org/10.32362/2500-316X-2021-9-3-49-57
https://doi.org/10.1016/j.matdes.2021.109452
mailto:savotchenkose@mail.ru
https://orcid.org/0000-0002-7158-9145

Modeling of surface waves in photonic crystal structures

Sergey E. Savotchenko
with a refractive index profile decreasing with distance from the surface

06 aBTOpE

CaBoT4yeHko Cepreit EBreHbeBuY, A.9.-M.H, AOUEHT, npodeccop kadenpbl BbiCLIEn MaTtemMaTukn, MHCTUTYT
NMepCcnekTUBHbIX TEXHONOMMIA U MHAYCTPUANbHOro nporpammupoBanus, PreQy BO «MUPSA — Poccunckunii TeXHO-
norudeckuin yHnsepcuteT» (119454, Poccus, Mockea, np-T BepHaackoro, a. 78). E-mail: savotchenkose@mail.ru.
Scopus Author ID 6603577988, SPIN-kon PUHLL 2552-4344, https://orcid.org/0000-0002-7158-9145

Translated from Russian into English by V. Glyanchenko
Edited for English language and spelling by Dr. David Mossop

102

Russian Technological Journal. 2026;14(1):91-102


mailto:savotchenkose@mail.ru
https://orcid.org/0000-0002-7158-9145

Russian Technological Journal. 2026;14(1):103-112 ISSN 2500-316X (Online)

Mathematical modeling

MaremaTnueckoe MOae/JIMpOBaHUE

UDC 004.023, 519.677
https://doi.org,/10.32362/2500-316X-2026-14-1-103-112 ORI
EDN LDJQIL

RESEARCH ARTICLE

Experimental investigation of convergence
characteristics of quasi-Newton algorithm
on nonsmooth and nonconvex functions

Alexander V. Smirnov @

MIREA — Russian Technological University, Moscow, 119454 Russia
@ Corresponding author, e-mail: av_smirnov@mirea.ru

e Submitted: 02.04.2025 ¢ Revised: 14.06.2025 ¢ Accepted: 13.11.2025

Abstract

Objectives. The aim of the paper is to develop a methodology for studying the convergence of the quasi-Newton
minimization algorithm (QNA) on nonsmooth and nonconvex objective functions (OF), as well as to conduct related
numerical experiments.

Methods. The experiments were performed on a flexible OF capable of mimicking various patterns of value changes
in different directions away from the minimum. A total of 18 OF instances with different landscape parameters were studied.
For each example, 200 QNA searches were performed from random staring points, and all corresponding OF values were
recorded. Then, the Expected Run Time (ERT) to reach a given threshold level of the OF was computed based on the
data. The dependence of the achieved OF threshold on ERT was approximated separately for the segment in which all
thresholds were achieved in all searches, and for a segment in which the thresholds were achieved, but notin all searches.
Results. The experiments show that, for the majority of cases in which all thresholds are achieved in all takes,
a decrease in the OF follows the geometric progression law (linear convergence). However, in the second segment,
convergence follows the power law. It was also found that the presence of anisotropy of the OF landscape and a loss
of smoothness lead to convergence slowdown, and premature termination of search process before reaching the
minimum with the required accuracy.

Conclusions. The study identifies patterns in the QNA convergence on the objective functions with different
landscape parameters. Further advancement of the methodology would involve automating data collection and
processing, as well as extending it to other types of optimization algorithms.

Keywords: quasi-Newton algorithm, objective function landscape, convex function, concave function, nonsmooth
function, approximation, exponent, algorithm convergence
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Pe3iome

Llenu. Lienbio paboTbl sBnsieTcs pa3paboTka METOAMKN NCCNEA0BaHNS XapakTEPUCTUK CXOAMMOCTU KBa3UHLIOTOHOBCKOMO
anroputMa (KHA) Ha Hernaakux 1 HeBbINYKJIbIX LieneBbIx GYHKUMSX (LLAD) 1 BbINOIHEHME SKCMEPVMMEHTOB MO 3TOM METOAMKE.
MeTopabl. OKCNEPMEHTbI BbIMOJHANNChL HA TECTOBOM (PYHKLMN, 06ecnedmnBatoLLe BO3MOXHOCTb 3alaHNS Pa3fINyHbIX
3aKOHOB M3MEHEHMSI ee 3HA4YeHUIN MO PasHbIM HanpaBAeHUsM OT TOYKM MUHUMYyMa. Bcero nccneposaHbl 18 npume-
poB LId ¢ pasHbiMu napameTpamm penbeda. nsa kaxkaoro npumepa sbinonHanmck 200 ctaptos KHA 13 cnydaiiHbIX Touek
1 pUKCUPOBaNUCH Bce 3HadeHus LI, nonyyeHHbIe B npoLiecce novcka. 3atemM rno 3TUM JaHHbIM BbIUCTSNNCH 3HAYEHUS
Expected Run Time (ERT) — oxnaaemMoro BpemMeHu AO0CTUXKEHNS 3a0aHHOMO Noporoeoro yposHs L. Janee BbINonHsA-
Jlacb annpokcUMaLma 3aBUCMMOCTU AOCTUHYTOro nopora LI ot ERT oTaensbHO 4519 oTpeska, B KOTOPOM BCE NOPOorn 10-
CTUralOTCS BO BCEX CTapTax [/ 3TOro NpuMepa, 1 418 oTpeska, B KOTOPOM NOPOrM JOCTUraloTCs, HO HE BO BCEX CTapTax.
Pe3ynbTaTtbl. OKCNEPVMEHTbLI NOKa3asnu, YTo B 60bLUMHCTBE MPUMEPOB AJ1 0TPEe3kKa, B KOTOPOM BCE NOporv Ao-
CTUraloTcsl BO BCEX CTapTax, MMeeT MecTo yObiBaHMe LI no 3akoHy reoMeTpruieckoim Nporpeccum (MMHemnHasa cxo-
OVMOCTb), @ BO BTOPOM OTpe3ke npeobnagaet CXxoaMMOCTb MO CTENEHHOMY 3aKOHY. TakXe YCTaHOBJIEHO, YTO Ha-
nmyme aHnsoTponun penbeda Ld 1 HapyLleHnin raakocTy NPUBOASAT K 3aMeASIEHNIO CXOAMMOCTM U 3aBEpPLUEHMIO
novcka Ao A0CTUXEHUS MUHUMYMa C TPeByeMOM TOYHOCTbIO.

BbiBoAbl. ViccnemoBaHve No3BOINIO BbISBUTb 3aKOHOMEPHOCTU B cxoammocTn KHA Ha LU ¢ pasnnyHbiMn CcBOI-
cTBaMu penbeda. JanbHelee passmMTMe MeTOAMKN OOMKHO BKOYATb aBTOMaTM3aumio cbopa 1 06paboTku faH-
HbIX M PACNPOCTPaHEHVE Ha Opyrme BUObl anropuMTMOB NMOMCKa ONTUMANbHBIX PELLIEHN.

KnioueBble cnoBa: KBasMHbLIOTOHOBCKUA anroputM, penbed ueneson GyHKUMK, Bbinyknaa OyHKUMS, BOrHyTas

bYHKUMSA, Hernagkas GyHKUMS, annpokcuMaums, nokasartesib CTeNeHn, CXoaMMOoCTb anroputma
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ABTOp 3asBnseT 06 OTCYTCTBUN KOHDINKTA UHTEPECOB.

104

Russian Technological Journal. 2026;14(1):103-112


mailto:av_smirnov@mirea.ru
https://doi.org/10.32362/2500-316X-2026-14-1-103-112
https://www.elibrary.ru/LDJQIL

Experimental investigation of convergence characteristics

Alexander V. Smirnov

of quasi-Newton algorithm on nonsmooth and nonconvex functions

INTRODUCTION

The paper considers the problem of finding the
local extremum (LE) (minimum) x* of the objective
function (OF) f(x) within a given search space Q:

x* = argmin( f(x)). (1)
xe Qy

Quasi-Newton algorithms (QNA) can be an effective
method for solving this problem. These algorithms use
an approximation of the Hessian matrix (the matrix of
second partial derivatives) based on the OF gradient
whichisonly thefirstderivative. This allows the algorithm
to determine the direction of the next step in the search
process. It has been shown that for these algorithms to
converge to the minimum, the function must be smooth
and convex within the search space Qy [1, 2]. Software
QNA implementations are available in widely used
mathematical programming packages.

In cases where the conditions for smoothness and/or
convexity of the objective function are not met, a rigorous
analysis of the QNA is not available. Nevertheless, in
practice, QNA has been successfully used to find local
extrema of nonsmooth and/or nonconvex OFs in many
cases. The conditions under which this application is
successful, and the achievable results, have been little
explored. At the same time, studies on the convergence
conditions and rates of certain other search algorithms at
such OFs are available [1-7]. However, these algorithms
tend to converge more slowly than QNA.

The study [8] presents a theoretical analysis of the
QNA performance for the function of a single variable,
fix) = |x|, with a loss of smoothness at the LE point. The
analysis demonstrates that, in order to achieve the LE
with an accuracy of no greater than a specified € > 0,
alogarithmic number of iterations (1og2(8’1)) isrequired. It
has not been possible to perform theoretical analysis for the
function f(x) = ||x|| with a search space dimension ND > 1.
However, experimental results show that there is a linear
convergence in the search process, with the OF value
decreasing following the geometric progression law, in
which the denominator approaches 1 as ND increases.
The study uses only a specific type of the objective
function with fixed landscape parameters, and results for
other OF types may vary.

The study [9] presents the results of experimental
investigations on QNA and a hybrid algorithm based
on it, using a large range of test functions. However,
the paper lacks sufficient information regarding the
convergence characteristics, since only the final
outcomes are provided: namely, the achieved LE values
and the number of iterations. Additionally, there is a lack
of information regarding the relationship between the
number of iterations and the variation in the OF value
within the LE.

A comparison of the performance of several
algorithms, including QNA implementation, is
conducted in [10]. This study utilizes a basic set of testing
functions [11] and statistical indicators of convergence
processes. However, this selection of testing functions
does not permit a wide variation in the characteristics
of the OF landscape in the LE vicinity, particularly with
regard to convexity and asymmetry. In [12], experiments
are conducted using QNA, and a testing function with
the capability of adjusting certain features. However,
convergence processes are not examined, and only the
achieved OF values are recorded. Furthermore, it is
possible to set only two distinct laws for modifying the
OF during experiments in coordinates.

This study aims to develop a methodology and
conduct experimental investigations into the convergence
of QNA at various OF landscape parameters in the
LE vicinity, including loss of smoothness, nonconvexity,
anisotropy, and asymmetry across coordinates.

RESEARCH METHODS AND MATERIALS

Experimental research was conducted using the
MATLAB software! implemented on the GNU Octave
freeware platform?. The quasi-Newton algorithm within
this software was implemented using the fminunc(..)
function. However, this function only returns the final
search result and the total number of the OF evaluations.
In order to analyze convergence characteristics, all
OF values calculated during the search process need
to be obtained. In order to address this, a new function
called QNLS M(..) was developed. The simplified
structure is shown in Fig. 1.

1. Input: Xisastarting point; Optionsis the algorithm configuration.

2. Initialization of the Hessian B approximation by a diagonal
matrix.

3. Calculation of the objective function F and its gradient g at the
starting point.

4. lterate the search until the completion condition is met.

4.1. Determine the search direction, s, based on B and g.

4.2. Find the appropriate step size, A, using the linear search
method.

4.3. Move to the new point X = X + As and calculate the Fand
g values at this point.

4.4. Calculate the B value using the BFGS? algorithm.

4.5. Verify search completion conditions.

5. Output: History is the array containing the calculated
OF values during the search in the order they were calculated,
as well as the coordinates of the points where the calculations
were performed.

Fig. 1. Structure of the QNLS_M (..) function
implementing QNA

I https://www.mathworks.com/products/matlab.html.
Accessed August 26, 2025.

2 https://octave.org/. Accessed August 26, 2025.

3 The Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm
is an iterative method for solving unconstrained nonlinear
optimization problems.
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This structure is standard, except for item 5 [1, 2].
In item 4, the linear search algorithm described in [8] is
used. In item 4.4, a new approximation of the Hessian B
is calculated when the condition for positive curvature of
the objective function is met at this iteration. The finite
difference method is used to calculate the gradient g and
derivative in the direction of the linear search. In order
to minimize the number of calculations of the OF, only
one additional point with a bias Ax, = 1078 is taken to
estimate the partial derivative for each x; coordinate.

Table 1 shows the search completion conditions,
indicator values for the reasons for ExitFlag completion,
and thresholds used in the experiments.

Table 1. Indicator values for the reasons
of search completion

ExitFlag Search completion condition
0 Maximum iteration limit of max_iter = 1000 is
exceeded
1 First-order optimality criterion
max(||g])) < g_tol = 1078 is met
2 Step size condition |[As|| < min_step = 10712 is met

The number of consecutive iterations with a relative
3 change in the OF less than ftol = 1.00001 has
exceeded the specified threshold max_Nftol = 4

No step is found that does not result in an increase

in the OF

5 The OF value is less than the specified threshold
FuncTol = 1078

In the experiments, the test function

TestLE6(x, X", R, W, K, NS) is used. The value at point
x is calculated as in the following way. First, the bias
from the given LE x* and the rotation of the coordinates
given by the matrix R are performed:

z=(x-x)TR, @
wherein T represents the transpose operation.
Then, for coordinates with indices ranging

from 1 to ND — NS (where NS is an integer), the
interpolation of the & coefficients and the exponent a is
carried out, along with the calculation of a preliminary
value of the function f:

1 ND—-NS
k= W > (K2, 2h(z,) + Ky,z, 2 h(=z,)),
n=1

3
Ly>0, ©)

wherein A(y) = {O, ) <0,

1 ND-NS
o= ”Z"2 Z (VVinznzh(zn) + WZnZnZh(_Zn s
n=1

£ =kl

The variables K i and W, are elements of the
matrices K and W which have dimensions of 2 x ND.
They represent the values of coefficients and exponents,
respectively, in the positive and negative directions
for all coordinates in the search space. This algorithm,
proposed in [13], allows for arbitrary setting of power
function parameters for different coordinates and for
smooth changes in these parameters in intermediate
directions.

If NS = 0, then the final value of the function f'is
obtained. If NS>0, a computation cycle is carried out for
coordinates with indices »n ranging from ND — |NS| + 1
to ND as follows:

f=r+

4)
+max[K1n 200" sign(z(n)). - K, | 20|27 sign(z(n))]

If NS <0, a series of operations are carried out at the
specified indices, as follows:

" . . 5
= max[ 1K, |z sign(z(n)), - K., |22 sign(z(n))]

As a result, lines originating from the LE point are
generated, along which smoothness of the function is
lost. For NS = 0, the smoothness can only be lost at the
LE point x*. By varying the combination of parameters,
many well-known unimodal OFs, as well as functions
with novel properties can be generated. Examples of
graphs of the TestLE6(..) function for ND =2 and various
NS values are presented in Fig. 2. The other parameters
of the function have the following values:

) (Oj [LS 05j F zj
X = , W= , K= .
0 0.75 1.0 1 2

Experimental studies were conducted in the
form of individual tests, each consisting of 10 sets
of 20 local extremum searches. The initial search
points were randomly selected on a hypersphere
with unit radius and center at x". In each test, various
combinations of the W, K, and NS parameters
were applied. At the start of each set of searches,
the coordinate axes were rotated using a randomly
generated and orthonormalized matrix R. During each
search, the coordinates of all points were recorded
where the OF calculation was performed, as well as
the actual OF values.
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50. F(x,, X4)

Fig. 2. Graphs of the TestLEG(..) function:
(@)NS=0; (b) NS=1; (c)NS=2; (d)NS=-1;and (e) NS=-2

The expected time to reach a certain OF threshold
was used as a characteristic to summarize the results of
all tests. This is known in optimization literature as the
Expected Run Time (ERT). This function can be defined
as follows [14, 15].

Let us introduce a variable:

h=-1g(f), (6)

wherein fis the OF value. We define the scale of the
threshold levels, as follows:

h, ==2+0.02(k-1), k=151 (7)

The corresponding OF thresholds, f,, derived
from (6), range from 10% to 1078 We define in
the following way: Nr(h,) as the number of the
OF computations performed during the ith search until
threshold £, is reached; and Ne; as the total number of
the OF computations until the ith search completes.
Ir, represents a subset of searches which reach the
threshold 4, with Inr, denoting the number of these
searches. Inr; denotes a subset of searches that do not
reach the threshold /. Then,

Z Nri(hk)Jr Z Ne;

ie]rk ieInrk
| Irk |

ERT(h, )= (8)

If the threshold 4, is not reached in any of the
searches, the ERT(%,) value becomes infinitely large.

We introduce the indicators determined by ERT,
in order to compare the characteristics of the QNA
operation. For this purpose, we define the following
boundaries for the threshold scale:

h,¢ 18 the threshold value reached at the beginning
of the experiment;

h;, is the maximum threshold value reached during
the experiment;

hgnish 18 the highest threshold value achieved in at
least one search during the experiment.

If h,,, = 8, which is the upper limit of the scale, then
the value hg .\ = h, is set.

In the segment [hgy, . h,], we approximate
the relationship between 1g(f) and ERT using the
MATLAB/Octave regress(..) function, as follows:

1g(f)=by,-ERT +by, -1g(ERT) +b;;. 9)

We also calculate the determination coefficients for
the first two terms.

If the segment [h,, /hg.4]  contains
between 2 and 9 divisions on the threshold scale, then
we perform approximation of the form (9) for the entire
segment. We also define the coefficients b5, by,, and by,
as well as the corresponding determination coefficients.
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If this segment spans at least 9 divisions, it is divided
into two subsegments, with the boundary of the second
subsegment on the threshold scale denoted by #,.
Approximation of the form (9) is performed separately
for each of these subsegments. In this case, coefficients
for the first subsegment are denoted as b,;, b,,, and b5,
while coefficients for the second subsegment
are by, bsy,, and by;. The value of A, is determined by
iterating through possible values within the %, hq. ;]
segment. Approximations for each subsegment are
calculated and the value that minimizes the mean-
square error of approximation is selected. Splitting
the [A,, hg,ig,] Segment allows for experiments to obtain
more accurate approximations of the dependence of 1g(f)
on ERT in that segment.

Subsequently, by applying potentiation (9), we
derive the following

ERT
£ =(1000) " BRTA2 1073 (10)
We denote 1021 =q, b,=p, 10213 = a.
Then (10) takes the following form:
f=a,-gfRT -ERTA1. (11)

The second cofactor in (11) varies in accordance
with the law of geometric progression, corresponding
to linear convergence [1, 4]. The third cofactor follows
a power function. Therefore, the values of ¢, and p,
determine the laws and rates of convergence for the
search on the segment [/, ., h,,]. Likewise, the values of

g5 and p, for the segment [, hg . ] can be determined

Table 2. Test function parameters in experiments

if this interval is not divided; or the values of ¢, and p,
for [h,y, h], and the values of ¢, and p; for [Ay, hg .1,
if the interval [A,), hg . 1 1s split into two.

Segment boundaries and approximation coefficients
for these segments can serve as indicators to compare
the convergence of search algorithms for OF with
different properties. In this method, instead of the
OF value, the distance from the current point x to LE x*
can be used as an indicator of convergence [1, 5, 6]. The
ERT(f) dependence can also be approximated, in order
to obtain estimates for the number of the OF calculations
required until a specified OF value is reached. This is
another useful characteristic in certain cases [4, 7].

EXPERIMENTAL RESULTS

The parameters of the TestLE6(x, x*, R, W, K, NS)
function, as determined in 18 tests, are presented
in Table 2. The LE location is always set to the origin,
X =0.

In tests 1-6, the space dimension ND = 4 and the
OF is isotropic in all directions. In tests 1-3, the OF is
convex. In test 4, it changes according to a linear law,
and in tests 5 and 6, it is concave. In test 1, the objective
function is smooth everywhere, while in tests 2—5, there
is a loss of smoothness in the LE. Subsequent tests use
the OFs from tests 2 and 5 as a basis, and modify any
properties. Tests 7-10 introduce anisotropy in certain
directions. Tests 11-14 increase the dimension of the
space, while tests 15—-18 create loss of smoothness on
lines originating from the LE.

Let us now explain the introduction of anisotropy.
The calculation procedure for W elements is as follows:

Test ND | Wi | Wi | Kox | Kinin NS Test ND | Weoo | Woin | Ko | Koin NS
1 4 2.00 | 2.00 1 1 0 10 4 075 | 0.75 1 0.1 0
2 4 150 | 1.50 1 1 0 11 8 150 | 1.50 1 1 0
3 4 1.25 1.25 1 1 0 12 16 1.50 | 1.50 1 1 0
4 4 1.00 | 1.00 1 1 0 13 8 075 | 0.75 1 1 0
5 4 0.75 | 0.75 1 1 0 14 16 075 | 0.75 1 1 0
6 4 0.50 | 0.50 1 1 0 15 4 1.50 1.50 1 1 2
7 4 1.50 | 1.50 10 1 0 16 4 1.50 1.50 1 1 -2
8 4 1.50 | 0.75 1 1 0 17 4 075 | 0.75 1 1 2
9 4 1.50" | 0.75" 1 1 0 18 4 0.75 0.75 1 1 -2
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4 _Wmin)(i_l)

( T
I/Vli:WZi:W'min-}_ i ND -1 , i=1,ND. (12)

For w_..=W

min®

we obtain W, = W,. = W,

max’

i=1,ND, and the exponent of a in (5) is independent
of direction. Similarly, values for the matrix K
elements were determined. In test 9, a random
permutation of the W row elements was also performed,
for example:

W(T t8) 075 1 125 1.5
est8)= ,
075 1 125 1.5

1 1.25 1.5 0.75
W (Test9)= .

075 15 1 125

Table3 showsthereasonsforcompletionofthesearch
in the experiments (Table 1). In the table, EF | (ExitFlag)
represents the most frequently encountered reason in
the certain test, while PEF, indicates the probability of
that reason. Additionally, other reasons for termination
encountered in the experiment, ranked in descending
order by probability, are provided. This data indicates
that if the function is convex at least along part of
coordinates, i.e., if there is at least one element of the
matrix W exceeding one, the search will reach a value
of f= 1078, Otherwise, the search process terminates
prematurely for other reasons.

Figures 3 and 4 show the ERT graphs obtained
from the experiments, while Table 4 presents the
approximation results for these dependencies. In order
to enhance clarity, thresholds /, are not used as the

argument, but rather the corresponding f values
obtained using (6), with the same index, for example,

Jan = 107"all, The 1g(f o) values are not included in
the table. They can be inferred from the point at which
the ERT increases. The approximation coefficients are
presented in P/R? format, where P represents a value
of g or p, and R? represents the corresponding
determination coefficient. Only points where the
ERT values are finite are shown in the graphs.

—— Test 1 ——Test3 =« Test5 . Test7 o Test9
—Test2 —=Test4 —-Test6 = Test8 ——Test10
100000
10000 / /’ f
_ 1000 . 7
Ll /,««“ N W"“”“"’w ®
100 —
ST
g
10 — - 7
1 #wwwntnnn

-lg(f)
Fig. 3. ERT experiment graphs: tests 1-10

Let us proceed to analyzing the results of the
experiments. For the isotropic quadratic function
in test 1, the QNA algorithm accurately identifies the LE
after the first iteration, illustrated by the horizontal line
in Fig. 3. However, the approximation of the form (9) is
highly inaccurate. The corresponding values in Table 4
are highlighted in bold.

Table 3. Statistics of search completion reasons in experiments

Test | EF, | PEF, | EF, | PEF, | Test | EF, | PEF, | EF, | PEF, | EF, | PEF, | EF, | PEF,
1 5010970 | 1 | 0030 | 10 2 | 1000 | - - - - - -
2 5 | 1000 | - - 11 5 | 1000 | - - - - - -
3 5 | 1000 | - - 12 5 | 1000 | - - - - - -
4 2 10530 | 5 |0470 | 13 2 | 1000 | - - - - - -
5 2| 1000 |~ - 14 2 | 1000 |~ - - - - -
6 21099 | 4 | 0010 | 15 5 10650 | 2 0340 | 3 |o0010 - -
7 5 | 1000 | - - 16 5 |o068s | 2 0155 3 | 0140 | 4 | 0.020
8 5 | 1000 | - - 17 2 | 0895 | 4 0080 | 3 |0025 | - -
9 5 | 1000 | - - 18 2 | 045 | 4 0300 | 3 0250 | - -
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—— Test2 —«Test11l —Test13 - Test15 ——Test17
-+ Test5 —=Test12 —Test14 - Test16 —Test18
10000000
100000 / /'
10000
-
e |
T 1000 P E255 -
w / %WW P )
.»4‘ x./WW*J" e nininll
100 Y i B e
éég ]
10 i
1 ¥wwrn i
-2 -1 0 1 2 3 4 5 6 7 8

-lg(f)
Fig. 4. ERT experiment graphs: tests 2, 5, and 11-18

In tests 4 and 6, with OF exponents of 1 and 0.5,
respectively, the QNA also jumped to points with f=f, ,

Table 4. ERT approximation results in experiments

after the first iteration. On the [f;, f5.:sn] S€gments,
the search slowed down and these sections can be
approximated by a power law with good accuracy.
There is no descent by geometric progression
because g5 = 1.00. In tests 2, 3, and 5 with exponents
of 1.5, 1.25, and 0.75, respectively, no such jump in OF
was observed. The [f,,, ., f,;;] segment in tests 2 and 5
can be accurately approximated by geometric
progression.

In subsequent experiments, the OF parameters
from tests 2 and 5 were altered. As can be seen from
the graphs in Fig. 3, introducing the form (5) anisotropy
into the OF, either by coefficient (tests 7 and 10) or by
exponent (tests 8 and 9), resulted in an upward shift
in ERT, i.e., a slowing down of the search. At the same
time, random permutations of the degree indicators
across the coordinates in test 9 did not alter ERT
compared to test 8. In all experiments, the [f, ., /]
segment is approximated with high precision using

Test | lgfyy |18/ | 18/hnisn | ERT(4y) | ERT(A) | ERT(fy) 9 Py 9 %) 93 D3
1 80 | - -8.0 7.00 - - 0.15/0.14 | 0.74/0.14 - - - -
2 8.0 | - -8.0 93.2 - - 0.84/0.96 | —1.06/0.78 - - -
3 80 | - -8.0 134 - - 0.96/0.78 | —3.39/0.87 - - -
4 12| - -8.0 6.77 - 126 0.00/0.19 | 14.0/0.17 - - 1.00/0.94 | —0.56/1.00
5 58 | - —6.4 308 - 6.56- 103 | 0.97/0.96 | —0.97/0.87 - - 1.00/0.79 | —0.58/0.94
6 -34 | - —4.4 7.00 - 5.86-103 | 0.00/0.30 | 66.7/0.29 - - 1.00/0.70 | —0.33/0.98
7 80 | - -8.0 232 - - 0.91/1.00 | 0.057/0.72 - - -
8 80 | - -8.0 270 - - 0.94/1.00 | —0.11/0.75 - - -
9 80 | - -8.0 263 - - 0.94/1.00 | —0.28/0.76 - - -
10 =52 | - -5.8 563 - 14.3-10% | 0.98/1.00 | —0.26/0.73 - - 1.00/0.80 | —0.58/0.95
11 8.0 | - -8.0 170 - - 0.91/0.96 | —0.84/0.74 - - -
12 8.0 | - -8.0 290 - - 0.94/0.96 | —0.60/0.68 - - -
13 58| - —6.2 951 - 106 - 10° | 0.99/0.92 | —1.01/0.88 - - -
14 -4 |-54| 58 1.1k | 1.96-10% | 2.53-10% | 1.00/0.75 | —1.04/0.88 | 1.00/0.99 | —6.66/1.00 | 1.02/0.89 | —52.4/0.90
15 42 =52 8.0 602 1.53-10% | 1.98-10% | 0.94/0.99 | —0.39/0.83 | 1.07/0.86 | —14.8/0.90 | 0.75/0.99 | 64.0/0.99
16 —0.8 [-3.6| 8.0 71.9 1.09- 103 | 1.73- 103 | 0.98/0.98 | —0.064/0.80 | 0.99/0.98 | 0.19/0.91 | 0.99/1.00 | —11.4/1.00
17 —0.6 [-3.8| 5.0 140 245-10% | 177-10% | 0.99/0.97 | —0.33/0.84 | 1.00/0.94 | —2.14/0.99 | 1.00/0.77 | —0.61/0.99
18 —0.6 | 3 -5.2 89.3 3.40-10% | 5.25-10% | 0.97/0.98 | —0.894/0.80 | 1.00/0.99 | —0.19/0.90 | 1.01/0.91 | —51.3/0.94
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geometric progression, whereas the [f,,;, f5.i¢] S€gment
in test 10 is approximated using a power function.

The impact of the ND dimension of the search space
is shown in Fig. 4 (tests 11-14). Expectedly, convergence
slowed down with an increase in ND. Furthermore, for
convex OF (tests 2, 11, and 12), a two-fold increase in ND
leads to an equal upward shift in ERT on a logarithmic scale,
while maintaining linear convergence. No clear patterns
were observed for concave OF (tests 5, 13, and 14).

Introducing the loss of smoothness along the
semi-infinite lines starting from the LE, in the case
of a convex objective functions (tests 2, 15, and 16),
results in a slowing down of the search process. This
now reaches a limit of /= 1078 in not all tests. In the
case of concave OFs (tests 5, 17, and 18), there is an
increased minimum value, £, achieved at least once. In
tests 15-18, the segment [f ., ., f,;] 1S approximated by
a geometric progression with good accuracy. The power
function contributes significantly to the approximation
of the segments [f;, fu.] and [f, fanisnls @s values
for ¢, and ¢ are close to 1. However, uncommonly large
values of |p,| and |p;| may occur in the results of some
tests. This is due to gradual changes in ERT over the
corresponding segments.

CONCLUSIONS

Based on the results of the experiments, it can be
inferred that dividing the range of ERT thresholds
into segments and approximating the function f{ERT)
using the proposed form (9) for each segment allows
certain patterns to be identified. The presence of
convexity in at least some directions ensures a minimum
threshold of f = 107 to be achieved. In the case

of segments [f,, ., f,;] which include the values of
the OFs achieved in all searches, the convergence can
be considered to be linear with a fairly high degree
of accuracy. In the case of those segments [f,;, f5icn]>
where the OF values are not achieved in all searches,
convergence follows a power law of the ERT? form.

Some results raise questions. In certain segments,
the OF values are not achieved in all searches. This is
understandable in cases where the OF is anisotropic, such
as in tests 10 and 15-17. However, in tests 4—6 and 14,
where the OF is isotropic, all starting points should yield
the same search result. It is possible that the variation
in the final search results in this case is due to random
rounding errors in the QNA calculations.

These studies, of course, do not provide a complete
understanding of the dependence of QNA convergence
characteristics on OF landscape properties since within
these studies, these properties vary separately and within
limited ranges. In order to obtain a more comprehensive
understanding, landscape properties need to be varied
in various combinations over a wide range of parameter
values. This would require a significant amount of
experimentation and data analysis. The implementation
of such an approach, presumably, could be achieved
through the automation of experiment planning, data
collection, and processing, including the use of artificial
intelligence techniques.

Another area of interest is the expansion of the
method to other types of algorithms aimed at finding
an optimal solution, particularly population-based
algorithms. This would allow for the comparison of
convergence characteristics among different algorithms,
essential for selecting the most effective algorithms for
various problem types.
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Abstract

Objectives. In the context of the internationalization of higher education and the growing role of the Russian language
as a means of professional communication in educational environments, the search for effective methodological
solutions for teaching foreign students in technical disciplines has become particularly relevant. The aims of this
study are twofold: to provide a scientific rationale for the methodological relevance of the communicative-aesthetic
principle in teaching Russian as a foreign language to students of technical specialties; and to identify the impact of the
communicative-aesthetic principle on the development of student speech culture and the formation of professional
communication skills.

Methods. The methodological framework includes a comparative analysis of existing pedagogical approaches
which incorporate communicative and aesthetic elements, along with classroom observation in multilingual technical
university settings. In order to ensure objectivity in the findings, elements of both quantitative and qualitative analysis
of student responses and speech production were used.

Results. The findings indicate that the application of the communicative-aesthetic principle enhances precision and
motivation amongst students learning the Russian language aligned with literary norms. A number of observations
were made including: increased interest in language learning; improved integration into the academic and
cultural environment; and the development of speech aesthetics. All these factors contribute to the formation
of a professionally relevant linguistic worldview.

Conclusions. The communicative-aesthetic principle can be considered as an effective methodological tool in teaching
Russian as a foreign language in technical universities. Its implementation enhances the educational potential of speech
instruction and fosters the integration of aesthetic components into professionally oriented communication. The
practical significance of the study lies in the potential application of the developed methodological recommendations
in educational programs and teaching materials. A promising area for further research is the creation of didactic
resources aimed at developing professionally oriented speech and fostering creative thinking among students.

Keywords: communicative and aesthetic principle, teaching Russian as a foreign language, international students,
technical specialties, speech culture, professional communication, methodological approaches, aesthetic perception
of speech, student adaptation
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HAYYHAA CTATb4

KoMMYHUKATHBHO-3CTETHYECKUI MPUHIIMII
B 00Y4eHUH MHOCTPAHHBIX CTYI€HTOB TEXHUYECKHX
CIENUATBHOCTEH PYCCKOMY SI3BIKY
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X.

O. MockBuHa
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Thl,

e Moctynuna: 23.04.2025 ¢ flopa6oTaHa: 02.07.2025 ¢ MpuHaTa k ony6nukoBaHuio: 17.11.2025

Pe3iome

Llenu. B ycnoBusix nHTEpHaUMOHaNM3aLmMm BbicLLEro 00pa3oBaHns U pacLUMPEHUst MPUCYTCTBUS PYCCKOro A3blka
Kak cpeacTtea npodeccrmoHanbHOro obLeHns B o6pa3oBaTesibHbIX NPOCTPaHCTBaxX 0COOY0 akTyanbHOCTb NPUob-
peTaeT Nonck 9PDEKTUBHbBIX METOANYECKMX PELLEHNI AN 0OYHEHNSI MHOCTPaHHbIX CTYAEHTOB TEXHNUYECKNX CMeLm-
anbHocTel. Llenblo HacToswero nccnefoBaHus SIBASIETCS HayyHOe 0OOCHOBAHME METOAUYECKOW 3HAYMMOCTU
KOMMYHUKATVBHO-3CTETUYECKOr0 NpuHUmMna B 00y4eHnn pycckoMy A3blKy MHOCTPAHHbIX CTYAEHTOB TEXHUYECKOrO
npoduns 1 BbIBNEHNE BNUSIHNS KOMMYHUKATUBHO-3CTETMYECKOrO NMPUHLMNG HA Pa3BUTUE PEYEBO KyNbTYpbl 00Y-
yatowmxcs n GopmMmnpoBaHmne HaBblkOB NPOMECCHMOHANBHON KOMMYHUKALUUN.

MeTtopabl. MeToL0N0rM4eCKyio OCHOBY UCCIIE0BAHUS COCTaBWUIIM CPaBHUTENIbHO-COMOCTABUTENbHbIV aHaNn3 cyLue-
CTBYIOLLMX METOONYECKMX NMOAXOAO0B, BKIOHAIOLUMX 3N1EMEHTHI KOMMYHUKATUBHOW 1N 3CTETUYECKOIN HanpaBieHHOCTU
1 HabnoaeHve 3a y4ebHbIM MPOLLECCOM B MHOS3bIYHOM ayanTOPUM B TEXHNYECKMX By3ax. [1s 06beKTMBN3ALLIMM BbIBO-
0B NPUMEHSININCb 3/1IEMEHTbI KONIMYECTBEHHO-KAYECTBEHHOI O aHaNM3a OTBETOB U PEYEBbLIX NMPOAYKTOB 0OYHaIOLLMXCS.
PesynbTatbl. [loNy4yeHHbIE JaHHbIE AEMOHCTPUPYIOT, YTO NMPUMEHEHNE KOMMYHUKATMBHO-3CTETUYECKOIO MPUHLM-
na cnocobcTByeT 6051ee TOYHOMY M MOTUBMPOBAHHOMY BIAAEHWNIO NMPABUIIbHOM 1 XOPOLLE PYCCKOWM peybio, opu-
E€HTUPOBAHHOW Ha NUTEpPaTypHble HOPMbI. OTMEYAETCS NOBLILLIEHNE NHTEPECA CTYAEHTOB K iI3bIKOBOMY 0OY4YEHUIO,
obneryeHne nx MHTerpauun B akafeMm1YeCKyHo 1 KyJIbTYPHYIO Cpefly, a Takxke pasBuUTHE PEYEBOro BKyCa, YTO B COBO-
KYNHOCTU cnocobcTByeT GOpPMNPOBaHNIO MPOdECCUoHaIbHO PeieBaHTHOM S13bIKOBOI KapTUHbI MUpa.

BbiBoAbl. KOMMYHUKATMBHO-3CTETUHECKIMI MPUHLMN MOXET paccMaTtpmBaTtbhCs kak 9ddEKTVBHOE METOAMNYECKOE
CpencTBo npu 00y4eHMM PYCCKOMY $13blKy Kak MHOCTPAHHOMY B TEXHMYECKOM By3e. Ero npumeHeHue ycunmeaet
BOCMUTATESIbHbIV NOTEHLUMAN PeY4eBOro 00y4YeHs U CO3AAET YCIO0BUS AN MHTErpaumm 3CTETUYECKOr0 KOMMOHEHTA
B NpodecCcroHanbHO OPUEHTUPOBAHHYIO KOMMYHMKaUMio. MNpakTuyeckas 3HaYMMOCTb MCCNIE0BaHMS 3aK/o4aeTcs
B BO3MOXHOCTW NCMONb30BaHWs pa3paboTaHHbIX METOAMYECKUX PEKOMEHOALMIA NPY CO34aHUN 06pa3oBaTeNbHbIX
nporpamMmm n y4ebHbix nocobuii. NMepcnekTBHbIM HanpaBieHneM gasbHenwmnx nccnenoBaHnii senseTcs paspaboT-
Ka ONOAKTUYECKMX MaTepuasioB, HanpaBieHHbIX Ha GOpMUpOBaHME NPodeccrMoHanbHO OPUEHTMPOBAHHOM peyn
N CTUMYNIMPOBaHWE KPEATUBHOIO MbILLSIEHNS! CTYEHTOB.

KnioueBble ciioBa: KOMMYHMKATUBHO-3CTETUYECKNIA MPUHLMIM, 0OyYeHME PYCCKOMY s3bIKY, MHOCTPaHHbIE CTYOEH-
TeXHMYeckne crneumnanbHOCTU, peyeBast KynbTypa, npodeccroHasibHas KOMMyHMKaUWs, MeToanuyeckne noaxomsbl,

3CTeTn4eckoe BocnpudaTmne pedun, agantauuns
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Mpo3payHocTb pUHAHCOBOMN AEeATENIbHOCTU: ABTOPbLI HE UMEIDT PUHAHCOBOM 3aHTEPECOBAHHOCTN B NPEACTaB/EH-

HbIX MaTepmnanax nin MmetTogax.

ABTOPbI 3a5BNSIOT 06 OTCYTCTBUM KOHGMIMKTA MHTEPECOB.

INTRODUCTION

In modern approaches to foreign language teaching,
including Russian as a foreign language (RFL), the
development of foreign language communication skills
plays a central role. They define the practical guidelines
for the learning process. In a broad sense, “competence”
can be interpreted as an individual’s ability and
willingness to perform certain types of activities [1].
In education, competence is most often understood
as externally imposed requirements for the results of
a student’s training! [2]. Competency is understood
as an internal personal development which arises as
aresult of mastering a set of competencies, ensuring the
subject’s ability to perform activities effectively?.

Foreign language communication competence
is understood as the ability to engage productively
in verbal interaction in the given language of study
in various meaningful communication situations,
including the professional sphere [3]. Communicative
competence includes a set of knowledge, practical
skills, and speech experience necessary for the
formation of a full-fledged ability to communicate in
the language being studied?.

Following the principle of professional orientation
of RFL* training, the development of speech competence
related to the educational and professional sphere begins
at the pre-university stage. At this level, foreign students
master not only the norms of standard literary language,
but also elements of the scientific style of speech
corresponding to their future professional specialization
in the humanities, natural sciences, technical or
technological® [4] sphere. This ensures that by the time
they enter university (an advanced stage of education),
students possess basic academic and professional
communication skills [5].

In the subsequent stages of training, discipline-
specific language tools need to be integrated to
reflect the specifics of various professional sub-
languages. This task is particularly important for
students of technical specialties. Their professional
communication requires specialized terminology and
stable syntactic structures characteristic of the fields
of engineering, physics, mathematics, and information
technology. These features increase the requirements for
methodological approaches and reinforce the relevance
of applying integrative teaching principles, in particular,
communicative-aesthetic principles [4]. By focusing on
the activation of speech activity through artistic speech
practices and theatrical forms of interpretation, the latter
contribute to a deeper understanding of complex abstract
concepts and the formation of a professionally oriented
speech culture in students.

A.G. Volkova [5] notes that “children have changed,
but teaching tools evolve slowly.” The principle of
consciousness plays a key role in organizing the
learning process. This guides the way in which language
units are taught on a comparative basis, helping to
reduce the influence of interference from the native
language. The construction of the teaching system
involves a sequence of several stages: correction and
articulation courses; an intensive conversation course;
a text reproduction stage; transition to productive types
of speech activity. Then speaking and writing [6]. It is
here that new developments in the types and forms of
testing student language levels can be appropriately
introduced. Evaluating the cognitive, psychological,
and motivational characteristics of foreign students
in technical specialties is an important condition for
the successful implementation of the communicative-
aesthetic principle in teaching. The development of
a special entrance test [7] enables potential difficulties

! Pedagogical Terminology Dictionary. https://voennaya-pedagogika.slovaronline.com/44-xommnerenmus. Accessed March 18,

2025 (in Russ.).

2 Zimnyaya I.A. Key competencies — a new paradigm for the outcomes of modern education. Eidos. 2006. No. 5. https:/elibrary.ru/

smmbix. Accessed March 20, 2025 (in Russ.).

3 Khutorskoy A.V. Key competencies and educational standards. Eidos. 2002. No. 2. https:/elibrary.ru/ztakqu. Accessed March 19,

2025 (in Russ.).

4 Khutorskoy A.V. Key and subject-specific competency design technology. Eidos. 2005. No. 4. https://elibrary.ru/qlhzwi. Accessed

April 01, 2025 (in Russ.).

3 Order of the Ministry of Education and Science of the Russian Federation No. 1304 of October 3, 2014, “On the Approval of Requirements
for the Implementation of Additional General Education Programs that Prepare Foreign Citizens and Stateless Persons for Professional
Education Programs in Russian.” https://brstu.ru/docs/podrazdeleniya-brgu/centr-dopolnitelnoi-podgotovki/inostr/Prikaz_1304.pdf. Accessed

April 02, 2025 (in Russ.).
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to be identified and the educational trajectory adapted,
while taking into account the individual characteristics
of students.

Of particular importance in this regard is the inclusion
of theatrical elements in the educational process. This
factor enables the simulation of professionally relevant
situations through expressive speech, intonation, facial
expressions, and contextual interaction. J. Gentsel
emphasizes that the active involvement of students is a key
factor in the success of teaching using this technology [8].

Consequently, the aestheticization of speech activity
not only contributes to the development of linguistic
competence. It also enables cognitive and emotional
difficulties to be overcome when they arise in the
teaching and learning of specialized terminology and
communication formats characteristic of a technical
professional environment.

OBJECTIVE SETTING

In the methodology of RFL teaching at the present
stage, there is a transformation of the target orientations
and the entire conceptual paradigm of language education.
This vector of development is directed from a linguo-
centric approach to a cognitive-discursive model which
focuses on the assimilation of culture through language
as a mediator of intercultural communication [9]. In this
context, the aesthetic aspect of speech activity acquires
the methodological status of a key parameter. Language
performs not only informative and cognitive functions,
but also serves as a representative of axiological
dominants, national and cultural specifics, and the
aesthetic norms of society [7].

The purpose of this article is to provide scientific
justification for the methodological significance of the
communicative-aesthetic principle in teaching Russian to
foreign students of technical disciplines, and to identify
its influence on the development of speech culture and
professional communication skills. Another aim of the
study is to identify effective teaching approaches which
ensure not only the development of language skills, but
also the aesthetic perception of language as a tool for
intercultural and professional communication.

The methodological basis of the study consisted of
a comparative analysis of methodological approaches,
observation of the educational process, and a survey of
foreign students.

Comparative analysis of methodological approaches
has enables key features of the application of the
communicative-aesthetic principle in teaching RFL to
be identified. The analysis also defines its place in the
system of modern linguistic and pedagogical concepts,
justifying the need to integrate linguistic and aesthetic
components into the process of developing professionally
oriented speech competence.

Observation of the learning process was aimed at
studying the dynamics of the speech skills and abilities of
students in the context of applying the communicative-
aesthetic principle. Particular attention was paid to
analyzing the level of development of expressive speech
means, compliance with literary norms, and the ability
of students to use the Russian language in academic and
professional communication.

The integration of the results of comparative
analysis, observation, and questioning provided
a comprehensive study of the methodological
significance of the communicative-aesthetic principle.
It enabled its influence on the development of speech
culture and professional communication skills among
foreign students to be objectively identified.

This paper presents a comprehensive review of the
concepts of speech aesthetics and the communicative
approach in teaching RFL. The review is based on
the deductive-inductive method of analysis. The aim
is to identify the relationship between the aesthetic
characteristics of speech acts and the basic principles of
the communicative approach, enabling an independent
communicative-aesthetic principle to be substantiated
and formulated in a way relevant to the methodology of
teaching RFL.

The application of the communicative-aesthetic
principle, implemented through the inclusion of artistic-
pedagogical texts, dialogue fragments, role-playing
situations, and theatrical elements in the content of
teaching aids, is particularly relevant. Theatricalization
not only activates the perception and comprehension
of the text, but also enables the implementation of the
principles of personalization, emotional involvement,
and creative processing of the material [9]. This form
of work strengthens the internal motivation of students,
contributes to the formation of a sustained interest in
the professional vocabulary being studied, and develops
their expressive speech and interpretive abilities.

Justification for research and application
of the communicative-aesthetic principle

The scientific justification for the methodological
significance of the communicative-aesthetic principle
in teaching Russian to foreign students of technical
disciplines is based on the need for a comprehensive
approach to the development of language competence.
This also presupposes the unity of cognitive, cultural,
and emotional-aesthetic components. The principle
enables the educational process to be organized in such
a way that language is perceived not only as a means of
professional communication, but also as a cultural code
that reflects the values of society.

The relevance of research and active application
of the communicative-aesthetic principle in teaching
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Russian to foreign students of technical specialties is
defined by several interrelated factors.

Firstly, modern requirements for professional
communication in technical disciplines involve not
only the learning of terminology, but also the ability to
express thoughts clearly, logically, and expressively. This
is particularly important in the context of globalization
of scientific and engineering interaction, in which the
Russian language serves as a means of professional and
academic communication. This principles needs to be
carefully considered and introduced into widespread
use [10].

Secondly, traditional approaches to teaching
Russian at technical universities are mainly focused on
developing pragmatic competence, while the aesthetic
aspect of speech, related to expressiveness, coherence,
and stylistic appropriateness of utterances, remains
largely underestimated. At the same time, it is precisely
this communicative-aesthetic principle which can
ensure more effective assimilation of language norms
and the development of speech skills appropriate to the
professional and academic context [6].

Thirdly, the integration of the communicative-
aesthetic principle into the methodology of RFL teaching
for technical specialties contributes to the development
of the ability of students to adapt their speech to various
communicative situations. It also increases motivation
to learn the language, and contributes to the formation
of the linguistic personality of a specialist capable not
only of perceiving and conveying information, but also
doing so in accordance with the norms of academic and
professional discursive culture [10].

DEGREE OF RESEARCH ON THE PROBLEM

The communicative approach is a system of
principles which determine teaching strategy, but also
reproduces models of natural speech interaction. As
such it has replaced the grammar-translation method. Its
introduction has led to a transformation in the process
of teaching foreign languages. Instead of focusing on
text analysis, extensive grammar exercises, mechanical
memorization of dialogues and phrases, as well as
strict control and correction of errors by the teacher,
the main emphasis has shifted to the development of
communication skills and the direct use of language in
real communication. In Russian pedagogical science,
the authors of works [6—14] and other researchers have
made a significant contribution to the development of
the communicative approach.

The concept of communicative competence has
been developed in the works of many domestic and
foreign scholars, such as [6-9, 12, 13] and others.
Most researchers view communicative competence
as a complex system which includes various specific

competences (subcompetences). Among them are the
authors of works [12, 14—17] and other researchers.

Linguistic (language) and pragmatic (speech,
sociolinguistic, illocutionary)  competences  are
considered to be two essential components of
communicative competences®’ [14, 18-20].  Sub-

competences have also been identified including:
subject-specific  (specialized, linguistic-professional,
subject-thematic® °, sociocultural'® [13-15, 18-21];
intercultural [11-15, 19-22]; linguistic-country
studies and linguistic-regional studies [13-15, 19];
strategic (compensatory); discursive [17-20]; and others).

The study of the aesthetics of language and speech
has a long tradition, encompassing various academic
disciplines: philosophy, linguistics, rhetoric, literary
studies, and speech culture. Questions of expressiveness
and aesthetic value in speech were considered as far back
as antiquity [14, 15]. Aristotle, in his works on rhetoric
and poetics, distinguished stylistic levels, while Cicero
emphasized the role of harmony and elegance in speech.
Socrates, in his Panegyric, offered recommendations on
euphony and the appropriate use of metaphors. Ancient
ideas continue to influence contemporary research on
the aesthetics of language [23].

In the Russian tradition, M.V. Lomonosov paid
special attention to the quality of speech, distinguishing
between “pure” and “impure” speech. In Russian
Grammar, he formulated the principles of euphony,
logic, and accuracy, warning against excessive consonant
clusters and vowel repetitions, which can complicate the
perception of the text. Many of his ideas remain relevant
in modern linguistics [16].

At the beginning of the 20th century in Russia, when
there was active interest in linguistic purity and the
improvement of speech aesthetics and speech culture in
society, authors'! [13, 17] contributed to the development
of these issues. G.E. Sokolova is particularly noteworthy
among contemporary researchers in the field of speech
aesthetics education. She writes on the issue of teaching
foreigners the basics of Russian speech aesthetics in the
context of RFL teaching. In her works, she examines the

6 Shchukin A.N. Methods of teaching Russian as a foreign
language: academic textbook for higher education institutions.
Moscow: Vysshaya Shkola; 2003. 334 p. (In Russ.).

7 Balykhina T.M. Methods of teaching Russian as
a non-native (new) language: academic textbook for teachers and
students. Moscow: RUDN Publ.; 2007. 187 p. (In Russ.).

8 Shchukin A.N. Op. cit.

9 Riske LE. Developing sociocultural — competence
in  senior  students  using  English-language  poetry:
Cand. Sci. Thesis (Pedagog.): 13.00.02. St. Petersburg: A.l. Herzen
State Pedagogical University; 2000. 16 p. (In Russ.).

10 Ibid.

1 Vinokur G.O. On the language of fiction literature: Textbook
for philology majors at universities. Moscow: Vysshaya Shkola;
1991. 448 p. (In Russ.).
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historical aspects of language aesthetics, emphasizing
their importance in forming the value-based attitude
of students towards the Russian language. Particular
attention is paid to literary texts as an effective means
of assimilating the aesthetic norms of speech. The
researcher emphasizes the need to integrate the aesthetic
component into the learning process, which contributes
not only to the development of language competence,
but also to the understanding of the cultural codes of
Russian speech [24].

The issue of the communicative-aesthetic principle
in teaching Russian to foreign students has been studied
in various aspects, but remains insufficiently developed
in the context of teaching technical specialists.

E.A. Shesterina’s research into the aesthetics of
Russian speech (e.g., analysis of German speakers’
perceptions) demonstrates the intercultural aspects
of phonetic expressiveness perception. However,
the results are only indirectly applicable to teaching
methods for foreigners focused on technical
specialties [25].

Analysis of scientific and academic sub-styles from
the perspective of their aesthetic impact highlights the
importance of speech aesthetics in scientific activity,
while acknowledging that this area has not been
sufficiently developed. The problem of scientific style
aesthetics, which is important for technical specialties,
remains unresolved!?.

The course “Ethics and Aesthetics of Speech”!3 is
aimed at students in philology departments and covers
the formation of ethical and aesthetic culture in a broad
sense. Its approaches can be adapted for the teaching of
Russian speech to technical specialists, but they require
special methodological development.

The works of O.Yu. Koroleva and O.G. Filippova
on the communicative aesthetics of primary school
pupils illustrate the development of speech aesthetics
in the educational process. However, the age group and
cognitive context differs significantly from the tasks
facing foreign students of technical specialties [26].

Matters of spoken language aesthetics [27], the
didactic requirements for speech aesthetics [28], and the
aesthetics and culture of Russian speech [29] are studied
primarily from a general linguistic and methodological
perspective, without specific reference to teaching
Russian to foreign technical specialists [30].

12 Vadzibov M.D. Russian language and speech culture.
Theoretical material and practical assignments: academic
textbook for bachelor’s degree students in the humanities.
Saratov: IPR Media; 2019, 207 p. ISBN 978-5-4497-0260-9.
https://elibrary.ru/KAFNQS. Accessed April 01, 2025 (in Russ.).

13 Magomedgadzieva PN., Magomedova L. Ethics and
aesthetics of speech: educational and methodological guide.
Makhachkala: Dagestan State Pedagogical University; 2021,
54 p. (In Russ.).

Although studies of speech aesthetics in various
aspects (phonetics, scientific speech, pedagogy)
have been carried out, the communicative-aesthetic
approach to teaching Russian to foreign students of
technical specialties requires further development and
systematization.

DISCUSSION

M.V. Lomonosov wrote: “Language formation occurs
in a specific cultural environment, which determines
its unique ways of expressing thought, national
metaphors, and literary traditions. Without considering
the aesthetic aspect, language learning is reduced to the
mechanical mastery of vocabulary and grammar, which
makes it difficult to understand the mentality of native
speakers” [16]. In Russian, for example, emotionally
expressive constructions, artistic means of expression,
and idioms which reflect the characteristics of the
national worldview play an important role. The works of
M.V. Lomonosov state that communicative competence
includes not only the transmission of information, but also
the creation of aesthetically designed statements which
correspond to the norms and traditions of native speakers.

Politeness, speech strategies, and text style vary
significantly across cultures. The ignorance of these
factors can lead to unnatural speech or even violations of
communication norms. The aesthetic component helps
in the assimilation of speech etiquette, while facilitating
integration into the linguistic environment. In the
Russian tradition, for example, imagery, aphorisms, and
the use of proverbs and sayings are characteristics which
enrich speech and make it more expressive [31].

Creative literature is an important tool for learning
a language through culture. It reveals the characteristics
of the national character, historical realities, and
stylistics of speech, which contributes to the formation
of the aesthetic perception of students and their ability
to express themselves expressively. Thus, the inclusion
of an aesthetic component in the process of teaching
foreign languages enables a deeper understanding of the
national worldview, the assimilation of cultural values
and traditions of communication, making language
learning more meaningful and effective [11].

The communicative approach to foreign language
teaching aims to develop communicative competence:
the ability to engage in speech activity in accordance
with the goals and situation of communication [32]. It
is characterized by flexibility and the absence of strictly
prescribed methods which enables the modeling of real
communicative situations [33].

The key principles of the approach include:

e functionality involving the selection and
organization of material in accordance with speech
functions;
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e communication modeling, in which the teacher acts
as an interlocutor and coordinator, encouraging
students to interact;

e situationality = which  consists in  creating
communicative conditions for language practice;

e speech orientation, ensuring the use of language as
a means of communication;

e the principle of novelty which involves constantly
updating  topics, tasks, and communication
conditions, in order to increase motivation;

e individualization which takes into account the
personal characteristics of learners [34-37].

The communicative approach makes language
learning a process as close as possible to natural
communication, ensuring the development of linguistic
and sociocultural skills.

Based on the above information, we can derive
the concept of the communicative-aesthetic principle
in teaching RFL. It is based on a combination of the
functional orientation of language and its aesthetic value
and assumes that language acquisition occurs not only
through the formation of communicative competence,
but also through the development of the ability of
learners to express themselves in a stylistically and
culturally appropriate manner.

This principle stems from the idea that language is
formed in a specific cultural environment and carries
unique ways of expressing thoughts, metaphorical
models, literary traditions, and means of artistic
expression. Without taking the aesthetic aspect into
account, language learning is reduced to the mechanical
acquisition of vocabulary and grammar. This approach
does little to contribute to a full understanding of the
mentality of native speakers [16]. The communicative-
aesthetic principle includes several key aspects:

1. Developing communication  skills  through
speech aesthetics. The ability not only to convey
information, but also to present it in accordance
with the norms and traditions of native speakers.
This includes politeness, speech strategies, stylistic
variability, aphorisms, the use of proverbs, and other
means of expression!4.

2. Situationality and communication modeling.
Creating learning situations which reflect natural
communication conditions in which learners can use
language expressively and stylistically appropriately.

3. The role of creative literature. The use of literary
texts as a means of studying not only the language,
but also national worldview, history, and culture.
This contributes to the formation of aesthetic

14 AN. Shchukin. Foreign language teaching: theory
and practice: academic textbook for teachers and students.
2nd ed., revised and expanded. Moscow: Filomaths; 2004, 480 p.
(In Russ.).

perception of speech and skills for its expressive

presentation [35].

4. Sociocultural adaptation through language. Learning
the norms of speech etiquette acceptable in Russian-
speaking society facilitates integration into the
linguistic environment and makes speech natural
and harmonious.

5. The aim of the communicative-aesthetic principle is
to create conditions in which the Russian language
is learned not only through mastering its functional
aspects, but also through the aesthetic perception of
speech, making the learning process meaningful,
profound, and effective [38—42].

Teaching Russian to foreign students in technical
fields requires an approach which includes not only the
development of language skills, but also the formation
of an aesthetic perception of language as a tool for
intercultural and professional communication.

The aim of the communicative-aesthetic principle is
to integrate the linguistic and aesthetic aspects of learning,
contributing to the formation of professionally-oriented
language competence. According to G.E. Sokolova,
teaching foreign learners the aesthetics of the Russian
language plays a key role in developing their ability to
understand and master the language at a deeper level.
This allows them not only to read and interpret works
of Russian literature, but also to express their thoughts
in Russian in accordance with the norms of speech
etiquette [32].

The aesthetics of speech encompass many aspects,
including expressiveness, clarity, accuracy, and
harmony of linguistic expression. Developing these
qualities in students contributes to the development
of their communicative competence, and helps them
avoid mechanical language acquisition. The inclusion
of elements of literary texts and analysis of works by
Russian classics allow students to develop creative
thinking, emotional involvement, and interest in the
Russian language [43, 44].

One effective method of implementing the
communicative-aesthetic principle is the use of literary
texts which reveal the beauty of the Russian language.
Analysis of texts by K.G. Paustovsky, I.A. Bunin, and
other authors, contributes to the formation of a Russian
linguistic picture of the world among foreign students.
It helps develop their speech ideal, and the ability to
evaluate the aesthetic components of speech. The use
of pre-text, intra-text, and post-text analysis allows
students to consciously perceive speech patterns and use
them in their own communication [45-47].

Incorporating aesthetic aspects into teaching helps
students develop expressiveness, logical coherence, and
persuasiveness in their statements. As G.E. Sokolova
notes, studying the aesthetics of language helps
students not only improve their oral and written
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communication but also fosters a positive motivation
for learning Russian. Developing artistic thinking and
an emotional understanding of language makes learning
more meaningful, and interactions with Russian speech
culture more productive [24, 48].

FROM THE EXPERIENCE OF THE DEPARTMENT
OF RUSSIAN LANGUAGE
(AS A FOREIGN LANGUAGE)

The study places particular emphasis on identifying
the influence of the communicative-aesthetic principle
on the development of student speech culture and the
improvement of their professional communication skills.
The development of sustainable skills in expressive,
acceptable, and culturally appropriate use of the Russian
language facilitates the successful integration of students
into the academic and professional environment. It
also enhances their communicative competence, and
develops their ability to interact interculturally [49].

One of the unique, practice-oriented embodiments of
the communicative-aesthetic principle in RFL teaching
is the work of the Postscriptum international student
theater at MIREA — Russian Technological University.
This theater, which brings together students from various
countries, represents a multicultural educational space
in which theatrical activity is used as effective tool for
learning the Russian language as a means of intercultural
and professional communication.

The theater’s repertoire includes Russian and world
classics, as well as contemporary plays, ensuring a rich
content, cultural authenticity, and stylistic diversity in the
curriculum. The immersive format of the performances
involves students in the language environment,
activating both receptive and productive speech skills.
It contributes to the enhancement of pronunciation
and intonation skills, dialogic speech, and expressive
reading. Moreover, the theater serves not only as a form
of extracurricular practice but also as a platform for
developing language culture, emotional intelligence,
and teamwork skills.

From a methodological perspective, the activities
of Postscriptum theater allow us to consider artistic
and verbal practice as an integrative didactic model,
combining elements of role-playing, dramatization,
and project-based learning. Participation in rehearsals
and productions stimulates cognitive and emotional-
aesthetic motivation, creates conditions for mastering
the norms of literary language, and promotes a deeper
understanding of cultural and linguistic realities [34].

The practical significance of theatrical learning
lies in the potential for replicating this experience in
educational institutions implementing RFL programs
for students in engineering and technical fields. In the
future, theater may serve as a basis for the creation of

elective courses and original teaching aids aimed at
integrating theatrical technologies into the development
of professionally oriented language skills in international
students.

CONCLUSIONS

The communicative-aesthetic principle is an
important methodological element in teaching
Russian to international students in technical fields.
The aim is to integrate linguistic and cultural aspects
which not only contributes to the development
of professionally oriented language competence
but also to a deeper understanding of the culture
and traditions of native speakers. Incorporating
aesthetic elements of the Russian language into the
educational process not only improves language
skills but also stimulates the interest of students in
Russian literature and culture, making learning more
profound and multifaceted.

The development and substantiation of the
communicative-aesthetic  principle meets modern
educational ~ practice  requirements,  providing
a comprehensive approach to developing linguistic
competence. It promotes a more complete understanding
of language and its connection to culture and society,
helping students not only successfully learn the Russian
language but also adapt to the Russian-language
academic and professional environment. This principle
creates the conditions for developing expressive oral
communication skills, emotional intelligence, and
intercultural interaction skills, making the educational
process more meaningful and harmonious.

The implementation of the communicative-aesthetic
principle in RFL teaching, based on the practice of the
Postscriptum international student theater at MIREA —
Russian Technological University, has demonstrated its
high level of effectiveness in teaching students majoring
in technical fields. Theatrical activities as a multicultural
educational platform, promote the active development
of all components of verbal competence, foster a strong
motivation for learning, and deepen integration into the
oral environment.

The aestheticization of speech experience through
artistic and speech practice ensures not only the
improvement of language skills in accordance with
literary norms, but also a deep understanding of cultural
and linguistic realities, the emotional involvement of
students in the process of learning a language, which
in turn increases their motivation and contributes to
successful academic adaptation.

Future research prospects include the development
of areas related to the integration of dramatized learning
into the development of professionally oriented speech
in students in technical fields. Important objectives for
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continued work will include increasing the amount of  assignments based on the implementation of the
instructional time allocated to RFL mastering, as well =~ communicative-aesthetic principle.
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creating comprehensive teaching aids, including Authors’ contribution
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