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• �Information systems. Computer 
sciences. Issues of information  
security

• �Multiple robots (robotic centers)  
and systems. Remote sensing  
and nondestructive testing 

• �Modern radio engineering  
and telecommunication systems 

• �Micro- and nanoelectronics. Condensed 
matter physics

• �Analytical instrument engineering  
and technology

• �Mathematical modeling 
• �Economics of knowledge-intensive  

and high-tech enterprises and industries. 
Management in organizational systems

• �Product quality management. 
Standardization

• �Philosophical foundations of technology 
and society
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• �Информационные системы. 
Информатика. Проблемы 
информационной безопасности

• �Роботизированные комплексы и системы.  
Технологии дистанционного зондирова-
ния и неразрушающего контроля

• �Современные радиотехнические 
и телекоммуникационные системы

• �Микро- и наноэлектроника. Физика 
конденсированного состояния

• �Аналитическое приборостроение  
и технологии

• �Математическое моделирование
• �Экономика наукоемких и высокотехно

логичных предприятий и производств. 
Управление в организационных системах

• �Управление качеством продукции. 
Стандартизация

• �Мировоззренческие основы  
технологии и общества

РОССИЙСКИЙ 
ТЕХНОЛОГИЧЕСКИЙ 
ЖУРНАЛ
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Abstract
Objectives. The efficient management of parallel ETL (Extract, Transform, Load) process execution in central data 
warehouses critically impacts overall processing time. Existing orchestration tools such as Apache Airflow, NiFi, Luigi 
employ simplified prioritization algorithms which ignore dependency graph topology and resource dynamics, leading 
to suboptimal scheduling. The objective of this work is to develop and validate a novel task prioritization method for 
ETL pipelines, aimed at minimizing their total duration through deep analysis of structural features of Directed Acyclic 
Graphs (DAGs), as well as the use of simulation modeling to evaluate various scheduling strategies under conditions 
of competition for limited concurrency slots.
Methods. The study proposed a Python simulation model, replicating ETL process execution in an environment with 
limited concurrency slots. The model generates a DAG which reflects the dependency structure of processes for building 
a  central data warehouse and compares 9  prioritization algorithms. These include basic algorithms  (prioritization 
by  minimum/maximum average execution time), topological algorithms  (prioritization by  minimum/maximum layer 
level, maximization of dependency count), and hybrid algorithms (splitting slots into queues for minimum and maximum 
execution time). Experiments were conducted on  graphs of  a  variety of  topologies using the developed simulation 
model.
Results. The hybrid algorithm (slot allocation: 50% for tasks with maximum execution time, 50%  for tasks with 
minimum execution time) demonstrated the highest level of efficiency. It reduced total execution time by 15–17%, 
when compared to basic algorithms, minimized task idle time by 20–25%, and showed resilience to graph topology 
variations. A linear combination of optimized coefficients (execution time being the most significant factor) ranked 
second in terms of efficiency.
Conclusions. Prioritization based on DAG topology analysis and hybrid strategies significantly reduces ETL pipeline 
execution time. The hybrid algorithm is  recommended for implementation in  orchestrators, since it  balances 
minimizing pipeline duration and task idle time. A promising area for further study is the development of adaptive 
algorithms that account for real-time dynamic resource load.

Keywords: ETL orchestration, simulation modeling, dependency graphs, data warehouse, directed acyclic graph
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НАУЧНАЯ СТАТЬЯ

Методы приоритизации процессов  
переноса данных в центральное хранилище

Д.А. Пушкарев 1, @,  
В.А. Богатырев 1, 2
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2 �Санкт-Петербургский государственный университет аэрокосмического приборостроения, 

Санкт-Петербург, 190000 Россия
@ Автор для переписки, e-mail: dpushkarev@itmo.ru 

• Поступила: 10.06.2025 • Доработана: 28.07.2025 • Принята к опубликованию: 12.11.2025

Резюме
Цели. Эффективное управление параллельным выполнением ETL1-процессов в центральных хранили-
щах данных критически влияет на  общее время обработки. Существующие инструменты оркестрации 
Apache Airflow, NiFi, Luigi используют упрощенные алгоритмы приоритизации, игнорирующие топологию 
графов зависимостей и динамику ресурсов, что приводит к субоптимальному планированию. Целью дан-
ной работы являются разработка и валидация нового метода приоритизации задач в рамках ETL-конвей-
еров, направленного на  минимизацию их  общей длительности за  счет глубокого анализа структурных 
особенностей направленных ациклических графов и использования имитационного моделирования для 
оценки различных стратегий планирования в  условиях конкуренции за  ограниченные слоты паралле
лизма.
Методы. Предложена имитационная модель на языке Python, воспроизводящая выполнение ETL-процес-
сов в среде с ограниченными слотами параллелизма. Модель генерирует направленный ациклический граф, 
отражающий структуру связей процессов для формирования центрального хранилища данных, и сравнива-
ет 9 алгоритмов приоритизации, включая базовые (приоритизация минимального/максимального среднего 
времени выполнения), топологические (приоритизация минимального/максимального уровня слоя, макси-
мизация числа зависимостей) и гибридные (разделение слотов на очереди для минимального и максималь-
ного времени выполнения). Эксперименты проведены на графах различных топологий на основе полученной 
имитационной модели.
Результаты. Гибридный алгоритм (разделение слотов: 50% для задач с максимальным временем выпол-
нения, 50%  – с  минимальным) показал наилучшую эффективность: снижение общего времени выполне-
ния на 15–17% по сравнению с базовыми алгоритмами, минимизацию времени простоя задач на 20–25% 
и устойчивость к вариациям топологии графов. Линейная комбинация с оптимизированными коэффициен-
тами (время выполнения – наиболее значимый фактор) заняла второе место по эффективности.

1  Извлечение (extract), преобразование (transform) и загрузка (load) данных.
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Выводы. Приоритизация на основе анализа DAG2-топологии и гибридных стратегий существенно сокраща-
ет время выполнения ETL-конвейеров. Гибридный алгоритм рекомендуется для внедрения в оркестраторы 
как балансирующий минимизацию длительности конвейера и  времени простоя задач. Перспективное на-
правление – адаптивные алгоритмы, учитывающие динамическую загрузку ресурсов в реальном времени.

Ключевые слова: оркестрация ETL-процессов, имитационное моделирование, графы зависимостей, хра-
нилище данных, ациклический направленный граф

Для цитирования: Пушкарев Д.А., Богатырев В.А. Методы приоритизации процессов переноса данных 
в  центральное хранилище. Russian Technological Journal. 2026;14(1):7−18. https://doi.org/10.32362/2500-
316X-2026-14-1-7-18, https://www.elibrary.ru/TAUPKU  

Прозрачность финансовой деятельности: Авторы не имеют финансовой заинтересованности в представлен-
ных материалах или методах.

Авторы заявляют об отсутствии конфликта интересов.

2  Directed acyclic graph – ориентированный ациклический граф.

INTRODUCTION

Every year sees a growth in the amount of data passing 
through various applications. One of the main tasks 
facing data storage developers is to collect and store this 
data Central data warehouses  (CDWs)  [1,  2] have been 
proposed as a solution to this problem. These are distributed 
storage facilities which collect data from all services for 
further analysis, and provide additional information which 
businesses can use to their advantage. In this way, CDWs 
are becoming the center for all business decisions [3].

The repository is populated through the processes 
of extracting  (Extract), transforming  (Transform), and 
loading  (Load) data—ETL  [2,  4–7]. These processes 
are complex operations aimed at integrating data from 
a  variety of sources, including relational databases, 
file systems, and web servers. The first stage involves 
data extraction which means collecting information 
from the specified sources. Next, the data undergoes 
a transformation process, during which it is structured, 
normalized, and cleaned, in order to improve the quality 
and consistency of the information. The final stage is 
loading the prepared data into the target storage to make 
it available for subsequent analysis and use.

In modern data processing systems, ETL processes 
play a key role in preparing information. However, with 
the increase in infrastructure scales and the number of 
such processes, the problem of effectively managing 
their execution arises. When dozens or hundreds of 
ETL  tasks interact within a  complex architecture, 
manually determining the order in which they are 
launched becomes not only labor-intensive, but also risks 
suboptimal results. The sequence of process execution 
directly affects the overall data processing time. 
Competition for computing resources, cascading delays 
due to dependencies between tasks, and suboptimal load 
distribution can multiply the execution time of the entire 
process pipeline. For example, a delay in a process which 

provides data for several subsequent stages can cause 
a  chain reaction of downtime. In order to resolve this 
problem, not only do prioritization methods need to be 
implemented, but also the architecture of the ETL system 
needs to be clearly modeled.

Complex interrelationships between processes, 
including explicit data dependencies, in which the output 
of one task serves as the input for another, and hidden 
constraints (memory resources, network bandwidth), can 
be visualized using directed acyclic graphs (DAGs) [8].

Directed acyclic graphs are accepted as the standard 
tool for modeling data extraction, transformation, and 
loading processes. This is due to their key properties 
which ensure reliability, efficiency, and transparency 
of data processing  [2,  7,  8]. The acyclic nature of the 
structure guarantees the absence of infinite cycles, 
critical for ensuring the completion of tasks in data 
processing pipelines, especially when working with large 
amounts of information. The graph data structure allows 
the execution of interdependent tasks to be controlled, 
which is important when building data warehouse filling 
processes (for example, data extraction always precedes 
data transformation). In addition, thanks to its structure 
a  directed acyclic graph allows parallel tasks to be 
worked on efficiently. This also allows the dependencies 
between different stages of data processing to be 
visualized. Thus, the tasks represented in the graph are 
independent and can be performed simultaneously.

Orchestration tools such as Apache Airflow  [9–11] 
provide basic mechanisms for defining dependencies, but 
effective prioritization requires more detailed analysis 
which takes into account dynamically changing loads, 
the criticality of business metrics, and which predict 
bottlenecks. Without a systematic approach to describing 
the architecture and formalizing the rules for ordering 
processes, there is a  risk that they will be executed in 
a sequence which is far from optimal. This is particularly 
critical in the context of near real-time analytics.

https://doi.org/10.32362/2500-316X-2026-14-1-7-18
https://doi.org/10.32362/2500-316X-2026-14-1-7-18
https://www.elibrary.ru/TAUPKU
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Despite the significant practical importance of 
optimizing ETL  pipelines, the number of specialized 
studies on task prioritization in this area remains 
limited. Most existing orchestrators3,  4  (Apache  Airflow,  
NiFi, Luigi)  [6,  10–12] use simplified strategies 
such as first-in-first-out or static priorities set by 
the user based solely on their empirical experience. 
Significant achievements exist in the related field of 
real-time systems, in which the DAG  model is also 
widely used  [13]. These studies solve the problem of 
guaranteed adherence to strict deadlines for parallel 
tasks on multiprocessor systems, using the concept 
of parallel progression of selected paths in a  graph 
with sub-task prioritization and complex worst-case 
response time analysis.

Despite their common foundation in directed acyclic 
graphs, the goals and conditions of ETL  optimization 
differ fundamentally from real-time planning. Firstly, 
ETL  focuses on minimizing the average pipeline 
execution time and task downtime with flexible 
parallelism, while real-time systems require guarantees 
of deadline compliance with strict resource allocation. 
The probability of completing requests within a  given 
time and the readiness coefficient for completing 
requests within a given time can be used as metrics for 
real-time systems  [14,  15]. Secondly, the performance 
metrics differ. For ETL, the total duration and resource 
utilization are critical, rather than worst-case analysis.

The direct application of methods for improving the 
efficiency of real-time systems (including path selection 
algorithms) in an ETL  context is suboptimal. Their 
excessive complexity and reservation requirements lead 
to underutilization of resources, ignoring at the same 
time the specifics of data storage layers and the dynamic 
constraints of orchestrators. Static approaches to real-
time assurance are poorly adapted to load changes, in 
which hybrid strategies are more efficient. Thus, despite 
the formal similarity of the models, the difference in 
operational requirements and metrics necessitates the 
development of specialized prioritization methods 
for ETL, which justifies this study.

An analysis of existing ETL prioritization 
methods  [16,  17] reveals significant limitations in 
current approaches:

•	 The proposed algorithms do not take into account 
the topological characteristics of process graphs 
which negatively affects the efficiency of planning 
in distributed systems;

•	 The predominant method of prioritization remains 
static. It is based on user labels for individual tasks 

3  https://nifi.apache.org/. Apache NiFi. Apache Software 
Foundation. Accessed January 10, 2025.

4  https://www.informatica.com/. Informatica. Informatica  LLC. 
Accessed January 12, 2025.

and does not take into account the dynamics of 
execution and the mutual influence of processes in 
the pipeline.
The aim of this work is to develop and justify 

a  method for prioritizing ETL  processes which 
minimizes the execution time of the entire data pipeline 
using system analysis and simulation modeling methods.

This study proposes a  simulation model which 
enables ETL  process management in complex 
architecture environments to be analyzed. The model 
recreates an environment in which a  directed acyclic 
graph is generated, reflecting the chains of ETL  task 
execution which form a theoretical data warehouse. Each 
directed acyclic graph models dependencies between 
processes and time constraints. A  key feature of the 
approach is the ability to compare different prioritization 
algorithms under identical conditions, providing an 
objective assessment of their effectiveness. This allows 
not only the execution of processes to be visualized 
within a centralized data warehouse, but also the impact 
of the selected algorithm on the overall duration of the 
pipeline to be quantitatively assessed. For example, by 
varying the number of nodes, the depth of dependencies, 
or the duration of a single task, it is possible to determine 
which algorithm demonstrates the best results in which 
scenarios. The results of the model generate metrics 
for comparison such as average execution time and 
percentage of resource downtime, forming the basis 
for an informed choice of optimization method in real-
world conditions. Thus, the simulation model serves 
as a  tool for systematic analysis of ETL orchestration, 
minimizing the risks of implementing ineffective 
solutions in industrial systems.

1. FORMALIZATION OF THE TASK

As part of this work, we will formalize the task 
of orchestrating ETL processes and will also establish 
a number of constraints necessary for its solution. The 
orchestration task includes several key stages: defining 
priorities for tasks; controlling the number of processes 
running simultaneously; and managing changes in task 
statuses according to their current status. 

It should be emphasized that the study will not 
analyze the load on the target computing system. 
Instead, a  variable will be introduced to regulate the 
load on the system, in order to determine the maximum 
number of simultaneously active tasks–slots. This is 
a  common approach in similar tools. For example, 
Apache Airflow has a  parameter for the number of 
available computing slots5, responsible for the total 

5  https://airflow.apache.org/docs/apache-airflow/stable/
configurations-ref.html. Airflow Configuration Reference. 
Accessed January 20, 2025.

https://nifi.apache.org/
https://www.informatica.com/
https://airflow.apache.org/docs/apache-airflow/stable/configurations-ref.html
https://airflow.apache.org/docs/apache-airflow/stable/configurations-ref.html
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number of tasks which can be executed simultaneously 
across all processes. In addition, an additional 
restriction will be imposed. Once a  specific process 
is started, its execution cannot be suspended until that 
process is completed. Resources will only become 
available once it has finished running.

Let us formulate the optimization problem for the 
orchestration process. Let G  =  (V,  E) be a  directed 
acyclic graph, in which V is a set of processes and E is 
a set of dependencies between them. In the case where 
the maximum number of simultaneously executing 
processes is limited to one, the problem can be solved 
using the classic method of topological sorting. 
Topological sorting is a  linear ordering of the vertices 
of a directed acyclic graph, in which for each directed 
edge from vertex A  to vertex B, the condition that  
A  precedes B  in this ordering is satisfied. Applying 
topological sorting to graph  G allows us to obtain 
a sequence of process execution which satisfies all the 
established dependencies.

For this task, we can use the following notations: 
P = {p1, p2, …, pn} is the set of processes; D(pi) set of 
processes upon which the process pi depends; ti  is the 
execution time of each process.

The objective is to minimize the total execution 
time of all processes, taking their dependencies into 
account. This optimization problem can be written as 
follows:

	 total
1

minimize  = ,
=
∑
n

i
i

T t � (1)

provided that for each process pi the following condition 
holds: pj is executed before pi if pj ∊ D(pi).

However, with such a  formulation of the problem, 
in which only one process can be launched at a time, we 
obtain a single solution. This is the sum of the execution 
times of all processes:

total
1

 = .
n

i
i

T t
=
∑

If N  processes can be run simultaneously  (in 
parallel), this solution may not be unique. Given this 
formulation, the new optimization problem can be 
described as follows:
1.	 Let us define a set of active processes A(t) which can 

be launched at time t.
2.	 Let C(t) ≤ N be the number of processes which can 

be launched at time t.
3.	 The execution time of all processes will now depend 

on the parallelism of their execution.
The general objective remains the same—

minimizing the total execution time (1).

2. SIMULATION MODELING  
OF ORCHESTRATION

Comparing different prioritization algorithms upon 
real data in a computing cluster can be challenging for 
several reasons. Firstly, individual experiments can take 
several hours to complete. Secondly, running multiple 
parallel processes requires significant cluster computing 
power. Therefore, it makes sense to consider a simulation 
model which would reproduce the behavior of a similar 
system while minimizing time and computational 
resources. 

The simulation of parallel execution of tasks 
with a  limited number of slots was implemented 
using a  discrete-event modeling approach with 
a  custom event scheduler based on a  priority 
queue, implemented in Python. Python was chosen 
for implementing the simulation model due to its 
combination of advantages, corresponding to the 
specifics of the research problem. This programming 
language provides a  well-developed ecosystem of 
scientific libraries which significantly simplify 
model implementation. Furthermore, Python’s 
integration with visualization tools and data 
processing capabilities simplifies model validation 
and interpretation of experimental metrics.

The operation algorithm includes four key stages. 
First, a list of running tasks is generated. At this stage, 
the program analyzes the directed acyclic graph and 
adds processes to the queue, the dependencies of 
which are already fulfilled (for example, parent nodes 
in the graph are completed or missing). The current 
priority of these processes is the highest among 
available tasks. This is implemented by checking 
the status of nodes in a  directed acyclic graph and 
sorting them according to specified prioritization rules 
(for example, based on the layer value at which the 
process is running). Second, the minimum execution 
time among all active tasks in the list is determined: 
this is the time it takes for at least one of the tasks 
to complete. Third, this value is added to the total 
pipeline execution time, thus moving the system 
forward in time by this amount. Finally, for all running 
tasks, their remaining execution time is reduced by the 
calculated minimum value. Completed processes are 
marked as completed, updating the dependency graph 
for subsequent iterations. This approach effectively 
emulates the concurrent execution of tasks, taking into 
account both the logical dependencies between them 
and the dynamics of resource allocation, providing 
flexibility for testing various prioritization algorithms 
within a single model.

Let us consider the data upon which the experiments 
will be conducted. A classic data warehouse has a layered 
structure [1, 7, 18, 19].
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Operational data storage. Stores operational, often 
current, detailed data which has not yet been aggregated. 
This layer serves as a source of operational information 
for reporting and can be directly used to build higher-
level layers.

Detailed data layer. A  centralized repository of 
integrated data collected from one or more disparate 
sources. The data is structured specifically for querying 
and analysis.

Data marts. A  subset of a  data storage focused 
on a  specific area of activity or team. Data maps are 
developed with specific needs or analysis in mind.

There are situations in which the number of layers 
may exceed three. This parameter is determined by 
the specific application conditions. However, the 
most common implementation option is three-layer 
architecture: the architecture proposed by Ralph 
Kimball [1] and the medallion architecture [13, 20].

In this study, directed acyclic graphs were generated 
to ensure maximum coverage of diverse scenarios. 
The generation was performed using the following 
methodology:

•	 Number of layers is 3. This number is most common 
when forming a data storage.

•	 The total number of nodes (processes) for each graph 
was generated according to a uniform distribution in 
the range from 250 to 400.

•	 The nodes were distributed among the layers in 
accordance with Table 1.

•	 Additionally, links were added within the layers 
of the detail layer and data marts to model 
complex transformations. Each node had up to 
two random predecessors within its layer  (the 
probability of establishing a  link was  0.1, the 
Pareto distribution for the number of links). 
After generating the links, a check for cycles was 
performed in order to exclude links that could 
cause a given cycle. The total number of links per 
node does not exceed 10.

•	 The execution time of each node was assigned 
independently, and uniformly distributed in the 
range from  100  to  5000  s. No relationship was 
established between execution time, layer, or node 
degree.

Table 1. Percentage of tables relative to the layer

Layer Share of tables

Source data storage 30–40%

Integrated repository of a structured 
data ready for analysis 30–40%

Specialized subset focused on  
a specific subject area 20–30%

In order to evaluate the performance of nine 
prioritization algorithms, each algorithm was run on 
each generated directed acyclic graph. Experiments 
were conducted for varying numbers of parallelism slots 
to assess the impact of increasing this parameter on the 
performance of the algorithm.

3. PRIORITIZATION ALGORITHMS

Task prioritization is a  process in which the 
priority level of each individual task is determined 
based upon its characteristics and relationships with 
other tasks. This priority level can be random or 
determined based on the parameters of a specific task, 
its position, and its relationships with other elements. 
Let us consider several possible prioritization 
algorithms.

Random selection. This algorithm operates on the 
principle of equal priority. This means that any process 
that can be launched at a given moment will be activated 
with equal probability. This solution is not optimal and 
is more of a baseline solution used for comparison with 
alternative approaches.

Minimum execution time. Processes with the 
shortest execution time are executed first.

Maximum execution time. Processes with the 
longest execution time are executed first.

Maximizing the number of dependencies. The 
algorithm is based on the number of processes dependent 
on each process.

Hybrid time algorithm. This approach divides the 
available computing slots of the ETL  system into two 
parts. The first part is allocated to execute the tasks with 
the highest priority according to the maximum execution 
time strategy. The second part is allocated to execute the 
tasks with the highest priority according to the minimum 
execution time strategy.

Recursive maximization of the number of 
dependencies. An algorithm which takes into account 
the number of dependent tasks not only of the current 
process, but also of all downstream processes that 
depend on this one.

Minimum layer level. An algorithm based on the 
layer level within which a given ETL process is executed. 
The operational layer corresponds to level 0, the detailed 
layer to level 1, and the data mart layer to level 2. If there 
are more layers, they are classified similarly according 
to the graph topology.

Maximum layer level. An algorithm which 
prioritizes processes at a higher layer level.

Linear combination. This approach integrates 
all parameters into a  single model. For prioritization, 
a linear combination of features and their corresponding 
coefficients is constructed. The following criteria 
are selected as parameters: execution time, number 
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of  dependent processes, and layer level. The resulting 
linear combination has the following form:

ti x1 + pi x2 + li x3, 

wherein x1, x2, x3 are constants, li is the layer level of the 
ith process.

When using this combination, the appropriate 
coefficients need to be selected. For this purpose, 
optimization algorithms were used, in which each 
iteration runs the simulation model with a new parameter 
vector X, resulting in the overall execution time of the 
model. This time must be minimized.

4. EXPERIMENTAL RESULTS

Based on the requirements described above, 50 graphs 
were generated representing the different architectures of 
ETL processes which fill the data storage.

Let us consider the process of selecting coefficients 
for an algorithm based on a  linear combination. 
In order to determine the optimal values for these 
coefficients, N  graphs were selected, which were run 
with predetermined coefficients xi. The objective of the 
optimization model is to minimize the total execution 
time of all N graphs. Thus, the coefficients are selected 
not for a  specific model, but rather generalized for 
various graph topologies. This approach is necessary 
because in real-world applications of the algorithm it 
may be impossible to select such parameters. 

The following methods were selected as optimization 
algorithms for solving this problem: Powell’s algorithm; 

6  https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.minimize.html. Accessed January 27, 2025.

the COBYLA method (from Constrained Optimization 
BY Linear Approximations); the Nelder–Mead 
algorithm; and the Conjugate Gradient  (CG) method. 
The implementation of these algorithms is taken from 
the SciPy library, optimize module6. The results of the 
optimization algorithms are presented in Table 2.

The best result was obtained using the Nelder–Mead 
algorithm. Based on the coefficients obtained, it can be 
concluded that this algorithm identified execution time as 
the most influential parameter for process prioritization.

The algorithm was applied to a  set of graphs not 
included in the training set. The result was the total 
processing time of all processes in these graphs for various 
values of the number of available slots parameter (Fig. 1).

Table 2. Results of solving the optimization problem 
for a linear combination

Model Iterations Execution 
time Coefficients

Powell 193 32282
2.58792896, 
2.66311897,  
−1.85081307

CG 43 32385
2.10667215 ∙ 10−5, 
4.67212040 ∙ 10−5,

0

COBYLA 26 32274
1.1580144,  
0.80662082,  
1.44364821

Nelder–Mead 109 30193
−3.68735705, 
0.75631002,

0.5
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Fig. 1. Orchestration results of the presented algorithms (colors are indicated in order from left to right)

https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.minimize.html
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Fig. 2. Tasks idle time for different algorithms

To assess the efficiency of task servicing in the 
queue, we introduce an additional metric—task idle 
time. It is calculated as the total time spent in the queue 
by tasks ready to run. The results of this metric are 
presented in Fig. 2.

The results of the study demonstrate that the 
algorithm for prioritizing tasks with maximum 
execution time provides the best overall execution time 
for ETL  processes only under conditions of limited 
parallelism. This is when the number of concurrently 
executing tasks (slots) is no more than two. Under such 
conditions, this algorithm minimizes the impact of long-
running tasks as bottlenecks, preventing their blocking 
effect on the completion of the entire queue.

However, as the degree of parallelism increases, 
the hybrid algorithm, which divides the queue into two 
equal parts—one for tasks with minimum and one for 
maximum execution time—outperforms the algorithm 
which maximizes execution time based on total execution 
time. This is due to the ability of the hybrid approach 
to efficiently allocate resources. Dedicated slots for 
short tasks enable the queue to be quickly cleared of 
small operations, while slots for long-running tasks 
ensure their continuous execution without downtime. 
Furthermore, the hybrid algorithm significantly reduces 
the idle time of tasks in the queue, when compared to 
the time-maximizing algorithm. However, it is inferior 
in this respect to the algorithm that prioritizes tasks with 
minimum execution time.

The discrepancy regarding idle time, where 
minimizing time yields the lowest values and 
maximizing time yields the highest, can be explained by 

the fundamental difference in their optimization goals. 
An algorithm which prioritizes tasks with the shortest 
execution times ensures their rapid completion. This 
dramatically reduces the waiting time for most tasks 
in the queue. An algorithm which prioritizes tasks 
with the longest execution times starts processing the 
longest tasks, forcing short operations to accumulate 
and remain idle for the entire duration of long processes. 
For example, if a  queue contains one 10-h  task and 
twenty 1-min  tasks, prioritizing long processes will 
cause all short tasks to wait for the entire duration of the 
10-h operation, creating colossal cumulative idle time.

Thus, an algorithm which prioritizes long-running 
processes optimizes the overall queue completion time 
by concentrating resources on long-running operations, 
while an algorithm which prioritizes tasks with minimal 
execution time sacrifices the processing speed of long-
running tasks in order to minimize the waiting time 
for most operations. A  hybrid algorithm mitigates this 
tradeoff, achieving a  balance between the two metrics 
while demonstrating the best result in terms of the 
duration of the entire pipeline of tasks.

CONCLUSIONS

This article proposes a  combination of 
a  methodological approach and tool solutions for 
optimizing ETL pipelines adapted to dynamic execution 
conditions. Unlike classical studies which focus on static 
prioritization or isolated algorithm analysis, the proposed 
model integrates task execution simulation, while taking 
into account resource constraints and the  topological 
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characteristics of the process chain which generates the 
data warehouse’s content.

The study demonstrated that prioritization based 
on the topology of process links is feasible and can 
reduce the overall execution time of a  data pipeline. 
Thus, the optimal choice of prioritization algorithm can 
significantly reduce overall idle time. This will impact 
the overall duration of processes, as demonstrated by 
a hybrid algorithm that divides the queue into a queue of 
tasks with the shortest execution time and those with the 
longest execution time.

The results of the study have significant practical 
value for optimizing the design and operation of 
ETL  processes in modern data warehouses and data 
lakes. The developed hybrid prioritization algorithm 
demonstrated experimental results which reduced the 
overall execution time of data pipelines by  15–17% 
compared to alternative algorithms. A key advantage for 
its practical implementation is the architectural flexibility 
of the algorithm. It can be implemented as a  custom 
component for popular open-source orchestration 
systems, such as Apache Airflow. This integration 
enables increased efficiency in the utilization of cluster 
computing resources with minimal modifications to the 
existing infrastructure.

A promising area for further research is the 
development and evaluation of adaptive prioritization 
algorithms capable of dynamically accounting for the 
current load of centralized data storage computing 

resources in real time. While a  strategy based on 
maximum task duration has proven effective under static 
conditions, ETL  pipeline performance largely depends 
on the actual availability of resources such as computer 
cores, memory, disk subsystem bandwidth, and network 
capacity, which can fluctuate significantly during 
execution. Integrating resource monitoring systems 
and using these dynamic metrics as additional input 
parameters for the prioritization algorithm will pave 
the way for more flexible and responsive systems. This 
approach will potentially enable the optimization of task 
allocation not only at the planning stage but also during 
execution. This will also promptly increase the priority 
of tasks, the execution of which can be accelerated 
by a  temporary surplus of a  particular resource, or by 
downgrading resource-intensive tasks during peak load 
periods. This will thereby minimize overall execution 
time and reduce the risk of downtime due to resource 
shortages. The study of the effectiveness of various 
strategies for combining predicted task durations with 
actual resource metrics is of significant scientific and 
practical interest.
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Abstract
Objectives. The paper examines the problem of improving the accuracy of identifying the message flow between two 
subscribers in multi-agent systems. This is done by analyzing the contextual characteristics of the overall message 
flow in the communication channel. Situations may arise during the process of source identification and verification 
of authenticity in which authentication codes for two or more messages collide. One way to resolve such conflicts 
is to isolate the message flow between two subscribers by leveraging its unique statistical characteristics which differ 
from the characteristics of the general message flow within the system. The aim of the paper is to develop a method 
which reliably identifies the target message flow even in cases of authentication code collisions.
Methods. The contextual characteristics of messages are used, in order to analyze and highlight patterns of agent 
behavior in  the message flow. These characteristics include frequency of  sending, message size, timestamps, 
and historical interaction data. The method involves the formation of statistical characteristics of the message flow 
between two agents in a multi-agent system, such as skewness and kurtosis, as well as distribution parameters 
for the number of messages sent between events from the target source along with their classification by means 
of logistic regression.
Results. During experiments, the method developed has been found to demonstrate a Precision metric value in the 
range of 0.81–0.85. This is 40–50% higher than existing methods based on the analysis of inter-packet time intervals, 
indicating that 81–85% of the messages classified as belonging to the target source are actually such. ROC1 analysis 
confirmed the high efficiency of the model and acceptable classification quality.
Conclusions. The results of the study show that the use of contextual characteristics and statistical analysis enables 
the accurate identification of target flows in multi-agent systems with a total number of agents ranging from 70 to 110. 
This method can be used in low-bandwidth communication channels where it is essential to minimize the size of the 
transmitted batch header and computational costs associated with authentication procedures. 

1   Receiver operating characteristic.

https://doi.org/10.32362/2500-316X-2026-14-1-19-30
https://www.elibrary.ru/TXHMHW
mailto:mishin.ilya46@yandex.ru


20

Russian Technological Journal. 2026;14(1):19–30

Maxim O. Tanygin 
et al.

Identification of the message flow between two subscribers  
in multi-agent systems based on the analysis of its contextual characteristics

Keywords: multi-agent systems, contextual characteristics, binary classification, logistic regression, skewness, 
kurtosis, ROC analysis

For citation: Tanygin M.O., Mishin I.O., Kuleshova E.A., Kiselev A.V. Identification of  the message flow between two 
subscribers in multi-agent systems based on the analysis of its contextual characteristics. Russian Technological Journal. 
2026;14(1):19−30. https://doi.org/10.32362/2500-316X-2026-14-1-19-30, https://www.elibrary.ru/TXHMHW

Financial disclosure: The authors have no financial or proprietary interest in any material or method mentioned.

The authors declare no conflicts of interest.

НАУЧНАЯ СТАТЬЯ

Выделение потока сообщений между двумя 
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Резюме
Цели. В статье исследуется задача повышения точности выделения потока сообщений между двумя або-
нентами в многоагентных системах на основе анализа контекстуальных характеристик общего потока сооб-
щений в канале связи. При проведении процедур определения источника и установления его подлинности 
могут возникать коллизии кодов аутентификации двух и более сообщений. Одним из способов разрешения 
подобных ситуаций является выделение потока сообщений между двумя абонентами на основе его стати-
стических характеристик, отличающихся от характеристик общего потока сообщений в системе. Цель рабо-
ты – разработка метода, позволяющего надежно идентифицировать целевой поток в случае возникновения 
коллизий кодов аутентификации.
Методы. Для анализа и выделения паттернов активности агентов в потоке сообщений использованы контек-
стуальные характеристики сообщений: частота отправки, размер, временные метки и исторические данные 
взаимодействий. Метод включает формирование статистических характеристик потока сообщений между 
двумя агентами многоагентной системы (коэффициенты асимметрии и эксцесса, параметры распределе-
ния количества сообщений между событиями целевого источника) и их классификацию с помощью логисти-
ческой регрессии.
Результаты. В ходе проведенных экспериментов было установлено, что разработанный метод демонстри-
рует значения метрики Precision  (полнота) в  диапазоне  0.81–0.85  (от  81% до  85% сообщений, классифи-
цированных как принадлежащие целевому источнику, действительно являются таковыми), что на  40–50% 
превышает показатели существующих методов, основанных на анализе межпакетных интервалов времени. 
ROC2-анализ подтвердил высокую эффективность модели и приемлемое качество классификации.

2  Receiver operating characteristic – рабочая характеристика приемника.

https://doi.org/10.32362/2500-316X-2026-14-1-19-30
https://www.elibrary.ru/TXHMHW
mailto:mishin.ilya46@yandex.ru


21

Russian Technological Journal. 2026;14(1):19–30

Maxim O. Tanygin 
et al.

Identification of the message flow between two subscribers  
in multi-agent systems based on the analysis of its contextual characteristics

Выводы. Результаты исследования показали, что использование контекстуальных характеристик и стати-
стического анализа позволяет точно выделять целевые потоки при общем числе агентов в многоагентных 
системах от 70 до 110. Метод может применяться в каналах связи с низкой пропускной способностью, где 
необходимо минимизировать размер заголовочных частей передаваемых пакетов данных и вычислительные 
затраты на выполнение процедур аутентификации. 

Ключевые слова: многоагентные системы, контекстуальные характеристики, бинарная классификация, ло-
гистическая регрессия, асимметрия, эксцесс, ROC-анализ
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INTRODUCTION

A multi-agent system (MAS), often referred to 
as a self-organized system, represents an advanced 
distributed computing network composed of numerous 
interacting agents. Each agent operates with a degree of 
autonomy and the capacity to adjust to its surroundings. 
MAS  is used in a variety of fields including robotics, 
resource management, intelligent transportation, and 
e-commerce. The effectiveness of MAS systems relies 
significantly on the reliability and safety of interactions 
between agents, thereby making authentication a vital 
factor to consider [1].

In MAS, authentication focuses on verifying the 
identity of data sources, known as network agents. This 
process is essential for safeguarding the trustworthiness 
and privacy of data during transmission. With the escalation 
of cybersecurity threats, the development of adaptable and 
resilient authentication methods is increasingly crucial.

In MAS, multiple authentication techniques are 
employed, each with its own influence on the security 
and operational efficiency of the system.

Cryptography is a common approach to authentication 
in  MAS. The use of both symmetric and asymmetric 
cryptographic algorithms enables trustworthy data security 
and agent identification  [2]. Symmetric approaches, 
exemplified by the advanced encryption standard (AES), 
deliver rapid processing speeds, although they require a 
secure key exchange. Asymmetric encryption techniques 
such as Rivest–Shamir–Adleman  (RSA) and elliptic-
curve cryptography circumvents the challenges of key 
distribution. In resource-limited environments, they might 
prove less efficient [3].

A variety of authentication protocols have been 
specifically designed for MAS. For example, challenge-
response protocols enable agents to verify their identity 
while keeping their secret keys private. These protocols 
may be enhanced with timestamp mechanisms to defend 
against replay attacks [4, 5].

Multifactor authentication (MFA), also employed 
in MAS  systems, demands confirmation through 
multiple factors, in order to validate the identity of 
an agent. While MFA significantly enhances security 
within  MAS, implementation introduces complexity to 
the authentication procedure and potentially increases 
system response times. It is important to acknowledge 
that design or implementation shortcomings in the 
authentication protocols can result in vulnerabilities and 
performance problems. Study [6] explores the challenge 
of identifying weaknesses in MFA protocols by means of 
a structured analytical approach. The authors establish 
a comprehensive set of criteria to evaluate security, 
encompassing both established and novel factors. The 
paper further examines the applicability of MFA across 
diverse sectors and pinpoints potential vulnerabilities. 
The study also uncovers critical flaws in ten prominent 
MFA protocols and offers solutions to mitigate these risks.

Dynamic authentication is another noteworthy aspect 
of  MAS which uses fluctuating parameters to verify 
agent identities. This can include temporary passwords or 
unique codes generated through specific algorithms. This 
method significantly reduces the vulnerabilities arising 
from compromised static credentials. For example, in 
article [7] the author examines passwords as a form of 
authentication. Despite advancements in authentication 
methods, this technique remains the primary 
authentication approach in numerous systems. When 
heightened security is necessary, it is often used together 
with other authentication methods, creating a two-factor 
or multi-factor authentication setup. This research 
highlights the drawbacks of the current authentication 
method and suggests an alternative of a time-based 
one-time password  (TOTP) system. TOTP  generates 
unique access codes which are only valid for a specific 
timeframe. This approach, along with dynamic passwords 
and a hybrid system blending one-time passwords with 
traditional passwords, offers solutions for both user 
authentication and peer-to-peer (P2P) authentication.
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In MAS, where agents interact with each other under 
uncertain conditions, reputation-based authentication 
plays a crucial role. This process enables agents to 
evaluate the reliability and trustworthiness of other 
agents based on their past interactions. The approach 
not only allows for the authentication of agents but also 
fosters the development of trust relationships within 
the system. Study  [8] proposes a method for message 
authentication using blockchain technology. This 
method relies on a reputation assessment mechanism, in 
order to authenticate messages. Blockchain is employed 
to manage identities and certificates in this context, 
while identity authentication and certificate revocation 
are facilitated through smart contracts. A reputation 
mechanism is devised in the aims of evaluating the 
credibility of messages. This can be integrated with 
message authentication, in order to ensure effective 
verification of message reliability. The performance 
analysis conducted in the study demonstrates that the 
proposed approach is more efficient than the traditional 
signature-based authentication method. This has been 
determined by comparing the following characteristics: 
computational power requirements, message latency, 
and data loss rate. The findings of the authors indicate 
that the solution proposed offers an acceptable level 
of protection against various well-known types of 
cyberattacks.

With the advancement of blockchain technology, it is 
now possible to use decentralized authentication methods 
in MAS. Blockchain provides for both transparency and 
the immutability of records, enabling agents to exchange 
sensitive information securely. This approach has the 
potential to significantly enhance security and reduce 
risks associated with centralized management. Study [9] 
proposes a novel (MFA) strategy to enhance security in 
dynamic environments, utilizing blockchain technology. 
The research also introduces a consensus model based 
on the Raft algorithm for selecting a trusted host, 
ensuring fast and reliable authentication. The analysis 
demonstrates that this approach effectively mitigates 
cyberattacks which target authentication systems.

The analysis also indicates that selecting an 
authentication method for  MAS largely hinges on 
the particular needs for security, performance, and 
scalability. Integrating multiple approaches can result in 
more resilient and secure systems, capable of operating 
efficiently in dynamic environments prone to potential 
threats.

OVERVIEW OF AUTHENTICATION COLLISION 
PROTECTION METHODS

Each message in MAS can be assigned a unique 
identifier, enabling it to be distinguished from other 
messages and preventing duplication. However, one issue 

which arises during the processes of source verification 
and authenticity validation in MAS is the occurrence of 
identifier collisions. For the purpose of this discussion, a 
collision refers to the matching of test sequences for two 
or more distinct messages [10]. Numerous methods exist 
to safeguard against such collisions. Let us examine the 
primary approaches.

Using unique message identifiers as verification 
sequences helps to prevent collisions during the 
authentication process. These identifiers can be generated 
using time stamps, random numbers, or a combination 
of both [11].

One effective method for guarding against collisions 
is the implementation of cryptographic hash functions 
with robust properties to mitigate the likelihood 
of generating identical hash outputs for distinct 
messages  [12]. Prominent examples of such hash 
functions include SHA-256 and SHA-3  (Secure Hash 
Algorithm)  [13]. The same category of applications 
also incorporates digital signature algorithms across 
various domains, in order to establish links between 
these algorithms and their scenarios  [14]. The authors 
have conducted comparative analyses of widely-used 
digital signature algorithms such as  RSA, Lamport, 
Elliptic Curve Digital Signature Algorithm  (ECDSA), 
and Edwards-Curve Digital Signature Algorithm, in 
terms of their performance. Study  [15] also analyzes 
existing encryption techniques and proposes a multi-
layered encryption strategy. This strategy uses AES 
for data encryption, RSA for key protection, and role-
based encryption for access control. This hierarchical 
method significantly raises the computational difficulty 
of unauthorized access attempts. Integrating these 
technologies has led to a  50%  reduction in key 
compromise risks and an improvement in data integrity 
by leveraging MAS verification.

At the same time, when considering an MAS class 
where communication occurs over low-bandwidth 
channels, such as sensor networks, industrial Internet 
systems, or the Internet of Things, the algorithms 
mentioned above are not applicable. This limitation 
arises due to the restricted size of the transmitted 
batch header. In such cases, the likelihood of collisions 
is influenced more by the identifier size than the 
cryptographic function properties. This mechanism 
offers protection against spoofing and collisions, since 
altering the message results in a hash mismatch  [16]. 
The paper addresses both the confidentiality of message 
content and the role of digital signatures in verifying 
its authenticity and integrity. These mechanisms not 
only shield the message from unauthorized access but 
also confirm that it has been sent by the specific agent 
associated with the signature.

Enhancing the reliability of flow separation—
identifying the source of each message in a communication 
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flow—can be achieved by incorporating the contextual 
characteristics of the messages into the authentication 
process. Contextual details such as message timing, 
agent location, message type, and content contribute to 
more precise assessments of risks and subsequent actions 
during authentication. For example, the research outlined 
in [17] addresses inter-operability issues in MAS related 
to communication, coordination, and adaptability in 
dynamic environments. The study emphasizes strategies 
designed to elevate communication within  MAS by 
focusing on protocols, reward structures, learning 
algorithms, and trust-building mechanisms. Standardized 
message formats and the implementation of context-
aware communication approaches can greatly enhance 
both the clarity and relevance of exchanged information. 
Furthermore, integrating reinforcement or deep learning 
algorithms enables agents to adapt dynamically and 
develop cooperative behaviors over time. Applying 
these strategies in  MAS results in more efficient and 
dependable performance within complex and ever-
changing environments.

In a dynamic MAS environment, it is recommended 
to implement adaptive authentication mechanisms which 
adjust parameters according to the characteristics of 
messages and the context of interactions. For example, 
if a message appears to be suspicious, the system could 
require extra layers of authentication or verification. 
The research outlined in  [18] introduces a solution 
which incorporates risk assessment with a platform-
based MFA  system. This approach can be seamlessly 
integrated into applications, enabling the delegation of 
the authentication process to an external resource while 
preserving the internal security of the system.

Combining various methods enhances the accuracy 
of the flow identification. For example, statistical analysis 
can be employed for preliminary data filtering  [19], 
followed by the application of machine learning 
algorithms to improve classification accuracy [20].

MATERIALS AND METHODS

In order to address the challenge of identifying a 
specific message flow between two participants from a 
shared communication channel, a method which relies 
on analyzing the contextual characteristics of the shared 
message flow within the communication channel is 
proposed.

Using the previously referenced sensor network as 
an example of an MAS, the following characteristics can 
be identified as contextual for distinguishing message 
flows from multiple sensors at the gateway [21]:

•	 the frequency of sending messages serves as a 
quantitative parameter which measures the intensity 
of data transmission from individual sensor agents. 
It is determined by calculating the ratio between the 

number of messages sent by a sensor and a specified 
time interval.

•	 the message size represents the amount of data 
transmitted by the sensor, encompassing both the 
average and maximum sizes of messages sent. 
Given that sensors of the same type often transmit 
messages with uniform sizes, this characteristic can 
be used to identify and classify devices within the 
network.

•	 the message types categorize messages based on 
their content or purpose, such as requests, responses, 
or notifications. Since sensors of similar types 
typically send messages for analogous purposes, 
this parameter enables specific data flows from 
individual sources to be isolated and their activity 
evaluated.

•	 the send time refers to the time at which messages 
are transmitted, utilizing timestamps for analysis. 
This parameter makes it possible to detect activity 
patterns of sensors. However, data interpretation 
may require caution due to potential distortions 
caused by packet losses stemming from interference.

•	 the historical data comprises previous interaction 
records related to the source, including successful 
and failed authentication attempts.
The method is proposed, in order to address issues 

related to the collision of message identifiers. This 
approach relies on determining the source by counting 
the number of messages exchanged through the 
communication channel between two specific messages, 
thus testing the hypothesis that they originate from the 
same source. The method assumes that the contextual 
characteristics of agents remain relatively stable over 
time, enabling historical data to be used to analyze 
and distinguish message flows effectively. It takes into 
account that an originating agent may produce messages 
for a given target based on interactions with other agents, 
such as transmitting messages after a fixed or calculated 
number of exchanges with other MAS  agents. This 
implies that the agent has the ability actively to manage 
the stability of its message flow contextual characteristics. 
The proposed solution offers notable benefits, including 
simplicity in implementation: a key consideration 
for devices with low computational capabilities and 
autonomous power supplies. Furthermore, this method 
can be executed independently on either the sender or 
the receiver side, since such meta-information does not 
need to be transmitted within service messages.

Several mechanisms can be employed to evaluate 
the statistical characteristics of message flow at the 
receiver during the processes of authentication and data 
flow identification:
1.	 Statistical analysis techniques such as clustering 

and regression analysis are effective in identifying 
patterns within the data and isolating the target flow. 
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Clustering allows for messages to be grouped around 
similar attributes, thus facilitating the distinction of 
message groups related to specific subscribers [22].

2.	 Machine learning algorithms, such as decision trees, 
neural networks, and support vector machines, can 
be trained on historical data to classify messages 
and identify the desired flow. For training purposes, 
structured data regarding interactions between 
specific subscribers can serve as a training 
dataset [23].

3.	 Time series analysis enables temporal dependencies in 
the data to be considered. This aids in the detection of 
anomalies which may signify the start or end of particular 
message flows. Techniques such as autoregressive 
models and moving average models can be applied to 
predict future messages based on past trends [24].
When relying on only one contextual characteristic, 

clustering is inadequate for decision-making due to the 
potential for a significant number of type I and type II 
errors, especially when similar characteristics appear 
in different flows. In addition, data derived from time 
series analysis can be heavily affected by the specific 
communication protocols in use. In fact, this has led 
the authors to abandon the continuous-time model [19], 
adopting instead a discrete-time approach based on 
counting messages transmitted in MAS. Consequently, 
a more suitable method for analyzing the resulting 
data involves machine learning. Logistic regression 
in this method serves as an efficient tool for reducing 
computational complexity during decision-making: an 
essential consideration for highly autonomous sensor 
devices in the MAS class under review.

A model is proposed for generating analyzed samples 
representing the number of messages transmitted in 
MAS between dataflow messages from a single source 
to a single receiver (Fig. 1).

This scenario contains a specific sequence of messages, 
1 1 1 1 2, , , , ..., , , ,i i i i l i l i l i lS S S S S S S− + + − + + + + +  sent by the 

network target agent, alongside multiple messages, 
1 1 1, , ,  ..., , ,i i i i k i k− + + − +D D D D D  originating from other 

network agents and transmitted accordingly. The count of 
these messages from other agents within the system is 
measured between pairs 1iS −  and  ,  i iS S  and 1 1,  ..., i i lS S+ + −  

1 1,  ..., i i lS S+ + −  and  i lS + . Let 1 1 1, , , ..., ,i i i i k i kn n n n n− + + − +  denote 
the cardinalities of the associated sets. Using these 
values, a sequential dataset is constructed to represent the 
number of messages exchanged before, during, and after 
each message in the sequence sent by the target agent.

Si – 1	 Di – 1	 Si	 Di	 Si + 1	 Di + 1	 Si + l – 1	 Si + l	 Di + k – 1	 Si + l + 1	 Di + k	 Si + l + 2	
t

ni – 1	 ni	 ni + 1	 ni + k – 1	 ni + k

Fig. 1. A scheme for sampling statistical  
characteristics of the message flow depending  

on the message arrival time

Using fixed or calculated message values in MAS 
poses significant risks from an information security 
perspective. The inherent predictability allows an 
external observer to easily identify such message flows. 
As a consequence, the MAS  structure becomes 
vulnerable and can be mapped by an attacker, even 
without directly analyzing the content of the transmitted 
data. However, introducing randomness in defining the 
sizes of sets 1 1 1, , ,  ..., ,i i i i k i k− + + − +D D D D D —where 
the distribution law and its parameters act as a shared 
secret between the sender and receiver—significantly 
enhances security. This approach complicates an 
attacker’s ability to isolate messages from the source in 
the overall MAS  message flow. Such increased 
unpredictability requires prolonged monitoring efforts, 
making unauthorized analysis much more challenging.

The message flow process operates as follows: 
once the source transmits a message, it waits for 
other MAS  agents to send a random number of 
messages. This number can either remain constant 
or be calculated, as previously noted. In the study, 
a source is implemented where its messages are 
produced based on a count subordinate to the Poisson 
distribution. Randomizing the intervals allows for the 
messages from each specific source to be masked. 
This effectively conceals the MAS  structure and 
the contextual details of the information flows from 
individual sources.

In the given scenario, unique message identifiers 
serve as verification sequences transmitted by a specific 
agent during a collision event (Fig. 2). Let us consider a 
sequence of messages, Si – 1, Si, Si + 1, Si + l – 1, ..., Si + l, 
Si + l + 1, Si + l + 2, generated by the target agent with inter-
message intervals, 1 1 1, , , ..., ,i i i i k i kn n n n n− + + − + , which 
are random values distributed according to the Poisson 
distribution in this scenario. Now, let us assume that the 
message  abS  is received between messages 

1 1 and .i iS S− +  Upon verification of its identifier, it is 
determined to be a target agent-generated message 
appearing between two authentic messages. Since the 
unique parameters used to generate testing sequences 
are not known to the attacker, and any coincidence of 
these sequences in  abS  and  iS  is entirely random, the 
message  ID within the message sequence  1i in n− +  
in  MAS adheres to a random distribution. Therefore,  
the value of  abn  is uniformly distributed in  
the interval  1 .i in n− +

ni – 1	 ni

nab	 ni – 1 + ni – nab

Si – 1	 Si	 Sab	 Si + 1	 t

Fig. 2. Model for generating intervals  
in the case of a collision of unique verification sequences 

for two different messages
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The task of the receiver involves analyzing two sets 
of paired values, 1 1( , ) and ( , ),i i ab i i abn n n n n n− − + −  in 
order to calculate the probability that pair 1 follows the 
Poisson distribution, accounting for the generation of 
corresponding messages by the target agent. Meanwhile, 
pair  2 does not conform to this distribution, allowing 
message  iS  to be excluded from consideration. These 
pairs can be enhanced by integrating a series of random 
values distributed according to the Poisson law. They 
represent the number of messages in  MAS exchanged 
between different target source messages preceding or 
succeeding a collision. This approach considers not only 
a sequence of three messages where a collision takes 
place but also a broader sample of messages generated 
by the agent. However, the size of such a sample may 
not be large a priori. Expanding it excessively would 
lead to delays in determining which message caused the 
collision or require storing a substantial history of 
messages. Such scenarios would negatively impact the 
overall performance of the agents, especially their 
autonomy.

As highlighted in [25], skewness and kurtosis are 
effective tools for identifying the type of distribution. 
These coefficients, indicating variations in agent activity 
patterns, can serve as features for classifying message 
flows. However, when working with small sample sizes, 
the application of these coefficients requires caution. 
Their high sensitivity to extreme values makes them 
less reliable for small samples (n < 50), since standard 
coefficient errors tend to increase with decreasing  n. 
This, in turn, diminishes the reliability of normality 
tests [26].

EXPERIMENTAL

The paper examines message flows in MAS to be 
identified using specific parameters for generating 
messages by the source and analyzing them at the 
receiver:

•	 M_chain = 11 refers to the number of messages from 
target agents analyzed, during which an ID collision 
occurred for one specific message.

•	 K  =  70–110 represents the Poisson allocation 
parameter  (accessible to the receiver), used by 
the source to define intervals between successive 
messages. In the context of  MAS, this parameter 
corresponds to the ratio of message generation rates 
of all MAS agents to that of the source over a unit of 
time. It can also be understood as the total number of 
agents in MAS, assuming equal message generation 
rates among all agents.
Binary classification is used to assess the quality 

of the classification process using a message flow 
identification technique based on the individual 
statistical characteristics of each subscriber.

For each simulation cycle on the test dataset, the 
following steps are performed:
1.	 Create empty arrays to store information about 

messages and their properties.
2.	 Generate data:

a) �generate time intervals for the message sequence 
using the Poisson distribution  (sequence  A1: 

1 9 10,  ..., , ).n n n
b) �generate time intervals for the message 

sequence (sequence A2: 1 9 10, ..., , ,ab abn n n n n+ −  
where  abn  is the evenly distributed number in the 
interval  9 10 ).n n+

c) �calculate the skewness a and kurtosis e for two 
data sets,  1 2 and .A A

d) �assign labels to the input datasets, 
1 1 2 2( , , , ) 1,f e a e a =  2 2 1 1( , , , ) 0,f e a e a =  using 

labels from the interval {0, 1}.
Next, training and testing datasets are created 

from the generated dataset, in order to train the logistic 
regression model. Then the accuracy of the model 
classification on the testing dataset is assessed. Based 
on the values of type  I and type  II  errors obtained,  
a classification matrix is constructed and ROC3 analysis 
is performed to evaluate the model performance.

Logistic regression is used for binary classification. 
The likelihood of event  Y occurring given the values 
of X is described by the following equation:

	
0 1 1 2 2( ... )( 1 | )

1 ,
1 e n nX X XP Y X

− β +β +β + +β
= =

+
� (1)

wherein  0 1, ,  ..., nβ β β  represent the model coefficients.
The following metrics are commonly employed to 

evaluate the performance of binary classification models:
1.	 Specificity (True Negative Rate) is calculated using 

the following formula:

	
TNTNR ,

TN FP
=

+
� (2)

wherein TN represents the number of true negatives 
while FP denotes the number of false positives.

2.	 Accuracy measures the degree to which the predicted 
outcomes match the actual results, expressed as 
follows:

	
TP TNAccuracy ,

TP TN FP FN
+

=
+ + +

� (3)

wherein TP stands for true positives, FN  for false 
negatives, TN  for true negatives, and FP  for false 
positives.

3   Receiver operating characteristic.
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3.	 Precision is described using the following formula:

	
TPPrecision .

TP FP
=

+
� (4)

4.	 Recall (or sensitivity) is calculated as follows:

	
TPRecall .

TP FN
=

+
� (5)

5.	  F1 score is the harmonic mean of Precision and 
Recall, which is defined as follows:

	
Precision Recall1 2 .
Precision Recall

F ×
= ⋅

+
� (6)

The F1 score ranges from 0 to 1, where a score of 1 
signifies perfect precision and recall, while a score 
of 0 indicates no correct predictions. 
In multi-class classification tasks, the following 

approaches are commonly used to aggregate metrics like 
Precision, Recall, and F1 score:
1.	 Macro average is an average value associated 

with aggregated or general indicators. It is used 
to compare the performance of a model across all 
classes, regardless of the size of each class:

	 1
1Macro avg ,N

ii M
N == ∑ � (7)

wherein N represents the total number of classes 
while Mi is the metric value for class i.

2.	 Weighted average calculates the average metric 
value for each class, taking into account the number 
of instances in each class:

	 1

1

Weight avg = ,
N

i ii
N

ii

M=

=

w

w

∑
∑

� (8)

wherein ωi represents the number of instances  (or 
weight) for class i.

RESULTS AND DISCUSSION

The studies reveal that the metric values (Precision, 
Recall,  F1) for each of the two classes  (0;  1) with 
K = 70–110, vary between 0.81 and 0.85. These metrics 
are derived by analyzing the contextual characteristics 
of information flows from individual sources. A method 
is used which identifies message flows based on these 
contextual attributes. The Precision metric signifies 
that 81% to 85% of messages classified as belonging to 
the target source actually originate from it. Similarly, 
the Recall metric shows that  81% to  85% of all 

messages from the target source are correctly identified. 
The F1  score reflects the balance of the model, and 
demonstrates its effectiveness in minimizing both false 
positives and false negatives.

The Accuracy metric represents the overall 
percentage of messages correctly classified, indicating 
that  81% to  85% of all messages in the system  (both 
target and irrelevant) are assigned to their correct 
categories. The alignment of the Macro average and 
Weighted average values suggests that there is no 
class imbalance. This is crucial because, in real-world 
scenarios, a balanced distribution of target and irrelevant 
messages makes analysis more straightforward and 
enhances method reliability.

The identical values for classes  0  and  1 can 
be attributed to the balanced data and the use of 
optimized feature selection, derived from the statistical 
characteristics of message flow.

Figure 3 illustrates the ROC curve for the logistic 
regression model at K = 90. The x-axis depicts the false 
positive rate, while the y-axis shows the true positive rate. 
The area under the curve (AUC) is calculated to be 0.83, 
suggesting that the model exhibits high sensitivity and 
effectively distinguishes between target and non-target 
messages, delivering satisfactory performance. 

The experimental results indicate that the model 
operates reliably, even with a high value of  K. Here, 
K represents the ratio of the total number of messages 
in MAS per unit of time to the number of messages from 
the target agent during the same time period.
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Fig. 3. ROC curve for the logistic regression model  
with K = 90 (solid blue line). The red dashed line 

represents a random classifier (AUC = 0.5)

Study [19], previously examined, introduces 
a methodology for identifying the origin of messages 
through statistical analysis of inter-packet interval 
times. It incorporates an evaluation of skewness and 
kurtosis, in which the defining rules are expressed 
as linear relationships between these parameters. 
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However, the study does not account for the impact of 
interference on the communication channel or delivery 
time. This omission is justified by disregarding the 
inter-packet interval time in the given context, allowing 
the influence of such interference to be reasonably 
overlooked.

The application of advanced statistical analysis, 
as opposed to the algebraic comparison of skewness 
and kurtosis, enables higher Precision metric values to 
be achieved than those reported in  [19]. For example, 
with the same predefined message sequence length  
of  M_chain  =  11, a Precision metric in the range  
of 0.3–0.4 is achieved in [19].

When comparing the results of this study to the 
aforementioned method, it can be concluded that under 
comparable communication system parameters the 
Precision metric shows an improvement, increasing 
by 0.4–0.5.

CONCLUSIONS

The study of the hypothesis presented in this 
paper regarding the use of skewness and kurtosis in 
identifying the distribution type of random variables has 
demonstrated its potential for distinguishing differences 
in the activity patterns of agents based on their contextual 
characteristics.

Through simulation of the operation of the message 
flow identification subsystem in the event of a collision 
of unique message identifiers, satisfactory values for 
binary classification quality metrics have been achieved 

using a method for identifying message flows based on 
information flow characteristics from specific sources.

The approach described, which involves calculating 
the total number of messages exchanged between 
all MAS  elements for a given target agent, is notable 
for its simplicity of implementation. This aspect is 
particularly important for low-performance devices 
which rely on autonomous power supplies. In addition, 
the method enables such counting to be performed 
independently on both the sender and receiver sides. The 
classification accuracy achieved by this approach ranges 
between 0.81 and 0.85.

The research findings demonstrate that leveraging 
contextual characteristics and statistical analysis 
facilitates accurate identification of target flows in MAS 
containing 70 to 110 agents. This method is especially 
suitable for low-bandwidth communication channels, in 
which it is crucial to minimize the size of transmitted 
batch headers and reduce the computational costs 
associated with authentication procedures. A particularly 
promising avenue for further development involves 
integrating adaptive mechanisms capable of handling 
dynamically changing traffic congestion, where the 
effective number of agents in MAS may vary widely.
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Abstract
Objectives. A key challenge when transmitting data in modern communication systems is the multipath propagation 
of  signals caused by  reflections from various obstacles. Various methods have been developed to  address this 
issue including: directional antennas; diversity reception; adaptive filtering; and the choice of effective modulation 
methods. One promising approach is the use of filters with impulse response (IR) inverse to IR channel. This allows 
for compensating delayed signals. The effectiveness of  such filters depends on  the accuracy of  their parameter 
settings. The paper aims to develop guidelines for effectively using filters with inverse IR to compensate for multipath. 
Additionally, it aims to evaluate the impact of various channel parameters, such as time delays and reflected signal 
intensities, on the bit error rate (BER) and to determine the energy gain.
Methods. The methods of statistical radio engineering, the theory of optimal signal reception and mathematical 
modeling were used.
Results. The results of a study on the effectiveness of multipath compensation in communication channels when using 
filters with inverse IR to that of the channel at the receiving side are presented. A multipath communication channel 
model was developed in the Simulink software environment, consisting of six beams with different time delays and 
intensities. Discrete information reception was simulated using different modulation methods: 16-QAM (quadrature 
amplitude modulation), 8-PSK (phase-shift keying), and 8-FSK (frequency-shift keying). The BER value was estimated 
depending on the signal-to-noise ratio and multipath channel parameters, including time delays and reflected beam 
intensities. It was shown that the use of filters with inverse IR can significantly reduce BER and improve communication 
quality. The change in the BER value is estimated for deviations of filter parameters from the ideal ones.
Conclusions. The results demonstrate that the use of  compensating filters is  effective in  combating multipath 
distortion, especially under strong interference conditions. The data obtained can be  used for the design and 
optimization of modern communication systems operating in complex signal propagation conditions.

Keywords: multipath communication channel, impulse response, filter with inverse impulse response, multi-position 
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Резюме
Цели. При передаче данных в современных системах связи одной из ключевых проблем является многолучевое 
распространение сигналов, вызванное отражениями от различных препятствий. Для борьбы с этим эффектом 
используются разные методы, такие как направленные антенны, разнесенный прием, адаптивная фильтрация 
и выбор эффективных методов модуляции. Одним из перспективных подходов является применение фильтров 
с импульсной характеристикой (ИХ), инверсной ИХ канала, которые позволяют компенсировать задержанные 
сигналы. Эффективность таких фильтров зависит от точности настройки их параметров. Цель работы состоит 
в выработке рекомендаций для обеспечения эффективной компенсации многолучевости при использовании 
фильтров с инверсной ИХ, оценке влияния параметров канала (временных задержек и интенсивностей отражен-
ных сигналов) на вероятность битовой ошибки (bit error rate, BER) и определении энергетического выигрыша.
Методы. Использованы методы статистической радиотехники, теории оптимального приема сигналов и ма-
тематического моделирования.
Результаты. Представлены результаты исследования эффективности компенсации многолучевости в  ка-
налах связи при использовании на приемной стороне фильтров с ИХ, инверсной ИХ канала. В программной 
среде Simulink разработана модель многолучевого канала связи, включающая шесть лучей с  различными 
временными задержками и интенсивностями. Проведено моделирование приема дискретной информации 
для разных методов модуляции: 16-КАМ (квадратурной амплитудной), 8-ФМ (многопозиционной фазовой) 
и 8-ЧМ (многопозиционной частотной) модуляциями. Выполнена оценка вероятности битовой ошибки в за-
висимости от  отношения  сигнал/шум и  параметров многолучевого канала  (временных задержек, интен-
сивностей отраженных лучей). Показано, что применение фильтров с инверсной ИХ позволяет значительно 
снизить вероятность битовой ошибки и улучшить качество связи. Оценено изменение величины BER при от-
клонениях параметров фильтра от идеальных.
Выводы. Результаты демонстрируют, что использование компенсационных фильтров эффективно для борь-
бы с многолучевыми искажениями, особенно в условиях сильной интерференции. Полученные данные могут 
быть использованы для проектирования и оптимизации современных систем связи, работающих в сложных 
условиях распространения сигналов.
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INTRODUCTION

Modern communication systems face various 
challenges, one of which is data transmission in 
multipath environments. Multipath propagation, caused 
by signal reflection from various obstacles, can result 
in interference and degradation of the received signal, 
significantly reducing the quality of communication. 
In order to overcome this issue, several methods 
have been developed, such as: the use of directional 
antennas  [1,  2], diversity reception  [3–6], adaptive 
filtering  [7,  8], and the selection of appropriate 
modulation techniques [9–12]. One key method used to 
mitigate the negative effects of multipath is through the 
use of impulse response  (IR) filters which are inverse 
to the channel  IR which allows delayed signals to be 
compensated  [13–17]. This paper presents the results 
of modeling and analysis of the efficacy of these filters 
in a  multipath communication channel when utilizing 
signals with various modulation techniques, such as: 
quadrature amplitude modulation  (16-QAM, coherent 
detection); multi-position phase-shift keying  (8-PSK, 
coherent detection); and multi-position frequency-shift 
keying (8-FSK, noncoherent detection).

The paper aims to evaluate the impact of multipath 
channel parameters  (delay, reflected signal strength) 
and the filter on the bit error rate  (BER) when 
receiving discrete signals, as well as to determine the 
energy gain from employing filters with inverse  IR. 
For analysis, a multipath model was developed in the 
Simulink1  environment, comprising six beams with 
distinct delays and intensities (discrete multipath).

MULTIPATH CHANNEL MODEL

An IR communication channel can be defined and 
its parameters estimated by means of a  preliminary 
probing of the channel with specific form signals such 
as short δ-pulses, signals with frequency modulation, 
or signals encoded with specific pseudo-random 
sequences  [18–23]. While this aspect is not detailed 
in the paper, it is assumed that the parameters of 

1  https://www.mathworks.com/products/simulink.html. 
Accessed February 15, 2025.

the IR  channel have been determined accurately or 
with some degree of error. Such information in the 
model can be obtained by using a  short probe pulse, 
the duration of which determines the lower limit of 
the range of possible beam delays. For instance, the 
duration of the probe pulse is chosen to be 1 ns.

A discrete multipath channel model (6  beams, 
including the direct path  sdrct(t)) is created 
using the MATLAB/Simulink  (trial version) and 
Scilab  Xcos2  software environments. The delays  τk 
of the signals are 0  (for the direct path), 7, 14, 21, 28, 
and  33  ns, while the relative  (relative to the average 
amplitude of the direct path signal) intensities  μk of 
the delayed signals are 0.09, 0.08, 0.07, 0.06, and 0.05, 
respectively  (Fig.  1,  left). The values for delays are 
provided for illustrative purposes only and may be 
adjusted depending on the specific radio propagation 
conditions.

Therefore, the output of the multipath channel can 
be described as follows:

5

drct drct
1

( ) ( ) ( ) ( ),k k
k

s t s t s t n t
=

= + m − τ +∑

wherein n(t) is white Gaussian noise  (additive white 
Gaussian noise channel), t is the time.

The circuit of the filter with inverse  IR 
consists of 6  branches, each with an amplification 
factor corresponding to the intensity and time 
delay (Fig. 1, right). In the portion which corresponds to 
delayed signals, the circuit acts as a mirror (in terms of 
polarity) of the communication channel mode.

BENCHMARKING FILTER WITH INVERSE IR

The benchmarking of a filter with inverse IR can be 
clearly seen when passing a single probe pulse through 
the channel. Figure  2a shows the oscillogram of the 
signal at the communication channel output showing 
1 direct signal and 5  reflections, which corresponds to 
that of the IR channel.

2  https://www.scilab.org/software/xcos. Accessed April  05, 
2025.
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Fig. 1. Multipath signal generation and processing 
model.  

z−1 is delay unit, where “−1” is beam delay time

Figure 2b shows the signal at the output of a filter 
with inverse  IR. This demonstrates that the filter has 
compensated for delayed beam signals. However, 
instead of these signals, responses appear at time 
positions that are twice the time delay. This is easily 
explained by the characteristics of signal passage 
through the filter [24].

SIMULATION OF COMMUNICATION CHANNEL 
USING MULTIPOSITION SIGNALS

Energy gain analysis

The study analyzes the energy gain (in terms of 
signal-to-noise ratio, SNR) in relation to the relative 
intensity of a  reflected beam for various modulation 
techniques: 16-QAM, 8-PSK, and 8-FSK. The modeling 
is conducted with one direct and one reflected beam, 
with a delay of 7 ns. The intensity of the reflected beam 
μ varies over a broad range, allowing for an assessment 
of the impact of both weak and strong reflections on 
bit error rates. For each modulation technique, the 
relationships between  BER  and  SNR  (Eb/N0,  where 
Eb is the energy per bit of information and N0 is the noise 
power spectral density) are plotted (Fig. 3) both without 
the use  (dashed  lines) and with the use of the inverse 
IR filter (solid lines).

Figure 4 shows the results of calculating the energy 
gain for BER = 10−3.

Figures 3  and 4  show that for a  reflected beam 
intensity of μ  =  0.3, the gain in the  SNR  (Eb/N0),  
when using a  filter with inverse  IR, varies 
between 1 and 10 decibels, depending on the modulation 
scheme employed. The gain for the 16-QAM signal is 
approximately twice that of the 8-PSK signal, and more 
than 10 times that of the 8-FSK signal. This is due to the 

fact that the 8-FSK signal has the highest initial immunity 
to interference  [11]. For example, with the reflected 
beam intensity of μ  =  0.3  and SNR  (Eb/N0) of  9  dB, 
BER without a filter is approximately 10−3 for 8-FSK. 
It is more than one order of magnitude higher for 8-PSK 
and twice as high for 16-QAM.

The relationship between BER and SNR

The next stage of the study involves modeling 
a  communication channel with 1  direct beam and 
5  reflected beams, each with varying delays  (7,  14, 
21,  28,  and  33  ns) and intensities  (for  16-QAM 
and 8-PSK, μ = 0.09, 0.08, 0.07, 0.06, and 0.05 relative 
to the average amplitude of the direct signal beam, 
and for 8-FSK, μ  =  0.2,  0.3,  0.4,  0.5,  and  0.6).  
The simulation results are  BER as a  function of  
SNR (Eb/N0) for various numbers of beams (Figs. 5–7),  
with (solid lines) and without (dashed lines).

Figures 5  and 7  show that for any number of 
received signals, the filter with inverse IR compensates 
for multipath interference for all signal types, thus 
reducing  BER. For example, with  SNR of 10  dB for 
16-QAM and 8-PSK signals with 5 received reflections, 
BER  is reduced approximately by a  factor of  7. For 
8-FSK signal which has higher noise immunity. More 
intense reflections are used in the simulations, thus the 
improvement is less significant than when compared to 
16-QAM and 8-PSK signals.
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Fig. 2. Oscillograms: (a) IR; (b) signal at the output  
of the filter with inverse IR
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Fig. 4. Results of calculating the energy gain for:  
(a) 16-QAM;  
(b) 8-PSK;  

and (c) 8-FSK
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Fig. 3. BER dependency on SNR when receiving signals 
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(a) 16-QAM;  
(b) 8-PSK;  

and (c) 8-FSK
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Fig. 5. BER dependence on SNR at different number of beams for 16-QAM
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Fig. 6. BER dependence on SNR at different number of beams for 8-PSK
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Fig. 8. BER dependence on the normalized gain 
deviation in the filter branch for signals:  

(a) 16-QAM;  
(b) 8-PSK;  

and (c) 8-FSK

The impact of parameter inaccuracy  
in the filter with inverse IR

The performance of the filter with inverse IR depends 
on the precision of its parameter settings, including gain 
coefficients and time delays within the branches. Under 
real-world conditions, these parameters can deviate from 
their calculated values due to variations in the signal 
transmission environment, inaccuracies in channel 
estimation, or errors in adaptive algorithms. Therefore, 
it is essential to assess how parameter deviations in 
the filter with inverse IR affect communication quality  
and BER.

In order to evaluate this, a scenario is selected with 
a channel comprising a direct and delayed signal, with 
a  relative power of  0.2  and a  time delay of 21  ns at 
SNR of 10 dB.

Figure 8  presents graphs of the relationship 
between  BER and deviation of the gain in the filter 
branch, normalized to a  nominal value of  0.2, for  
16-QAM, 8-PSK, and 8-FSK signals.

From the results obtained, it can be concluded 
that the correct operation of the filter is maintained 
within a  fairly broad range of gain variations in the 
filter section. Therefore, even if the gain deviates by 
1.5 times the nominal value specified by the reflected 
beam level, BER  will increase approximately 
twofold. If the gain deviates two  times, BER  will 
increase by an order of magnitude for all signals under 
consideration.

Figure  9  shows graphs of the relationship 
between  BER and the deviation of the delay in the 
filter branch, normalized to a  nominal value of 21  ns, 
for  16-QAM, 8-PSK  (at  the reflected beam intensity 
of μ = 0.2), and 8-FSK (at the reflected beam intensity 
of μ = 0.5).

The graphs in Figs. 9a and  9b  (for  16-QAM 
and  8-PSK, respectively) have a  characteristic 
appearance which can be explained by the use of 
a  complex envelope in the signal representation 
model. This results in a  lower “plateau” along 
the normalized delay time axis, with a  duration 
determined by the channel symbol duration, during 
which the information component of the signal phase 
remains constant. When the delay deviates beyond the 
boundaries of this “plateau,” BER sharply increases. 
For the 8-FSK  model, BER  cannot be accurately 
estimated when the delay deviates from the nominal 
value by less than  5% due to certain software 
limitations. Nevertheless, the results indicate that the 
filter is operating correctly within a very narrow range 
around the nominal delay value. It can be said that an 
accuracy of approximately 1% is required for proper 
operation.
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Fig. 9. BER dependence on the normalized delay 
deviation in filter branch for signals:  

(a) 16-QAM;  
(b) 8-PSK;  

and (c) 8-FSK

CONCLUSIONS

The paper presents the results of an investigation 
into the efficiency of the filter with inverse IR to that 
of the communication channel with a discrete multipath 
at the reception of signals with multi-position types of 
modulation, such as 16-QAM, 8-PSK, and 8-FSK. Based 
on mathematical modeling in the Simulink environment, 
the impact of channel parameters and filter parameters 
on BER is explored.

The use of such compensation filters offers 
a substantial energy advantage in terms of SNR, which 
varies depending on the modulation type from units to 
tens of decibels, making them particularly promising for 
high-speed communication systems. It was ascertained 
that the filter continues to function with deviations in the 
branch gains up to 1.5 times the nominal value, although 
it is highly sensitive to the accuracy of time delays, with 
a permissible deviation of 1%.

The efficiency of the filter is also dependent on the 
number and intensity of beams. Therefore, the upper 
limit of applicability can be considered to be the value 
of µ, which is slightly greater than 0.5. When μ → 0.9, 
the filter becomes ineffective due to the high level of 
response at time positions that are twice the time 
delay (Fig. 2).

Therefore, the use of filters with inverse IR to that 
of the communication channel is an effective method for 
combating multipath distortion, significantly improving 
communication quality and gain. The results obtained 
confirm the potential of this approach in increasing the 
reliability and capacity of modern telecommunication 
systems.

Future research will focus on developing adaptive 
algorithms aimed at determining the  IR of the 
communication channel and automatically determining 
parameters for a filter with inverse IR.
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Abstract
Objectives. The aim of  this study is  to develop and demonstrate an  effective method for obtaining large-area, 
 high-quality monolayers of molybdenum disulfide (MoS2) on the surface of ferroelectric lead zirconate titanate  (PZT) 
films which exhibit pronounced granularity and texturing. Conventional mechanical exfoliation techniques are 
inefficient for transferring two-dimensional materials onto nonplanar surfaces. This is due to local height variations 
and substrate granularity which hinder the formation of continuous monolayers and high-defect-density transferred 
structures. A particular challenge is the transfer onto functional substrates with surface topography characterized 
by heterogeneities ranging from tens of nanometers to micrometers.
Methods. A  gold-assisted exfoliation (GAE) method was employed, including: magnetron sputtering of  a  50  nm 
gold film; mechanical delamination of monolayers using thermally cleavable tape; and subsequent gold etching. The 
characterization was performed using X-ray diffraction, optical confocal microscopy, atomic force microscopy, and 
second harmonic generation techniques. The efficiency of the transfer process was compared for Si/SiO2 and PZT 
substrates.
Results. MoS2  crystallites with areas up  to 3000  µm2  were obtained on  PZT and over 65000  µm2  on standard 
Si/SiO2  substrates, both of  which exhibit minimal defect densities. Conventional mechanical exfoliation is  shown 
to be unable to ensure transfer onto textured surfaces, whereas the GAE method preserves the monolayer character 
of the transferred crystallites even on nonplanar substrates.
Conclusions. This work demonstrates for the first time the possibility of  obtaining large-area, high-quality 
MoS2 monolayers on substrates with pronounced grainy and textured structures, such as ferroelectric PZT films, 
using the gold-assisted exfoliation method. The work also shows that gold-assisted exfoliation is  an effective 
technique for fabricating extended two-dimensional films with controlled morphological and structural properties, 
including on substrates previously considered unsuitable for such applications.

Keywords: two-dimensional materials, molybdenum disulfide, gold-assisted exfoliation, ferroelectric thin films, 
lead zirconate titanate, mechanical exfoliation, nanostructures, FeFET
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Резюме
Цели. Цель работы заключается в разработке и демонстрации эффективного метода получения протяжен-
ных и высококачественных монослоев дисульфида молибдена (MoS2) на поверхности сегнетоэлектрических 
пленок цирконата-титаната свинца  (ЦТС) с  выраженной зернистой и  текстурированной структурой. Стан-
дартные методы механической эксфолиации оказываются неэффективными для переноса двумерных мате-
риалов на неровные поверхности из-за локальных перепадов высоты и зернистости подложки, что приводит 
к  невозможности формирования протяженных монослоев и  высокой плотности дефектов в  переносимых 
структурах. Особую сложность представляет перенос на функциональные подложки с рельефом поверхно-
сти, характеризующимся неоднородностью на масштабах от десятков нанометров до микрометров.
Методы. Использован метод золото-ассистированной эксфолиации  (gold‐assisted exfoliation,  GAE), вклю-
чающий магнетронное напыление золотой пленки толщиной 50  нм, механическое отделение монослоев 
с помощью терморасщепляемого скотча и последующее травление золота. Характеризация проведена ме-
тодами рентгеновской дифракции, оптической конфокальной микроскопии, атомно-силовой микроскопии 
и генерации второй оптической гармоники. Сравнение эффективности переноса выполнено на подложках 
кремния/оксида кремния (Si/SiO2) и ЦТС.
Результаты. Получены кристаллиты MoS2 площадью до 3000 мкм2 на ЦТС и свыше 65000 мкм2 – на стан-
дартных подложках Si/SiO2 при минимальной плотности дефектов. Показано, что стандартная механическая 
эксфолиация не обеспечивает перенос на текстурированные поверхности, тогда как GAE сохраняет моно
слойность переносимых кристаллитов даже на неровных подложках.
Выводы. Впервые продемонстрирована возможность получения протяженных и  высококачественных мо-
нослоев  MoS2  на подложках с  выраженной зернистой и  текстурированной структурой, таких как сегнето
электрические пленки  ЦТС, с  помощью метода золото-ассистированной эксфолиации. Показано, что  
золото-ассистированная эксфолиация представляет собой эффективный метод для создания протяженных 
двумерных пленок с контролируемыми морфологическими и структурными характеристиками, в т.ч. на под-
ложках, ранее считавшихся непригодными для подобных задач.

Ключевые слова: двумерные материалы, дисульфид молибдена, золото-ассистированная эксфолиация, 
сегнетоэлектрические пленки, цирконат-титанат свинца, механическая эксфолиация, наноструктуры, FeFET
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INTRODUCTION

Over the past two decades, two-dimensional  (2D) 
materials such as graphene, molybdenum disulfide, 
and hexagonal boron nitride have become the subject 
of intensive research due to their unique physical, 
optical, and electronic properties, fundamentally 
different from those of their bulk analogs [1, 2]. These 
properties are due to the quantum size effect, high 
anisotropy, increased specific surface area, and changes 
in the electronic structure upon going to atomically 
thin layers. 2D  materials in particular exhibit unusual 
quantum phenomena such as the quantum Hall effect, 
strong fluorescence in MoS2 monolayers, and ultra-high 
charge carrier mobility. This opens new horizons for 
fundamental research in condensed matter physics and 
materials science [3].

Thanks to these properties, two-dimensional 
materials are being considered as platforms for creating 
new generations of electronic, optoelectronic, energy, 
and sensor devices. However, the practical realization of 
their promise is closely linked to the ability to produce 
high-quality, defect-free, and extended-area monolayers, 
as well as their integration into modern micro- and nano-
electronic technologies. Until recently, the synthesis of 
such layers and their transfer to functional substrates was 
a serious technological challenge, significantly hindering 
both in-depth research into fundamental principles and 
the development of applied solutions.

There are several methods for producing two-
dimensional materials, each with its own advantages 
and limitations. The most common approaches include 
mechanical exfoliation, liquid exfoliation, and chemical 
vapor deposition  (CVD). Mechanical exfoliation, first 
used to synthesize graphene, remains the benchmark 
method for producing high-quality samples with 
low defect density  [4]. However, its scalability is 
limited by small lateral dimensions. Liquid exfoliation 
enables the mass production of materials but leads to 
crystal fragmentation and contamination. Chemical 
vapor deposition enables the synthesis of large-area 
films, but the defect density in such materials often 
exceeds 1012–1013 cm−2 [5].

One possible solution to the problem of creating 
layers with the desired characteristics is the gold-
assisted exfoliation  (GAE) method which has been 

relatively recently developed. This method combines 
the advantages of mechanical exfoliation and 
scalability, enabling the production of single crystals 
up to a  centimeter in size  [6–8], while the defect 
density in the resulting layers is minimal and can reach 
~3 ∙ 1011 cm−2 [9]. Thus, GAE is the preferred method 
for applications where high structural perfection and 
surface cleanliness are critical.

Despite significant progress in producing 
2D materials, integrating high-quality 2D crystals into real 
devices still poses significant technological challenges. 
One of the key challenges in modern electronics is the 
creation of functional structures in which 2D  layers 
are transferred onto substrates with distinct surface 
topography. These include such films as ferroelectric 
lead zirconate titanate  (Pb(Zr0.48Ti0.52)O3,  PZT) films 
used in ferroelectric field-effect transistor  (FeFET) 
architectures and other memristor devices. However, 
standard mechanical exfoliation methods are ineffective 
for transferring 2D materials to such uneven or textured 
surfaces. Localized differences in height and substrate 
graininess dramatically reduce the contact area between 
the 2D crystal and the substrate, making it impossible 
to form extended and continuous monolayers. As 
a result, attempts to use classical approaches lead either 
to a complete absence of transfer or to the formation of 
highly fragmented and defective regions unsuitable for 
practical application.

In order to overcome these limitations, new methods 
must be developed to ensure selective and delicate 
transfer of 2D materials, even onto complex substrates 
with pronounced microroughness. One of the most 
promising solutions is the GAE  method mentioned 
above. However, its application to textured ferroelectric 
films has remained largely unexplored to date. Given 
that such structures are essential for the implementation 
of modern FeFET and memristor devices, demonstrating 
the feasibility of efficient transfer of 2D materials onto 
PZT and similar surfaces is of fundamental and applied 
importance.

The main objective of this study is to experimentally 
demonstrate that gold-assisted exfoliation enables 
the formation of extended, high-quality monolayers 
of 2D  materials not only on standard flat substrates, 
but also on functional ferroelectric films with distinct 
topography. This study compares the transfer efficiency 

https://doi.org/10.32362/2500-316X-2026-14-1-43-54
https://www.elibrary.ru/AYEFUG 
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of SiO2 and PZT, and analyzes the morphology, structural 
perfection, and area of the resulting crystallites. 
Particular attention is paid to the comparison with the 
results obtained using classical mechanical exfoliation. 
As this study shows, this does not, however, ensure the 
transfer of 2D materials onto uneven substrates. Thus, 
the results of this study not only expand our fundamental 
understanding of the mechanisms of interaction between 
2D crystals and textured surfaces, but also open up new 
possibilities for integrating 2D materials into promising 
electronic and spintronic devices.

1. MATERIALS AND METHODS

1.1. Methodology for creating  
two-dimensional films

Molybdenum disulfide (MoS2) was chosen as 
the two-dimensional semiconductor material for 
creating monolayers. This is due to two key factors: 
its widespread use in modern research; and its strong 
chemical interaction with gold  [10]. Gold atoms, 
which possess vacant d-orbitals, effectively interact 
with the lone electron pairs of sulfur atoms, forming 
strong covalent bonds. This interaction ensures the high 
selectivity of the GAE  method with respect to sulfur-
containing compounds, making MoS2 the optimal 
material for developing this technique.

In order to verify the developed method, experiments 
were conducted in two stages. In the first stage, 
a  standard silicon/silicon oxide  (Si/SiO2) structure, 
traditionally used in mechanical exfoliation  [11,  12], 
was used as a  substrate for the formation of reference 
quasi-two-dimensional crystallites. In the second stage, 
the gold-assisted exfoliation technology was adapted for 
deposition onto a  textured ferroelectric PZT film. This 
allowed for the applicability of the method for creating 
two-dimensional structures on functional materials with 
a non-uniform surface to be evaluated.

PZT films (Pb(Zr0.48Ti0.52)O3) were formed from 
a film-forming solution prepared by the sol–gel method 
using a complex of zirconium isopropoxide monosolvate 
(Zr[OCH(CH3)2]4(CH3)2CHOH, Sigma-Aldrich, USA),  
titanium tetraisopropoxide  (Ti[O(CH3)2CH]4,  
Sigma-Aldrich) and lead acetate  (Pb(CH3COO)2) 
synthesized from lead oxide  (PbO, Sigma-Aldrich)  
according to a  previously developed technique  [13]. 
The PZT  solution was applied layer by layer 
(6  layers,  ~220  nm) by spin coating on platinized 
silicon substrates with the following structure: 
Pt (~150 nm)–TiO2 (~10 nm)–SiO2 (~300 nm)–Si (~800 µm). 
After spin coating  (2500  rpm), each layer was dried 
for 5  min with an infrared lamp in pulsed mode at 
a  temperature of  ~200°C and annealed for 15  min at 
a  temperature of 400°C in an SNOL 1.6.2.5.1/10-IZM 

muffle furnace  (Termiks, Russia). After heat treatment 
of the sixth layer, the sample was crystallized for 10 min 
using an AS-One  150 fast annealing unit  (Annealsys, 
France) at a temperature of 650°C (heating rate ~15°C/s).

The process of creating single-crystal samples 
involves five key steps which are detailed in Fig. 1. In the 
first step, a bulk molybdenum disulfide crystal is separated 
layer by layer using adhesive tape (e.g., silicone tape). 
This step enables the production of multilayer fragments 
with thicknesses ranging from a  few nanometers to 
microns. In the second step, a  50-nm-thick  gold film 
is deposited onto the pre-treated multilayer  MoS2 
crystallites using a  VUP-5  magnetron  setup  (Russia). 
The process is carried out in a  vacuum chamber at 
a power of 100 W and an argon pressure of 5 ∙ 10−3 Torr. 
In the third step, thermal release tape  (TRT) is tightly 
pressed onto the gold surface. After fixation, the tape 
is carefully peeled off from the original substrate, thus 
capturing the top MoS2 layer along with the gold film. 
The  Au–MoS2 adhesive force exceeds the interlayer 
van  der  Waals bonds in  MoS2, enabling selective 
detachment of the monolayer. In the fourth step, the 
resulting  TRT–Au–MoS2 structure is transferred to 
a Si/SiO2 substrate, in order for the MoS2 layer to remain 
in contact with the substrate. The substrate is then heated 
on a hot plate at 130–150°C for 1–2 min. This weakens 
the adhesion of the TRT  tape, enabling its removal 
without leaving a trace. In the final step, the gold film is 
removed by immersion in an etching solution (4 g KI +  
+ 1 g I2 in 40 mL H2O) for 3–5 min at room temperature. 
MoS2  demonstrates the chemical inertness to this 
reagent due to its covalent S–Mo–S structure. After the 
etching is complete, the surface is cleaned for 10 min 
with acetone to remove any remaining etchant, followed 
by a  rinse with isopropyl alcohol. This procedure 
ensures the complete removal of contaminants and 
reagent residues, facilitating the formation of clean, 
high-quality 2D  semiconductor monolayers with large 
lateral dimensions.

1.2. Research methods

X-ray diffraction was used to analyze the crystal 
structure, allowing us to determine interplanar spacings 
and structural symmetry. This is necessary, in order to 
verify the phase purity of bulk molybdenum disulfide 
and assess the quality of the PZT  films, which served 
as the basis for creating the two-dimensional films. This 
approach allows us to confirm the material compliance 
with the specified characteristics and their suitability for 
further research.

Diffraction patterns were obtained using a DRON-8T  
diffractometer  (Burevestnik, Russia) at a  voltage 
of 40 kV and a current of 20 mA. Due to the limitations of 
the method, only bulk MoS2 samples and polycrystalline 
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MoS2

(a)

(d)

(b)

(е)

(c)

(f)

TRT

TRT

Si/SiO2Si/SiO2

Kl/I2
130°C

Si/SiO2

Au

Adhesive tape

Fig. 1. Process of creating monolayer MoS2 films:  
(a) mechanical exfoliation of MoS2; (b) magnetron sputtering of gold on MoS2;  

(c) application of TRT tape to gold and subsequent exfoliation of MoS2; (d) removal of TRT tape by heating;  
(e) etching of gold with a KI/I2 solution; (f) the finished monolayer on a Si/SiO2 substrate

PZT  films were studied, since the small thickness of 
two-dimensional films significantly complicates the 
separation of the diffraction signal from the substrate.

Following GAE exfoliation, standard optical 
confocal microscopy was used to detect monolayer MoS2 
crystallites on the substrate surface. This approach 
is optimal for rapid preliminary analysis, enabling 
the determination of crystallite thickness, size, and 
the presence of defects  [8]. An Alpha  300s+  optical 
microscope  (WITec,  Germany) with high-aperture 
objectives and color filters was used. This provides 
enhanced image contrast for monolayer crystallites, 
critical when working with atomically thin materials. 
This method effectively identifies promising areas 
for subsequent detailed study using other analytical 
methods.

Atomic force microscopy  (AFM), which 
complements optical data, was used to accurately assess 
the topography of two-dimensional materials. Atomic 
force microscopy provides a  three-dimensional image 
of the surface with a  resolution of up to nanometers, 
enabling the detection of defects such as cracks, 
dislocations, and roughness. This is especially important 
for quality control of the resulting two-dimensional 
films and the assessment of the influence of the 
substrate on their morphology  [14]. All measurements 
were performed using an Ntegra Prima scanning probe 
microscopy system (NT-MDT, Russia) in contact mode. 
Rigid probes of the Etalon series with a spring constant 
of  12  N/m were used, ensuring an optimal balance 
between resolution and the integrity of the studied 
samples.

The standard fluorescence microscopy-spectroscopy 
technique was not used in this study. This is due to the 

complete signal quenching caused by residual gold 
nanostructures after the GAE  technique. Even very 
small amounts of gold  (Au), retained on the substrate 
surface or near two-dimensional crystallites, act as 
effective nonradiative recombination centers. This is due 
to two main mechanisms of luminescence quenching. 
The first mechanism is the charge quenching effect: 
electron transfer from MoS2 to Au leads to p-doping of 
the material and suppression of exciton luminescence. 
The second mechanism is resonant energy transfer: at 
distances less than 10 nm between Au and MoS2 non-
radiative energy transfer from excitons to plasmonic 
modes of gold occurs  [15,  16]. In addition, this 
technique is not applicable to samples thicker than one 
monolayer [17].

For this reason, second harmonic generation (SHG) 
was additionally used to study structural symmetry, 
crystallographic orientation, and defects in two-
dimensional materials. This nonlinear optical method 
is based on the conversion of two photons of exciting 
radiation into one photon with doubled frequency 
in non-centrosymmetric media. SHG  is particularly 
effective for studying thin MoS2 layers, since the signal 
intensity depends significantly on the number of layers 
and their polytype. In regions with broken crystal 
symmetry, including edges, defects, and transitions 
between domains, a significant enhancement of the non-
linear response is observed, ensuring high sensitivity of 
the method to the structural features of two-dimensional 
crystallites.

The experimental setup used a  TiF-DP  60 femto
second titanium:sapphire laser  (Avesta, Russia) with 
a  pulse duration of 20–60  fs and a  repetition rate of 
80  MHz. The femtosecond pulses provided high peak 
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power with low average power, enabling an intense 
nonlinear response without thermal damage to the 
sample. A  modified WITec  Alpha  300S+ confocal 
microscope was also used for precise sample positioning 
and scanning.

2. RESULTS

In order to characterize the crystal structure 
and phase composition of the starting materials, 
X-ray  diffraction studies were carried out in the 
2θ-scanning mode. The results are presented in Fig. 2. 
The diffraction pattern of the bulk  MoS2 crystal 
demonstrates clearly defined reflections  (004),  (006), 
and (008), indicating a high degree of crystallinity and 
a  preferential orientation of the crystallites along the 
axis perpendicular to the plane of the layers. The nature 
of the diffraction pattern indicates a hexagonal structure 
of the 2H  or  3R  polytype of  MoS2, fully consistent 
with the literature data  [18,  19]. Analysis of the 
diffraction pattern of the PZT film revealed the presence 
of characteristic peaks  (100),  (111),  (002),  (200),  
and  (301), confirming the formation of the 
perovskite phase with a  preferential orientation in 
the (111) plane [20]. The formation of the perovskite-
like AVO3 structure in PZT provides the emergence of 
ferroelectric properties. This is due to the displacement  
of  Ti4+/Zr4+ and  Pb2+ cations from centrosymmetric 
positions in the oxygen octahedra, which disrupts the 
inversion symmetry of the crystal and creates spontaneous 
polarization  [21]. The possibility of reorienting this 
polarization by an external electric field determines 
the ferroelectric behavior of the material, as confirmed 
by characteristic hysteresis loops in the polarization-
electric field dependences  [22]. The low-intensity 
reflections corresponding to the Pt  and  Si  phases are 
associated with the multilayer structure of the substrate 
used. They do not affect the functional properties of 
the ferroelectric film. Quantitative analysis of the 

half-width of the diffraction lines indicates the absence 
of significant microstrains and structural defects in the 
studied materials, confirming their high crystalline 
perfection and structural homogeneity. These results 
indicate the suitability of the selected materials for 
further use as feedstock and functional substrate in the 
creation of heterostructures by gold-assisted exfoliation.

In order to analyze the influence of the surface 
parameters of the used substrates on the efficiency of the 
GAE technique, the surfaces of both substrates—Si/SiO2  
and PZT—were analyzed using the AFM  technique. 
The resulting three-dimensional maps of the substrate 
surfaces are presented in Fig. 3. As can be clearly seen 
from the results obtained, PZT has significantly greater 
surface inhomogeneities due to the characteristics 
of grain growth during crystallization. PZT  films 
obtained by the sol–gel method are characterized 
by the formation of a  polycrystalline structure with 
pronounced grain boundaries, leading to the formation 
of a  textured surface. Further analysis of the results 
obtained revealed that PZT  has a  roughness of 
about 1.090  ∙ 10−9 m, while for the Si/SiO2 substrate 
this parameter is 5.073 ∙ 10−10 m.

Thus, the height differences on the PZT substrate 
surface are comparable to or even exceed the thickness 
of the 2D  MoS2  (films deposited on it  (~0.7  nm for 
a  monolayer), leading to a  significant reduction in 
the contact area between the substrate and the film.  
Non-uniform contact between the materials negatively 
impacts the van der Waals forces responsible for MoS2 
adhesion to the surface. This in turn degrades 
the  deposition quality of 2D  crystallites and leads 
to the formation of defects at the interfaces between 
the 2D material and the substrate. All this reduces the 
efficiency of charge transfer and degrades the electronic 
performance of the devices.

After sample creation, several hundred two-
dimensional MoS2  crystallites were identified on 
the surfaces of the Si/SiO2  and PZT  substrates using 
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confocal optical microscopy. Representative samples 
with typical morphological characteristics were selected 
for detailed analysis: an area of ~200 μm2, the absence 
of visible defects, and a  uniform distribution over 
the surface. Figures 4a and 4d show the crystallites for 
each substrate, selected as standards for the comparative 
study.

In order to determine the thickness and lateral 
dimensions of the crystallites, topographic maps were 
obtained using AFM  (Figs.  4b  and  4e). The thickness 
of the film on the Si/SiO2  substrate was 5  nm, 
corresponding to ~8  monolayers of MoS2 with an 
interlayer distance of 0.65 nm, while on PZT, a thickness 
of 8 nm (~12 layers) was recorded. The crystallite area 
was approximately 200 μm2 for both crystallites.
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Fig. 3. Three-dimensional surface topography maps 
of the substrates obtained by AFM:  

(a) Si/SiO2 and (b) polycrystalline PZT film
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Fig. 4. Results of gold exfoliation:  
(a) Optical image of a region with MoS2 crystallites 

on a Si/SiO2 substrate;  
(b) AFM topography of a MoS2 crystallite  

on a Si/SiO2 substrate;  
(c) The height profile obtained from 

the section (red dashed line) shown in (b);  
(d) Optical image of a region with MoS2 crystallites 

on a PZT substrate;  
(e) AFM topography of a MoS2 crystallite 

on a PZT substrate;  
(f) The height profile obtained from 

the section (red dashed line) shown in (e)

The average surface roughness of the MoS2 films was 
2.53 nm for both substrates, significantly exceeding the 
values for the original substrates  (0.51  nm for  Si/SiO2 
and 1.09  nm for  PZT). This increase in roughness is 
due to the appearance of pronounced morphological 
irregularities, primarily folds, which are clearly 
visible in the topographic maps and highlighted in red 
in Figs. 4c and 4f. The formation of folds is associated 
with the characteristics of mechanical transfer and the 
specific application of the GAE  technique. In addition, 
foreign defects caused by residual materials after gold 
etching can be observed on the crystallite surface. These 
defects manifest themselves as local inclusions and can 
be detected both on the substrate and over the entire 
surface of the monolayer. It is important to note that the 
grain structure of the PZT  substrate is partially visible 
through the MoS2 surface, indicating non-uniform contact 
between the film and the substrate and the presence of 
regions where MoS2 appears to be “suspended” above the 
surface.

Figure 5a shows a  scanning electron 
microscopy (SEM) image of a MoS2 crystallite on a Si/SiO2  
substrate where characteristic film folds  (marked 
with arrows) formed during mechanical transfer are 
clearly visible. Topography analysis revealed that the 
fold height reaches 30 nm with an average length of 
5 μm, consistent with the AFM data (Figs. 4b and 4e). 
Similar SEM  measurements were not carried out 
for the PZT  substrate due to the occurrence of local 
polarization reversal of the ferroelectric film under the 
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Fig. 5. SEM image of a MoS2 crystallite  
on a Si/SiO2 substrate (a); two-dimensional map  

of the second harmonic (SH) distribution  
in quasi-two-dimensional MoS2 crystallites  
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action of the electron beam which significantly distorts 
the distribution of the second optical harmonic  [23]. 
It has been established experimentally that even 
short-term  (~30  s) exposure to electrons with an 
energy of 5 kV leads to an irreversible change in the 
domain structure of PZT, which makes it impossible 
to correctly compare optical and electron microscopic 
data.

Spatial maps of the SHG intensity distribution obtained 
by scanning nonlinear microscopy  (Figs.  5b  and  5d) 
enable the reliable identification of morphological 
defects, including folds and cracks. A local increase in 
signal intensity is recorded in zones corresponding to 
such defects. This increase may be due to a violation of 
local centrosymmetry or to edge effects caused by an 
increase in nonlinear optical susceptibility near domain 
boundaries or at the edges of the crystalline region [24], 
as well as an increase in film thickness.

The six-beam azimuthal dependence of the second 
optical harmonic intensity in thin MoS2  (Figs. 5c and 5e)  
is due to the crystallographic symmetry of the material. 
In the case of a non-centrosymmetric 3R polytype, as 
well as with an even number of layers, the structure is 
characterized by the point symmetry group  C3v. This 
leads to a  pronounced six-beam dependence of the 
second harmonic intensity on the azimuthal rotation 
angle of the sample  [25,  26]. In the experiment, the 
phases of the intensity maxima coincide at all flake 
points, indicating the single-crystal nature of the film, 
and the uniform orientation of the crystallographic 
axes.

A uniform SHG intensity distribution is observed in 
most of the MoS2  film regions studied. This indicates 
a  low density of morphological defects and high 
crystalline quality of the material. The uniformity of 
the signal confirms the absence of significant grain 
boundaries, folds, and cracks over the bulk of the flake, 
and also indicates a  minimal influence of polytypism, 
in particular, the dominance of the non-centrosymmetric 
3R polytype, which makes the largest contribution to the 
SHG signal.

In order to conduct an objective comparison of 
the efficiency of forming quasi-two-dimensional 
films on various substrates, a statistical analysis of the 
morphological parameters of over 300 created crystallites 
was performed. One of the key criteria in this case is 
the area distribution of individual crystallites, since this 
parameter determines the suitability of the material for 
further applications and directly depends on both the 
chosen exfoliation method and the substrate properties.

The area distribution histograms of quasi-two-
dimensional MoS2  crystallites obtained by the 
GAE  method are shown in  Fig.  6, demonstrating 
a  significant difference between the Si/SiO2  (Fig.  6a) 
and PZT  (Fig.  6b)  substrates. It is important to note 
that the statistical sample includes crystallites with an 
area greater than 0.2 μm2 and a  thickness less than or 
equal to  7  nm  (~10  monolayers), corresponding to 
the transition region between quantum-well and bulk 
properties. The lower area threshold was chosen based 
on technological requirements. Smaller crystallites are 
unsuitable for the creation of functional devices due to 
limitations of lithography and the formation of electrode 
structures.

For Si/SiO2 substrates, more than  25% of the 
visualized crystallites have an area exceeding 65000 μm2, 
or four orders of magnitude higher than the typical 
results of conventional exfoliation  (<0.5  μm2)  [27]. 
On the PZT  substrate, the distribution is shifted 
towards the lower values. The area of the largest 25% 
of crystallites is only  3000  μm2, associated with 
increased surface roughness  (Ra  =  1.09  nm) and, as 
a  result, heterogeneous contact between the film and 
the substrate. It is fundamentally important that, when 
using standard mechanical exfoliation, not a  single 
crystallite with an area greater than  1  μm2 could be 
detected on the PZT.

Thus, the gold-assisted exfoliation method 
ensures the formation of extended and high-quality 
MoS2  monolayers not only on standard but also on 
textured substrates, where other approaches prove 
ineffective.
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Fig. 6. Histogram of the area of two-dimensional MoS2 crystallites on a substrate (a) Si/SiO2 and (b) PZT
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CONCLUSIONS

For the first time this work demonstrates the 
possibility of producing extended, high-quality MoS2 
monolayers on substrates with a pronounced granular and 
textured structure, such as ferroelectric PZT films. The 
gold-assisted exfoliation method enables the formation 
of crystallites with an area of up to 3000 μm2 on PZT 
and over 65000 μm2 on standard Si/SiO2 substrates. This 
is several orders of magnitude greater than the results 
achievable using traditional mechanical exfoliation 
where no crystallites larger than 1 μm2 can be formed on 
textured substrates. The crystallinity and homogeneity 
of the resulting layers were confirmed by AFM and 
nonlinear optical microscopy.

The results obtained open up new prospects for 
integrating 2D  semiconductors into functional devices 
such as  FeFETs and memristors which require layer 
transfer onto complex and uneven substrates. The 
GAE technique can be extrapolated to a wide range of 
2D materials and various types of functional surfaces. 
Thus, gold-assisted exfoliation represents an effective 
and reproducible tool for creating extended 2D films with 
controlled morphological and structural characteristics, 
including on substrates previously considered as 
unsuitable for such applications.
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Abstract
Objectives. This work aims to theoretically and experimentally investigate the specific features of magnetoresistance 
temperature dependence in nanostructured films of doped manganites. The temperature dependence of electrical 
resistance for  La0.67Ba0.33MnO3  manganite films, grown by  laser ablation on  various dielectric substrates, 
is investigated over a wide temperature range. 
Methods. Epitaxial La0.67Ba0.33MnO3  films with a  thickness of  80  nm were grown by  pulsed laser ablation using 
an АrF excimer laser  (a laser wavelength of 247 nm) on single-crystalline SrTiO₃ and ZrO2(Y2O3) substrates. The 
magnetoresistance properties were measured using a two-probe DC method. The measurements were conducted 
in magnetic fields up to 8 kOe applied in the film plane, across a temperature range of 80–350 K. To accomplish the 
research objectives, an empirical magnetoresistance model was applied in two distinct temperature regions: near 
the magnetic phase transition temperature and in the ground-state region.
Results. Empirical relations for temperature dependence of  magnetoresistance for nanostructured 
La0.67Ba0.33MnO3 films were established, encompassing both the Curie temperature region and the ground-state 
regime. Our studies revealed that the magnetoresistance of  epitaxial single-crystalline La0.67Ba0.33MnO3  films 
exhibits a  sharp peak exclusively near the Curie temperature while remaining negligible in  other temperature 
ranges. Conversely, La0.67Ba0.33MnO3  films with a  variant structure demonstrate significant low-temperature 
magnetoresistance. This effect arises from magnetic-field-induced modifications of the high-frequency conductivity, 
which results from spin-polarized electron tunneling across structural domain boundaries. A unified empirical model 
to describe various mechanisms of magnetoresistance in doped manganites is proposed.
Conclusions. For the first time, an empirical model to describe both the colossal and tunneling magnetoresistance 
in  thin films of  doped manganites has been developed. This model demonstrates excellent agreement between 
experimental and calculated data for La0.67Ba0.33MnO3  films with and without a  variant structure. The simulation 
results agree well with experimental data. The findings elucidate the understanding of  magnetoresistance 
mechanisms, contribute to  the development of  the magnetorefractive effect theory for thin-film manganites, and 
inform new approaches for controlling charge carrier dynamics in strongly correlated magnetic oxides.

Keywords: manganites films, variant structure, colossal magnetoresistance, spin-dependent tunneling, 
magnetorefractive effect, structural domains
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Резюме
Цели. Целью работы является экспериментальное и теоретическое исследование особенностей темпера-
турных зависимостей магнитосопротивления в наноструктурированных пленках легированных манганитов. 
В широком температурном диапазоне изучено поведение электросопротивления пленок манганитов соста-
ва La0.67Ba0.33MnO3, выращенных методом лазерной абляции на различных диэлектрических подложках.
Методы. Для достижения поставленной цели методом лазерной абляции с использованием импульсного 
эксимерного были выращены эпитаксиальные пленки La0.67Ba0.33MnO3 толщиной 80 нм на монокристалли-
ческих подложках SrTiO3 и ZrO2(Y2O3). Магнитосопротивление измерялось двухконтактным методом на по-
стоянном токе в полях до 8 кЭ в плоскости образца и температурном интервале 80–350 К. Для достижения 
поставленной цели применялась эмпирическая модель магнитосопротивления в двух температурных обла-
стях: вблизи температуры магнитного фазового перехода и в области основного состояния.
Результаты. Построены эмпирические температурные зависимости магнитосопротивления для нано-
структурированной пленки La0.67Ba0.33MnO3, охватывающие как область температуры Кюри, так и область 
основного состояния. Показано, что в эпитаксиальной монокристаллической пленке La0.67Ba0.33MnO3 маг-
нитосопротивление имеет выраженный максимум вблизи температуры Кюри и пренебрежимо мало в других 
областях. В пленке La0.67Ba0.33MnO3 с вариантной структурой имеется сильный низкотемпературный вклад 
в магнитосопротивление, связанный с изменением высокочастотной проводимости пленки во внешнем маг-
нитном поле из-за процессов туннелирования спин-поляризованных электронов через границы структурных 
доменов. Предложена единая эмпирическая модель для описания различных механизмов магнитосопротив-
ления в легированных манганитах.
Выводы. Впервые в рамках одной эмпирической модели проведено описание колоссального и туннельно-
го магнитосопротивления для пленок легированных манганитов. Показано, что такая модель дает хорошее 
согласие экспериментальных и расчетных данных в пленке La0.67Ba0.33MnO3 с вариантной структурой. Ре-
зультаты моделирования хорошо согласуются с экспериментальными данными. Полученные данные могут 
способствовать пониманию механизмов магнитосопротивления и развитию теории магниторефрактивного 
эффекта для тонкопленочных манганитов, а также разработке новых подходов к управлению динамикой но-
сителей заряда в сильно-коррелированных магнитных оксидах.
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INTRODUCTION

In modern physics, special attention is paid to the 
study of fundamental magnetic and transport properties 
of composite or nanostructured functional thin-film 
nanomaterials. Such materials form the basis of many 
current technological applications, from information 
carriers to sensor devices  [1]. Doped lanthanum 
manganites are a  promising class of substances 
exhibiting unusual properties  [2–5] and possessing 
a number of unique characteristics. These include high 
spin polarization of charge carriers and magnetization, 
high sensitivity of static and optical conductivity to 
structural and magnetic phase transitions and external 
fields  [2–5], e.g., metal-insulator transition, colossal 
magnetoresistance  (MR) effect, giant magneto-
transmittance, magnetorefractive effect  (MRE), 
etc.  [6–8]. These properties render doped lanthanum 
manganites potential candidates for use in spintronics 
and magneto-optical devices in the infrared (IR) range 
operating at room temperatures.

The magnetorefractive effect consists in a change in 
optical parameters (refractive indices, or more precisely, 
reflection and transmission coefficients) in a  magnetic 
field. In heavily doped manganites, this is a  high-
frequency analogue of colossal MR in the IR range of 
the spectrum [2]. In manganite films, the MRE reaches 
gigantic values (10–20%); at the same time, its spectral 
and temperature dependence is quite intricate due to 
the contribution of not only delocalized charge carriers 
but also the magnetic and charge uniformity of the 
films, their thickness and MS  value, as well as size 
effects, resonance phenomena, and defects ([2] and the 
references therein).

The physical properties of manganite films 
are determined by their composition and growth 
conditions, as well as by the type of substrate. Thus, 
the study  [9] investigated La2/3Ba1/3MnO3  films 
on  ZrO2(Y2O3) substrates and found the formation 
of a  variant  (equivalent) structure during epitaxial 
growth of the film on a  single-crystal substrate with 
significantly different crystal lattice parameters. This 
structure is formed by structural domains  (variants) 
with nanoscale crystallites in the film bulk, 

separated by coherent high-angle boundaries with 
a  thickness of  ~0.4  nm. It should be noted that the 
fixed orientation of crystallites with a  limited set of 
angles is a fundamental difference between films with 
a  variant structure and polycrystalline samples with 
disoriented crystallites of different sizes in the film 
bulk. The nature and features of the variant structure 
were discussed in detail in [10].

Consequently, the domain structure of such 
films determines the appearance of an additional 
mechanism underlying the MR caused by the tunneling 
processes of spin-polarized charge carriers at the 
domain boundaries, which are most intense when the 
temperature approaches absolute zero. A comparative 
analysis of the optical, electrical, and magneto-optical 
properties of La2/3Ba1/3MnO3 films with and without 
a  variant structure allowed us to study the main 
features of the physical mechanisms responsible for 
the temperature and field dependence of MR and MRE 
in these films [2, 7–9]. To describe MRE as a response 
to colossal MR in manganites, the effective medium 
approximation  [11], previously proposed for the 
analysis of tunneling processes at optical frequencies 
in various metallic nanocomposites and granular 
alloys  [12], was successfully applied. However, the 
high susceptibility of the electrical properties of 
manganites to internal and external factors leads to 
difficulties in the theoretical description of the  MR 
and MRE mechanisms. Indeed, the developed theory 
is applicable to purely metallic and tunnel conduction 
and is capable of considering the redistribution of 
the high- and low-conductivity phases; however, it 
fails to take into account the effects associated, e.g., 
with changes in the magnetic field concentration of 
charge carriers, absorption edges, effective mass 
of polarons  [2], etc. Furthermore, there is currently 
no single model describing the coexistence of two 
MR mechanisms in films of doped manganites 
with significantly different temperature regions of 
existence.

This article presents the results of simulating the 
temperature dependence of MR in a La0.67Ba0.33MnO3 (LBM)  
manganite film with a variant structure, in comparison 
with a film without a variant structure. It is shown that 
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the proposed empirical approach enables the main 
features to be taken into account, thus being useful when 
developing a general theory of MR in strongly correlated 
magnetoresistive magnetics.

EXPERIMENTAL

LBM epitaxial films with a thickness of d = 80 nm 
were grown by laser ablation using an excimer 
pulsed argon fluoride laser  (ArF laser), with a  laser 
wavelength of  247  nm and a  frequency of about 
9  Hz, on single-crystal SrTiO3  (hereinafter referred to 
as  STO) and  ZrO2(Y2O3)  (hereinafter referred to as 
YSZ  (Y2O3 stabilized ZrO2)) substrates, at a  substrate 
temperature of  730  K and an oxygen pressure 
of 0.4 mbar. The thickness of the films was determined 
by exposure duration. According to scanning electron 
microscopy  (SEM) data, the surface of the LBM/YSZ 
film has a multi-grain structure with an average crystallite 
size of 40–70 nm. This structure is formed by columnar 
oriented crystallites growing through the thickness 
of the film, which is fundamentally different from the 
island-like growth of thin LBM/STO epitaxial films. The 
synthesis method and the results of film sample testing 
are detailed in [9, 13].

The magnetoresistance of the films 

0 0[ ] / ,H
Dr

= r − r r
r

 where rH and r0 are the values of 

the specific resistance in the presence and absence of 
a  magnetic field, was measured using a  two-contact 
method at direct current in fields up to 8 kE in the plane 
of the sample and in the temperature range of 80–50 K. 
The experimental temperature and field dependencies of 
the  MR of the films are shown in  Fig.  1. The 
magnetoresistance in epitaxial films of 
LBM  manganites  (without a  variant structure) 
demonstrates a field and temperature dependence similar 
to that of bulk single crystals of the same composition. 
In the LBM/STO film, a pronounced maximum in the 
temperature dependence of the negative MR effect in the 
region of Curie temperature ТС = 305 K was observed. 
The presence of this maximum is associated with the 
suppression of magnetic moment fluctuations by the 
field, which are maximal in the region of magnetic phase 
transition. This maximum is characteristic of manganites 
with colossal MR [2, 14]. The field dependence of MR 
in this region shows a  linear dependence without 
hysteresis and saturation in fields up to 8 kE (Fig. 1c). At 
the same time, for the LBM/YSZ film, the MR dependence 
on  T shows only a  shoulder near  ТС against the 
background of a  continuous increase in  MR with 
decreasing temperature  (Fig.  1a). The continuous 
increase in MR is associated with the tunneling of spin-
polarized electrons through the boundaries of structural 
domains.

The maximum value of the tunnel MR obtained was 
approximately 27% at Т = 13 K (not shown in the figure). 
Estimation of the degree of electron spin polarization Р 

at Т  ~  0  K using the expression  2 22 / (1 )P PDr
= −

r
 

gives a value of Р ≈ 0.36, which is close to the value of Р 
for La0.8Ag0.1MnO3+d/ZrO2(Y2O3) films with a variant 
structure  [15]. The field dependence of low-
temperature MR differs significantly (Fig. 1b). Thus, the 
negative  MR sharply reaches saturation and gains 
almost  25% in magnetic fields greater than  2  kE, 
resulting in a butterfly-wing hysteresis characteristic of 
materials with tunnel MR with weak positive maxima in 
the fields of about  0.5  kE. The arrow in the figure 
indicates a  feature associated with the colossal MR in 
the LBM/YSZ  film. The hatched areas schematically 
reflect the regions of predominant contribution of the 
tunnel (I) and colossal (II) MR mechanisms, respectively. 
More detailed results of the analysis of the temperature 
and field dependence of MR and MRE in LBM films can 
be found in [9, 13, 16].
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Fig. 1. Experimental characteristics:  
(а) temperature dependence of MR for LBM/STO 

and LBM/YSZ films at H = 7.5 kE;  
(b) and (c) are field dependencies of MR for LBM/YSZ 

and Т = 80 K and LBM/STO films at Т = ТС, respectively

SIMULATION RESULTS

The nanostructured LBM/YSZ film  (with 
a  variant structure) shows the presence of conductive 
ferromagnetic structural domains separated by weakly 
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conductive boundaries. When a  constant external 
magnetic field is applied in the ТС region, a peculiarity 
associated with colossal  MR in the domain volume is 
observed in the  MR. At low temperatures, tunnel  MR 
associated with charge carrier tunneling at domain 
boundaries is observed. In this regard, the peculiarities 
of the temperature behavior of MR in LBM/YSZ were 
considered in two main areas: near and well below the 
ferromagnetic ordering temperature (Curie temperature). 
At low temperatures, the MR(Т)  dependence has the 
form of a  quasi-linear function  Тcr ~  250  K. Upon an 
increase in temperature, it takes the form of a  film 
without a variant structure (LBM/STO) and is described 
by a  second-order polynomial function  (or, in the first 
approximation, a linear function). To account for these 
two contributions, the proposed mathematical model is 
complemented with the coefficients of α and β. In terms of 
its physical meaning, the coefficient α takes into account 
the contribution of low-temperature  (tunnel)  MR: 
α = 1 at Т ˂ Тcr and α = 0 at Т > Тcr. This condition is 
satisfied by the expression of the form:

	
cr

cr

1 ,

1 e
T

T T−

a =

+

� (1)

where Тcr is the critical temperature at which a change 
in the MR  mechanism is observed. Similarly, we 
can obtain a  formula for the coefficient β of the high-
temperature (colossal) MR:

	
cr

cr

1 .

1 e
T

T T−

β =

+

� (2)

A similar approach was used to describe the MR 
in the LBM/STO  film  (without a  variant structure). 
The low-temperature region of the  MR has a  weakly 
linear section with a  zero output near  Т  =  0  K. 
Above 250 K, the MR(Т) dependence is described by 
a  Gaussian function. A  similar pattern was observed 
for La0.7Ca0.3MnO3 films in [17].

The low-temperature region of the MR  films 
was approximated as a  quasi-linear section. The best 
match between the experimental and calculated curves 
is achieved by approximation with a  second-order 
polynomial function  (Fig.  2). However, the use of 
a polynomial significantly complicates the calculations; 
hence, a  linear approximation was used. As a  result, 
the general formula for describing the temperature 
dependence of MR (Dr/r) can be represented as:

	

2
C
2

( )
21 1 cr 1e ,

T T

A T A T B
− −

σ
 

Dr  = a + β + r  
 

� (3)

where А1 is a  coefficient describing the slope of the 
temperature dependence curve and determined by the 
growth conditions and composition of the sample  (the 
magnitude is small and amounts to  ≈0.01, which is 
associated with a  slight change in MR in the low-
temperature region); В1 is the MR value for a given film; 
σ is the root mean square deviation.
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Fig. 2. Temperature dependence of MR (∆ρ/ρ)  
for LBM/STO film: experiment and calculation

In LBM films with a variant structure, the differences 
between low-temperature and high-temperature 
regions are not extremely significant  (Fig.  3). The 
presence of structural domains in the film leads to 
a  noticeable change in the  MR(Т)  curve and the 
absence of pronounced features near ТС. At the same 
time, the value of  MR increases with a  decrease in 
temperature, in contrast to films without a  variant 
structure. A similar MR dependence was also observed 
for  (La0.65Sr0.35)0.8Mn1.2O3±δ films with a  variant 
structure  [18]. In the low-temperature region, the 
dependence  Dr/r(Т) is linear, becoming close to 
quadratic above the critical temperature  (Fig.  3). In 
a  first approximation, this feature near  ТС can be 
considered insignificant. Then the dependence Dr/r(Т) 
will be quasi-linear. As a  result, similar to the case 
considered earlier, we obtain a  simplified expression 
for Δρ/ρ(Т) for the LBM/YSZ film:

	 ( )0 2( ) ,A A TDr
= a +β +

r
� (4)

where coefficient А0 is the MR of the sample in terms of 
modulus (at Т = 0 K), А2 is the coefficient describing the 
slope of the curve (~0.086).

Thus, in doped LBM manganites, it became possible 
to account for the high- and low-temperature components 
of MR within a  single empirical model. A  simplified 
linear model that takes into account the critical 
temperature and characteristic values of colossal and 
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tunnel MR enables a good description of experimental 
data for both films with and without a variant structure. 
This model can be applied to explain the temperature 
characteristics of MR in a wide class of manganites of 
other compositions. The next step is to develop a theory 
of  MRE in polycrystalline and composite manganite 
samples, taking into account the development of optical 
calculations of magnetic reflection  [19,  20] and the 
results of this work. It is important to note that MRE, 
compared to the linear equatorial Kerr effect, is an even 
magnetization magneto-optical effect. In the IR  region 
of the spectrum, taking into account interference 
effects [21, 22], the former can significantly exceed the 
latter, which makes MRE the most promising intensity 
effect from the point of view of fundamental and applied 
problems.
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Fig. 3. Temperature dependence of MR (∆ρ/ρ)  
for LBM/YSZ film: experiment and calculation

CONCLUSIONS

The work shows that in the LBM/STO film, 
the  MR  has a  pronounced maximum near the Curie 
temperature and is negligible in other areas. In the 
LBM/YSZ  film, a  strong low-temperature contribution 
to MR is observed, associated with a change in the high-
frequency conductivity of the film in an external magnetic 
field due to the tunneling of spin-polarized electrons 
through the boundaries of coherent structural domains. 
For the first time, a unified empirical model that takes into 
account different MR mechanisms is proposed. Such an 
approach provides good agreement between experimental 
and calculated data for doped manganites. The proposed 
empirical approach can be used to model spin transport 
processes in strongly correlated magnetoresistive magnets, 
including at optical frequencies in the form of MRE.

It should be noted that the wide temperature window 
of MR  existence in a  film with a  variant structure is 
important from the point of view of possible practical 
applications.
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Abstract
Objectives. This work aims to derive and study the system of equations of orbital motion of an artificial satellite of the 
Moon (ASM) in the gravitational field of an attracting planet using Delaunay variables. This will ensure a reduction 
in computational complexity when modeling long-term trajectories, as well as provide an analysis of stationary orbits 
of the Moon taking into account the gravitational influence of the Earth as a third body.
Methods. The study uses analytical mechanics, asymptotic methods, in particular, the averaging method, methods 
of stability theory, numerical methods for integrating systems of ordinary differential equations.
Results. The Hamiltonian and equations of  motion of  the ASM in  canonical Delaunay variables are obtained. 
Averaged and non-averaged systems of  equations of  motion of  the ASM are derived in  the form of  autonomous 
systems of  ordinary differential equations with respect to  the following orbital parameters: semi-major axis, 
eccentricity, inclination, longitude of the ascending node, longitude of the pericenter from the ascending node, and 
true anomalies. A closed system of differential equations of the second order with respect to the orbital eccentricity 
and the pericenter longitude from the ascending node is obtained. Its stationary solutions are found, their stability 
is  investigated, and conditions for the existence of  stationary motions are determined depending on  the value 
of the constant of the first integral of the averaged system of equations. Integral curves and phase portraits were 
constructed to demonstrate the interrelationship of orbital parameters. A comparative analysis was conducted using 
JPL Horizons1 data and previously published works.
Conclusions. The method developed enables the design of trajectories for future lunar missions to be optimized (e.g., 
Artemis, Luna-Glob), thus providing a balance between accuracy and computational efficiency. The results confirm 
the prospects of using Delaunay variables for analyzing long-term orbital dynamics in gravitational fields of complex 
configuration.

Keywords: artificial satellite of the Moon, gravitational field of the attracting center, Hamiltonian, canonical Delaunay 
variables, system of equations of orbital motion, orbital parameters

1  JPL Horizons is an online service from the National Aeronautics and Space Administration (USA) that provides access to key data 
about the solar system and enables the calculation of precise trajectories of objects in it. https://ssd.jpl.nasa.gov/horizons/. Accessed 
March 04, 2025.
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Резюме
Цели. Целью работы является вывод и  исследование системы уравнений орбитального движения искус-
ственного спутника Луны (ИСЛ) в гравитационном поле притягивающей планеты в переменных Делоне, обе-
спечивающей снижение вычислительной сложности при моделировании долгосрочных траекторий, а также 
анализ стационарных орбит Луны с учетом гравитационного влияния Земли как третьего тела.
Методы. Используются методы аналитической механики, асимптотические методы, в  частности, метод 
усреднения, методы теории устойчивости, численные методы для интегрирования систем обыкновенных 
дифференциальных уравнений.
Результаты. Получены гамильтониан и уравнения движения ИСЛ в канонических переменных Делоне, на ос-
нове которых выведены усредненная и неусредненная системы уравнений движения ИСЛ в виде автономных 
систем обыкновенных дифференциальных уравнений относительно следующих параметров орбиты: боль-
шой полуоси, эксцентриситета, наклонения, долготы восходящего узла, долготы перицентра от восходяще-
го узла, истинных аномалий. Получена замкнутая система дифференциальных уравнений второго порядка 
относительно эксцентриситета орбиты и долготы перицентра от восходящего узла. Найдены ее стационар-
ные решения, исследована их устойчивость, определены условия для существования стационарных движе-
ний в зависимости от значения константы первого интеграла усредненной системы уравнений. Построены 
интегральные кривые и фазовые портреты, демонстрирующие взаимосвязь параметров орбиты. Проведен 
сравнительный анализ с данными JPL Horizons2 и ранее опубликованными работами.
Выводы. Разработанный метод позволяет оптимизировать проектирование траекторий для будущих лун-
ных миссий (например, Artemis, «Луна-Глоб»), обеспечивая баланс между точностью и вычислительной эф-
фективностью. Результаты подтверждают перспективность использования переменных Делоне для анализа 
долгосрочной орбитальной динамики в гравитационных полях сложной конфигурации.

Ключевые слова: искусственный спутник Луны, гравитационное поле притягивающего центра, гамильтониан, 
канонические переменные Делоне, система уравнений орбитального движения, параметры орбиты

2  JPL Horizons – онлайн-сервис Национального управления по аэронавтике и исследованию космического пространства 
(США), который предоставляет доступ к ключевым данным о Солнечной системе и позволяет вычислять точные траектории 
объектов в ней. https://ssd.jpl.nasa.gov/horizons/. Дата обращения 04.03.2025. [JPL Horizons is an online service from the National 
Aeronautics and Space Administration  (USA) that provides access to  key data about the solar system and enables the calculation 
of precise trajectories of objects in it. https://ssd.jpl.nasa.gov/horizons/. Accessed March 04, 2025.]
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INTRODUCTION

The mathematical modeling of the orbital motion 
of an artificial satellite of the Moon  (ASM) is one of 
the most pressing problems in space research. The 
relevance of this work is enhanced by the growing 
interest in long-term lunar projects, such as: the 
Artemis program  (Artemis  National Aeronautics and 
Space Administration, USA, 2022)  [1]; the Chang’E-5 
and  Chang’E-6  missions  (China National Space 
Administration, China, 2020 and 2024)  [2,  3]; 
Chandrayaan-3  (Indian Space Research Organization, 
India, 2023) [4, 5]; and the Russian lunar program [6] 
which includes the deployment of an orbital station. In 
the context of the intensification of the lunar program 
in Russia, including the launch of new missions and 
research projects, accurate models of satellite motion are 
becoming especially necessary. The Moon is considered 
not only as an object of scientific study, but also as 
a potential base for further space research [6].

Although orbital motion around the Moon obeys 
Kepler’s laws, significant deviations from the idealized 
model are explained by the influence of external 
disturbances. The fundamentals of analyzing such 
disturbances are laid out in the works of Laplace and 
Lagrange who proposed methods for solving the 
equations of motion for many-body systems3.

In the 1960s, studies of the evolution of planetary 
satellite orbits with a  twice-averaged perturbation 
function were carried out. A  detailed study of this 
problem began with the discovery of a  new first 
integral of the averaged system of equations. This 
discovery was made almost simultaneously in  1961 by 
the Soviet scientist  M.L.  Lidov  [7] and the American 
scientist Y. Kozai [8] and was called the Lidov–Kozai effect. 
Subsequently, a  picture of the evolution of a  satellite’s 
orbital motion, based on this effect, was developed in the 
works of M.A. Vashkovyak [9, 10]. Lidov was the first to 
conduct a thorough study of the influence of gravitational 
perturbations on the motion of satellites in systems with 
several bodies. In his works  [7,  11], he considered the 
effects caused by the gravity of a third body which lead to 
long-period changes in orbital parameters. In addition, he 

3  Lagrange J.-L. Mécanique Analytique. Paris: Veuve 
Desaint, 1788.

proposed methods for simplifying complex equations of 
motion for practical application.

In turn, T.A. Eli [12] focused on numerical modeling 
of the orbital motion of lunar satellites taking into account 
significant external disturbances. In studies published in 
the early 2000s, he considered both short-term and long-
term changes in orbital parameters under the influence 
of the gravity of the Earth, the Sun, and the Moon’s 
mascons. Eli T.A. showed that for satellites in low lunar 
orbits  (Low Lunar Orbit,  LLO), the main influence is 
exerted by gravitational anomalies of the Moon, whereas 
for satellites in high lunar orbits (High Lunar Orbit, HLO), 
disturbances from the Earth and the Sun dominate.

In recent years, significant progress has been 
made in modeling lunar gravity anomalies. Study  [13] 
demonstrated the use of high-order spherical harmonics 
to account for mascons, critical for low lunar orbits. 
Work [14] is devoted to the analysis of orbital stability 
within the framework of the Artemis mission, in 
which the authors use hybrid methods  (analytical and 
numerical) to predict long-term evolution. In  2022, 
machine learning algorithms were proposed in  [15], 
in the aims of accelerating the calculations of orbital 
perturbations especially relevant for real-time problems. 
In addition, the Chandrayaan-3 mission [4, 5] provided 
new data on the dynamics of highly elliptical orbits, 
confirming theoretical models. Work  [16] proposed an 
approach to the design of frozen low lunar orbits based 
on the sequential application of non-gradient methods, 
Bayesian optimization and the Nelder–Mead method.

The motion of a lunar satellite is subject to various 
perturbations, including the gravitational influences of 
the Earth, the Sun, and other celestial bodies, the non-
sphericity of the Moon, the influence of mascons (mass 
concentrations) in its lithosphere, solar radiation 
pressure, interactions with the space environment, and 
others. This article will focus on the system of equations 
for the spatial perturbation of the ASM motion caused 
by the Earth’s gravitational field. This is the primary 
perturbation for satellites in high orbits.

Modern trajectory calculation systems rely on highly 
complex numerical methods which require significant 
resources. The proposed model, based on satellite 
orbital motion equations in Delaunay variables, provides 
comparable accuracy while reducing computation time. 
This makes the method promising for preliminary orbital 
analysis during the mission design phase.

https://doi.org/10.32362/2500-316X-2026-14-1-64-81
https://www.elibrary.ru/JUUJON


67

Russian Technological Journal. 2026;14(1):64–81

Olga V. Meshkova,  
Albina V. Shatina

Mathematical modeling of the orbital motion  
of an artificial satellite of the Moon using Delaunay variables

1. TASK STATEMENT. HAMILTONIAN

Let us consider a model problem of the motion of 
a celestial body–satellite system in the gravitational field 
of an attracting center. The celestial body, satellite, and 
attracting center will be modeled by material 
points  P,  S,  O with the masses  m2,  m3,  m1, 
respectively  (Fig.  1). We will assume that 

3 2 1.m m m   The radius vector of the center of 
mass C0 of the celestial body–satellite system is denoted 
by the vector R1, and the relative position of 
points  P  and  S is denoted by the vector  R2, i.e., 

01 2 .,  OC PS= =RR  We will assume that  1 2  .R R

Let us introduce the inertial coordinate system OXYZ 
and the Koenig axes C0ξ1ξ2ξ3. The radius vectors of the 
points P and S are expressed through R1, R2 as follows:

3 2
1 1

2 3 2 3
2 2, .O

m m
OP

m m m m
S= − = +

+ +
R RRR � (1.1)

The kinetic energy of the celestial body—satellite 
system is determined by the equity:

2 2

2 3
1 1 .
2 2

d dT m OP
d

O
d

Sm
t t

= +   
   
   

Taking into account relations (1.1), we obtain:

   ( ) 2 32 2
2 3 1 r 2 r

2 3

1 1 , ,
2 2

m m
T m m m m

m m
= + + =

+
R R  � (1.2)

mr is the attached mass.
Z

X

Y
O (m1)

S(m3)

P(m2)

C0

R1

R2

ξ1

ξ2

ξ3

Fig. 1. Celestial body–satellite system

The potential energy of mutual attraction forces in 
the given problem is represented as:

	

1 2

3
1 2

2 3

1 3 2 3

22
1 2

2 3

,

Π = − −

−
+

− −

+
+

fm m
m

m m

fm m fm m
m

m m

R

R
R

R

R

�  (1.3)

where 11 3 1 26.672 10 m kg sf − − −= ⋅  is the universal 
gravitational constant.

Given that the distance between the celestial body 
and the satellite is small compared to the length of 
the radius vector of the center of mass  C0, and using 
the formulas for the generating function of Legendre 
polynomials  Pn(x)  [17], while retaining the second-
order terms of smallness in  R2/R1, we can transform 
expression  (1.3). The potential  (1.3) will take the 
following form:

	

( )

( )

1 2 3 2 3

1 2
2

1 r 22
12 2

1 1
3cos 1 .

2

+
Π = − − −

− ψ −

fm m m fm m
R R

fm m R
R R

� (1.4)

Here R1  =  │R1│, R2  =  │R2│, ψ12   is the angle 
between vectors R1, R2.

As a  basic task, let us consider the motion of 
satellite  S0 with mass  m  (material point) in the 
gravitational field of the attracting center  Q. In this 
case, the satellite moves along a Keplerian orbit—one 
of the conic sections. Let us focus on the case of an 
elliptical orbit.

The following parameters are used to determine the 
position of a  satellite in the orbit: a  is the semi-major 
axis of the ellipse; e is the eccentricity; i is the inclination 
of the satellite’s orbit; h is the longitude of the ascending 
node  (angle between  Qx and the line  QN1 of the 
intersection of the plane of the satellite’s orbit with the 
plane Qxy); g  is the longitude of the pericenter π from 
the ascending node  (the point of the satellite’s orbit 
closest to the center Q); ϑ is the true anomaly, the angle 
between the direction to the pericenter  π and the 
vector R, m= ×G R R  is the momentum vector of the 
point S0 (Fig. 2).

x

y

z

N1

Q

i

ih
g

S0

ϑ

π

G

R

Fig. 2. Satellite orbit elements
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The values h, i, g, e, n, a in the undisturbed problem 
remain constant, and the true anomaly ϑ is a function of 
time:

( )

( )

2
0

3/2 32

1 cos
,  ,

1

fe
n n

ae

+ ϑ
ϑ = =

−


f0 = fM0, where M0 is the mass of the center of attraction.
Kinetic and potential energies in this case are 

expressed as:

	 021 , .
2

f m
T m

R
= Π = −R � (1.5)

In celestial mechanics, canonical Delaunay 
variables L, G, H, l, g, h are used to describe the orbital 
motion of celestial bodies. These variables are related 
to the modulus  R of the satellite’s radius vector and 
elements a, e, i by the following equations [18–20]:

( )
( )

( )

2
0 0

2
0

2

2
0

,  1 ,  

1 cos ,

.
1 cos

= = −

= −

=
+ ϑ

L m f a G m f a e

H m f a e i

GR
f m e

Here g, h, i, ϑ are the previously defined orbital 
parameters, l  is the mean anomaly. The dependence of 
the true anomaly ϑ on the variables l, L, G is implicitly 
expressed using the eccentric anomaly w  through the 
following relationships:

coscos ,  sin .
1 cos
ew l w e w

e
+ ϑ

= = −
+ ϑ

The Hamiltonian of the unperturbed problem with 
kinetic and potential energies (1.5) in Delaunay variables 
has a simple form:

2 3
0

2 .
2
f m

L
= −

Let us return to the task at hand with kinetic 
energy (1.2) and potential energy (1.4). We will describe 
the motion of the mechanical system using canonical 
variables Delaunay Lk, Gk, Hk, lk, gk, hk, corresponding 
to the vector Rk (k = 1, 2). The Hamiltonian of the task, 
taking this into account, will take the form:

	

( ) ( )

( )

32
1 2 3

2
1
22 3

2 3 r
12

2
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,
2

+
= − −

+
− +





fm m m
L

f m m m
L

� (1.6)
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1  3cos 1 .
2

fm m R
R R

= − ψ − � (1.7)

In formula (1.7), the modules of the vectors R1, R2 
are expressed in terms of Delaunay variables as 
follows (k = 1, 2):
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1 2
1 2 3 1 1

,
1 cos
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fm m m e
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+ + ϑ
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+ + ϑ

	  
2

21 .k
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G
e
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(1.8)

At the same time, there are equalities:

cos
cos ,  sin ,  1,2.

1 cos
k k

k k k k k
k k

e
w l w e w k

e
+ ϑ

= = − =
+ ϑ

For large orbital semi-axes and cosine of the 
inclination angle, expressions using Delaunay variables 
have the following form:

	 ( ) ( )
2 2
1 2

1 22 2
2

2

3 r1 2 3

2
2

,  ,  

cos .

= =
+

=

+

L L
a a
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H
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i

�(1.9)

Due to the conditions of the problem, we can 
assume that points P and S do not affect the motion of 
the center of mass  C0, i.e., point  C0 moves along an 
undisturbed Keplerian elliptical orbit in the OXY plane. 
Let us write out vectors R1, R2 in the inertial coordinate 
system OXYZ.

R1 = R1η1, η1 = (cos (g1 + ϑ1), sin (g1 + ϑ1), 0),

	

( ) ( )
( )

22
1 1 1 1

1 1 13/221 1 1

1
1 3

1

1 1 cos
,  ,  

1 cos 1

.

− + ϑ
= ϑ =

+ ϑ −

=



a e e
R n

e e

fm
n

a

�(1.10)

R2 = R2η2, η2 = (η2x, η2y, η2z,),

η2x = cos h2 cos (g2 + ϑ2) – sin h2 cos i2 sin (g2 + ϑ2),

η2y = sin h2 cos (g2 + ϑ2) + cos h2 cos i2 sin (g2 + ϑ2),� (1.11)

η2z = sin i2 sin (g2 + ϑ2).
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In the limited setting under consideration, the first term on the right-hand side of formula (1.6) is a constant. 
Therefore, we can write the Hamiltonian of the problem in the form:

	
( )22 3

2 3 r
12

22
.

f m m m
L
+

= − +  � (1.12)

Taking into account (1.7)–(1.11), the perturbing part of the Hamiltonian  1  in formula  (1.12) will take the 
following form:

	
( ) ( )

( )
( )

4 32 4 4
1 2 2 3 1 1 2

1 1226 3
r 2 21

1 cos
1 3cos ,

2  1 cos

f m G m m e

G m e

+ + ϑ
= − ψ

+ ϑ
 � (1.13)

cos ψ12 = (η1, η2) =  cos (g1 + ϑ1)[cos h2 cos (g2 + ϑ2) – sin h2 cos i2 sin (g2 + ϑ2)] +

+ sin (g1 + ϑ1)[sin h2 cos (g2 + ϑ2) + cos h2 cos i2 sin (g2 + ϑ2)].

2. EVOLUTION OF SATELLITE ORBITAL MOTION

Let us perform the procedure of averaging the Hamiltonian over the “fast” angular variables—the mean 
anomalies l1, l2:

( )
( )

( )
( )

( )
( )

( )
( )1 2

3/2 3/22 22 2 2 2
1 2

1 2 1 2, 2 2 2 2
0 0 0 0 1 1 2 2

1 11 1* .*  *  
2 2 1 cos 1 cos

l l

e e
dl dl d d

e e

π π π π − −
= = ⋅ ϑ ϑ

π π + ϑ + ϑ
∫ ∫ ∫ ∫

The perturbing part of the Hamiltonian (1.13) will take the following form as a result of the averaging procedure:

	
( ) ( ){ ( )( )}

1 2

42 4 4
1 2 3 2 2 2 2 2

1 2 2 2 2 23 3 3, 
r 1 1

2 1 3cos 3 1 3cos 5cos 2 sin .
16l l

f m m m L
i e i g i

m G L
+

= ⋅ − + − − � (2.1)

Expressing eccentricity e2 and inclination i2 through the variables L2, G2, H2 according to formulas (1.8), (1.9) 
and taking into account formulas (1.12), (2.1), we will move on to the averaged Hamiltonian in Delaunay variables:

	 ( ) ( ) ( )
1 2

2 42 3 2 4 4 2 2 2 2
2 3 r 1 2 3 2 2 2 2 2

2, 2 3 3 3 2 2 2 2
2 r 2 2 2 21 1

1 3 5 3 15cos 2 1 1 .
2 16

      + +  = − + ⋅ − − − − −                  
 l l

f m m m f m m m L H G H G
g

L m G L G L G L
�(2.2)

Thus, we obtain an average representation of the Hamiltonian in terms of fast angular variables. The averaged 
equations of motion are written as a system of canonical equations:

	

( )1 2 1 2 1 2 1 2

1 2 1 2

22 31 1 1 1, , , , 2 3 r
2 2 2 2 3
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1 1, , 
2 2

2 2
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∂ ∂ ∂ ∂

∂ ∂
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∂ ∂

 





   

 

l l l l l l l l
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f m m m
L G H l

l g h L L

g h
G H

� (2.3)

Taking into account formula (2.2), the evolutionary system of equations of motion of the satellite in Delaunay 
variables (2.3) has the form:

2 20,  0,L H= = 

( ) ( )
42 4 4 2 2

1 2 3 2 2 2
2 23 3 3 2 2

r 2 21 1

15
1 1 sin 2 ,

8
  +

= − ⋅ − −    
  



f m m m L H G
G g

m G L G L
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Using the following inverse ratios 2 2 2 2 2 2
2 2 2 2 2 2cos , 1 ( ) sin , H G i H G i= − = 2 2 2

2 2 2 ,1G L e= −  obtained from 
equations  (1.8)  and  (1.9), we derive an averaged system of equations for the satellite’s motion in Delaunay 
variables (relative to “slow” variables):
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Next, we will perform transformations in the evolutionary system of equations of motion to transition to a form 
that depends on the variables  e2, i2, g2, h2, and also perform a  transition to dimensionless time  τ  =  n2t, 

( ) 3
2 2 3 2  .n f m m a−= +  The final system takes the form:
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where 
3

1 23
0 3

2 3 1
,  

am
a

m m a
m = =

+
 is the mass ratio (the ratio of the mass of the attracting center to the sum of the masses 

of the celestial body and the satellite) and the axial ratio (the ratio of the semi-major axes of the orbits), respectively.
Note that the value of the major semi-axis a2 does not change over time. Furthermore, the right-hand sides of the 

system of equations (2.5) depend only on three variables: eccentricity e2, orbital inclination i2, and longitude of the 
pericenter g2. Therefore, the 2nd, 3rd, and 5th equations of the system are separated from the rest of the equations, 
and the 4th and 6th equations can be integrated after the functions e2(τ), i2(τ), g2(τ) are found. The angular variable l2 
is “fast.” This variable was averaged. Therefore, it can be excluded from consideration. The system is reduced to four 
basic equations:
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− −

−′ = ⋅ + −

− −

� (2.6)

where 3
0 .k a= m

The resulting system (2.6), with an accuracy up to a constant factor responsible for the choice of dimensionless 
time, coincides with the system of equations obtained by M.L. Lidov [7, 8], if we neglect the perturbations caused by 
the eccentricity of the Moon’s gravitational field. The system of equations (2.6) has first integrals [7, 8]:

	 ( )2 2
2 2 cos 1 ,i e C− = � (2.7)

	 2 2 2
2 2 2

2 sin sin .
5

e g i D − = 
 

� (2.8)

From the resulting ratio (2.7), it follows that as the value of  e2 increases, the value of  i2 will decrease, and 
vice versa. Let us move on to the parameters of the system (2.6):

m1 = 5.9736 · 1024 kg is the mass of the Earth,

m2 = 7.349 · 1022 kg is the mass of the Moon, 

m3 = 103 kg is the mass of the satellite,

24
1

22 3
2 3

5.9736 10 81.28453.
7.349 10 10

m
m m

⋅
m = = ≈

+ ⋅ +

As a first approximation, we can assume that the Moon moves in an elliptical orbit with eccentricity e1 = 0.0549 
and a semi-major axis of the geocentric orbit a1 = 384400 · 103 m.

We will consider lunar orbits with altitudes ranging from 500  to 20000 km (310  to 12430 miles), where the 
Earth’s gravity has the greatest effect and causes orbital perturbations. Let a2 = 6500 · 103 m be the semi-major axis 
of the satellite’s orbit, then:

3 3
23

0 3 3
1

6500 10 0.017117,
379739 10

a
a

a
⋅

= = ≈
⋅

 3
0 81.28453 0.017117 1.39135.k a= m ≈ ⋅ ≈
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We can integrate the resulting system (2.6) using the fourth-order Runge–Kutta method with a constant step size, 

setting the initial values: 
02 0.01,e =  

02 ,
180
π

=
ji  

02 0,g =  
02 0,h =  j = 30°, 45°, 60°, 85°, and on this basis we can 

construct integral curves. The resulting graphs (Fig. 3) clearly demonstrate compliance with the relationship of the 
first integral (2.7) of the system under consideration. The change in the value of eccentricity (the degree of ellipticity 
of the orbit) and the inclination angle (the angle between the orbital plane and a certain reference plane) on the graph 
can be either gradual or abrupt.

3. STATIONARY SOLUTIONS OF THE EVOLUTIONARY SYSTEM OF MOTION EQUATIONS OF THE ASM

Frozen orbits around the Moon, natural satellites, or asteroids are of great interest, since a  number of space 
missions aim to fly around such bodies. Frozen orbits are those in which changes in inclination, eccentricity, and 
longitude of the pericenter from the ascending node are minimized. In order to define such orbits, we will determine 
stationary solutions to the first three equations (2.6), determined by the conditions:

	 2 2 20,  0,  0.e i g′ ′ ′= = = � (3.1)

Since elliptical orbits are being considered, we will limit the values of eccentricity e2 to the interval [0; 1):

	 0 ≤ e2 < 1.� (3.2)

Considering integral (2.7), we obtain a closed autonomous system of the second order with respect to g2, e2: 
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Here

( )
1 3 22

1

3 .
8 1

kk
e

=
−

Let us find stationary solutions to system (3.3) by setting its right-hand sides equal to zero. Taking into account 
condition (3.2), we obtain the following system of equations:

	
( ) ( )

( ) ( )( ) ( ) ( )( )

2
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2 2 2 2
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5 .

1 sin 2

1 4 cos 2 5 1 1 cos 2 0
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e e C g

e e Ce g e g
� (3.4)

Note that according to equality (2.7), the value of the constant C is limited by the interval [0; 1].
From the first equation of system (3.4), it follows that either e2 = 0, or  2

21 0,e C− − =  or sin (2g2) = 0. In the 
case e2 = 0 from the second equation of system (3.4), we obtain:

	 ( ) ( )2 .c 5os 2 1
5 1
−

=
−

g C
C

� (3.5)

Equation (3.5) has a  solution under the condition  0  ≤  C  ≤  0.6. Therefore, with the specified values of the 
parameter C we obtain the first series of stationary solutions:

	 ( ) [ ]( )2 2
1 1 50, arccos , 0; 0.6 .
2 5 1

∗ ∗ −
= = ± + π ∈ ∈

−
Ce g m m C

C
� (3.6)

If 2
21 0,e C− − =  then from the second equation of system (3.4) we obtain:

( ) ( )2 .c 4os 2 1
5 1

= +
−

g C
C

Given the restrictions imposed on the constant C, the latter equality is possible if C = 0. But then e2 = 1. Thus we 
come at a contradiction with (3.2).
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Fig. 3. Integral curves of the averaged system of equations (2.6) e2(τ) and i2(τ) at 
02i = π/6, π/4, π/3, 85π/180
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If sin (2g2) = 0, then either cos (2g2) = 1, or cos (2g2) = –1. If cos (2g2) = 1, then from the second equation of 
system (3.4) we obtain e2 = 1, therefore this case is not suitable. If cos (2g2) = –1, then from the second equation of 
system (3.4) it follows that:

2
2

51 .
3

= −
Ce

This equality is possible under the condition: 0 < C ≤ 0.6. Thus, we obtained another series of stationary solutions:

	 ( ]( )2 2
51 , , 0; 0.6 .
3 2

∗ ∗ π
= − = + π ∈ ∈Ce g m m C � (3.7)

Let us investigate the stability of stationary solutions based on a perturbed system of first-order equations. We can 
denote * *

2 2 1 2 2 2, ,e e x g g x= + = +  and further denote the right-hand sides of the system of equations (3.3) respectively 
as F1(e2, g2), F2(e2, g2). Then the perturbed system of equations of the first approximation will be written as:

	 ( ) ( ) ( ) ( )
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1 2 2 1 2 2 2 2 2 2 2 2
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� (3.8)

The partial derivatives of the right-hand sides of the evolutionary system of equations (3.3) are of the form:
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g e
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For the stationary solution (3.6), the coefficients aij on the right-hand sides of equations (3.8) are as follows:

11 1 2 12 21 22 115 sin(2 )(1 ), 0, 0, 2 .a k g C a a a a∗= − = = = −

The roots of the characteristic equation are real and of different signs (the type of singular point is a saddle point). 
Consequently, the stationary solution (3.6) is unstable.

For the stationary solution (3.7), we obtain:

1 22
11 12 1 2 2 21 222

2

2450, 10 1 0, 0, 0.
3 1

k eCa a k e e C a a
e

∗
∗ ∗

∗

 
= = − − − < = > =   − 

The roots of the characteristic equation λ2 – a12a21 = 0 are purely imaginary. Therefore, in the first approximation, 
the stationary solution is stable (the type of singular point is a center).

Figures 4–7 show phase portraits of the system of equations (3.3) for different values of the constant С.
We can see that the nature of the change in eccentricity is oscillatory. With regard to the evolution of the argument 

of perihelion, its change demonstrates either a  system of open trajectories of a monotonic nature or a  system of 
closed trajectories of an oscillatory nature surrounding the equilibrium positions. According to the analytical study, 
when C > 0.6 the system of equations (3.3) has no stationary solutions. This case is shown in Fig. 7. Here, the changes 
in eccentricity are oscillatory, and the longitude of the pericenter changes monotonically.
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Fig. 4. Phase portrait of the system of equations (3.3) 
at C = 0.2

Fig. 6. Phase portrait of the system of equations (3.3) 
at C = 0.55 

Fig. 5. Phase portrait of the system of equations (3.3) 
at C = 0.45

Fig. 7. Phase portrait of the system of equations (3.3) 
at C = 0.8 

4. UNMEDIATED EQUATIONS OF SATELLITE MOTION FOR THE EXCITED TASK

Let us derive the unaveraged system of equations of motion for the ASM. The Hamiltonian of the problem has 
the form:

		
( ) ( )

22 3 2
2 3 r 1 r 2 2

1 12 3
2 1

1  3 1 .
2

,
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+
= −=− + ⋅ Φ −  

f m m m fm m R
L R

� (4.1)

The summand 1  in the expression for the Hamiltonian depends on the Delaunay variables L2, G2, H2, l2, g2, h2 
via R2 = R2(L2, G2, l2) according to (1.8) and Φ:

	 ( ) ( ) ( ) ( )12 2 2 1 1 2 2 2 2 1 1 2cos cos cos cos sin sin .g g h i g g hΦ = ψ + ϑ + ϑ + + ϑ ϑ= − −+ � (4.2)

The canonical equations of motion of a satellite in Delaunay variables are as follows:
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After calculating the partial derivatives, we obtain:

	

( )
( )

( ) ( ){ }

( )( ) ( ){ }

( )

2
2 21 r 2 2

2 2 2 2 2 23 3 221 2
2 2

1 2 1 2
2 2 2 33 3

1 1
2

1 r 2 2 2
2 2 2 2 2 2 2 2 2 23

2 21
2

1 r 2
2 2 2 23

2 21

1 cos
3 1 sin 3 1 cos ,

1

3 3
, ,

2 cos cos 3 1 3 sin 2 cos ,

1 cos cos 1 3

r r

efm m R
L e e

R e

fm m R fm m R
G H

R R

fm m R
l n e e e

R L e

fm m R
g e

R e G

+ ϑ
= ⋅ Φ − ϑ + + ϑ ΦΦ

−

= ΦΦ = ΦΦ

= − − ϑ − ϑ Φ − + ΦΦ ϑ + ϑ

= + ϑ ϑ −



 



 ( ) ( ){
( ) ( )}

( ) ( )

2
2 2 2 2

2 2 2 2 1 1 2
2

1 r 2
2 2 2 1 1 23

21

3 sin 2 cos

3 cos sin sin ,

3
sin sin .

e

e i g g h

fm m R
h g g h

R G

Φ + ΦΦ ϑ + ϑ +

+ Φ + ϑ + ϑ −

= − Φ + ϑ + ϑ −

� (4.4)

Here
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Thus, we obtain a system of equations (3.4) for the motion of a 6th-order satellite in Delaunay variables. The first 
equation with  2L  is responsible for the change in total orbital action over time, the second with  2G  is responsible for 
the change in total angular momentum over time, and the third with  2H  is responsible for the change in azimuthal 
angular momentum over time. The remaining three equations are responsible for changes in the orbital elements: 
mean anomaly  l2, argument of pericenter  g2; and the longitude of ascending node  h2. Point  C0 moves along an 
undisturbed Keplerian elliptical orbit in the OXY plane. Therefore R1, ϑ1 in (4.4), (4.5) are given functions of time 
according to (1.10), and the longitude of the pericenter g1, the semi-major axis a1 and the eccentricity e1 are constant 
values.

Let us make the transition to dimensionless variables n20, e2, i2, g2, ϑ2, h2, where
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Furthermore, let us move on to dimensionless time τ = n1t/(2π) the number of revolutions of the center of mass C0 
relative to point O. We will transform the right-hand sides of the equations of system (4.4), taking into account (1.10) 
and relying on the known relations for the Delaunay variables:
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As a result, we obtain:
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We will perform the numerical integration of the averaged and unaveraged systems of equations (2.6) and (4.7) 
and compare the obtained numerical results with the modern temporal variations of eccentricity and inclination 
presented in [12]. As initial values, following [12], for the averaged system of equations (2.6) we take (2.6)

	 e2(0) = 0.61, i2(0) = 55.9° = 55.9π/180 rad, g2(0) = π/2, h2(0) = 0.� (4.8)

Since a  dimensionless time in system  (2.6), ( ) 3
2 2 2 3 2,   n t n f m m a−τ = = +  is used, therefore, in order to 

consider a double period 2T = 2.5 years or 2.5  ∙ 365 days, the time range needs to be set: 
2.5 365 10440.
0.0874

⋅
τ = ≅  

Figure 8 shows the integral curves of the averaged system of equations (2.6).
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Fig. 8. Integral curves e2(τ) and i2(τ) of the averaged system of equations
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We obtain the following predicted deviations of the average values of the elements: ∆e2 ~ 0.08, ∆i2 ~ 3.7°(0.07 rad), 
close to the results from [12]. This reflects the basic nature of the changes in the elements, while omitting short-period 
gravitational effects.

Next, we integrate the unaveraged system (4.7). In order to do this, we need to specify the initial values of the 
eccentricity, semi-major axis, longitude of the pericenter of the Moon’s orbit, and the initial value of its true anomaly. 
The data was collected using the Horizons System4 utility with the following parameters: target object is the Moon; 
coordinate center is the Earth; and time is 2009-07-15 01:00:00. Since [12] provides only 4 initial values (4.8), the 
remaining missing values of the true and mean anomaly were also collected using the Horizons System for the 
ASM operating at that time: LRO 2009-031A5. As a dimensionless time in the system (4.7), τ = n1t/(2π) is used. 
Therefore, in order to consider the double period 2T = 2.5 years or 2.5 ∙ 365 days, the time range needs to be set in 

* 2.5 365 34.
27.0632

⋅
τ = ≅

Figure 9 shows the integral curves e2(t) and i2(t) of the averaged and non-averaged systems of equations. Figure 10 
shows the integral curves of the systems of equations (2.6) and (4.7) with the same initial conditions in the plane (g2, e2), 
which are generally similar to the analogous curves presented in  [12]. A characteristic steady oscillatory motion is 
observed, the length of the pericenter depends on the eccentricity in accordance with the periodic law. A change in the 
eccentricity e2 is noted in the range from 0.61 to 0.69, which is relatively similar to  ∆e ~ 0.09 in the work [12].
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Fig. 9. Integral curves e2(t) and i2(t) of averaged and unaveraged systems of equations of satellite orbital motion

The graphs obtained also show periodic behavior 
and the main period, as in the averaged model, but with 
high-frequency oscillations superimposed upon it. The 
total amplitude of the oscillations corresponds to the 
amplitude of the averaged line, while the instantaneous 
values of eccentricity and inclination deviate from the 
averaged value. The averaged system is a  “smoothed” 
version of the unaveraged system. The integral curves 
of the unaveraged system of equations contain more 
details and information about short-term changes in 
orbital elements. The averaged system can be useful for 
long-term forecasting and analysis of general trends. 
The unaveraged system is necessary for accurate 
modeling and prediction of satellite behavior over short 
time intervals. Although more difficult to analyze, the 
unaveraged system provides a more complete picture of 
satellite behavior.

4  https://ssd.jpl.nasa.gov/horizons/#api. Accessed February 04, 2025.
5  Lunar Reconnaissance Orbiter is a robotic spacecraft orbiting the Moon. Launched on June 18, 2009. https://www.n2yo.com/

satellite/?s=35315. Accessed February 04, 2025.
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CONCLUSIONS

As a  result of the study, averaged and unaveraged 
systems of equations of motion for the ASM were 
derived, taking into account the perturbation caused 
by the Earth’s gravitational field, based on the system 
of equations of motion of the satellite in Delaunay 
canonical variables, enabling to track the change in its 
orbital parameters over time.

Stationary solutions of the averaged system of 
equations were found, and their stability was investigated. 
Conditions for the existence of “frozen” orbits were 
obtained, in which changes in inclination, eccentricity, 
and longitude of the pericenter from the ascending node 
are minimized. Phase portraits were constructed for the 
averaged system of equations at various values of the 
problem parameter which depends on the initial values 
of the inclination and eccentricity of the orbit. Integral 
curves of the non-averaged system of equations were 
also constructed.

It should be noted that the study takes into account 
the influence of the main factor on the satellite’s orbit—
external gravitational disturbance. Further study of this 
issue may enable a  more accurate description of the 
motion of satellites around celestial bodies. The study 
has practical significance for the development and 
planning of space missions related to the exploration of 
the Moon and its vicinity. The equations obtained can 
be used to more accurately predict the orbital motion of 
satellites and determine the optimal parameters of their 
orbits.
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Abstract
Objectives. This study focuses on  the development and investigation of a generalized nonlinear Support Vector 
Machine  (SVM) method incorporating an  adaptive transformation of  the feature space. Its aim is  to improve 
computational efficiency while maintaining high classification accuracy. The binary classification problem is  used 
as a case study. The main objective of the research is to quantitatively evaluate the performance of the proposed 
approach when compared to classical SVM models using fixed kernel functions, and to analyze how the transformation 
parameters affect classification quality.
Methods. The proposed approach involves a  preliminary transformation of  the input data using a  learnable 
nonlinear mapping with a fixed structure. This mapping is implemented as a composition of elementary functions and 
is parameterized by a limited number of trainable weights which allows control over model complexity. A linear SVM 
with L2 regularization is applied after the transformation. The model is  trained using conventional, unconstrained 
numerical optimization methods. The classification quality is  evaluated using the Accuracy metric averaged over 
10-fold cross-validation. The work also studies the behavior of the model with varying feature space dimensionality. 
In addition, computational complexity is analyzed in terms of the number of operations and inference time required 
on test datasets.
Results. Numerical experiments demonstrate that the proposed model significantly reduces classification time 
when compared to a polynomial-kernel SVM, while maintaining a comparable level of accuracy. The runtime analysis 
confirms that the proposed approach scales much better than traditional kernel methods. At  the same time, the 
structure of the model remains interpretable and can be further adapted to the specifics of the application domain.
Conclusions. The method developed provides an efficient alternative to traditional kernel-based algorithms. Through 
the use of a parameterized transformation of the feature space, the method enables adaptability, interpretability, and 
scalability, making it promising for practical applications in machine learning tasks.
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Резюме
Цели. Работа посвящена разработке и  исследованию обобщенного нелинейного метода опорных векто-
ров (support vector machine, SVM) с использованием адаптивной трансформации пространства признаков, 
направленного на  улучшение вычислительной эффективности при сохранении высокого качества класси-
фикации. В качестве задачи-примера рассматривается двухклассовая классификация. Целью исследования 
является количественная оценка производительности предложенного подхода в сравнении с классическими 
SVM-моделями, использующими фиксированные ядровые функции, а также изучение влияния параметров 
трансформации на качество классификации.
Методы. Предлагается модифицированный подход, при котором входные данные предварительно преоб-
разуются с  помощью обучаемого нелинейного отображения фиксированной структуры. Это отображение 
реализуется в виде композиции элементарных функций и параметризуется ограниченным числом обучае-
мых весов, что обеспечивает контроль над сложностью модели. После трансформации применяется линей-
ный SVM с L2-регуляризацией. Для обучения модели используются стандартные методы численной опти-
мизации без ограничений. Качество классификации оценивается с помощью метрики точности (Accuracy), 
усредненной по  результатам 10-кратной перекрестной валидации. Рассматривается поведение модели 
при изменении размерности признакового пространства. Проводится анализ вычислительной сложности 
по числу операций и времени применения модели на тестовых выборках.
Результаты. Численные эксперименты показали, что предложенная модель позволяет существенно сокра-
тить время классификации по сравнению с SVM с полиномиальным ядром, обеспечивая при этом сопостави-
мое качество. Анализ временных затрат подтвердил, что предложенный подход масштабируется значитель-
но лучше, чем классические ядровые методы. При этом структура модели сохраняет интерпретируемость 
и может быть дополнительно адаптирована под особенности предметной области.
Выводы. Разработанный метод представляет собой эффективную альтернативу классическим ядровым 
алгоритмам. Благодаря параметризуемому отображению признакового пространства он  обеспечивает 
адаптивность, интерпретируемость и масштабируемость, что делает его перспективным для практического 
применения в задачах машинного обучения.

Ключевые слова: классификация, преобразование признакового пространства, нелинейное отображение, 
нелинейный метод опорных векторов, функции ядра, вычислительная сложность
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INTRODUCTION

A fundamental problem in machine learning  (ML) 
is addressing the challenge of classifying linearly 
inseparable data. A traditional method for tackling this 
involves employing a  generalized nonlinear support 
vector machine  (SVM) with kernel functions. These 
kernels facilitate the computation of scalar products in 
a  transformed space which offers improved geometric 
properties for class separation  [1]. However, this 
approach has certain limitations. The commonly used 
kernels often have a  limited number of parameters, 
restricting their flexibility. Furthermore, the variety of 
kernels utilized in practice is relatively small, which 
reduces the adaptability of the model.

The paper introduces an alternative approach which 
differs from traditional kernel methods by enabling 
the direct optimization of nonlinear transformation 
parameters within the feature space during SVM training. 
The proposed transformation is divided into two 
stages. Initially, the input features undergo a  linear 
mapping defined by a  matrix containing trainable 
coefficients. Subsequently, one-dimensional nonlinear 
transformations, executed through polynomials with 
trainable coefficients, are applied to each component of 
the resulting vector. This approach offers the flexibility 
to tailor the characteristic space to specific data needs 
while preserving high computational efficiency.

The primary benefit of the proposed model lies in 
its considerable reduction in computational costs when 
utilizing the pre-trained model, compared to approaches 
reliant on kernel functions. In traditional SVMs which 
use kernel functions, the computational complexity 
depends heavily on the number of support vectors. In 
real-world scenarios these can be quite large, thereby 
substantially increasing classification time. In contrast, 
the proposed approach performs data transformation 
with a fixed computational complexity determined solely 
by the dimensions of the input and output spaces and 
the selected polynomial order. This feature makes the 
method especially efficient for processing large datasets.

Recent efforts have focused on enhancing the 
effectiveness and flexibility of classification techniques 
in ML applications. For example, study  [2] presents 
a  robust SVM  model enhanced with a  customized 
optimization approach to ensure resistance against noise 
in the data. Research [3] establishes the theoretical basis 
for multiscale, adaptive feature extraction, proposing 
it as a  viable alternative to traditional kernel-based 
approaches. Study  [4] investigates the geometric 
interpretation of adaptable feature transformations in 
neural networks, in line with the idea of a parametrizable 
representation of feature spaces. Furthermore, 
study  [5] introduces a  method involving the diagonal 
expansion of parameters within a  Hilbert space 

endowed with a  reproducing kernel. This facilitates 
the simultaneous training of both the feature structures 
and the kernel parameters. Finally, the adaptive law-
based transformation  (ALT) method discussed in  [6] 
is designed for adaptive feature transformations, 
specifically targeting time series classification. It bears 
conceptual similarities to the approach presented in this 
paper.

1. TRANSFORMATION OF THE FEATURE SPACE

As previously mentioned, each object in the original 
dataset, denoted as  x  ∊  ℝn  (where n  represents the 
dimensionality of the original space), is transformed 
through the m × n matrix А. The resultant vector  m∈x   
is then calculated using the following equation:

11 12 1 1

21 22 2 2

1 2

...

...
.

... ... ... ... ...
...

n

n

m m mn n

a a a x
a a a x

a a a x

   
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The dimension m, chosen by the user, specifies the 
number of features in the transformed space, influencing 
whether the data space is expanded or reduced. Matrix A 
contains trainable parameters, enabling adjustments to 
align the linear transformation with the specific data 
structure.

For each element in the resultant vector 
T

1 2( , ,..., ) ,=   mx x xx  a  nonlinear function is applied in 
the form of polynomial  ( )i ip x  of degree  d,  
where  1, .i m=  The resultant vector,  ,m∈x   is then 
calculated as follows:
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The polynomials ( )ip ⋅  may vary for each coordinate, 
providing high flexibility within the model. The general 
form of polynomial  ( )ip x  is defined as follows:

2
1 2( ) ... ,d

i i i idp x c x c x c x= + + +   

wherein cij represents trainable parameters, and d denotes 
the fixed-degree polynomial.

The inclusion of nonlinear functions enables the 
adjustment of the feature space geometry, facilitating 
a more effective separation of classes. A key aspect of 
the proposed classifier model lies in the simultaneous 
training of both the feature space transformation 
parameters and the support vector method. 
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The objective of training the model can be outlined 
as follows:

( )( )22
, , , ,1

1 max 1 , ( ) ,0 min .
2

N

i i bi
C y b

=
+ − Φ + →∑ A P w A P

w w x

Here, xi  ∊  ℝn represents the input vectors; 
yi  ∊  {−1;  +1}  are the associated class labels. 
ΦA, P(x) represents the original vector x after the linear 
transformation  A and the application of polynomial 
functions  pi; A  and  P  are transformation parameters 
for the linear and polynomial operations, respectively; 
w and b are linear classifier parameters. C represents the 
penalty weight assigned to deviations, while N indicates 
the total number of training samples included in the 
dataset.

The proposed approach incorporates 
L2  regularization  [7,  8], crucial for stabilizing the 
training process and mitigating the risk of overtraining. 
This regularization is applied not only to the parameters 
of the linear transformation matrix but also to the 
coefficients of the polynomial mapping. By employing 
L2  regularization, the growth of weight norms is 
restricted, thereby decreasing the probability of 
overtraining. Numerical experiments have demonstrated 
that this regularization technique supports effective 
learning outcomes. Consequently, the objective function 
has the following form:

1  The Broyden–Fletcher–Goldfarb–Shanno algorithm.
2  Optim.jl Documentation. Optim.jl is Julia optimization library. https://julianlsolvers.github.io/Optim.jl/stable/. Accessed July 07, 2025.
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wherein λ1 and λ2 are regularization coefficients.
In order to address problem (1), an optimization 

method without BFGS1  constraints is utilized  [9], 
provided through the Optim.jl package2. The gradients 
of the objective function are computed using automatic 
differentiation based on dual numbers [10, 11], facilitated 
by the ForwardDiff.jl package.

2. BENCHMARKING

Benchmarking involves evaluating the performance 
of the classifier using datasets from the Curated 
Classification Benchmark OpenML-CC18  [12]. These 
datasets are specifically curated for comparing various 
ML  algorithms. Table  1  provides an overview of the 
datasets utilized, highlighting their key attributes such 
as the number of objects, the dimension of the feature 
space, and concise descriptive details.

All tasks involve binary classification, meaning each 
task contains exactly two categories.

In order to evaluate model performance, 10-fold 
cross-validation  [13] is implemented, ensuring a  more 
dependable measurement of classifier quality.

Table 1. Overview of dataset characteristics

No. Dataset Number 
of objects Dimension Summary

1 blood-transfusion-service-center 748 4 Prediction of blood donation behavior in the future 
is required (2 categories)

2 phoneme 5404 5 Classification of speech sounds into two categories 
is required (2 categories)

3 diabetes 768 8 Detection of diabetes presence or absence is 
required (2 categories)

4 qsar-biodeg 1055 41 Prediction of chemical biodegradability is required 
(2 categories)

5 kc1 2109 21 Detection of the software module errors is required 
(2 categories)

6 pc1 1109 21
The task is similar to kc1 that involves classifying 
software components into “with errors”  
and “no errors” categories (2 categories)

https://julianlsolvers.github.io/Optim.jl/stable/
http://ForwardDiff.jl
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Employing multiple datasets facilitates testing the 
ability of the model to generalize across diverse inputs. 
Additionally, using a  standardized test dataset ensures 
comparability with existing methods and published 
research, providing an objective analysis of the model’s 
strengths and weaknesses.

Prior to training the classifier, all data is subjected to 
preliminary normalization processes, such as centering 
and scaling. These steps are essential for enhancing 
model stability and improving its generalization 
capabilities. Combined with 10-fold cross-validation and 
testing across diverse samples, these measures ensure 
an objective and reliable evaluation of the classifier’s 
quality (Accuracy) [14].

The results of testing this classifier model with 
adaptive feature space transformation are presented 
in Table 2.

The proposed model is evaluated against the 
SVM method utilizing a polynomial kernel, as referenced 
in studies [15, 16]. In the case of SVM with polynomial 
kernels, classification takes place within an implicitly 
defined higher-dimensional space, in which the scalar 
product is computed directly via the kernel function, 
thus eliminating the need for explicit construction of 

the feature transformation. Conversely, the proposed 
method differentiates itself by explicitly constructing 
a nonlinear mapping of the original space. This is then 
subjected to linear separation through the support vector 
method.

It should be noted that SVM with a polynomial kernel 
is often regarded as a viable benchmark model. This is 
because, while the polynomial kernel typically delivers 
slightly lower classification performance when compared 
to more advanced kernels such as the radial basis 
function (RBF), it offers notable computational efficiency. 
This makes it a practical trade-off between classification 
accuracy and computational demands. The proposed 
approach achieves performance comparable to that of 
the SVM with a polynomial kernel, while simultaneously 
offering even greater computational efficiency.

Evaluation tests have been conducted where the 
parameters of the polynomial kernel are selected using 
a  random search strategy over a  predefined grid of 
values. The parameter selection process employs 10-fold 
cross-validation, ensuring careful optimization of the 
kernel hyperparameters and facilitating an accurate 
comparison across models. The test results for the SVM 
with a polynomial kernel are presented in Table 3.

Table 2. Classifier model testing results

No. Dataset Output space dimension (m) Polynomial degree (d) Accuracy, %

1 blood-transfusion-service-center 4 3 79.29

2 phoneme 5 3 83.33

3 diabetes 8 3 77.47

4 qsar-biodeg 41 3 85.97

5 kc1 21 3 84.45

6 pc1 21 3 92.24

Table 3. Testing results for SVM with a polynomial kernel

No. Dataset Degree (d) Accuracy, % Number of support vectors

1 blood-transfusion-service-center 3 77.14 367

2 phoneme 3 83.81 2,074

3 diabetes 2 76.95 397

4 qsar-biodeg 2 86.24 429

5 kc1 3 84.69 643

6 pc1 3 93.06 158
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Table 4 presents a comparison of the classification 
accuracy of the proposed model and the SVM  with 
a polynomial kernel on each dataset.

As shown in Table 4, the proposed classifier achieves 
an accuracy level similar to that of the SVM  with 
a polynomial kernel. This highlights the flexibility of the 
model and its capacity to adapt effectively to the dataset 
characteristics.

3. ANALYSIS OF COMPUTATIONAL COMPLEXITY

In many ML tasks, the focus extends beyond 
just achieving high model accuracy: it also evaluates 
its computational complexity during classification. 
This becomes particularly critical in scenarios which 
demand rapid data processing, such as real-time 
systems used for object detection, data flow analysis, 
or diagnostics. Additionally, limited computational 
resources pose a  significant challenge, especially 
when working with low-power devices such as mobile 
phones, embedded systems, or microcontrollers. 
These devices often lack sufficient memory, energy, 
or processing capabilities, making complex models 
impractical for deployment. Therefore, when selecting 
a model, it is crucial to account for its complexity and 
performance relative to the capabilities of the targeted 
hardware.

After training the proposed model, the resulting 
classifier (decision function) is as follows:

,( ) , ( ) .f b= Φ +A Px w x

The transformation ΦA, P(x) can be reduced to 
matrix multiplication and polynomial component 
transformation. Multiplying by matrix  A involves 
n × m multiplication operations and (n – 1) × m addition 
operations. Applying the polynomials pi(x) necessitates 

Table 4. Accuracy comparison between the proposed model and SVM with a polynomial kernel

No. Dataset
Accuracy, %

Offered model Polynomial kernel

1 blood-transfusion-service-center 79.29 77.14

2 phoneme 83.33 83.81

3 diabetes 77.47 76.95

4 qsar-biodeg 85.97 86.24

5 kc1 84.45 84.69

6 pc1 92.24 93.06

d × m multiplications along with (d – 1) × m additions. 
Additionally, the shift dot product entails m  more 
multiplication operations and m added additions.

Consequently, the classification of a  single object 
involves m  ×  (n  +  d  +  1)  multiplication operations 
and m  ×  (n  +  d  −  1)  addition operations. Thus the 
computational complexity of the classification process 
remains independent of the number of support vectors. 
This represents a  fundamental distinction between the 
proposed approach and the classical  SVM, reliant on 
kernel functions and resolving the dual problem  [17]. 
Leveraging an explicit parameterized features 
transformation ΦA, P(x), eliminates the need to transition 
to the dual problem, a hallmark of kernel tricks [15, 18]. 
This approach substantially reduces computational 
complexity, particularly in scenarios where resolving 
a  dual problem results in a  large number of support 
vectors, a  common occurrence with noisy or high-
dimensional datasets.

By applying kernel transformation, the dual 
minimization problem is addressed, leading to the 
following decision function:

1
( ) ( , ) ,

l

i i
i

f k b
=

= a +∑x x x

where k(xi, x) represents the kernel function, while 
xi denotes the support vectors.

The polynomial kernel is expressed as follows:

( )( , ) , ,dk ' ' c= +x x x x

where c and d refer to the kernel parameters.
The calculation of the polynomial kernel involves 

(n + d − 1) × l multiplication operations when dealing with 
low powers (d ∊ {2; 3}), as well as n × l addition operations. 
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Here, n represents the space dimensionality (the length 
of vector  x), d  denotes the  degree of the polynomial 
kernel, and l refers to the number of support vectors. In 
order to make a  classification decision, the algorithm 
sums over all reference vectors, entailing l multiplication 
operations (where the kernel function value is multiplied 
by the coefficient  αi) and l  +  1  addition operations. 
Consequently, the total number of basic operations 
required for classification is l × (n + d) multiplication 
operations and l × (n + 1) + 1 addition operations.

In practical scenarios, the number of support 
vectors,  l, is typically substantial, resulting in 
a significant rise in computational requirements. In order 
to preliminarily analyze the computational complexity 
of the proposed feature space transformation method 
in comparison to the conventional approach based on 
kernel functions, the following commonly observed 
relationships can be considered:

l ≫ n, l ≫ m, l ≫ d, m ∼ n, d < n.

3   BenchmarkTools.jl Documentation. BenchmarkTools.jl Manual. https://juliaci.github.io/BenchmarkTools.jl/stable/manual/. 
Accessed July 07, 2025.

An approach utilizing kernel functions typically 
demands considerably more calculations for 
classification purposes at the output stage. The findings 
are consolidated in  Table  5, which outlines the total 
number of elementary operations necessary for object 
classification across all datasets.

The results demonstrate that the proposed 
model performs classification with substantially 
fewer arithmetic operations, such as additions and 
multiplications. Consequently, this method is more 
computationally efficient than when compared to using 
a polynomial kernel.

4. MODEL PERFORMANCE

The experiment evaluates the time taken to 
classify a  single object from each dataset. The 
BenchmarkTools.jl package3 is utilized to ensure precise 
runtime measurement, since it reduces the influence 
of background processes and provides an accurate 

Table 5. Analysis of computational complexity between the proposed model and SVM with a polynomial kernel

No. Dataset
Number of operations

Offered model Polynomial kernel

1 blood-transfusion-service-center 56 4405

2 phoneme 80 29037

3 diabetes 176 7544

4 qsar-biodeg 3608 36466

5 kc1 1008 29579

6 pc1 1008 7269

Table 6. Performance comparison between the proposed model and SVM with a polynomial kernel

No. Dataset
Performance, μs

Offered model Polynomial kernel

1 blood-transfusion-service-center 0.356 7.75

2 phoneme 0.384 45.1

3 diabetes 0.422 11.3

4 qsar-biodeg 1.94 21.8

5 kc1 0.822 22.2

6 pc1 0.822 5.25

https://juliaci.github.io/BenchmarkTools.jl/stable/manual/
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estimation of computational costs. The measurements 
are conducted on pre-trained models, with classification 
times recorded in microseconds. The median runtime 
across all runs is chosen as the key metric, since it is 
less affected by outliers and effectively represents the 
typical model performance. A summary of the results is 
presented in Table 6 which facilitates a comparison of 
the classification speeds between the proposed model 
and the SVM with a polynomial kernel.

The experimental findings indicate that the 
proposed model provides significantly improved 
computational performance than when compared 
to an SVM  using a  polynomial kernel. For all 
datasets tested, the time taken to classify a  single 
instance is noticeably shorter in the proposed 
model. This is in line with theoretical predictions 
regarding its computational complexity. In 
contrast to the polynomial kernel, which has 
a classification complexity depending on the number 
of support vectors, the proposed method has a fixed 
computational complexity, making it substantially 
more efficient for processing large datasets. Analysis 
of median runtime values reveals that this increase 
in classification speed is achieved without a notable 
decline in performance quality, thus positioning 
the proposed approach as a  viable and competitive 
alternative to kernel-based techniques. Therefore, the 
experimental findings affirm that the proposed model 
presents a  promising solution for tasks demanding 
high classification speed while preserving accuracy.

Additional experiments have been conducted using 
synthetic data, in order to investigate how classification 
time varies with the dimensionality of the feature 
space. For these experiments, the linear transformation 
matrix A is selected as a square matrix with the same 
number of rows and columns  (m  =  n). This study 
allows the impact of dimensionality on computation 
time to be evaluated. The experiments are conducted 
on generated datasets with varying dimensions, 
and for each scenario, the median time required for 
classification of a single object is recorded. The results 
are visualized  (see  Figure) to show the increase in 
computation time as the dimension of the feature space 
increases.

The results demonstrate that for dimensions n ≤ 600, 
the classification time grows at a  moderate pace. This 
suggests that the proposed method can be effectively 
applied even to problems involving high-dimensional 
features. Consequently, the model maintains 
computational efficiency at medium to moderately high 

dimensions, making it well-suited for a broad spectrum 
of practical applications.

CONCLUSIONS

The paper introduces a method for transforming the 
feature space, aimed at effectively classifying linearly 
inseparable data. Unlike traditional kernel methods, 
this approach employs an explicit nonlinear feature 
mapping, with parameters optimized during the training 
process.

In order to evaluate the method performance, 
numerical experiments have been conducted. These 
include comparisons with classical kernel techniques 
in terms of classification accuracy and computational 
efficiency. The results demonstrate that the proposed 
model significantly outperforms SVM with a polynomial 
kernel in classification speed while maintaining 
comparable classification quality. Further analysis 
of runtime dependency on feature space dimensions 
reveals that for dimensions up to n ≤ 600, the increase in 
classification time remains moderate. This indicates that 
the method is well-suited for handling high-dimensional 
data effectively.

In summary, the method developed presents 
a  computationally efficient alternative to conventional 
kernel methods, offering a  practical solution for 
tasks which demand high processing speed without 
compromising classification accuracy.
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Abstract
Objectives. Identification of  the propagation patterns of  surface waves in  inhomogeneous and nonlinear crystal 
structures using mathematical models is an important fundamental problem in condensed matter physics, specifically 
waveguide optics. Models of waveguide structures used to establish an exact analytical solution are of particular 
significance. The aim of this work is to carry out a theoretical study of transversely polarized surface electric waves 
propagating along a photonic crystal with a certain refractive index profile.
Methods. The methods of mathematical physics, analysis, differential equations, and theory of special functions, 
as well as physical models of waveguide optics, were used in this study.
Results. A  generalized hyperbolic permittivity profile was proposed to  describe the spatially inhomogeneous 
distribution of the optical properties of a photonic crystal. This profile has a wide range of possibilities for varying 
its shape, allowing it to be used for a wide range of problems not limited to waveguide optics. An exact analytical 
solution of the wave equation with the selected permittivity profile was found in terms of the Whittaker function. 
Frequent cases of the generalized profile for which exact analytical solutions were indicated were also considered. 
These are expressed through the Whittaker and Macdonald functions. The study also describes surface transverse 
electric waves, where the field is localized near the surface of the photonic crystal and decreases with distance 
from it. The solution obtained also describes waveguide modes in which the field decreases with distance from 
the surface of the photonic crystal with oscillations. New features of surface wave localization were established. 
These were caused by a change in the parameters of the generalized hyperbolic profile modeling the dependence 
of the permittivity. It was also established that the maximum intensity of the surface wave is located in the photonic 
crystal.
Conclusions. The results of  the description of  the characteristics of  surface waves obtained expand the 
theoretical concepts of  waveguide optics. They can be  useful in  predicting the optical properties of  various 
photonic crystal structures, as well as  in designing various waveguide structures with the required dispersion-
optical characteristics.
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Моделирование поверхностных волн  
в фотонных кристаллических структурах 

с профилем показателя преломления, 
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Резюме
Цели. Выявление закономерностей распространения поверхностных волн в  неоднородных и  нелинейных 
кристаллических структурах на основе математических моделей является важной фундаментальной задачей 
в физике конденсированного состояния, относящейся к волноводной оптике. При этом особой важностью 
обладают такие модели волноводных структур, в  которых удается найти точное аналитическое решение. 
Цель работы – теоретическое изучение поверхностных электрических волн поперечной поляризации, рас-
пространяющихся вдоль фотонного кристалла с определенной формой профиля показателя преломления.
Методы. Применены методы математической физики, анализа, дифференциальных уравнений и  теории 
специальных функций, а также физические модели волноводной оптики.
Результаты. Для описания пространственно неоднородного распределения оптических свойств фотонно-
го кристалла предложен обобщенный гиперболический профиль диэлектрической проницаемости, который 
обладает широкими возможностями вариации формы, что позволяет его использовать для широкого круга 
задач, не  ограничиваясь волноводной оптикой. Найдено точное аналитическое решение волнового урав-
нения для выбранного профиля диэлектрической проницаемости, выражаемое через функцию Уиттекера. 
Рассмотрены частые случаи обобщенного профиля, для которого указаны точные аналитические решения, 
выражаемые через функции  Уиттекера и  Макдональда. Описаны поверхностные поперечные электриче-
ские волны, поле в которых локализовано вблизи поверхности фотонного кристалла и убывает при удале-
нии от нее. Полученное решение также описывает волноводные моды, в которых поле убывает при удалении 
от поверхности фотонного кристалла с осцилляциями. Выявлены новые особенности локализации поверх-
ностных волн, обусловленные изменением параметров обобщенного гиперболического профиля, модели-
рующего зависимость диэлектрической проницаемости. Установлено, что в линейной поверхностной волне 
максимум интенсивности расположен в фотонном кристалле.
Выводы. Полученные результаты описания характеристик поверхностных волн расширяют теоретические 
представления волноводной оптики. Они могут быть полезны для прогнозирования оптических свойств раз-
личных фотонных кристаллических структур, а также при проектировании различных волноводных структур 
с требуемыми дисперсионно-оптическими характеристиками.
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INTRODUCTION

The study of the properties of surface waves 
in crystals, including photonic heterostructures, by 
mathematical modeling is an important fundamental 
problem [1]. Of special significance are such models of 
waveguide structures which can be used to find an exact 
analytical solution.

When describing real crystals,the refractive 
index (or permittivity) profile which models the optical 
inhomogeneity is selected, in such a way that it best fits 
the experimental data. For example [2], the photonic band 
gap in one-dimensional exponentially graded photonic 
crystals was investigated using an exponential profile, 
in order to represent the change in refractive index 
between the initial and final boundaries of the graded 
layer. An exponential refractive index profile was also 
used to describe the properties of a new photonic crystal 
resonator structure  [3]. A simple hyperbolic refractive 
index profile in the form  n  ~  1/x, characterizing its 
decrease with distance x from the contact surface, was 
used in the description of photonic band gaps [4, 5]. It 
was also used in a new approach to achieve improved 
sensitivity characteristics of photonic crystal [6].

The problem of finding exact solutions to the 
wave equation in nonlinear and inhomogeneous 
media is associated with the choice of the refractive 
index  (permittivity) profile in inhomogeneous 
media  [7]. Many exactly integrable refractive index 
profiles are known  [8–11]. However, there remain 
a significant number of problems involving the 
definition of explicit analytical expressions for 
surface waves. These are described not by solutions 
of individual equations, but by solutions of boundary-
value problems of systems of equations in certain 
domains which satisfy the conjugation conditions at 
their boundaries [12–14].

This paper presents the results of a theoretical 
study of surface waves, or more precisely, transversely 
polarized electric waves propagating along a photonic 
crystal with a specific refractive index profile. A new 
exact analytical solution was obtained for this spatial 
dependence, which is a generalization of the hyperbolic 
profile [15]. It was used to describe new types of linear 

and nonlinear surface waves. Linear surface waves 
for a simple hyperbolic permittivity profile  e  ~  1/x 
were recently described [16]. Nonlinear surface waves 
propagating along the contact of an inhomogeneous 
medium with such a profile with a nonlinear medium 
with step nonlinearity were also described [17]. In this 
work, surface waves with step nonlinearity were studied 
using a generalized hyperbolic permittivity profile. Such 
a profile has wide possibilities for varying its shape 
which allows its use for a wide range of problems not 
limited to waveguide optics [18].

1. MODEL OF A PHOTONIC CRYSTAL STRUCTURE  
WITH A VARIABLE REFRACTIVE INDEX

Let us consider a photonic crystal in which the 
refractive index decreases with distance from its 
surface. Such a decreasing profile can be achieved by 
injecting ions of specially selected impurities  [5]. Ion 
implantation technologies are well developed and allow 
the formation of an ion distribution which will provide 
the desired spatial refractive index profile  [2–6]. This 
paper considers models of hetero-structures made 
of nonmagnetic materials consisting of a photonic 
crystal in contact with a medium with uniform optical 
characteristics.

Let the Ox axis be perpendicular to the surface of 
the photonic crystal which is assumed to be flat. Then 
the crystal surface coincides with the plane x = 0. The 
Oy  and  Oz  axes are located in this plane. The spatial 
distributions of the optical properties of the photonic 
heterostructure under consideration over the surface 
are assumed to be uniform. They change only in the 
direction transverse to the surface.

Let us consider only transverse monochromatic 
waves propagating along the surface of the crystal with 
the electric field strength component:

	 Ey(x, z) = u(x)ei(knz – ωt),� (1)

wherein u(x) is the transverse profile of the electric 
field strength, k  =  2π / λ  is the wave number, l  is the 
wavelength, n = ck / ω  is the effective refractive index, 
w is the frequency, and c is the speed of light in a vacuum.
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The equation for finding the transverse profile of the 
electric field strength has the following form [7]:

	 uʺ(x) + {ε(x, I) – n2}k2u(x) = 0.� (2)

Here, ε(x, I)  is the permittivity of the photonic 
hetero-structure which in general can reflect a nonlinear 
response in the form of a specific dependence on the 
electric field intensity I = |u|2 (a model of nonlinearity 
of the medium). It also characterizes the optical 
inhomogeneity modeled by a dependence on the 
spatial coordinate (a spatial profile). The square of the 
permittivity determines the refractive index.

In the case under consideration, when the photonic 
crystal with the flat surface is in contact with the optically 
homogeneous medium with a nonlinear response 
(nonlinear medium) or without it  (linear medium), the 
permittivity can be represented as follows [13]:

	 in

ho

( ), 0,
( , )

( ), 0.
x x

x I
I x

e >e = e <
� (3)

Here, εin(x) models the inhomogeneity of the 
permittivity profile as a function of the coordinate in the 
direction perpendicular to the surface of the photonic 
crystal, and εho(I)  models the nonlinear response of 
the optically homogeneous medium in contact with the 
photonic crystal.

If the transverse profile of the electric field strength 
is written as:

	 in

ho

( ), 0
( )

( ), 0,

u x x
u x

u I x

 >= 
<

� (4)

wherein uin(x) and uho(I) are the electric field strength 
profiles defined on the half-axes in the photonic crystal 
and in the optically homogeneous medium, respectively, 
then Eq. (2) is divided into two equations on the half-axes:

	 2 2
in in in( ) { ( ) } ( ) 0, 0,u x x n k u x x′′ + e − = > � (5)

	 2 2
ho ho ho( ) { ( ) } ( ) 0, 0.u x I n k u x x′′ + e − = < � (6)

The continuity of the field components on the 
surface of the photonic crystal determines the boundary 
conditions of conjugation at x = 0:

	 uin(+0) = uho(–0),� (7)

	 in ho( 0) ( 0).u u′ ′+ = − � (8)

Finally, the following conditions should be added 
which follow from the requirement that the field 
disappears at infinity: uho(x) → 0, uin(x) → 0 as |x| → ∞.

As a result, a model is formulated as conjugation 
boundary-value problem  (5)–(8). The continuous and 
everywhere bounded solutions can be used to describe the 
propagation of surface waves in photonic crystal structures.

2. MODELING OF A DESCENDING 
REFRACTIVE INDEX PROFILE OF A PHOTONIC 

CRYSTAL STRUCTURE

In order to find solutions in explicit form, a specific 
form of the permittivity profile εin(x) and the model εho(I) 
of nonlinearity of the medium need to be selected. The 
inhomogeneity of the photonic crystal structure is often 
modeled using decreasing profiles [2–6]. They describe a 
decrease in the refractive index with increasing distance 
from the surface into the depth of the photonic structure. 
The following dependence is proposed:

	 1 2
in 0 2

1 2
( ) ,

( )
e e

x e
x h x h

e = + +
+ +

� (9)

wherein e0, e1, e2, h1, and h2 are parameters of the spatial 
profile of the permittivity.

This form of the permittivity profile is a generalization 
of the hyperbolic profile considered earlier [15–17]. This 
can be obtained from expression (9) at e0 = e2 = 0.

Substitution of profile (9) into Eq.  (5) leads to the 
following equation:

1 2 2 2
in 0 in2

1 2
( ) ( ) 0.

( )
e e

u x e n k u x
x h x h

 
′′ + + + − =  + + 

�(10)

Using the definition of the Heun confluent 
function Hc(q, a, g, d, e, z) as a solution y(z) of the Heun 
confluent differential equation [19]

( 1) ( ( 1) ( 1) ) ( ) 0,z z y z z z z e y z q y′′ ′− + g − + d + − + a − =

the general solution of Eq. (10) can be written with its 
help in the following form:

1
0

1

1
2in 1 1 2 c

22
0 2 1 1 1 2 1

2 1
1

22 2 c

22
0 2 1 1 1 2 1

2 1

( ) ( )e ( )

12 ( ), ,1 , ( ), ,
2

( )

12 ( ), ,1 , ( ), , ,
2

+

+
−

= + + ×


 +
× − − +  − 

+ + ×

 +
× − − −  − 

n
n kx

n

u x x h C x h H

x h
kn h h n k e h h

h h

C x h H

x h
kn h h n k e h h

h h

wherein 2
0 0 ,= −n n e  2

1 2
1 1 4 ,
2

n k e= −  and 
С1 and С2 are integration constants.
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The analysis of such a solution is clearly very 
difficult. However, if it is assumed that h1 = h2 = h, then, 
for the profile:

	 1 2
in 0 2( ) .

( )
e e

x e
x h x h

e = + +
+ +

� (11)

Equation (10) has the following form:

1 2 2 2
in 0 in2( ) ( ) 0.

( )
e e

u x e n k u x
x h x h

 
′′ + + + − = + + 

� (12)

Given this simplification, the general solution 
of Eq.  (12) is expressed in terms of the Whittaker 
functions  Wm,n(z)  and  Mm,n(z) as solutions  y(z) of the 
Whittaker differential equation [19]:

2

2
1 1 / 4 0,
4

y y
z z

 m − n′′ + − + = 
 

which is clearly simpler than the Heun  differential 
equation.

Since a solution of the Whittaker equation 
which is bounded and decreases at infinity is the 
Whittaker  function  Wm,n(z), then the transverse profile 
of the electric field strength in the photonic crystal 
structure determined by the solution of Eq. (10) can be 
written as follows:

	 , 0
in 0

, 0

(2 ( ))
( ) .

(2 )

W n k x h
u x u

W n kh
m n

m n

+
= � (13)

Here, u0 is the value of the electric field strength on 
the surface of the photonic crystal, and the parameters of 
the Whittaker function are determined by the parameters 
of Eq. (11) as:

2
1 0 1 0/ 2 / 2 ,e k n e k n em = = −

2
1 21 4 / 2.n k en = = −

Hence, it follows that solution (13) exists under the 
conditions n2 > e0 and k2 > 1/4e2.

Thus, the spatial distribution of the electric field 
strength in the photonic crystal structure with the 
permittivity profile decreasing with distance from the 
surface according to generalized hyperbolic law  (11) 
was obtained in explicit analytical form (12).

Note that the use of the generalized profile  (11) 
allows the solution obtained (13) to be applied not only 
in the theory of waveguide optics, but also in quantum 

mechanics. Equation  (12) can be considered as the 
stationary Schrödinger equation [18] with a generalized 
hyperbolic potential described by profile  (11). 
Moreover, varying the values of the parameters of 
profile (11) enables significantly different forms of it to 
be obtained (Fig. 1). These are applicable in describing 
both monotonic  (Fig.  1a) and nonmonotonic  (Fig.  1b) 
potential barriers, as well as potential wells (Fig. 1c).

	 2	 4	 6	 8	 10	12	14
x

ε in
(x

)

8
7
6
5
4
3
2
1
0

(а)

0	 2	 4	 6	 8	 10	12	14
x

ε in
(x

)

2.0

1.8

1.6

1.4

1.2

1.0

(b)

	 2	 4	 6	 8	 10	12	14
x

ε in
(x

)

1.0

0.8

0.6

0.4

0.2

0

(c)
Fig. 1. Spatial profiles of permittivity (11)  

at various values of its parameters  
(in conventional dimensionless units):  

(a) e0 = −0.1, e1 = 3, and e2 = 0.2;  
(b) e0 = −1, e1 = 2, and e2 = −1;  

and (c) e0 = 1, e1 = −2, e2 = 1, and h = 0.5

Let us consider special cases of profile (9).
1) e2 = 0. In this case, profile (9) takes the form of 

a dependence decreasing according to a hyperbolic law:

	 1
in 0( ) ,

e
x e

x h
e = +

+
� (14)

and Eq. (12) is written as:

	 1 2 2
in 0 in( ) ( ) 0.

e
u x e n k u x

x h
 ′′ + + − = + 

� (15)

The general solution of Eq. (5) is expressed in terms 
of the Whittaker functions:

uin(x) = C1Wμ,1/2(2n0k(x + h)) +

	 + C2Wμ,1/2(2n0k(x + h)),�
(16)

wherein the parameters of the Whittaker functions are 
2

1 0 1 0/ 2 / 2e k n e k n em = = −  and n = 1/2.
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Since the description of surface waves requires that 
the solution should be bounded at infinity: uin(x) → 0 
as  |x|  →  ∞, for further application of solution  (16), 
it is necessary to set C2  =  0. In order to satisfy 
conjugation condition (7) at the interface of the crystals, 
C1  =  u0 / Wμ,1/2(2n0kh), may be chosen. In this case, 
solution (16), which can be used to solve the boundary-
value conjugation problem, takes the following form:

	 ,1/2 0
in 0

,1/2 0

(2 ( ))
( ) .

(2 )

W n k x h
u x u

W n kh
m

m

+
= � (17)

2) e1 = 0. In this case, profile (9) takes the form of 
a dependence decreasing according to a hyperbolic law:

	 2
in 0 2( ) ,

( )
e

x e
x h

e = +
+

� (18)

and Eq. (12) is represented as:

	 2 2 2
in 0 in2( ) ( ) 0.

( )
e

u x e n k u x
x h

 
′′ + + − = 

+ 
� (19)

The study found a general solution to Eq. (19):

	 in

1 0 2 0

( )
{ (2 ( )) (2 ( ))}.n n

= + ×

× + + +

u x x h
C I n k x h C K n k x h

� (20)

Wherein In(z) and Kn(z) are modified cylindrical 
functions of the imaginary argument of the first and second 
kind, also called the Infeld and Macdonald functions, 

respectively, of the order 2
1 21 4 / 2.n k en = = −  These 

functions are linearly independent solutions of the modified 
Bessel differential equation [19]:

2

2
1 1 0,y y y
z z

 n′′ ′+ − + = 
 

which is obviously simpler in comparison with both the 
Heun differential equation and the Whittaker differential 
equation.

Since the Infeld function is unbounded, C1 = 0 needs 
to be set for the further application of solution (20). In 
order to satisfy conjugation condition (7) at the interface 
of the crystals, 2 0 0/ (2 ),n=C u h K n kh  can be chosen. 
In this case the solution (20), which can be used to solve 
the boundary-value conjugation problem, takes the 
following form:

	 0
in 0

0

(2 ( ))
( ) 1 .

(2 )
K n k x hxu x u

h K n kh
n

n

+
= + � (21)

It should be noted that solution (17) is such a special 
case of solution  (13) obtained at e2 = 0 in an obvious 
way, while solution (21) does not follow explicitly from 
solution (13) at e1 = 0. However, its form is preferable 
for use in constructing a solution to the boundary-value 
conjugation problem in modeling surface waves. The 
Macdonald function contains one parameter less than 
the Whittaker function, which simplifies the analysis of 
the solution.

3. SURFACE WAVES ALONG  
A PHOTONIC CRYSTAL WITH A DECREASING 

REFRACTIVE INDEX

In the case under consideration, when the 
photonic crystal is in contact with air or with an 
optically homogeneous dielectric without a nonlinear 
response (linear medium), the permittivity in this half-
space is assumed to be constant and independent of the 
field intensity: εho(I) = ε0. 

As a result, the photonic crystal structure under 
consideration has a permittivity of:

	
1 2

0 2

0

, 0,
( )( , )

, 0.

e e
e x

x h x hx I
x


+ + > + +e = 

e <

� (22)

Then, taking into account the assumptions made, 
Eq.  (6) describing the distribution of the field in 
a homogeneous medium is written as follows:

	 2
ho 0 ho( ) ( ) 0, 0,u x q u x x′′ − = < � (23)

wherein  2 2 2
0 0( ).= − eq k n

The solution of Eq.  (15) decreasing at infinity has 
the following form:

	 0ho 0( ) e .q xu x u= � (24)

The surface wave is described by the solution of 
boundary-value conjugation problem  (5)–(8). To find 
this solution, the parameters of obtained solutions (13) 
and (24) on the semi-axes need to be defined in such a 
way that they satisfy boundary conditions  (7) and  (8). 
Solutions  (13) and  (24) clearly satisfy continuity 
condition (7) on the surface of the photonic crystal. In 
order to satisfy the continuity condition of the derivatives, 
i.e., to ensure the smoothness of the transverse profile of 
the surface wave, solutions (13) and (24) are substituted 
into boundary condition  (8). This gives the following 
dispersion equation:

	 1, 02
0 0 1

0 , 0

(2 )
( / 2) .

(2 )

W n khkq n e
n hW n kh

m+ n

m n
= − − � (25)
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The dispersion equation defines a continuous 
spectrum of values of the effective refractive index n as 
a function of the parameters of permittivity profile (22). 
Figure 2 presents the results of the numerical solution 
of dispersion  Eq.  (25). The effective refractive index 
increases with increasing parameters e0, e1, e2, e0, and k 
and decreases only with increasing h.

Thus, the solution to boundary-value problem (5)–(8), 
describing a surface wave propagating along the surface 
of the photonic crystal, is obtained after substituting 
solutions  (13) and  (24) into the following  
expressions (4):

	

0

, 0

, 00

(2 ( ))
, 0,

(2 )( )

, 0.q x

W n k x h
x

W n khu x u

e x

m n

m n

+
>= 


<

� (26)

Figure 3 presents the transverse profiles of the 
electric field strength in surface wave (26).

The electric field is clearly localized in narrow 
regions near the surface on both sides, with the maximum 
intensity in the photonic crystal. The intensity can be 
higher in the photonic crystal than in the homogeneous 
dielectric, despite the fact that the field penetration 
depth in the photonic crystal may be less than that in the 
dielectric.

An increase in parameter h leads to an increase in 
the field localization width. The intensity maximum 
shifts into the depth of the photonic crystal, and its 
intensity increases  (Fig.  3a). With a decrease in the 
parameter  e0  (an increase in its absolute value), the 
field penetration depth into the homogeneous dielectric 
increases and that into the photonic crystal decreases. 
The intensity maximum shifts toward the surface, and 
its intensity also decreases (Fig. 3b). An increase in the 
parameter e1 leads to a decrease in the field localization 
width. The intensity of the maximum increases, and 
its position does not change  (Fig.  3c). An increase in 
the parameter e2  also leads to a decrease in the field 
localization width. However, the intensity of the 
maximum decreases, and its position shifts toward 
the surface  (Fig.  3d). An increase in parameter ε0 
leads to almost the same effect, except that the field 
penetration depth into the homogeneous dielectric 
increases (Fig. 3d). An increase in the wavenumber (a 
decrease in the wavelength) leads to a decrease in the 
field localization width, the intensity of the maximum 
increases, and its position shifts slightly toward the 
surface (Fig. 3e).

The analysis shows that the field penetration depth 
into the photonic crystal decreases with increasing 
effective refractive index. Therefore, by adjusting the 
angle of incidence of the laser beam exciting the surface 

0	 0.2	0.4	0.6	0.8	1.0	1.2	1.4
h

(а)

n
2.0
1.8
1.6
1.4
1.2
1.0
0.8
0.6

           

0	 0.1	0.2	0.3	0.4	0.5	0.6	0.7
|e0|

(b)

n

1.05
1.00
0.95
0.90
0.85
0.80

            

	 1	 2	 3	 4	 5
e1

(c)

n

1.6
1.4
1.2
1.0
0.8
0.6
0.4
0.2

  

0	 0.2	 0.4	 0.6	 0.8
e2

(d)

n

1.20

1.15

1.10

1.05

1.00

           

0	 0.2	0.4	0.6	0.8	1.0	1.2	1.4	1.6	1.8
ε0

(e)

n

1.35
1.30
1.25
1.20
1.15
1.10
1.05

             

0	 0.2	 0.4	 0.6	 0.8	 1.0
k

(f)

n

1.2

1.0

0.8

0.6

Fig. 2. Dependencies of the effective refractive index (in conventional dimensionless units): 
(a) on h at e0 = −0.1, e1 = 3, e2 = 0.2, e0 = 0.05, and k = 0.5; 
(b) on e0 at h = 0.5, e1 = 3, e2 = 0.2, e0 = 0.05, and k = 0.5; 

(c) on e1 at h = 0.5, e0 = −0.1, e2 = 0.2, e0 = 0.05, and k = 0.5; 
(d) on e2 at h = 0.5, e0 = −0.1, e1 = 3, e0 = 0.05, and k = 0.5; 
(e) on e0 at h = 0.5, e0 = −0.1, e1 = 3, e2 = 0.2, and k = 0.5;  

and (f) on k at h = 0.5, e0 = −0.1, e1 = 3, e2 = 0.2, and e0 = 0.05
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wave, the field penetration depth into the photonic 
crystal can be varied.

An important point is that the solution  (26) to the 
formulated boundary-value problem  (5)–(8) obtained 
describes not only a surface wave, in which the electric 
field strength profile decreases fairly rapidly with 
increasing distance from the surface, but also waveguide 
modes, in which the electric field strength profile 

decreases with oscillations. Waveguide modes are 
excited at specific parameter values. Their characteristic 
profiles are shown in Fig. 4. The oscillation amplitudes of 
waveguide modes decrease as they approach the crystal 
surface. The order of a waveguide mode can be defined 
as the number of maxima of the intensity  I =  |u|2  (the 
number of maxima and minima of the electric field 
strength).
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Fig. 3. Transverse profiles of the electric field strength in surface wave (26) at various values of the system 
parameters (in conventional dimensionless units): 

(a) h = (1) 0.5 and (2) 0.9, e0 = −0.1, e1 = 3, e2 = 0.2, e0 = 0.05, and k = 0.5; 
(b) h = 0.5, e0 = (1) −0.1 and (2) −0.9, e1 = 3, e2 = 0.2, e0 = 0.05, and k = 0.5; 

(c) h = 0.5, e0 = −0.1, e1 = (1) 2 and (2) 3, e2 = 0.2, e0 = 0.05, and k = 0.5; 
(d) h = 0.5, e0 = −0.1, e1 = 3, e2 = (1) 0.2 and (2) 0.9, e0 = 0.05, and k = 0.5; 

(e) h = 0.5, e0 = −0.1, e1 = 3, e2 = 0.2, e0 = (1) 0.05 and (2) 0.5, and k = 0.5; and 
(f) h = 0.5, e0 = −0.1, e1 = 3, e2 = 0.2, e0 = 0.05, and k = (1) 0.5 and (2) 0.7
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Fig. 4. Transverse profiles of the electric field strength  
of waveguide modes (26) at fixed values  

(in conventional dimensionless units)  
of h = 0.5, e0 = −0.1, e2 = 0.2, e0 = 0.05,  

and k = 0.5 and various values  
of e1 = (1) 3, (2) 9.1, (3) 10.1, and (4) 17.5

Let us now briefly consider a special case of 
profile (9) at e1 = 0. Then the photonic crystal structure 
under consideration is characterized by a permittivity of:

	
2

0 2

0

, 0,
( )( , )

, 0.

e
e x

x hx I
x


+ > +e = 

e <

� (27)

The mathematical description of the surface 
wave is now constructed from solutions  (21) 
and  (24). In order to find a solution to conjugation 
problem  (5)–(8) in this case, the parameters of 
obtained solutions  (21) and  (24) on the semi-axes 
need to be defined, in such a way that they satisfy 
boundary conditions  (7) and  (8). Solutions  (21) 
and (24) clearly satisfy continuity condition (7) on the 
surface of the photonic crystal. As a result, a solution 
to boundary-value conjugation problem  (5)–(8) is 
obtained in the following form:
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In a similar way, a dispersion equation is obtained:

	 12 2
0

( )1( ) ,
2 ( )

v

v

K
kh

K
+ x

x − e = + n − x
x

� (29)

wherein ξ = n0kh. 
Dispersion Eq. (29) defines a continuous spectrum 

of values of the following effective refractive index:

	 n2 = e0 + (ξ / kh)2,� (30)

wherein x is the positive root of Eq. (29).

A detailed analysis of solution (28) and the roots of 
the dispersion equation in the special case e0 = 0 was 
given previously [20].

Thus, the exact analytical solutions of the boundary-
value problem are obtained. In two cases using different 
functions, these solutions describe surface waves and 
waveguide modes propagating along a photonic crystal 
in contact with an optically homogeneous medium. The 
photonic crystal is characterized by the refractive index 
which decreases with distance from the contact surface 
in accordance with a generalized hyperbolic profile.

The formulated models and described characteristics of 
linear and nonlinear surface waves can be useful in predicting 
the optical properties of various photonic crystal structures, 
and multilayer composite optical structures [21, 22] used in 
optoelectronic engineering and photonics [23]. The results 
of this work can also be used in the design of various 
waveguide structures, including layered ones, with the 
required dispersion-optical characteristics.

CONCLUSIONS

This paper proposes models of photonic  
heterostructures with a spatial permittivity profile that allows 
for an exact analytical solution. A generalized hyperbolic 
profile was used to model this spatial distribution. Exact 
analytical solutions of the wave equation for the selected 
permittivity profiles were found. These are expressed in 
terms of the Whittaker and Macdonald functions.

A boundary-value problem was formulated 
to describe surface waves and waveguide modes 
propagating along the surface of the photonic crystal. 
This problem was solved using an exact solution for the 
generalized hyperbolic profile. Cases of contact between 
the photonic crystal and a homogeneous dielectric or a 
nonlinear optical medium were considered. Expressions 
were derived for surface transverse electric waves where 
the field is localized near the surface of the photonic 
crystal and decreases with distance from it.

A detailed analysis was made of the influence of 
the optical characteristics of the system for photonic 
crystal in contact with the homogeneous dielectric. 
This includes the parameters of the generalized 
hyperbolic permittivity profile, the permittivity of 
the homogeneous medium, and the wavenumber. A 
dispersion equation describing the dependence of the 
effective refractive index on the optical parameters 
of the system was derived and numerically analyzed. 
The study identified conditions for control parameters 
which allow for the localization of the electric field 
near the photonic crystal surface. It was shown that the 
solution to the boundary-value problem also describes 
waveguide modes, where the field decreases with 
oscillations with distance from the photonic crystal 
surface.
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Abstract
Objectives. The aim of the paper is to develop a methodology for studying the convergence of the quasi-Newton 
minimization algorithm (QNA) on nonsmooth and nonconvex objective functions (OF), as well as to conduct related 
numerical experiments.
Methods. The experiments were performed on a flexible OF capable of mimicking various patterns of value changes 
in different directions away from the minimum. A total of 18 OF instances with different landscape parameters were studied. 
For each example, 200 QNA searches were performed from random staring points, and all corresponding OF values were 
recorded. Then, the Expected Run Time (ERT) to reach a given threshold level of the OF was computed based on the 
data. The dependence of the achieved OF threshold on ERT was approximated separately for the segment in which all 
thresholds were achieved in all searches, and for a segment in which the thresholds were achieved, but not in all searches.
Results. The experiments show that, for the majority of  cases in  which all thresholds are achieved in  all takes, 
a decrease in the OF follows the geometric progression law (linear convergence). However, in the second segment, 
convergence follows the power law. It was also found that the presence of anisotropy of the OF landscape and a loss 
of smoothness lead to convergence slowdown, and premature termination of search process before reaching the 
minimum with the required accuracy.
Conclusions. The study identifies patterns in  the QNA  convergence on  the objective functions with different 
landscape parameters. Further advancement of  the methodology would involve automating data collection and 
processing, as well as extending it to other types of optimization algorithms.
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Резюме
Цели. Целью работы является разработка методики исследования характеристик сходимости квазиньютоновского 
алгоритма (КНА) на негладких и невыпуклых целевых функциях (ЦФ) и выполнение экспериментов по этой методике.
Методы. Эксперименты выполнялись на тестовой функции, обеспечивающей возможность задания различных 
законов изменения ее  значений по  разным направлениям от  точки минимума. Всего исследованы 18  приме-
ров ЦФ с разными параметрами рельефа. Для каждого примера выполнялись 200 стартов КНА из случайных точек 
и фиксировались все значения ЦФ, полученные в процессе поиска. Затем по этим данным вычислялись значения 
Expected Run Time (ERT) – ожидаемого времени достижения заданного порогового уровня ЦФ. Далее выполня-
лась аппроксимация зависимости достигнутого порога ЦФ от ERT отдельно для отрезка, в котором все пороги до-
стигаются во всех стартах для этого примера, и для отрезка, в котором пороги достигаются, но не во всех стартах.
Результаты. Эксперименты показали, что в большинстве примеров для отрезка, в котором все пороги до-
стигаются во всех стартах, имеет место убывание ЦФ по закону геометрической прогрессии (линейная схо-
димость), а во втором отрезке преобладает сходимость по степенному закону. Также установлено, что на-
личие анизотропии рельефа ЦФ и нарушений гладкости приводят к замедлению сходимости и завершению 
поиска до достижения минимума с требуемой точностью.
Выводы. Исследование позволило выявить закономерности в сходимости КНА на ЦФ с различными свой-
ствами рельефа. Дальнейшее развитие методики должно включать автоматизацию сбора и обработки дан-
ных и распространение на другие виды алгоритмов поиска оптимальных решений.

Ключевые слова: квазиньютоновский алгоритм, рельеф целевой функции, выпуклая функция, вогнутая 
функция, негладкая функция, аппроксимация, показатель степени, сходимость алгоритма
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INTRODUCTION

The paper considers the problem of finding the 
local extremum  (LE)  (minimum)  x* of the objective 
function (OF) f(x) within a given search space ΩX:

	
X

* arg min( ( )).
∈Ω

= f
x

x x � (1)

Quasi-Newton algorithms (QNA) can be an effective 
method for solving this problem. These algorithms use 
an approximation of the Hessian matrix  (the matrix of 
second partial derivatives) based on the OF gradient 
which is only the first derivative. This allows the algorithm 
to determine the direction of the next step in the search 
process. It has been shown that for these algorithms to 
converge to the minimum, the function must be smooth 
and convex within the search space ΩX [1, 2]. Software 
QNA  implementations are available in widely used 
mathematical programming packages.

In cases where the conditions for smoothness and/or 
convexity of the objective function are not met, a rigorous 
analysis of the QNA is not available. Nevertheless, in 
practice, QNA has been successfully used to find local 
extrema of nonsmooth and/or nonconvex OFs in many 
cases. The conditions under which this application is 
successful, and the achievable results, have been little 
explored. At the same time, studies on the convergence 
conditions and rates of certain other search algorithms at 
such OFs are available [1–7]. However, these algorithms 
tend to converge more slowly than QNA.

The study [8] presents a  theoretical analysis of the 
QNA performance for the function of a single variable, 
f(x) = |x|, with a loss of smoothness at the LE point. The 
analysis demonstrates that, in order to achieve the LE 
with an accuracy of no greater than a  specified  ε  >  0, 
a logarithmic number of iterations (log2(ε–1)) is required. It 
has not been possible to perform theoretical analysis for the 
function f(x) = ||x|| with a search space dimension ND > 1. 
However, experimental results show that there is a linear 
convergence in the search process, with the OF  value 
decreasing following the geometric progression law, in 
which the denominator approaches  1  as  ND increases. 
The study uses only a  specific type of the objective 
function with fixed landscape parameters, and results for 
other OF types may vary.

The study [9] presents the results of experimental 
investigations on QNA and a  hybrid algorithm based 
on it, using a  large range of test functions. However, 
the paper lacks sufficient information regarding the 
convergence characteristics, since only the final 
outcomes are provided: namely, the achieved LE values 
and the number of iterations. Additionally, there is a lack 
of information regarding the relationship between the 
number of iterations and the variation in the OF value 
within the LE.

A comparison of the performance of several 
algorithms, including QNA  implementation, is 
conducted in [10]. This study utilizes a basic set of testing 
functions [11] and statistical indicators of convergence 
processes. However, this selection of testing functions 
does not permit a  wide variation in the characteristics 
of the OF landscape in the LE vicinity, particularly with 
regard to convexity and asymmetry. In [12], experiments 
are conducted using QNA, and a  testing function with 
the capability of adjusting certain features. However, 
convergence processes are not examined, and only the 
achieved OF  values are recorded. Furthermore, it is 
possible to set only two distinct laws for modifying the 
OF during experiments in coordinates.

This study aims to develop a  methodology and 
conduct experimental investigations into the convergence 
of QNA at various OF  landscape parameters in the 
LE vicinity, including loss of smoothness, nonconvexity, 
anisotropy, and asymmetry across coordinates.

RESEARCH METHODS AND MATERIALS

Experimental research was conducted using the 
MATLAB  software1 implemented on the GNU  Octave 
freeware platform2. The quasi-Newton algorithm within 
this software was implemented using the fminunc(..) 
function. However, this function only returns the final 
search result and the total number of the OF evaluations. 
In order to analyze convergence characteristics, all 
OF  values calculated during the search process need 
to be obtained. In order to address this, a new function 
called QNLS_M(..) was developed. The simplified 
structure is shown in Fig. 1.

1.  Input: X is a starting point; Options is the algorithm configuration.
2. � Initialization of the Hessian B  approximation by a  diagonal 

matrix.
3. � Calculation of the objective function F and its gradient g at the 

starting point.
4.  Iterate the search until the completion condition is met.

4.1.  Determine the search direction, s, based on B and g.
4.2. � Find the appropriate step size, λ, using the linear search 

method.
4.3. � Move to the new point X = X + λs and calculate the F and 

g values at this point.
4.4.  Calculate the B value using the BFGS3 algorithm.
4.5.  Verify search completion conditions.

5. � Output: History is the array containing the calculated 
OF values during the search in the order they were calculated, 
as well as the coordinates of the points where the calculations 
were performed.

Fig. 1. Structure of the QNLS_M (..) function  
implementing QNA

1  https://www.mathworks.com/products/matlab.html. 
Accessed August 26, 2025.

2  https://octave.org/. Accessed August 26, 2025.
3  The Broyden–Fletcher–Goldfarb–Shanno  (BFGS) algorithm 

is an iterative method for solving unconstrained nonlinear 
optimization problems.
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This structure is standard, except for item 5 [1, 2]. 
In item 4, the linear search algorithm described in [8] is 
used. In item 4.4, a new approximation of the Hessian B 
is calculated when the condition for positive curvature of 
the objective function is met at this iteration. The finite 
difference method is used to calculate the gradient g and 
derivative in the direction of the linear search. In order 
to minimize the number of calculations of the OF, only 
one additional point with a bias Δxi = 10−8 is taken to 
estimate the partial derivative for each xi coordinate.

Table 1 shows the search completion conditions, 
indicator values for the reasons for ExitFlag completion, 
and thresholds used in the experiments.

Table 1. Indicator values for the reasons  
of search completion

ExitFlag Search completion condition

0 Maximum iteration limit of max_iter = 1000 is 
exceeded

1 First-order optimality criterion  
max(||g||) ≤ g_tol = 10−8 is met

2 Step size condition ||λs|| ≤ min_step = 10−12 is met

3
The number of consecutive iterations with a relative 
change in the OF less than ftol = 1.00001 has 
exceeded the specified threshold max_Nftol = 4

4 No step is found that does not result in an increase  
in the OF 

5 The OF value is less than the specified threshold 
FuncTol = 10−8

In the experiments, the test function 
TestLE6(x, x*, R, W, K, NS) is used. The value at point 
x  is calculated as in the following way. First, the bias 
from the given LE x* and the rotation of the coordinates 
given by the matrix R are performed:

	 * T( ) ,= −z x x R � (2)

wherein T  represents the transpose operation. 
Then, for coordinates with indices ranging 
from  1  to  ND  −  NS  (where NS is an integer), the 
interpolation of the k coefficients and the exponent α is 
carried out, along with the calculation of a preliminary 
value of the function f:

2 2
1 22

1

1 ( ( ) ( )),
−

−∑
ND NS

n n n n n n
n =

k = K z h z + K z h z
z

wherein 
1 0,

( )
0 0,

 ≤

, y >
h y =

, y
�

(3)

2 2
1 22

1

1 ( ( ) ( )),
−

=
a = −∑

ND NS

n n n n n n
n

W z h z +W z h z
z

	 .a=f k z �

The variables Kij and Wij are elements of the 
matrices K and W which have dimensions of 2 × ND. 
They represent the values of coefficients and exponents, 
respectively, in the positive and negative directions 
for all coordinates in the search space. This algorithm, 
proposed in  [13], allows for arbitrary setting of power 
function parameters for different coordinates and for 
smooth changes in these parameters in intermediate 
directions.

If NS = 0, then the final value of the function f  is 
obtained. If NS > 0, a computation cycle is carried out for 
coordinates with indices n ranging from ND − |NS| + 1 
to ND as follows:

1 2
1 2max ( ) sign( ( )), ( ) sign( ( )) .

= +

 + −  
W Wn n

n n

f f

K z n z n K z n z n
�(4)

If NS < 0, a series of operations are carried out at the 
specified indices, as follows:

1 2
1 2max , ( ) sign( ( )), ( ) sign( ( )) .

=

 = −  
W Wn n

n n

f

f K z n z n K z n z n
�(5)

As a result, lines originating from the LE point are 
generated, along which smoothness of the function is 
lost. For NS = 0, the smoothness can only be lost at the 
LE point x*. By varying the combination of parameters, 
many well-known unimodal OFs, as well as functions 
with novel properties can be generated. Examples of 
graphs of the TestLE6(..) function for ND = 2 and various 
NS values are presented in Fig. 2. The other parameters 
of the function have the following values:

0 1.5 0.5 1 2
, , .

0 0.75 1.0 1 2
∗      
=      
     

= =x W K

Experimental studies were conducted in the 
form of individual tests, each consisting of 10  sets 
of 20  local extremum searches. The initial search 
points were randomly selected on a  hypersphere 
with unit radius and center at x*. In each test, various 
combinations of the  W,  K,  and  NS  parameters 
were applied. At the start of each set of searches, 
the coordinate axes were rotated using a  randomly 
generated and orthonormalized matrix R. During each 
search, the coordinates of all points were recorded 
where the OF calculation was performed, as well as 
the actual OF values.
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Fig. 2. Graphs of the TestLE6(..) function:  
(a) NS = 0; (b) NS = 1; (c) NS = 2; (d) NS = −1; and (e) NS = −2

The expected time to reach a certain OF threshold 
was used as a characteristic to summarize the results of 
all tests. This is known in optimization literature as the 
Expected Run Time (ERT). This function can be defined 
as follows [14, 15].

Let us introduce a variable:

	 ( )lg ,= −h f � (6) 

wherein f  is the OF value. We define the scale of the 
threshold levels, as follows:

	 ( )2 0.02 1 , 1,51.= − + − =kh k k � (7) 

The corresponding OF thresholds,  fk,  derived 
from  (6), range from  102  to  10−8. We define in 
the following way: Nri(hk)  as the number of the 
OF computations performed during the ith search until 
threshold hk  is reached; and Nei as the total number of 
the OF  computations until the ith  search completes. 
Irk  represents a  subset of searches which reach the 
threshold  hk, with  Inrk  denoting the number of these 
searches. Inrk denotes a  subset of searches that do not 
reach the threshold hk. Then,

	 ( )
( )

ERT .
| |

∈ ∈
=

∑ ∑i k i
i Ir i Inrk k

k
k

Nr h + Ne

h
Ir

� (8)

If the threshold hk is not reached in any of the 
searches, the ERT(hk) value becomes infinitely large.

We introduce the indicators determined by  ERT, 
in order to compare the characteristics of the QNA 
operation. For this purpose, we define the following 
boundaries for the threshold scale:

hstart is the threshold value reached at the beginning 
of the experiment;

hall is the maximum threshold value reached during 
the experiment;

hfinish is the highest threshold value achieved in at 
least one search during the experiment.

If hall = 8, which is the upper limit of the scale, then 
the value hfinish = hall is set.

In the segment [hstart, hall], we approximate 
the relationship between  lg(f)  and  ERT using the  
MATLAB/Octave regress(..) function, as follows:

	 ( ) ( )11 12 13lg ERT lg ERT .= ⋅ + ⋅ +f b b b � (9)

We also calculate the determination coefficients for 
the first two terms.

If the segment [hall, hfinish] contains 
between 2 and 9 divisions on the threshold scale, then 
we perform approximation of the form (9) for the entire 
segment. We also define the coefficients b31, b32, and b33, 
as well as the corresponding determination coefficients. 
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If this segment spans at least 9 divisions, it is divided 
into two subsegments, with the boundary of the second 
subsegment on the threshold scale denoted by  hb. 
Approximation of the form (9) is performed separately 
for each of these subsegments. In this case, coefficients 
for the first subsegment are denoted as b21, b22, and b23, 
while coefficients for the second subsegment 
are b31, b32, and b33. The value of hb is determined by 
iterating through possible values within the [hall, hfinish] 
segment. Approximations for each subsegment are 
calculated and the value that minimizes the mean-
square error of approximation is selected. Splitting 
the [hall, hfinish] segment allows for experiments to obtain 
more accurate approximations of the dependencе of lg(f) 
on ERT in that segment.

Subsequently, by applying potentiation  (9), we 
derive the following

	 ( ) 1311 12
ERT

10 ERT 10 .= ⋅ bb bf � (10) 

We denote 11 110 ,=b q  12 1,=b p  13 110 .=b a  
Then (10) takes the following form:

	 1ERT
1 1 ERT .= ⋅ ⋅ pf a q � (11) 

The second cofactor in (11) varies in accordance 
with the law of geometric progression, corresponding 
to linear convergence [1, 4]. The third cofactor follows 
a  power function. Therefore, the values of  q1  and  p1 
determine the laws and rates of convergence for the 
search on the segment [hstart, hall]. Likewise, the values of 
q3 and p3 for the segment [hall, hfinish] can be determined 

if this interval is not divided; or the values of q2 and p2 
for [hall, hb], and the values of q3 and p3 for [hb, hfinish], 
if the interval [hall, hfinish] is split into two.

Segment boundaries and approximation coefficients 
for these segments can serve as indicators to compare 
the convergence of search algorithms for OF with 
different properties. In this method, instead of the 
OF value, the distance from the current point x to LE x* 
can be used as an indicator of convergence [1, 5, 6]. The 
ERT(f) dependence can also be approximated, in order 
to obtain estimates for the number of the OF calculations 
required until a  specified OF value is reached. This is 
another useful characteristic in certain cases [4, 7].

EXPERIMENTAL RESULTS

The parameters of the TestLE6(x, x*, R, W, K, NS) 
function, as determined in 18  tests, are presented 
in Table 2. The LE location is always set to the origin, 
x* = 0.

In tests 1–6, the space dimension ND = 4 and the 
OF is isotropic in all directions. In tests 1–3, the OF is 
convex. In  test 4, it changes according to a  linear law, 
and in tests 5 and 6, it is concave. In test 1, the objective 
function is smooth everywhere, while in tests 2–5, there 
is a loss of smoothness in the LE. Subsequent tests use 
the OFs from tests 2 and 5 as a basis, and modify any 
properties. Tests  7–10 introduce anisotropy in certain 
directions. Tests  11–14 increase the dimension of the 
space, while tests  15–18 create loss of smoothness on 
lines originating from the LE.

Let us now explain the introduction of anisotropy. 
The calculation procedure for W elements is as follows:

Table 2. Test function parameters in experiments

Test ND Wmax Wmin Kmax Kmin NS Test ND Wmax Wmin Kmax Kmin NS

1 4 2.00 2.00 1 1 0 10 4 0.75 0.75 1 0.1 0

2 4 1.50 1.50 1 1 0 11 8 1.50 1.50 1 1 0

3 4 1.25 1.25 1 1 0 12 16 1.50 1.50 1 1 0

4 4 1.00 1.00 1 1 0 13 8 0.75 0.75 1 1 0

5 4 0.75 0.75 1 1 0 14 16 0.75 0.75 1 1 0

6 4 0.50 0.50 1 1 0 15 4 1.50 1.50 1 1 2

7 4 1.50 1.50 10 1 0 16 4 1.50 1.50 1 1 –2

8 4 1.50 0.75 1 1 0 17 4 0.75 0.75 1 1 2

9 4 1.50* 0.75* 1 1 0 18 4 0.75 0.75 1 1 –2
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   ( )max min
1 2 min

( ) 1
, 1, .

1
− −

−i i
W W i

W = W = W + i = ND
ND

� (12) 

For Wmax  =  Wmin, we obtain W1i  =  W2i  =  Wmax, 
1, ,i = ND  and the exponent of α in (5) is independent 

of direction. Similarly, values for the matrix  K 
elements were determined. In  test  9, a  random 
permutation of the W row elements was also performed, 
for example:

( )
0.75 1 1.25 1.5

Test 8 ,
0.75 1 1.25 1.5
 
 
 

W =

( )
1 1.25 1.5 0.75

Test 9 .
0.75 1.5 1 1.25
 
 
 

W =

Table 3 shows the reasons for completion of the search 
in the experiments (Table 1). In the table, EF1 (Exit Flag) 
represents the most frequently encountered reason in 
the certain test, while PEF1 indicates the probability of 
that reason. Additionally, other reasons for termination 
encountered in the experiment, ranked in descending 
order by probability, are provided. This data indicates 
that if the function is convex at least along part of 
coordinates, i.e., if there is at least one element of the 
matrix W exceeding one, the search will reach a value 
of  f = 10−8. Otherwise, the search process terminates 
prematurely for other reasons.

Figures 3 and 4 show the ERT graphs obtained 
from the experiments, while Table  4 presents the 
approximation results for these dependencies. In order 
to enhance clarity, thresholds  hk are not used as the 

argument, but rather the corresponding f  values 
obtained using (6), with the same index, for example, 

allall 10 .−hf =  The lg(fstart)  values are not included in 
the table. They can be inferred from the point at which 
the ERT increases. The approximation coefficients are 
presented in P/R2  format, where P  represents a value 
of  q  or  p, and R2  represents the corresponding 
determination coefficient. Only points where the 
ERT values are finite are shown in the graphs.
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Fig. 3. ERT experiment graphs: tests 1–10

Let us proceed to analyzing the results of the 
experiments. For the isotropic quadratic function 
in test 1, the QNA algorithm accurately identifies the LE 
after the first iteration, illustrated by the horizontal line 
in Fig. 3. However, the approximation of the form (9) is 
highly inaccurate. The corresponding values in Table 4 
are highlighted in bold.

Table 3. Statistics of search completion reasons in experiments

Test EF1 PEF1 EF2 PEF2 Test EF1 PEF1 EF2 PEF2 EF3 PEF3 EF4 PEF4

1 5 0.970 1 0.030 10 2 1.000 – – – – – –

2 5 1.000 – – 11 5 1.000 – – – – – –

3 5 1.000 – – 12 5 1.000 – – – – – –

4 2 0.530 5 0.470 13 2 1.000 – – – – – –

5 2 1.000 – – 14 2 1.000 – – – – – –

6 2 0.990 4 0.010 15 5 0.650 2 0.340 3 0.010 – –

7 5 1.000 – – 16 5 0.685 2 0.155 3 0.140 4 0.020

8 5 1.000 – – 17 2 0.895 4 0.080 3 0.025 – –

9 5 1.000 – – 18 2 0.450 4 0.300 3 0.250 – –
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Fig. 4. ERT experiment graphs: tests 2, 5, and 11–18

In tests 4 and 6, with OF exponents of 1 and 0.5, 
respectively, the QNA also jumped to points with f = fall 

after the first iteration. On the [fall,  ffinish]  segments, 
the search slowed down and these sections can be 
approximated by a  power law with good accuracy. 
There is no descent by geometric progression 
because q3 = 1.00. In tests 2, 3, and 5 with exponents 
of 1.5, 1.25, and 0.75, respectively, no such jump in OF 
was observed. The [fstart, fall] segment in tests 2 and 5 
can be accurately approximated by geometric 
progression.

In subsequent experiments, the OF  parameters 
from tests  2  and  5 were altered. As can be seen from 
the graphs in Fig. 3, introducing the form (5) anisotropy 
into the OF, either by coefficient (tests 7 and 10) or by 
exponent  (tests  8  and  9), resulted in an upward shift 
in ERT, i.e., a slowing down of the search. At the same 
time, random permutations of the degree indicators 
across the coordinates in test  9 did not alter  ERT 
compared to  test  8. In all experiments, the  [fstart,  fall] 
segment is approximated with high precision using 

Table 4. ERT approximation results in experiments

Test lg fall lg fb lg ffinish ERT(fall) ERT(fb) ERT(fall) q1 p1 q2 p2 q3 p3

1 −8.0 – −8.0 7.00 – – 0.15/0.14 0.74/0.14 – – – –

2 −8.0 – −8.0 93.2 – – 0.84/0.96 −1.06/0.78 – – – –

3 −8.0 – −8.0 134 – – 0.96/0.78 −3.39/0.87 – – – –

4 −7.2 – −8.0 6.77 – 126 0.00/0.19 14.0/0.17 – – 1.00/0.94 −0.56/1.00

5 −5.8 – −6.4 308 – 6.56 ∙ 103 0.97/0.96 −0.97/0.87 – – 1.00/0.79 −0.58/0.94

6 −3.4 – −4.4 7.00 – 5.86 ∙ 103 0.00/0.30 66.7/0.29 – – 1.00/0.70 −0.33/0.98

7 −8.0 – −8.0 232 – – 0.91/1.00 0.057/0.72 – – – –

8 −8.0 – −8.0 270 – – 0.94/1.00 −0.11/0.75 – – – –

9 −8.0 – −8.0 263 – – 0.94/1.00 −0.28/0.76 – – – –

10 −5.2 – −5.8 563 – 14.3 ∙ 103 0.98/1.00 −0.26/0.73 – – 1.00/0.80 −0.58/0.95

11 −8.0 – −8.0 170 – – 0.91/0.96 −0.84/0.74 – – – –

12 −8.0 – −8.0 290 – – 0.94/0.96 −0.60/0.68 – – – –

13 −5.8 – −6.2 951 – 106 ∙ 103 0.99/0.92 −1.01/0.88 – – – –

14 −4 −5.4 −5.8 1.11k 1.96 ∙ 103 2.53 ∙ 103 1.00/0.75 −1.04/0.88 1.00/0.99 −6.66/1.00 1.02/0.89 −52.4/0.90

15 −4.2 −5.2 −8.0 602 1.53 ∙ 103 1.98 ∙ 103 0.94/0.99 −0.39/0.83 1.07/0.86 −14.8/0.90 0.75/0.99 64.0/0.99

16 −0.8 −3.6 −8.0 71.9 1.09 ∙ 103 1.73 ∙ 103 0.98/0.98 −0.064/0.80 0.99/0.98 0.19/0.91 0.99/1.00 −11.4/1.00

17 −0.6 −3.8 −5.0 140 2.45 ∙ 103 177 ∙ 103 0.99/0.97 −0.33/0.84 1.00/0.94 −2.14/0.99 1.00/0.77 −0.61/0.99

18 −0.6 −3 −5.2 89.3 3.40 ∙ 103 5.25 ∙ 103 0.97/0.98 −0.894/0.80 1.00/0.99 −0.19/0.90 1.01/0.91 −51.3/0.94
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geometric progression, whereas the [fall, ffinish] segment 
in test 10 is approximated using a power function.

The impact of the ND dimension of the search space 
is shown in Fig. 4 (tests 11–14). Expectedly, convergence 
slowed down with an increase in  ND. Furthermore, for  
convex OF (tests 2, 11, and 12), a two-fold increase in ND 
leads to an equal upward shift in ERT on a logarithmic scale, 
while maintaining linear convergence. No clear patterns 
were observed for concave OF (tests 5, 13, and 14).

Introducing the loss of smoothness along the 
semi-infinite lines starting from the  LE, in the case 
of a  convex objective functions  (tests  2,  15,  and  16), 
results in a  slowing down of the search process. This 
now reaches a  limit of  f = 10−8 in not all tests. In the 
case of concave OFs  (tests  5,  17,  and  18), there is an 
increased minimum value, fall, achieved at least once. In 
tests 15–18, the segment [fstart, fall] is approximated by 
a geometric progression with good accuracy. The power 
function contributes significantly to the approximation 
of the segments  [fb,  ffinish]  and  [fb,  ffinish], as values 
for q2 and q3 are close to 1. However, uncommonly large 
values of |p2| and |p3| may occur in the results of some 
tests. This is due to gradual changes in  ERT over the 
corresponding segments.

CONCLUSIONS

Based on the results of the experiments, it can be 
inferred that dividing the range of ERT  thresholds 
into segments and approximating the function  f(ERT) 
using the proposed form  (9) for each segment allows 
certain patterns to be identified. The presence of 
convexity in at least some directions ensures a minimum 
threshold of  f  =  10−8 to be achieved. In the case 

of segments  [fstart,  fall] which include the values of 
the OFs achieved in all searches, the convergence can 
be considered to be linear with a  fairly high degree 
of accuracy. In the case of those segments  [fall,  ffinish], 
where the OF values are not achieved in all searches, 
convergence follows a power law of the ERTp form.

Some results raise questions. In certain segments, 
the OF values are not achieved in all searches. This is 
understandable in cases where the OF is anisotropic, such 
as in tests 10 and 15–17. However, in tests 4–6 and 14, 
where the OF is isotropic, all starting points should yield 
the same search result. It is possible that the variation 
in the final search results in this case is due to random 
rounding errors in the QNA calculations.

These studies, of course, do not provide a complete 
understanding of the dependence of QNA convergence 
characteristics on OF landscape properties since within 
these studies, these properties vary separately and within 
limited ranges. In order to obtain a more comprehensive 
understanding, landscape properties need to be varied 
in various combinations over a wide range of parameter 
values. This would require a  significant amount of 
experimentation and data analysis. The implementation 
of such an approach, presumably, could be achieved 
through the automation of experiment planning, data 
collection, and processing, including the use of artificial 
intelligence techniques.

Another area of interest is the expansion of the 
method to other types of algorithms aimed at finding 
an optimal solution, particularly population-based 
algorithms. This would allow for the comparison of 
convergence characteristics among different algorithms, 
essential for selecting the most effective algorithms for 
various problem types.
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Abstract
Objectives. In the context of the internationalization of higher education and the growing role of the Russian language 
as  a  means of  professional communication in  educational environments, the search for effective methodological 
solutions for teaching foreign students in  technical disciplines has become particularly relevant. The aims of  this 
study are twofold: to provide a scientific rationale for the methodological relevance of the communicative-aesthetic 
principle in teaching Russian as a foreign language to students of technical specialties; and to identify the impact of the 
communicative-aesthetic principle on the development of student speech culture and the formation of professional 
communication skills.
Methods. The methodological framework includes a  comparative analysis of  existing pedagogical approaches 
which incorporate communicative and aesthetic elements, along with classroom observation in multilingual technical 
university settings. In order to ensure objectivity in the findings, elements of both quantitative and qualitative analysis 
of student responses and speech production were used.
Results. The findings indicate that the application of the communicative-aesthetic principle enhances precision and 
motivation amongst students learning the Russian language aligned with literary norms. A number of observations 
were made including: increased interest in  language learning; improved integration into the academic and 
cultural environment; and the development of  speech aesthetics. All these factors contribute to  the formation 
of a professionally relevant linguistic worldview.
Conclusions. The communicative-aesthetic principle can be considered as an effective methodological tool in teaching 
Russian as a foreign language in technical universities. Its implementation enhances the educational potential of speech 
instruction and fosters the integration of  aesthetic components into professionally oriented communication. The 
practical significance of the study lies in the potential application of the developed methodological recommendations 
in  educational programs and teaching materials. A  promising area for further research is  the creation of  didactic 
resources aimed at developing professionally oriented speech and fostering creative thinking among students.
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Резюме
Цели. В условиях интернационализации высшего образования и расширения присутствия русского языка 
как средства профессионального общения в образовательных пространствах особую актуальность приоб-
ретает поиск эффективных методических решений для обучения иностранных студентов технических специ-
альностей. Целью настоящего исследования является научное обоснование методической значимости 
коммуникативно-эстетического принципа в обучении русскому языку иностранных студентов технического 
профиля и выявление влияния коммуникативно-эстетического принципа на развитие речевой культуры обу-
чающихся и формирование навыков профессиональной коммуникации.
Методы. Методологическую основу исследования составили сравнительно-сопоставительный анализ суще-
ствующих методических подходов, включающих элементы коммуникативной и эстетической направленности 
и наблюдение за учебным процессом в иноязычной аудитории в технических вузах. Для объективизации выво-
дов применялись элементы количественно-качественного анализа ответов и речевых продуктов обучающихся.
Результаты. Полученные данные демонстрируют, что применение коммуникативно-эстетического принци-
па способствует более точному и мотивированному владению правильной и хорошей русской речью, ори-
ентированной на литературные нормы. Отмечается повышение интереса студентов к языковому обучению, 
облегчение их интеграции в академическую и культурную среду, а также развитие речевого вкуса, что в сово-
купности способствует формированию профессионально релевантной языковой картины мира.
Выводы. Коммуникативно-эстетический принцип может рассматриваться как эффективное методическое 
средство при обучении русскому языку как иностранному в  техническом вузе. Его применение усиливает 
воспитательный потенциал речевого обучения и создает условия для интеграции эстетического компонента 
в профессионально ориентированную коммуникацию. Практическая значимость исследования заключается 
в возможности использования разработанных методических рекомендаций при создании образовательных 
программ и учебных пособий. Перспективным направлением дальнейших исследований является разработ-
ка дидактических материалов, направленных на  формирование профессионально ориентированной речи 
и стимулирование креативного мышления студентов.

Ключевые слова: коммуникативно-эстетический принцип, обучение русскому языку, иностранные студен-
ты, технические специальности, речевая культура, профессиональная коммуникация, методические подходы, 
эстетическое восприятие речи, адаптация 
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INTRODUCTION

In modern approaches to foreign language teaching, 
including Russian as a  foreign language  (RFL), the 
development of foreign language communication skills 
plays a central role. They define the practical guidelines 
for the learning process. In a broad sense, “competence” 
can be interpreted as an individual’s ability and 
willingness to perform certain types of activities  [1]. 
In education, competence is most often understood 
as externally imposed requirements for the results of 
a  student’s training1  [2]. Competency is understood 
as an internal personal development which arises as 
a result of mastering a set of competencies, ensuring the 
subject’s ability to perform activities effectively2.

Foreign language communication competence 
is understood as the ability to engage productively 
in verbal interaction in the given language of study 
in various meaningful communication situations, 
including the professional sphere [3]. Communicative 
competence includes a  set of knowledge, practical 
skills, and speech experience necessary for the 
formation of a  full-fledged ability to communicate in 
the language being studied3.

Following the principle of professional orientation 
of RFL4 training, the development of speech competence 
related to the educational and professional sphere begins 
at the pre-university stage. At this level, foreign students 
master not only the norms of standard literary language, 
but also elements of the scientific style of speech 
corresponding to their future professional specialization 
in the humanities, natural sciences, technical or 
technological5 [4] sphere. This ensures that by the time 
they enter university (an advanced stage of education), 
students possess basic academic and professional 
communication skills [5].

1  Pedagogical Terminology Dictionary. https://voennaya-pedagogika.slovaronline.com/44-компетенция. Accessed March  18, 
2025 (in Russ.).

2  Zimnyaya I.A. Key competencies – a new paradigm for the outcomes of modern education. Eidos. 2006. No. 5. https://elibrary.ru/
smmbix. Accessed March 20, 2025 (in Russ.).

3  Khutorskoy A.V. Key competencies and educational standards. Eidos. 2002. No. 2. https://elibrary.ru/ztakqu. Accessed March 19, 
2025 (in Russ.).

4  Khutorskoy A.V. Key and subject-specific competency design technology. Eidos. 2005. No. 4. https://elibrary.ru/qlhzwi. Accessed 
April 01, 2025 (in Russ.).

5  Order of the Ministry of Education and Science of the Russian Federation No. 1304 of October 3, 2014, “On the Approval of Requirements 
for the Implementation of Additional General Education Programs that Prepare Foreign Citizens and Stateless Persons for Professional  
Education Programs in Russian.” https://brstu.ru/docs/podrazdeleniya-brgu/centr-dopolnitelnoi-podgotovki/inostr/Prikaz_1304.pdf. Accessed 
April 02, 2025 (in Russ.).

In the subsequent stages of training, discipline-
specific language tools need to be integrated to 
reflect the specifics of various professional sub-
languages. This task is particularly important for 
students of technical specialties. Their professional 
communication requires specialized terminology and 
stable syntactic structures characteristic of the fields 
of engineering, physics, mathematics, and information 
technology. These features increase the requirements for 
methodological approaches and reinforce the relevance 
of applying integrative teaching principles, in particular, 
communicative-aesthetic principles [4]. By focusing on 
the activation of speech activity through artistic speech 
practices and theatrical forms of interpretation, the latter 
contribute to a deeper understanding of complex abstract 
concepts and the formation of a professionally oriented 
speech culture in students.

A.G. Volkova [5] notes that “children have changed, 
but teaching tools evolve slowly.” The principle of 
consciousness plays a  key role in organizing the 
learning process. This guides the way in which language 
units are taught on a  comparative basis, helping to 
reduce the influence of interference from the native 
language. The construction of the teaching system 
involves a  sequence of several stages: correction and 
articulation courses; an intensive conversation course; 
a text reproduction stage; transition to productive types 
of speech activity. Then speaking and writing [6]. It is 
here that new developments in the types and forms of 
testing student language levels can be appropriately 
introduced. Evaluating the cognitive, psychological, 
and motivational characteristics of foreign students 
in technical specialties is an important condition for 
the successful implementation of the communicative-
aesthetic principle in teaching. The development of 
a  special entrance test  [7] enables potential difficulties 
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to be identified and the educational trajectory adapted, 
while taking into account the individual characteristics 
of students.

Of particular importance in this regard is the inclusion 
of theatrical elements in the educational process. This 
factor enables the simulation of professionally relevant 
situations through expressive speech, intonation, facial 
expressions, and contextual interaction. J. Gentsel 
emphasizes that the active involvement of students is a key 
factor in the success of teaching using this technology [8].

Consequently, the aestheticization of speech activity 
not only contributes to the development of linguistic 
competence. It also enables cognitive and emotional 
difficulties to be overcome when they arise in the 
teaching and learning of specialized terminology and 
communication formats characteristic of a  technical 
professional environment.

OBJECTIVE SETTING

In the methodology of RFL teaching at the present 
stage, there is a transformation of the target orientations 
and the entire conceptual paradigm of language education. 
This vector of development is directed from a  linguo-
centric approach to a cognitive-discursive model which 
focuses on the assimilation of culture through language 
as a mediator of intercultural communication [9]. In this 
context, the aesthetic aspect of speech activity acquires 
the methodological status of a key parameter. Language 
performs not only informative and cognitive functions, 
but also serves as a  representative of axiological 
dominants, national and cultural specifics, and the 
aesthetic norms of society [7].

The purpose of this article is to provide scientific 
justification for the methodological significance of the 
communicative-aesthetic principle in teaching Russian to 
foreign students of technical disciplines, and to identify 
its influence on the development of speech culture and 
professional communication skills. Another aim of the 
study is to identify effective teaching approaches which 
ensure not only the development of language skills, but 
also the aesthetic perception of language as a  tool for 
intercultural and professional communication.

The methodological basis of the study consisted of 
a  comparative analysis of methodological approaches, 
observation of the educational process, and a survey of 
foreign students.

Comparative analysis of methodological approaches 
has enables key features of the application of the 
communicative-aesthetic principle in teaching  RFL to 
be identified. The analysis also defines its place in the 
system of modern linguistic and pedagogical concepts, 
justifying the need to integrate linguistic and aesthetic 
components into the process of developing professionally 
oriented speech competence.

Observation of the learning process was aimed at 
studying the dynamics of the speech skills and abilities of 
students in the context of applying the communicative-
aesthetic principle. Particular attention was paid to 
analyzing the level of development of expressive speech 
means, compliance with literary norms, and the ability 
of students to use the Russian language in academic and 
professional communication.

The integration of the results of comparative 
analysis, observation, and questioning provided 
a  comprehensive study of the methodological 
significance of the communicative-aesthetic principle. 
It enabled its influence on the development of speech 
culture and professional communication skills among 
foreign students to be objectively identified.

This paper presents a comprehensive review of the 
concepts of speech aesthetics and the communicative 
approach in teaching  RFL. The review is based on 
the deductive-inductive method of analysis. The aim 
is to identify the relationship between the aesthetic 
characteristics of speech acts and the basic principles of 
the communicative approach, enabling an independent 
communicative-aesthetic principle to be substantiated 
and formulated in a way relevant to the methodology of 
teaching RFL.

The application of the communicative-aesthetic 
principle, implemented through the inclusion of artistic-
pedagogical texts, dialogue fragments, role-playing 
situations, and theatrical elements in the content of 
teaching aids, is particularly relevant. Theatricalization 
not only activates the perception and comprehension 
of the text, but also enables the implementation of the 
principles of personalization, emotional involvement, 
and creative processing of the material  [9]. This form 
of work strengthens the internal motivation of students, 
contributes to the formation of a  sustained interest in 
the professional vocabulary being studied, and develops 
their expressive speech and interpretive abilities.

Justification for research and application  
of the communicative-aesthetic principle

The scientific justification for the methodological 
significance of the communicative-aesthetic principle 
in teaching Russian to foreign students of technical 
disciplines is based on the need for a  comprehensive 
approach to the development of language competence. 
This also presupposes the unity of cognitive, cultural, 
and emotional-aesthetic components. The principle 
enables the educational process to be organized in such 
a way that language is perceived not only as a means of 
professional communication, but also as a cultural code 
that reflects the values of society.

The relevance of research and active application 
of the communicative-aesthetic principle in teaching 
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competences (subcompetences). Among them are the 
authors of works [12, 14–17] and other researchers.

Linguistic (language) and pragmatic  (speech, 
sociolinguistic, illocutionary) competences are 
considered to be two essential components of 
communicative competences6, 7  [14, 18–20]. Sub-
competences have also been identified including: 
subject-specific (specialized, linguistic-professional, 
subject-thematic8,  9, sociocultural10  [13–15,  18–21];  
intercultural  [11–15, 19–22]; linguistic-country 
studies and linguistic-regional studies  [13–15, 19]; 
strategic (compensatory); discursive [17–20]; and others).

The study of the aesthetics of language and speech 
has a  long tradition, encompassing various academic 
disciplines: philosophy, linguistics, rhetoric, literary 
studies, and speech culture. Questions of expressiveness 
and aesthetic value in speech were considered as far back 
as antiquity [14, 15]. Aristotle, in his works on rhetoric 
and poetics, distinguished stylistic levels, while Cicero 
emphasized the role of harmony and elegance in speech. 
Socrates, in his Panegyric, offered recommendations on 
euphony and the appropriate use of metaphors. Ancient 
ideas continue to influence contemporary research on 
the aesthetics of language [23].

In the Russian tradition, M.V.  Lomonosov paid 
special attention to the quality of speech, distinguishing 
between “pure” and “impure” speech. In Russian 
Grammar, he formulated the principles of euphony, 
logic, and accuracy, warning against excessive consonant 
clusters and vowel repetitions, which can complicate the 
perception of the text. Many of his ideas remain relevant 
in modern linguistics [16].

At the beginning of the 20th century in Russia, when 
there was active interest in linguistic purity and the 
improvement of speech aesthetics and speech culture in 
society, authors11 [13, 17] contributed to the development 
of these issues. G.E. Sokolova is particularly noteworthy 
among contemporary researchers in the field of speech 
aesthetics education. She writes on the issue of teaching 
foreigners the basics of Russian speech aesthetics in the 
context of RFL teaching. In her works, she examines the 

6  Shchukin A.N. Methods of teaching Russian as a  foreign 
language: academic textbook for higher education institutions. 
Moscow: Vysshaya Shkola; 2003. 334 p. (In Russ.).

7  Balykhina T.M. Methods of teaching Russian as  
a non-native (new) language: academic textbook for teachers and 
students. Moscow: RUDN Publ.; 2007. 187 p. (In Russ.).

8  Shchukin A.N. Op. cit.
9  Riske I.E. Developing sociocultural competence 

in senior students using English-language poetry: 
Cand. Sci. Thesis (Pedagog.): 13.00.02. St. Petersburg: A.I. Herzen 
State Pedagogical University; 2000. 16 p. (In Russ.).

10  Ibid.
11  Vinokur G.O. On the language of fiction literature: Textbook 

for philology majors at universities. Moscow: Vysshaya  Shkola; 
1991. 448 p. (In Russ.).

Russian to foreign students of technical specialties is 
defined by several interrelated factors.

Firstly, modern requirements for professional 
communication in technical disciplines involve not 
only the learning of terminology, but also the ability to 
express thoughts clearly, logically, and expressively. This 
is particularly important in the context of globalization 
of scientific and engineering interaction, in which the 
Russian language serves as a means of professional and 
academic communication. This principles needs to be 
carefully considered and introduced into widespread 
use [10].

Secondly, traditional approaches to teaching 
Russian at technical universities are mainly focused on 
developing pragmatic competence, while the aesthetic 
aspect of speech, related to expressiveness, coherence, 
and stylistic appropriateness of utterances, remains 
largely underestimated. At the same time, it is precisely 
this communicative-aesthetic principle which can 
ensure more effective assimilation of language norms 
and the development of speech skills appropriate to the 
professional and academic context [6].

Thirdly, the integration of the communicative-
aesthetic principle into the methodology of RFL teaching 
for technical specialties contributes to the development 
of the ability of students to adapt their speech to various 
communicative situations. It also increases motivation 
to learn the language, and contributes to the formation 
of the linguistic personality of a  specialist capable not 
only of perceiving and conveying information, but also 
doing so in accordance with the norms of academic and 
professional discursive culture [10].

DEGREE OF RESEARCH ON THE PROBLEM

The communicative approach is a  system of 
principles which determine teaching strategy, but also 
reproduces models of natural speech interaction. As 
such it has replaced the grammar-translation method. Its 
introduction has led to a  transformation in the process 
of teaching foreign languages. Instead of focusing on 
text analysis, extensive grammar exercises, mechanical 
memorization of dialogues and phrases, as well as 
strict control and correction of errors by the teacher, 
the main emphasis has shifted to the development of 
communication skills and the direct use of language in 
real communication. In Russian pedagogical science, 
the authors of works [6–14] and other researchers have 
made a  significant contribution to the development of 
the communicative approach.

The concept of communicative competence has 
been developed in the works of many domestic and 
foreign scholars, such as  [6–9,  12,  13] and others. 
Most researchers view communicative competence 
as a  complex system which includes various specific 



118

Russian Technological Journal. 2026;14(1):113–126

Elena N. Tarasova,  
Zhanna O. Moskvina

The communicative and aesthetic principle in teaching Russian  
as a foreign language to international students of technical specialties

historical aspects of language aesthetics, emphasizing 
their importance in forming the value-based attitude 
of students towards the Russian language. Particular 
attention is paid to literary texts as an effective means 
of assimilating the aesthetic norms of speech. The 
researcher emphasizes the need to integrate the aesthetic 
component into the learning process, which contributes 
not only to the development of language competence, 
but also to the understanding of the cultural codes of 
Russian speech [24].

The issue of the communicative-aesthetic principle 
in teaching Russian to foreign students has been studied 
in various aspects, but remains insufficiently developed 
in the context of teaching technical specialists.

E.A. Shesterina’s research into the aesthetics of 
Russian speech  (e.g., analysis of German speakers’ 
perceptions) demonstrates the intercultural aspects 
of phonetic expressiveness perception. However, 
the results are only indirectly applicable to teaching 
methods for foreigners focused on technical 
specialties [25].

Analysis of scientific and academic sub-styles from 
the perspective of their aesthetic impact highlights the 
importance of speech aesthetics in scientific activity, 
while acknowledging that this area has not been 
sufficiently developed. The problem of scientific style 
aesthetics, which is important for technical specialties, 
remains unresolved12.

The course “Ethics and Aesthetics of Speech”13 is 
aimed at students in philology departments and covers 
the formation of ethical and aesthetic culture in a broad 
sense. Its approaches can be adapted for the teaching of 
Russian speech to technical specialists, but they require 
special methodological development.

The works of O.Yu. Koroleva and O.G. Filippova 
on the communicative aesthetics of primary school 
pupils illustrate the development of speech aesthetics 
in the educational process. However, the age group and 
cognitive context differs significantly from the tasks 
facing foreign students of technical specialties [26].

Matters of spoken language aesthetics  [27], the 
didactic requirements for speech aesthetics [28], and the 
aesthetics and culture of Russian speech [29] are studied 
primarily from a general linguistic and methodological 
perspective, without specific reference to teaching 
Russian to foreign technical specialists [30].

12  Vadzibov M.D. Russian language and speech culture. 
Theoretical material and practical assignments: academic 
textbook for bachelor’s degree students in the humanities. 
Saratov: IPR  Media; 2019, 207  p. ISBN 978-5-4497-0260-9. 
https://elibrary.ru/KAFNQS. Accessed April 01, 2025 (in Russ.).

13  Magomedgadzieva P.N., Magomedova L. Ethics and 
aesthetics of speech: educational and methodological guide. 
Makhachkala: Dagestan State Pedagogical University; 2021, 
54 p. (In Russ.).

Although studies of speech aesthetics in various 
aspects  (phonetics, scientific speech, pedagogy) 
have been carried out, the communicative-aesthetic 
approach to teaching Russian to foreign students of 
technical specialties requires further development and 
systematization.

DISCUSSION

M.V. Lomonosov wrote: “Language formation occurs 
in a  specific cultural environment, which determines 
its unique ways of expressing thought, national 
metaphors, and literary traditions. Without considering 
the aesthetic aspect, language learning is reduced to the 
mechanical mastery of vocabulary and grammar, which 
makes it difficult to understand the mentality of native 
speakers”  [16]. In Russian, for example, emotionally 
expressive constructions, artistic means of expression, 
and idioms which reflect the characteristics of the 
national worldview play an important role. The works of 
M.V. Lomonosov state that communicative competence 
includes not only the transmission of information, but also 
the creation of aesthetically designed statements which 
correspond to the norms and traditions of native speakers.

Politeness, speech strategies, and text style vary 
significantly across cultures. The ignorance of these 
factors can lead to unnatural speech or even violations of 
communication norms. The aesthetic component helps 
in the assimilation of speech etiquette, while facilitating 
integration into the linguistic environment. In the 
Russian tradition, for example, imagery, aphorisms, and 
the use of proverbs and sayings are characteristics which 
enrich speech and make it more expressive [31].

Creative literature is an important tool for learning 
a language through culture. It reveals the characteristics 
of the national character, historical realities, and 
stylistics of speech, which contributes to the formation 
of the aesthetic perception of students and their ability 
to express themselves expressively. Thus, the inclusion 
of an aesthetic component in the process of teaching 
foreign languages enables a deeper understanding of the 
national worldview, the assimilation of cultural values 
and traditions of communication, making language 
learning more meaningful and effective [11].

The communicative approach to foreign language 
teaching aims to develop communicative competence: 
the ability to engage in speech activity in accordance 
with the goals and situation of communication [32]. It 
is characterized by flexibility and the absence of strictly 
prescribed methods which enables the modeling of real 
communicative situations [33].

The key principles of the approach include:
•	 functionality involving the selection and 

organization of material in accordance with speech 
functions;
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•	 communication modeling, in which the teacher acts 
as an interlocutor and coordinator, encouraging 
students to interact;

•	 situationality which consists in creating 
communicative conditions for language practice;

•	 speech orientation, ensuring the use of language as 
a means of communication;

•	 the principle of novelty which involves constantly 
updating topics, tasks, and communication 
conditions, in order to increase motivation;

•	 individualization which takes into account the 
personal characteristics of learners [34–37].
The communicative approach makes language 

learning a  process as close as possible to natural 
communication, ensuring the development of linguistic 
and sociocultural skills.

Based on the above information, we can derive 
the concept of the communicative-aesthetic principle 
in teaching  RFL. It is based on a  combination of the 
functional orientation of language and its aesthetic value 
and assumes that language acquisition occurs not only 
through the formation of communicative competence, 
but also through the development of the ability of 
learners to express themselves in a  stylistically and 
culturally appropriate manner.

This principle stems from the idea that language is 
formed in a  specific cultural environment and carries 
unique ways of expressing thoughts, metaphorical 
models, literary traditions, and means of artistic 
expression. Without taking the aesthetic aspect into 
account, language learning is reduced to the mechanical 
acquisition of vocabulary and grammar. This approach 
does little to contribute to a  full understanding of the 
mentality of native speakers [16]. The communicative-
aesthetic principle includes several key aspects:
1.	 Developing communication skills through 

speech aesthetics. The ability not only to convey 
information, but also to present it in accordance 
with the norms and traditions of native speakers. 
This includes politeness, speech strategies, stylistic 
variability, aphorisms, the use of proverbs, and other 
means of expression14.

2.	 Situationality and communication modeling. 
Creating learning situations which reflect natural 
communication conditions in which learners can use 
language expressively and stylistically appropriately.

3.	 The role of creative literature. The use of literary 
texts as a means of studying not only the language, 
but also national worldview, history, and culture. 
This contributes to the formation of aesthetic 

14  A.N. Shchukin. Foreign language teaching: theory 
and practice: academic textbook for teachers and students.  
2nd ed., revised and expanded. Moscow: Filomaths; 2004, 480 p. 
(In Russ.).

perception of speech and skills for its expressive 
presentation [35].

4.	 Sociocultural adaptation through language. Learning 
the norms of speech etiquette acceptable in Russian-
speaking society facilitates integration into the 
linguistic environment and makes speech natural 
and harmonious.

5.	 The aim of the communicative-aesthetic principle is 
to create conditions in which the Russian language 
is learned not only through mastering its functional 
aspects, but also through the aesthetic perception of 
speech, making the learning process meaningful, 
profound, and effective [38–42].
Teaching Russian to foreign students in technical 

fields requires an approach which includes not only the 
development of language skills, but also the formation 
of an aesthetic perception of language as a  tool for 
intercultural and professional communication.

The aim of the communicative-aesthetic principle is 
to integrate the linguistic and aesthetic aspects of learning, 
contributing to the formation of professionally-oriented 
language competence. According to G.E.  Sokolova, 
teaching foreign learners the aesthetics of the Russian 
language plays a key role in developing their ability to 
understand and master the language at a  deeper level. 
This allows them not only to read and interpret works 
of Russian literature, but also to express their thoughts 
in Russian in accordance with the norms of speech 
etiquette [32].

The aesthetics of speech encompass many aspects, 
including expressiveness, clarity, accuracy, and 
harmony of linguistic expression. Developing these 
qualities in students contributes to the development 
of their communicative competence, and helps them 
avoid mechanical language acquisition. The inclusion 
of elements of literary texts and analysis of works by 
Russian classics allow students to develop creative 
thinking, emotional involvement, and interest in the 
Russian language [43, 44].

One effective method of implementing the 
communicative-aesthetic principle is the use of literary 
texts which reveal the beauty of the Russian language. 
Analysis of texts by K.G. Paustovsky, I.A. Bunin, and 
other authors, contributes to the formation of a Russian 
linguistic picture of the world among foreign students. 
It helps develop their speech ideal, and the ability to 
evaluate the aesthetic components of speech. The use 
of pre-text, intra-text, and post-text analysis allows 
students to consciously perceive speech patterns and use 
them in their own communication [45–47].

Incorporating aesthetic aspects into teaching helps 
students develop expressiveness, logical coherence, and 
persuasiveness in their statements. As G.E.  Sokolova 
notes, studying the aesthetics of language helps 
students not only improve their oral and written 
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communication but also fosters a  positive motivation 
for learning Russian. Developing artistic thinking and 
an emotional understanding of language makes learning 
more meaningful, and interactions with Russian speech 
culture more productive [24, 48].

FROM THE EXPERIENCE OF THE DEPARTMENT 
OF RUSSIAN LANGUAGE  

(AS A FOREIGN LANGUAGE)

The study places particular emphasis on identifying 
the influence of the communicative-aesthetic principle 
on the development of student speech culture and the 
improvement of their professional communication skills. 
The development of sustainable skills in expressive, 
acceptable, and culturally appropriate use of the Russian 
language facilitates the successful integration of students 
into the academic and professional environment. It 
also enhances their communicative competence, and 
develops their ability to interact interculturally [49].

One of the unique, practice-oriented embodiments of 
the communicative-aesthetic principle in RFL teaching 
is the work of the Postscriptum international student 
theater at MIREA – Russian Technological University. 
This theater, which brings together students from various 
countries, represents a  multicultural educational space 
in which theatrical activity is used as effective tool for 
learning the Russian language as a means of intercultural 
and professional communication.

The theater’s repertoire includes Russian and world 
classics, as well as contemporary plays, ensuring a rich 
content, cultural authenticity, and stylistic diversity in the 
curriculum. The immersive format of the performances 
involves students in the language environment, 
activating both receptive and productive speech skills. 
It contributes to the enhancement of pronunciation 
and intonation skills, dialogic speech, and expressive 
reading. Moreover, the theater serves not only as a form 
of extracurricular practice but also as a  platform for 
developing language culture, emotional intelligence, 
and teamwork skills.

From a  methodological perspective, the activities 
of Postscriptum theater allow us to consider artistic 
and verbal practice as an integrative didactic model, 
combining elements of role-playing, dramatization, 
and project-based learning. Participation in rehearsals 
and productions stimulates cognitive and emotional-
aesthetic motivation, creates conditions for mastering 
the norms of literary language, and promotes a deeper 
understanding of cultural and linguistic realities [34].

The practical significance of theatrical learning 
lies in the potential for replicating this experience in 
educational institutions implementing RFL programs 
for students in engineering and technical fields. In the 
future, theater may serve as a basis for the creation of 

elective courses and original teaching aids aimed at 
integrating theatrical technologies into the development 
of professionally oriented language skills in international 
students.

CONCLUSIONS

The communicative-aesthetic principle is an 
important methodological element in teaching 
Russian to international students in technical fields. 
The aim is to integrate linguistic and cultural aspects 
which not only contributes to the development 
of professionally oriented language competence 
but also to a  deeper understanding of the culture 
and traditions of native speakers. Incorporating 
aesthetic elements of the Russian language into the 
educational process not only improves language 
skills but also stimulates the interest of students in 
Russian literature and culture, making learning more 
profound and multifaceted.

The development and substantiation of the 
communicative-aesthetic principle meets modern 
educational practice requirements, providing 
a  comprehensive approach to developing linguistic 
competence. It promotes a more complete understanding 
of language and its connection to culture and society, 
helping students not only successfully learn the Russian 
language but also adapt to the Russian-language 
academic and professional environment. This principle 
creates the conditions for developing expressive oral 
communication skills, emotional intelligence, and 
intercultural interaction skills, making the educational 
process more meaningful and harmonious.

The implementation of the communicative-aesthetic 
principle in RFL teaching, based on the practice of the 
Postscriptum international student theater at MIREA – 
Russian Technological University, has demonstrated its 
high level of effectiveness in teaching students majoring 
in technical fields. Theatrical activities as a multicultural 
educational platform, promote the active development 
of all components of verbal competence, foster a strong 
motivation for learning, and deepen integration into the 
oral environment.

The aestheticization of speech experience through 
artistic and speech practice ensures not only the 
improvement of language skills in accordance with 
literary norms, but also a deep understanding of cultural 
and linguistic realities, the emotional involvement of 
students in the process of learning a  language, which 
in turn increases their motivation and contributes to 
successful academic adaptation.

Future research prospects include the development 
of areas related to the integration of dramatized learning 
into the development of professionally oriented speech 
in students in technical fields. Important objectives for 
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continued work will include increasing the amount of 
instructional time allocated to RFL  mastering, as well 
as creating comprehensive teaching aids, including 
recommendations for teachers and practice-oriented 

assignments based on the implementation of the 
communicative-aesthetic principle.
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