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Abstract

Objectives. An urgent task is to improve the functional architecture of cluster computing systems by introducing
methodologies for creating software at the applied and intermediate levels based on formalized specifications. One
such methodology is based on the use of automatic specifications for computer systems software. The complexity
of resolving the problem is caused by the branching of the algorithms built, as well as the presence of cyclic sections.
The execution time of the branched sections of the program and the number of cycles run depends on the type
of conditions entered. In practice it can be determined using a detailed simulation model and analysis of the control
program created on its basis. The aim of the work is to find approaches to the definition of functional architecture
which can be applied practically at the main levels of the subject orientation of cluster computing systems.
Methods. The methods proposed and used are based on the concept of organization and research of cluster-type
computing systems with a functional architecture as defined by executable automatic models.

Results. The paper proposes methods of constructing automatic and logical-probabilistic models of cluster
computing systems and creating software tools based on them. The concept of the logical-probabilistic model
“temporal probabilistic system of canonical equations (CES)” is introduced. This enables a visual formalization
to be obtained, as well as implementation of automatic models and work programs typical for cluster and other
applications. It also significantly reduced the number of “incremental” additions when enumerating discrete time
moments. The main feature of the new logical-probabilistic model is the preservation of the original CES in its basis.
Conclusions. The work concludes that the choice of the system and functional architecture of a computing cluster
should be determined not so much by the peak characteristics of the communication equipment specified by the
manufacturer, as by the actual indicators achieved at the level of user applications and cluster usage modes. Itis also
shown that executable automatic models can be applied at almost all levels of cluster computing systems subject
orientation.

Keywords: cluster computing system, intermediate level application, functional architecture, finite automaton
models, logical-probabilistic model, logical-algebraic model, query processing modes, simulation results
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Pesiome

Llenun. AkTyanbHoM siBnsieTcq 3aa4a COBEPLUEHCTBOBAHMSA OYHKUMOHAIBHOW apXUTEKTYPbI KNacTepHbIX BbIMUCIN-
TeJIbHbIX CUCTEM 3a CHET BHEAPEHUS METOA0J1I0MMI CO34aHUs MPOrpaMMHOro 06ecneyeHns NprKIagHoro 1 npome-
>XXYTOYHOIO YPOBHEN HAa OCHOBE POPMaNM30BaHHbIX cneundunkaunii. OagHa n3 Takmx MeToaonorni OCHoOBaHa Ha Uc-
NnoJsib30BaHUM aBTOMATHLIX crieuudurkaunii NporpaMMHOro 0b6ecrnevyeHnss BblYUCIUTENbHBIX cucTeM. CrOXHOCTb
peLueHns 3a4a4m Bbi3BaHa Pa3BeTBIEHHOCTbIO MOCTPOEHHbIX aJITOPUTMOB, a TaKXe HalIMYMEM LIMKIIMYECKUX yHacT-
KOB. Bpems BbiNOsIHEHNSA pa3BETBJIEHHbIX y4aCTKOB NPOrpamMmbl M YACIO NPOXOAMMbBIX LIMKJIOB 3aBUCAT OT BUAA BBO-
OUMBIX YC/IOBUIA U HA NPaKTUKe MOryT ObiTb OnpeaeneHbl Npy NoMoLLM AeTalbHOM UMUTALMOHHON MOAENN 1 aHa-
5132 CO3[aHHOI Ha ee OCHOBE ynpaBsoLLein nporpammsl. Lienb paboTbl — HAXoXAeHWEe NoaxX0A0B K OnpenesieHmto
OYHKLUNOHASIbHOM apXUTEKTYPbI, KOTOPbIE BO3MOXHO MPUMEHATb NPaKTUYEeCKM Ha OCHOBHbIX YPOBHSX NPeAMETHOM
OpUEHTaLUMN KITaCTEPHbLIX BbIYUCIIUTENIbHBLIX CUCTEM.

MeTopabl. [Mpeanaraemsie 1 UCMNONbL30BaHHbIE METOAbl OCHOBaHbl HA KOHLENUUM OpraHusaumm v nccnenoBaHus
BbIYNCIUTESIbHBLIX CUCTEM KJIACTEPHOIO TUMNa C GYHKLMOHANIBLHON apXUTEKTYPOW, ONpeaensieMomn UCMOIHUMbIMU aB-
TOMaTHbIMU MOLENSAMMU.

PesynbTaTtbl. [1peanoxeHbl METOAbI MOCTPOEHUA aBTOMATHbLIX U JIOTMKO-BEPOATHOCTHBLIX MOLESNIEN KIaCTEPHbIX
BbIYNCIUTESIbHBLIX CUCTEM U CO34aHNSA Ha 3TOM OCHOBE NPOrpaMMHbIX CPeACTB. BBOAMTCS NOHATME NOrMKO-BEPO-
ATHOCTHOW MOAENN «TeMrnopasnbHasi BEPOSATHOCTHAsA CUCTEMA KAHOHMYECKMX YPaBHEHUN», KOTOpas NO3BOJIUT MO-
JYYUTb HarnsaHyo GopManmsaumio U peannl3aumnio aBToMaTHbIX Moaesnel n paboyunx NporpaMmm, XapakTepHbIX s
KJTaCTEPHbIX U APYTrnX NPUIOXEHUN, U B CYLLLECTBEHHOM CTENEHU COKPATUTb YNCIIO «MHKPEMEHTHbLIX» CIIOXEHUI Npu
nepeyvncsieHMM MOMEHTOB ONCKPETHOro BpeMeHu. MaBHOM 0COOEHHOCTbLIO HOBOW JIOMMKO-BEPOATHOCTHOM MOOENN
ABNAETCH COXPAHEHNE B €€ OCHOBE NCXOOHOM CUCTEMbI KAHOHMYECKUX YPaBHEHU.
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BbiBoapbl. CoenaH BbIBOZ, 0 TOM, 4TO BbIGOP CUCTEMHO U PYHKLIMOHASIbHOW apXUTEKTYPbI BBIMUCUTENIBHOMO KJlacTe-
pa OO/MKEH ONPEeAENATbCS HE CTObKO YKa3aHHbIMY NPOU3BOANTENEM MUKOBBLIMU XapakTePUCTUKaMN KOMMYHUKA-
LIMOHHOW annapaTtypbl, CKOJIbKO peasibHbIMW NoKa3aTeNnsaMu, AOCTUraeMbiM/ Ha YPOBHE NMPUIIOXKEHUIA NONb30BaTe-
nel n pexnMoB NCMOoNb30BaHWs knactepa. lNokasaHo, YTO UCMOJIHMMbIE aBTOMATHbIE MOLESIM MOTYT NPUMEHSTLCS
NPakTUYECKM Ha BCEX YPOBHSAX MPEAMETHOM OPUEHTALMNM KITACTEPHbLIX BIYUCUTENbHBIX CUCTEM.

KnioueBble cnoBa: BblMMCAUTENBHAS CUCTEMA KITACTEPHOrO TMMNA, NPUIOKEHNE MPOMEXYTOYHOIrO YPOBHS, PYHK-
LIMOHAJIbHasA apXUTEKTYpa, JIOrTMKO-BEPOATHOCTHAA MOOE b, norMKo-anre6pa|/|HeCKa;| MOAeNb, PEXNMbI O6pa6OTKVI 3a-

NMpoOCoOoB, pe3yJibTaTbl MOOENTMPOBaAHNA

Ans uyntuposanus: Netywkos [.B. OpraHn3daums n nccnenoBaHmne KacTePHbIX BbIYUCIUTENbHbBIX CUCTEM C DYHKLMO-
HasbHOI apXUTEKTYPOI, ONPEAENAEMOM NCMOMHUMbIMY MOAENSMN. ABTOMATHbIE MCMOJIHMMbIE MOAENN 06PabOTKN UH-
dopmaumn. Russian Technological Journal. 2025;13(6):7-24. https://doi.org/10.32362/2500-316X-2025-13-6-7-24,

https://www.elibrary.ru/WGZAHH

Mpo3payHocTb GUHAHCOBOW AEeATEeNIbHOCTU: ABTOP HE nMeeT GMHAHCOBOWM 3anHTEPECOBAHHOCTM B NPeACTaB/IeH-

HbIX MaTepuanax Wi Mmetogax.

ABTOp 3asBnseT 06 OTCYTCTBUN KOHMINKTA UHTEPECOB.

INTRODUCTION

Clustering is one of the most modern trends in
the field of computing systems development. The
emergence of cluster computing systems is due to
advances in network technologies, most often local
ones. When connecting machines into a cluster,
computers are combined using network technologies
based on bus architecture or a switch. This has led to an
increase in the number of computing clusters purchased
or leased as cloud services [1]. According to forecasts
by a number of marketing companies, the cluster
computing market is expected to grow to USD102.4 bn
by 2032.!

Thescope ofapplication of clusters in the organization
of information and subject-oriented systems used for
the collection, processing, and subsequent analysis of
information is constantly expanding. At the same time,
the limitations of simple homogeneous cluster systems
complicate the creation of systems which provide a high
level of structural and functional dynamics and effective
problem orientation based on the development of the
middleware level software.

The rapid development of applications based on
machine learning and artificial intelligence has created
a need to train a large number of models. At the current
time, one ofthe most powerful supercomputers in the world
is the Colossus supercomputer cluster based on Nvidia
graphics processing units (Nvidia Corporation, USA).
This cluster can theoretically achieve a performance
of about 497.9 exaflops (497900000 teraflops), setting
new standards in supercomputing power. The goal of
xAI(USA)istoincrease the number of graphics processing
units (GPUs) in Colossus to 1 million in the coming

I Cluster Computing Market Overview. https:/www.
marketresearchfuture.com/reports/cluster-computing-market-1746.
Accessed June 02, 2025.

years.? Currently, the XAl supercluster has begun training
a large language model (LLM) artificial intelligence
system using more than 200000 Nvidia H100, H200,
and GB200 graphics processing units optimized for
deep learning neural network tasks. The cluster network
is based on a high-speed Nvidia Spectrum-X Ethernet
switch with a bandwidth of up to 800 Gb/s.>

The functional architecture of computing clusters
is based on the coordinated operation of the following
components: workflow management system; cluster
monitoring system; libraries for parallel processing;
cluster management tools; global process space
connecting all cluster nodes; resource management
system; network (possibly parallel) file system; and
network services, including cloud services, providing
access to the cluster for many users [1]. It is assumed
that current issues in the field of high-performance
computing will remain relevant in the future: the need
for further significant increases in parallelism and data
transfer speeds; the development of high-performance
computing architecture and technology; the trend
towards workflows and use cases extending beyond
data centers; the existence of many powerful scientific
and industrial drivers; and the transition from high-
performance computing as isolated systems to high-
performance infrastructures [2].

An important step in the development of science
and industry is linked to the development and

2 Tyson M. Elon Musk fires up ‘the most powerful Al
cluster in the world’ to create the ‘world’s most powerful AI’ by
December — system uses 100000 Nvidia H100 GPUs on a single
fabric. Published July 22, 2024. https://www.tomshardware.com/
pc-components/gpus/elon-musk-fires-up-the-most-powerful-ai-
training-cluster-in-the-world-uses-100000-nvidia-h100-gpus-on-a-
single-fabric. Accessed June 02, 2025.

3 Half a million GPUs in four months: how Musk is building
the world’s most powerful cluster. https://www.braintools.ru/
article/18041. Accessed June 02, 2025 (in Russ.).
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implementation of the ELBJUWEL supercomputer
with artificial intelligence (AI) capabilities.* The efforts
of the developers are focused on creating a unique
innovative platform which will combine expertise in
the field of Al and high-performance computing. The
works [3-5] are devoted to describing the needs for
high-performance computing when solving machine
learning problems.

The next problem faced by supercomputing centers
is the inefficient use of resources for high-performance
computing when resolving certain computational tasks.
Such tasks can block valuable computing resources and
slow down calculations for other users. In order to address
this issue, the National Research University Higher
School of Economics has developed a task monitoring
system for the cHARISMa high-performance computing
cluster which automatically generates conclusions about
their performance [6]. This university has accumulated
extensive experience in using the supercomputer
complex based on the cHARISMa cluster to resolve
tasks for various categories of users. These tasks include:
searching, analyzing, and forecasting data on social
networks [7]; researching machine learning models
for predicting the risks of major cardiovascular events
in patients with myocardial infarction and different
genotypes [8]; and many others.

Additional information on existing software
packages in cluster systems is provided in [9-11].

Russian cluster projects include the MVS-100K
supercomputer installed at the Interdepartmental
Supercomputer Center of the Russian Academy of
Sciences and the Lomonosov supercomputer installed
at the Research Computing Center of Lomonosov
Moscow State University as part of the SKIF project’.
The “Chervonenkis,” “Galushkin,” and “Lyapunov”
supercomputers, created by Yandex, also have a cluster
architecture®. They run on Nvidia A100 graphics
accelerators (Nvidia A100 GPUs with tensor cores)
with an InfiniBand communication system based on
Mellanox switches (Israel)’.

Many issues related to the computing resources
required by ordinary users and organizations arise in
connection with the organization and use of computing
clusters. Therefore, the review of literature must be

4 ParTec AG: A Move Efficient Supercomputer for the Al
Revolution. Frankfurt, Bloomberg; 2024. 43 p.

5 Center for Collective Use of Ultra-High-Performance
Computing Resources at Lomonosov Moscow State University.
https://parallel.ru/cluster. Accessed June 02, 2025 (in Russ.).

6 Chernyavtseva V. Yandex has created three of Russia’s most
powerful  supercomputers. https://nplusl.ru/news/2021/11/15/
chervonenkis. Accessed June 02, 2025 (in Russ.).

7 Russia suddenly burst into the world’s top most powerful
supercomputers.  https://www.cnews.ru/news/top/2021-11-16
rossijskie _superkompyutery. Accessed June 02, 2025 (in Russ.).

supplemented with an analysis of some characteristic
foreign sources. Articles [12, 13] note the shortcomings
of cluster computing systems. Some of these
shortcomings contradict the advantages which can be
explained by the specifics of enterprises and users.
Clusters are difficult to manage without experience and
given a large cluster size, it will be difficult to detect
a malfunction.

The problem with troubleshooting arises because
the user is dealing with a single entity, and when
a malfunction is detected, it is unclear which component
is causing the problem.

The following circumstance can also be attributed
to the disadvantages of cluster computing systems [14].
Clusters are not suitable for commercial and business use
by all consumers, as they require special programming
skills, knowledge of systems and programming languages
that are not widely used for commercial purposes.
Personnel are required to have special technical skills
for operation and administration.

A large number of the medium-cost and low-cost
computing clusters considered are based on various
types of switches, including Infiniband and Ethernet
switches. In the example of the computing cluster and
its infrastructure as shown in Fig. 1, traffic from different
local networks can intersect if this does not interfere
with the main function of the cluster nodes. Cluster
nodes N,—N, . process user load; U, and U, are control
nodes which monitor the status of the cluster’s hardware
and software and take action to reconfigure it in response
to any event occurring in the cluster; M, and M, are
shared backup storage devices. They store information
accessible to all cluster nodes and used by them to access
shared data, including data about a failed node, which
can be used by a backup node. S, and S, are servers
accessible via public and client networks. The private
network L, level switch exchanges data between cluster
nodes using hardware MAC? addresses. Command
messages used by nodes to check the cluster’s operability,
reconfigure it, and synchronize it are transmitted over
the private network.

The L, level switch of the public network exchanges
data using IP? or hardware MAC addresses. At the
public network level, access to the cluster is virtualized
as a single system. A local network built on the basis of
an L,, level switch with added features provides client
access to the cluster. The presence of several network
switches in the computing cluster infrastructure enables
the use of three main types of networks: communication,
transport, and service [15].

8 Media Access Control.
9 Internet Protocol Address is a unique numerical device
identifier.
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Fig. 1. Option for organizing a computing cluster
and its infrastructure

In order to solve the pressing tasks set out in this
paper—organizing an effective functional architecture
for clusters by creating new application-class and
middleware-class software—it is important to focus
on existing, well-developed software: message
processing services—message-oriented middleware,
services that provide big data analytics and connection
to data storage—data warehousing and big data
analytics data warehousing and big data analytics,
and protocols and products that provide interprocess
communications [15].

1. AUTOMATIC MODELS
OF INTERMEDIATE-LEVEL CLUSTER
APPLICATIONS

A computing system in operation [1] is defined at
an abstract level as a set of functional devices operating
in time. When assessing the quality of operation, it is
proposed that the content of the operations performed

be abstracted and the operation of functional devices in
the time reference system be considered. Therefore, it
will be useful to construct formal models for analyzing
the functioning of computing clusters. In addition, as
follows from the “Computing and Cluster Systems”
course [15], “in practice, the peak characteristics of
communication equipment specified by the manufacturer
are not as important as the actual performance achieved
at the user application level.” This statement implies that
the choice of the system and functional architecture of
a computing cluster should be determined mainly by the
applications and modes of use of the cluster, including
those implemented at the middleware level. Therefore,
part of the application software and middleware can
be conditionally considered as system software that
determines the functionality of the entire computer
cluster.

The main effect of interpreting the models
proposed is the possibility that they can be used as
formalized specifications when describing parallel
processes in cluster computing systems and networks
at the level of tasks, data, algorithms, and machine
instructions, i.e., at the basic levels of abstraction—
from conceptual representation to implementation
details. The selection of the following model examples
based on program diagrams is based on compliance
with a high level of generality. The algorithms must
contain all basic algorithmic constructs which enable
the implementation of sequences, branches, and
cycles. It must be possible to reinterpret types of
parallelization—at the task level, at the data level,
at the algorithm level, and at the machine-level
command level, with the possibility of alternating
sequential single-threaded parts of the program with
multi-threaded parallel sections.

However, it is only possible to investigate the
actual operation of applications on a working cluster.
The problem can be resolved at the preliminary stages
with less effort and expense by using executable formal
models, on the basis of which simulation models of the
cluster’s operation should be constructed. These models
may include characteristic or simplified fragments of
real applications.

At this stage of model construction, the semantics of
data and operations are not considered, i.e., preserving
the generality of the models, the meanings of variables
and operation symbols are not interpreted. It is assumed
that the methods for creating and interpreting models
can be further used in the creation of working interpreted
applications when the cluster is put into operation. In
this case, formal models can play the role of formalized
specifications.

Convenient models for subsequent use for these
purposes are: graph-scheme algorithm language (GSA),
finite automata, and logic-algebraic models based on
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first-order predicate logic. This subsection proposes
using Moore’s finite partial automaton model'? [16].
This model is also well known from works in the field
of microprogramming [17, 18]. Figures 2 and 3 show
examples of GSA selected to illustrate the creation
of application models: GSA,; and GSA,. The main
criteria for selection are the usual requirements for
GSA correctness and the presence of sequences
of operators and branches. GSA, (Fig. 2) contains
operator vertices (hereinafter simply operators)
Ay Ay, Ay, ..oy Ay Ayqy A In addition, GSA | contains
parallel fragments represented by structured operators
C,, C,, ..., Cq, each of which corresponds to an
“internal” copy of GSA, (Fig. 3); each copy, or clone,
contains local operators A, A;¢, g, ..., Ays, Arg.

Both GSAs contain conditional vertices (hereinafter
referred to as logical conditions) x, x,, ..., x5 (GSA,)
and x4, x5, ..., X, (GSA,). Condition symbols are
treated as names of unary predicates. The values of
logical conditions—O0 (true) or 1 (false)—are calculated
after the execution of operators, including operators for
entering input conditions (input signals, input symbols,
or partial automata).

v ¥ v v v ¥ ¥ v
G| [Co|[Co|[Ca|[Cs]|[Co][Cr]]Ce]
{ { ] ] i | { ]
Az7

Fig. 2. Flowchart of the GSA, algorithm
for cluster application operation

10" Gurenko V.V. Introduction to Automata Theory. Moscow:
Bauman Moscow State Technical University; 2013. https://rusist.
info/book/10028635?ysclid=mf5p2z07v616437010.  Accessed
June 02, 2025 (in Russ.).

The construction and study of automata models will
be carried out for the case of SPMD (Single Program,
Multiple Data) methods. In the following subsections,
other executable models will be constructed based
on a logical-algebraic approach: MPMD (Multiple
Programs, Multiple Data) and MPSD (Multiple
Programs, Single Data) [1]. The latter method is most
suitable for pipeline data processing. All these methods
are used to achieve parallelism. There are a number
of implementation options for these methods used in
computing clusters.

A7
1 o 0
Y Y
> A [ Azq
1 i : 0 I—
Atg Az
1 /Xg\ 0 1 XAQ 0
Y A4
Az Az
L] v [
A24 <
0 @ 1
Aog Az

Fig. 3. Block diagram of the GSA,, algorithm for a single
copy of a parallel application section for a cluster

Canonical equation systems (CES) [18, 19], which
describe transitions from one state to another, were
chosen as the initial language for specifying partial
automata. Permissible parallel transitions correspond,
for example, to the representation of parallel sections
in modified logical diagrams of algorithms, known
from works on microprogramming [20]. In these
diagrams, parallel sections are considered to be private
logical diagrams of algorithms and enable for simple
reinterpretation into the graphical form of GSA. Parallel
GSA languages were also used in works [21, 22]. The
structuring of hierarchical automata states was proposed
earlier in a number of works [23-25].

The following concepts are used in the proposed
CES models. Operators are assigned a one-to-one
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correspondence with so-called private events, represented
by unary predicates of the form 4 (%), defined on the set
of discrete time values ¢. Partial input variables, or input
conditions, are represented by unary predicates of the
form x /.(t), also defined on the set of discrete time values ¢.
Unary predicates of the form z,(7), are also introduced to
take true values only after the corresponding events of
the form A4,(¢) have already occurred. This corresponds
to the fact that the operator 4, has completed its work.
Thus, when z,(7) = 0 (false), the event 4,(7) is preserved,
and when z,(¢) = 1 (true), it is not preserved. The first
condition for the event 4,(7) enables its execution to
be extended, and when the second, opposite condition
is fulfilled, the event 4,(7) is completed. The condition
for the onset of an event corresponds to the transition
from the preceding event. The remaining features of the
CES construction can be conveniently explained using
examples of the transition from GSA to CES.

Figure 4 shows the state transition graph of the
sequential application’s automaton model, constructed
by transitioning from GSA, and GSA,. Section C,, is
highlighted, intended for subsequent cloning
when transitioning to the application simulation
corresponding to the SPMD cluster operating mode.
This graph, as will be required later, can also be viewed
as a sequential composition of two partial automata:
the first automaton corresponds to states 1-16, and the
second to states 17-27.

Figures 2 and 3 use standard GSA notation for logical
conditions: x,, x,, ..., X;,, Which are also considered in
the CES entry-level language for specifying partial finite
automata as names of unary predicates. In Fig. 4 and
further in Fig. 5, other names are used for the three input
variables. These are also convenient for further testing of
applications using partial automaton analysis: x (value
x = true after the end of any operator without calculation
or without entering a condition value); nx (value
nx = true if, after the end of the operator, a false condition
value is calculated or entered, otherwise nx = false);
and yx (value yx = true if, after the end of the operator,
a true condition value is calculated or entered, otherwise
yx = false). The locations for calculating and checking
these variables are uniquely determined by the location
ofthe operator. If necessary, this can be used for the usual
numbering of logical conditions x,, x,, ..., x;, and used
further in the compilation of CES and logic-algebraic
expressions. In Fig. 4, the first state is designated as the
initial, starting (Start) state, and the 28th as the final,
ending (End).

A system of canonical equations can be considered
as a system of production rules designed to represent
knowledge in automata models. Productions can be used
to represent knowledge that can take the form of rules
such as “premise — conclusion, condition — action.”
The left side of the rule is called the antecedent, and

End

Fig. 4. State transition graph of the sequential
application automaton model; section Cy, is highlighted,
intended for subsequent cloning when transitioning
to SPMD mode

the right side is called the consequent. The antecedent
is the premise of the rule (the conditional part) and
consists of elementary statements using the logical
symbols AND, OR, NOT. The consequent (conclusion)
includes one or more statements which express either
a certain fact or an indication of a specific action to
be performed [26-28]. A set of productions forms
a production system for which special procedures are
specified for selecting productions and executing one or
another production from among those selected.

A distinctive feature of CES, considered as
a type of production system, is the placement of
the conditional part (antecedent) on the right, and
the action or conclusion (consequent) on the left.
Therefore, the direction of the conclusion is from right
to left. This is largely due to the theory and practice
of microprogrammed automata synthesis and the
representation, along with canonical equations, of
excitation functions of elementary automata (D-triggers,
or delay elements) in the unitary encoding of the states of
a finite partial automaton [17, 18, 29]. In the future, the
concept of “product” will also be used in the construction
of logical-algebraic models of cluster-type systems.

2. AUTOMATIC CES MODEL
OF THE SEQUENTIAL PART
OF THE APPLICATION

Figure 4 shows the state transition graph of the
sequential application’s automaton model. Some of
the states a,, a,, ..., a4, a,q wWere obtained by marking
the states of the Moore automaton on GSA,, shown
in Fig. 2. The rest of the states a5, a g, ..., a,; belong to
the subgraph C;;, which was constructed by marking the
states of the Moore automaton on GSA,,.

At this stage, the recurrent predicate equations of

the SPSeq CES for GSA, are compiled without taking

Russian Technological Journal. 2025;13(6):7-24

13



Organization and study of cluster computing systems with functional architecture

Grigory V. Petushkov

determined by executable models. Automata executable models of information processing

into account the structured operators C, C,, ..., Cg and,
accordingly, = without  the  structured  states
., @y; of the automaton, i.e., the model
Ay

a;;, apg, -
currently covers only operators 4, 4, ...

Ayt +1)=A4(1) & —x(0) v xbegin(t);
A (t+ 1) = A1) & xy(0) v A,(0) & —z,(2);
ANt +1)=A,(1) & z,(2) v A,(1) & —z4(D);
A5t + 1) = A,(1) & z,(1) & —x, (1) v A;5(1) & —z5(0);
Ayt + 1) = A,(1) & z,5(1) & x(1) v A, (1) & —z,(2);
Ag(t+ 1) = A5(1) & z4(8) v A1) & z,(1) v A5(1) & —z5(0);
A1+ 1) = A1) & z,(1) v Ag(1) & —z4(0);
A5t + 1) = A1) & z((1) & —x5(0) v A5(1) & —z,(0);
Ag(t+ 1) = A1) & z,(1) & x,(1) v Ag(t) & —zg(2);
Ayt + 1) = A1) & z5(1) & —x5(1) v Ay(1) & —zo(1);
Aot + 1) = A(1) & z4(2) & x5(1) v 4,y() & —z,(0);
A+ 1) = Ag(1) & zg(8) & —ox,(0) v A1,(1) & —z,(0);
A+ 1) = Ag(1) & zg(1) & x4(2) v A,(0) & —z5(D);
A+ 1) = Ag(1) & zy(t) v A, () & z1o(0) v 4,,() &

&z} (O A1) & z1,(1) v A 5(1) & —z5(0);
A+ 1) =A5(0) & z)5(0) & x5(1) v A ,(1) & —z14(2);
At +1)=A5(0) & z)5(t) & —xs(£) v A 5(1) & —z,5(0);
A+ 1)=A4,(0) &z ,() v A 5(0) & z,5(0) v A 4(1) &

& _'Zlé(t)z

where xbegin(t) is the input variable (“signal”).

Copies (or clones) of the application module
compiled according to the SPg, qCES for GSA | areloaded
onto all computing nodes of the cluster and executed
in parallel mode, processing the same data or entering
data of the same type. The automatic model assumes
different execution times for events corresponding to
application operators. In the further description of the
CES equations, for the sake of brevity the terms “event”
and “state” will be considered synonymous.

Below are descriptions of some key equations from the
given CES. The initial equation has the following form:

At + 1) = Ag(t) & —x(0) V Xpegin0).

According to this equation, when the true value of the
input variable xbegin(t) = true appears in the automaton,
the initial event 4 (¢ + 1) = true is set in the next cycle,
which corresponds to its inception. This event is retained
as long as the condition for its retention 4,(#) & —x(7)
at Ayt + 1) = true and x,(7) = false. Further, when
the input signal x,(f) = true is received, the true
condition A4,(f) & x(#) for the initiation of a new
event 4,(¢ + 1) is formed in the automaton:

A+ 1) = A1) & x,(1) v A,(8) & —z,(0).

This event persists as long as the condition
A () & —z\(¢) for its persistence is true. It will end
with (4,(¢z + 1) = false, i.e., this statement will become
false) when operator 4, generates the sign z,(f) = true
indicating the end of its work. As can be seen from the
recursive predicate equations of this SPg eq CES, the event
of establishing the truth of the antecedent (right statement)
occurs at a fixed moment in time ¢, and the event of
establishing the truth of the consequent (left statement)
occurs at the next moment in time (¢ + 1).

3. AUTOMATIC CES MODEL OF ONE OF THE
PARALLEL SECTIONS (CLONES) OF THE
APPLICATION

Figure 4 shows the state transition graph of the
sequential application’s automaton model; section C is
highlighted. This is intended for subsequent cloning
when transitioning to SPMD mode.

Recursive predicate equations of CES MD
for GSA,:

Clon

At 1) =A,(0) &z, () v A (1) & —z5(1);
At + 1) = A (1) & z,5(1) & x((1) v Ay () & z,(1) v
V Ay (1) & 2y5(1) v A 4(1) & —z,4(1);
Ayt + 1) =A,(1) & z,(1) & x(1) v A14(1) & —z,4(2);
Ayt + 1) = A,9(1) & z,o(1) & xg(1) v Ay (1) & —2z,(2);
Ay (t+ 1) = A, (8) & z,,(8) & —x (1) v Ay, (1) & —z,();
Ayt + 1) = A (1) & z,4(1) & —x5(1) v Apy (1) & =255 (1);
Ayy(t+ 1) = A, (1) & 2,,(1) & —xg(1) Vv Aps(t) & —2,5(0);
Ary(t+ 1) = A,o(0) & z,o(1) & —xg(1) v Ay (1) & 2,,(1) &
& xo(1) Vv Ay (1) & =z, (1) v Ay (1) & =2 4(1);
Ays(t+ 1) = Ay, (1) & 2,,(1) & —x, (1) v Ay5(1) & —zy5(1);
Ayt + 1) = Ay (1) & 2,4(1) & x1(1) v A1) & —z,(1);
Ay (t+ 1) = Ay(1) & 2,5(1) v Ay () & 2,((1) v A, (1) &
& —zy,(1).

The shared SPSeq CES model and a single copy of the
CES model, taken together, define a single CES
model designated SPSeq * MDy,,,» where the symbol “*”
denotes the operation of combining two CESs into one
common CES. The state transition graph for this model is
shown in Fig. 4. Another interpretation, as mentioned earlier,
allows the state transition graph SPSeq * MDg,, to be
considered as a sequential composition of partial automata.

MD, Clon’

4. SEQUENTIALLY-PARALLEL COMPOSITION
OF AUTOMATONS DETERMINING
THE OPERATION OF CLUSTER COMPUTERS

The flowchart of the GSA; algorithm
in Fig. 2 contains parallel sections, abbreviated as
structured operators C,, C,, ..., Cq. In a complete
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single-level representation, each of these operators
is replaced by GSA, in Fig. 3 while, in the program
implementation, it is executed independently of the
others on its “own” cluster computer. The complete
network CES model of a sequential-parallel network of
automata is represented by the following expression:

SP,

seq * (ParReplicate(1..8)MD,,),

wherein Replicate(1..8) is the inclusion of the CES into
the general system 8 times in a row. Par is the indication
that these replicas must be executed in parallel.

The state transition graph for this network of
partial automata with structured states C,-Cy is
shown in Fig. 5. When constructing a network
CES model, equations need to be compiled to include
structured events. Each structured event represents
a nested partial automaton. The use of hierarchical
finite automata is a fundamentally important method
of software design, and corresponds to the concept of
a “subroutine”.

The advantage of the method of formalizing
algorithms using CESs is the compact logical description
of transition functions [16, 17]. Structured events with
the same names are introduced in a manner analogous
to structured states C,—C. Each structured event is
“embedded” in already compiled MD .-

The initiation and continuation of events C,—Cg
(initiation and parallel operation of independent
software modules) are described by the following
CES S¢:

Cyt+ 1) =A (1) & 2,4(1) v C,(t) & —w, (0);
Cot+ 1) = A, ((0) & 2,4(1) v C,(t) & —w(0);
Cylt+ 1) = 4, () & 2,4(1) v C5(t) & —w(0);
Cyt+ 1) =A,,(1) & 2,4(1) v Cy(t) & —w,(0);
Cylt+ 1) = A1) & 2,4(1) v Cs(t) & —wi(0);
Cylt+ 1) = A, (8) & 2,4(1) v Cylt) & —w(0);
Cot+ 1) = A, (8) & 2,4(1) v Co(8) & —w(0);
Cylt+ 1) = A, (1) & 2,4(1) v Cyl(t) & —wi(0).

Each of the events C,-C; originates when the
compound statement 4 ,,(f) & z,4(?) is true, i.e., it is
a consequence of the successful completion of the
event 4,.. Each of these events C; persists until the
termination condition w(?), i = 1, 2, ..., 8 is satisfied.
Events C,—Cq start simultaneously, but do not
necessarily end simultaneously, since the termination
conditions may not depend on each other. However,
the transition to event 4,¢ should only occur after
all events C,—Cg have been completed. Therefore,
the CES model should be followed by events which
determine barrier synchronization and consist of

waiting for the completion of the events C|—Cj in each
of the branches, as well as the subsequent initiation and
retention of indicator events D,—Dj for the termination
of all branches.

Group C;-Cg|

___________________________

Fig. 5. Sequential-parallel network of automata
with nested states of application execution in a cluster
in SPMD mode

The system of canonical S}, equations describing the
origin and conservation of these events has the following
form:

Dy(t+ 1)=C,(t) & w,(t) v D,(t) & —Dy(1);
Dy(t+ 1) = Cy(t) & wy(t) v D,(t) & —Dy(0);
Dy(t+ 1) = Cy(t) & wy(1) v Dy(t) & —Dy(0);
Dy(t+ 1) = Cy(t) & wy(t) v D (1) & —~Dy(0);
Dy(t+ 1) = Cy(t) & wy() v Dy(t) & —Dy(2);
Dy(t+ 1) = C(t) & (1) v D(t) & —Dy(0);
Dot + 1) = C(1) & wo(1) v Do) & —Dy(0);
Dyt + 1) = Cy(t) & wy(t) v Dg(t) & —Dy0).

The following single equation, additionally
designated as the CES D,, system, describes the
expectation of the occurrence of all indicator
events D —Dg for the completion of parallel work on
all branches:

Dy(t+ 1) = D, (#) & D,(t) & Dy(1) & D (1) & Ds(t) &
& Dy(t) & D(f) & Dy(1) v Do(t) & —vo(0).

The equations describing the transition to the final
events A,q, 4,o and further to event 4, of the control
module are as follows:

Ayt + 1) = Dy(t) & volt) v Ang(t) & —25(0);
Ayt + 1) = Apg(0) & 2,4(1) v A1) & —25o(1);
A1+ 1) = Aoo(0) & 2,0(0) v 4, (0) & =z, (D).
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In order to use the equations for the events A,q
and A4,y in a combined expression for a network of
partial automata, they are designated as separate
CESs 4,4 and Ay, respectively.

In order to implement a detailed network CES model
for executing an application in a cluster in sequential-
parallel processing (SPMD) mode, all equations must be
combined in the following sequence:

SPMD: 8P, * S * Sy, * Dy * Ayg * Ay,

moreover, the initiation of the previously described
parallel replicas ParReplicate(1.8)MD . is performed
upon the occurrence of the events C,—Cy, determined by
the CES S, subsystem. The completion of these replicas
occurs upon the occurrence of the events D—Dq,
determined by the CES S|, subsystem. When the replicas
are running, the range of variation of the variable 7,
which counts system time, is expanded.

The resulting general CES model of the network of
application execution machines in a cluster in SPMD
sequential-parallel processing mode belongs to the
class of executable models. It is easily programmable
in algorithmic languages containing message passing
operators, as well as in assembly language for
microcontrollers and microprogramming language.
A simulation model is built on its basis, enabling the
functioning of the cluster system to be studied at the
micro level.

The networks of partial finite automata considered
in this work consist of automata which simulate
application of software modules of a computing
cluster connected by a message passing interface
at the inputs and outputs. Each module can receive
a message at the input which transmits control with
data, process it, and transmit a control message with
data to the next module. Other types of inter-module
interaction in the cluster are not considered. Therefore,
issues of automata composition and other methods of
constructing complex automata from simple ones are
not taken into account here [30].

Automatic programming is currently considered
one of the technologies to significantly reduce the time
required to write programs and simplify their testing [31].
Systems of canonical equations also enable the creation
of application, intermediate, and system-level programs
based on them.

As is well known, mutual blocking, ambiguity, and
deadlock and other configurations lead to violations
of GSA correctness. Therefore, the work proposes to
resolve the problem of checking the graph scheme
for correctness on an abstract model of algorithm
interactions—on Petri nets [32, 33]. Methods for
transitioning from a parallel GSA to a Petri net are
given, for example, in [21, 22].

5. FORMALIZATION OF LOGICAL-PROBABILISTIC
MODELS OF PARTIAL AUTOMATON NETWORKS
CREATED BASED ON THE CES LANGUAGE

The concept of a logical-probabilistic model such as
“temporal probabilistic CES” (TPCES) will enable the
visual formalization and implementation of automatic
models and working programs characteristic of cluster
and other applications, for example, with pipeline
parallelism. This will also significantly reduce the
number of “incremental” additions when listing discrete
time moments:

TPCES = (CESy, S, X, Ty, Wyy, Ty, W),

wherein network CESj is the initial language adopted
for describing the CES finite state machine network,
limited by the description of partial machines and
characterized by cluster and pipeline computing
systems, mainly by the sequential execution of
events in time. Furthermore, only simple parallelism
of events is enabled without interaction between
copies of CES, branches, ending with barrier
synchronization of branches. S is a finite set of
events {S,(?), S,(9), ..., S,(9)} specified by unary
predicates. X is a finite set of input events specified by
unary predicates {X,(¢), X,(?), ..., X, ()}. Ty is a finite
set of random time intervals {¢ , ¢, ..., f,, } from the
current moments to the moments of occurrence of input
events X. W is a finite set of probability distribution
functions of the form P{z,, =i} =p,,i=0,1, ..., i,
of random time intervals from the set Ty. T, is
a finite set of random time intervals {z, 7.}, ..., ,,}
of preservation. Thus, the occurrence of events from
the set S; W, is a finite set of probability distribution
functions of the form P{z_ =} =Pyl = 0,1,....j,, of
random time intervals from the set T,.

Random variables (pseudorandom variables in
software implementations) ¢ and 7. only take non-
negative integer values. Only finite probability
distributions of integer random variables are considered.
It is also possible to use integer constants as values for
b k=0,1,...,mandz_,r=0,1, ..., n

The structure of an application containing
sequential and independent parallel sections forming
a network of automata may enable for a deeper level
of nesting, which is characteristic of most cluster
computing systems.

The initial non-interpretability of the TPCES model
enables it to be applied at the level of programs, program
modules, operators, down to the level of machine
commands and microprograms.

The general approach to developing a statistically
executable model of a cluster application is as follows.
The method of organizing a sequence of events is
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used, in which periods of event generation alternate
with periods of event preservation. Let us assume, for
example, that for a sequential section of an application
formalized, for example, by the CES SPSeq system, the
actions specified by the following three equations are
performed:

Ayt + 1) = A,(8) & 2,(6) v A1) & —z,(0);
Ayt + 1) = Ay(0) & 2,(f) & —x,(£) v A5(1) & —z4(0);
Ayt +1) = Ay(0) & 2,(6) & x,(1) v A, () & —2,(2).

As determined when constructing any equation, the
onset of the next event, for example, event 4,(¢ + 1),
occurs at time (¢ + 1). For this event to occur at the
specified moment in time then at the previous moment
in time ¢ the statements 4,(¢) and z,(¢) need to be
true—i.e., event 4 (¢) would have occurred for the last
time at this moment, which would be indicated by the
appearance of the true value of the statement z,(7)—
the end of the action of the event 4 (7). From the
moment of time (¢ + 1), event A,(z + 1) begins and
continues until statement z,(7) is false. The appearance
of the true value of the statement z,(¢) will lead the
compound statement 4,(f) & —z,(#) being become
false, and the condition for the continuation of
event 4,(f) not to be fulfilled. At the next moment in
time, the event 4,(¢) will occur for the last time, and
if the statement 4,(¢) & z,(1) & —x(?) is true, then
the event 4,(¢) will begin to occur (will originate) at
the next moment in time (¢ + 1”. The preservation of
the event 4,(¢) can be “extended” by moving to the
time mark ¢ = ¢ + ¢, of its end, where the value of the
time interval 7_, is determined using a pseudo-random
number generator with a given distribution law. Acting
in a similar way, the inception of the event 4,(¢ + 1)
can be delayed by delaying the action of input
variable x (7) by the amount of the time interval 7 ;.
This is achieved by moving to the time mark of the
event t =t + ¢, corresponding to the activation of the
variable x,(¢). The value of the variable 7, is set by
a pseudo-random number generator. The compound
statement 4,(7) & z,(f) & —x,(¢) will become true, and
then event 45(¢ + 1) will occur at the next moment
in time (¢ + 1). The preservation of the event 4, and
the initiation and preservation of the event 4, occur in
a similar manner. Thus, by transitioning from event
to event, the logical-probabilistic model of the cluster
application is implemented.

Figure 5 shows a network automaton model of
application execution in a cluster in SPMD sequential-
parallel mode. With the accepted mode of operation
of independent parallel programs in the parallel
section of the SPMD mode, independent MD ., -type
CES models can be used to represent structured
events C|—Cy.

6. RESULTS OF STATISTICAL EXPERIMENTS
WITH CLUSTER SYSTEM MODELS
IN PARALLEL-SERIAL SPMD

Simulation statistical models of application
execution were constructed on the basis of automatic
probabilistic CES models. The table shows the
numerical values of the acceleration coefficient of the
application executed in SPMD mode on a computing
cluster, obtained from the constructed simulation model.
Following [1], acceleration is taken as the ratio of the
application execution time on one node (tseq + Nty) to
the sum (tSeq + t) of the execution time of the same
application in parallel mode on all N nodes of the
cluster 5, and the time lieq of a single execution of
a sequential section of the application:

k= (tyog + Nt) / (1o + 1y)-

It was assumed that parallel sections are executed
independently of each other. Since the execution times
of sequential and parallelized sections are unknown in
advance, their statistical characteristics are determined
by performing a statistical experiment. Therefore,
in the given formula, leq and ¢, are estimates of the
mathematical expectations of these time intervals.
In the simulation, it was assumed that the execution
time of each operator was uniformly distributed
from 1 to 9 ms. Transitions between conditions are
equally probable (0.5 each).

The results are summarized in the table. The entries
in the column headers indicate that the acceleration
coefficient k£ is calculated at the specified time
value T=t__, expressed in units of model time (here in

- seq”
milliseconds, ms).

Table. Estimates of the calculation acceleration
coefficient k determined using statistical models

N T=0 | T=10| T=20| T=30 | T=40 | T=50
1 1 1 1 1 1 1

2 2 1.98 1.96 1.94 1.92 1.9
4 4 3.88 3.77 3.67 3.57 3.48
8 8 7.46 7.0 6.6 6.25 593
16 16 13.8 12.25 11.0 10.0 9.25
32 32 242 19.6 16.5 143 12.6

Examples of dependencies of the acceleration
coefficient £ on the number of nodes in the cluster are
illustrated in Fig. 6.
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35
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1 2 4 8 16 32

Number of nodes in the cluster

Fig. 6. Results of statistical experiments with cluster
models running a sequential-parallel application
LSEq * ParReplicate(i = 1..8)C;

At T = 0, there is no sequential section, so the
acceleration factor values are equal to the number of
nodes involved. As values of T increase, the effect of
parallelization becomes less pronounced, since the
execution time of the sequential section has a greater
impact on the result of the acceleration factor calculation.

The complexity of the problem is caused by the
branching nature of the selected algorithm, as well as the
presence of cycles. The execution time of the branched
sections of the program and the number of cycles passed
depend on the type of conditions entered and, in practice,
can be determined using a detailed simulation model.
Both automaton CES models and models based on logical
algebraic expressions are executable models, since in order
to study the properties and dynamic behavior of the modeled
object, the model must be “executed,” i.e., run on a computer
and the processes of event change must be studied.

The acceleration coefficient k£ was calculated based
on the results of statistical modeling. For example,
Fig. 7 shows a histogram of the distribution of the
execution time 7, = leq T Ny of the application without
parallelization at N = 1.

Mean: 1008.622 S.D.: 106.373

1600 1

Frequency

t

ex’
Fig. 7. Histogram of the execution time distribution
b = oy T 3215, Of the application at N = 1 without
parallelization; the abscissa axis shows the frequency class
boundaries for the histogram, the histogram step is 40 ms;
the ordinate axis shows the number of hits in each frequency

class with a sample size of 10000

ms

Here, Meanl = lieq + 324, = 1008.622 ms is
the estimate of the mathematical expectation of the
application execution time without parallelization.

Figure 8 shows ahistogram ofthe application execution
time distribution for NV = 32 with a sequential section and
parallelization. Here, Mean2 = leq 130 = 80.266 ms
is the estimate of the mathematical expectation of the
application execution time with a sequential section
and parallelization of the rest. The execution time of the
sequential section was determined in the same experiment
and is equal to 7, =49.991 ms.

Then k = (tseq + 32t32)/(tSeq + ty,) = 12.58. The
same result is obtained by calculating the acceleration
coefficient using the known formula for Amdahl’s
second law [1]:

k=N/[BN+(1-p)]=12.61
at N =32 with a proportion of sequential calculations
B= leq / (tseq +32t5,) =49.991/1008.622 = 0.04957.
A small error is caused by the use of the static

modeling method when evaluating time parameters in
the computing cluster model.

Mean: 80.255 S.D.: 20.751

2500 1

Frequency

0.
05 290

oo MS

Fig. 8. Histogram of the execution time distribution
tex = lseq * t3p Of the application at N = 32,

X
with a sgquentlal section and parallelization of the rest;
the abscissa axis shows the frequency class boundaries
for the histogram, the histogram step is 5 ms; the y-axis
shows the number of hits in each frequency class
for a sample size of 10000

7. TRANSITION FROM AUTOMATIC MODELS
TO ASYNCHRONOUS LOGICAL-ALGEBRAIC
MODELS OF CLUSTER COMPUTING SYSTEMS
AT THE MIDDLEWARE LEVEL

Logical-algebraic models are based on logical
calculi and algebraic systems. Logical calculi include
propositional calculus and predicate calculus.

Thelogical-algebraic operational expression (LAOE)
apparatus, based on the integration of a number of
models, is described from the perspective of various
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applications. It is substantiated in works [34, 35].
However, in the final stages of testing the models by
means of studying their dynamics, the direct use of Petri
nets is recommended, in this way replacing or removing
“innovations” related to the additional use of first-order
predicate logic. In order to maintain continuity in the
names of the cluster application modules, the names of
the operator vertices in GSA | (Fig. 2) and GSA, (Fig. 3)
were chosen for the names of the positions. Double
indices were chosen for the indexing of the transitions
of the Petri net.

Figure 9 shows examples which illustrate transitions
from GSA to the CES model of a partial automaton and
further to the initial logical algebraic expressions for
a Petri net. Canonical equations have been compiled for
the fragments in Figs. 9a and 9b, and logical algebraic
expressions have been compiled for the fragment in Fig. 9c.

The system of canonical equations for the examples
in Figs. 9a and 9b is as follows:

Ayt + 1) = Ay(0) & 2,(1) v A5(1) & —z3(0);
A+ 1) = A1) & 23(0) & —x, (1) v A, (0) & —z,(0);
At + 1) = A5(0) & 23(0) & x,(1) v A, () & —2,(2).

The CES model is synchronous, and during
simulation, the current time of event execution must
be counted. This slows down the simulation program.
According to the previously introduced designations for
input variables in partial automata in Fig. 4 and Fig. 9b,
x = true, nx = —x, and yx = x,.

The asynchronous LAOE system shown in Fig. 9¢ is
represented as follows:

T, 5: [M(A4,)&—M(A5)[({M(A4,) — false, M(A4,) — true} v
’ V Ret),

(a)

(b)
Fig. 9. Fragments of the GSA (a), the transition graph of a partial automaton (b), and a Petri net (c)

T 4 [M(A5) & —M(A4,) & —X(45)]({X(4;) — undef,
M(A,) — false, M(4,) — true} v Ret);

T 5 [M(4;) & —M(45) & X(43)]({X(43) — undef,
M(A4;) — false, M(As) — true} v Ret),

wherein undef is an undefined value of a logical
condition.

The LAOE expressions given in this case are
interpreted as rules for triggering transitions in a Petri net.
Here, M is a unary predicate, or a function for marking
positions, with the same name as the operators of the
original GSA; M(4,) is a statement, the truth of which
corresponds to the presence of one label in position 4,
while falsity corresponds to the absence of a label. X is
a unary predicate which defines the conditions in the
original GSA. X(4,) is a statement which takes true,
false, or undefined values, determined by the result of
executing the operator 4,. The Ret operator enhances the
procedural component of the LAOE and transitions to
its repeated execution when the condition enclosed in
square brackets is false.

A logical-algebraic operational model can obviously
be constructed using a state transition graph (Fig. 9b),
which served as the basis for constructing
a Petri net (Fig. 9¢). For this purpose, compliance is
required with the rule of forming conditions by operators,
including condition input operators.

The rules for triggering transitions can be further
modified or supplemented in accordance with the
requirements of the subject area. Additional events—
message transmission, message reception, transmission
acknowledgment, event duration determination,
represented by binary or ternary predicate modification
operations—may not correspond to the generally
accepted concepts of Petri nets. Therefore, transition
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rules can take the form of more general LAOEs, for which
other apparatus is used: apparatus of algorithmic algebra
systems [36, 37]; abstract machine networks [38];
relational calculus and algebras [39].

10.

11.

CONCLUSIONS

The relevance of the tasks addressed in this article
arises from the limitations of simple homogeneous
cluster systems which complicate the creation of
systems providing a high level of structural and
functional dynamics. New approaches to designing
the system and functional architecture of computing
clusters can be based on organizing the effective
use and management of cluster operations, by
means of enhanced problem orientation by creating
middleware applications and software.

The method proposed and used in this work is based
on the concept of architecture design defined by
executable models. This is a type of object-oriented
design.

3. A distinctive feature of the methods proposed in

this work is the use of automatic, network automata.
In the future, logical-algebraic approaches may
be implemented, in order to define the system and
functional architecture, applied at virtually all levels
of subject orientation of cluster computing systems.
These will ensure the implementation of the
architectural concept formed when creating a cluster
system model at various levels of abstraction—from
conceptual representation to implementation details.
The work shows that the main effect of interpreting
the proposed automata models and methods is the
possibility of their use as formalized specifications
when describing parallel processes in cluster
computing systems at the level of tasks, data,
algorithms, and machine instructions.

The results of statistical experiments show the
correctness of constructing probabilistic-automata
CES models and logical-probabilistic models, as
well as the possibility of using them as formalized
specifications.
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Abstract

Objectives. The absence of error-resistant quantum computers, coupled with the challenges associated with
providing unrestricted and fully operational physical access to cloud quantum computing systems, prompts a critical
examination of the necessity to develop universal and independent methods for evaluating and verifying cloud
quantum computers. A promising approach involves evaluating the capabilities of a quantum computer in relation
to its effectiveness in addressing specific challenges encountered in the assessment of information security systems.
A potential test for ascertaining the performance and computational quality of a quantum computing device (QCD)
is based on a model designed to generate a random binary sequence. By analyzing this sequence, insights can
be obtained into the accuracy and reliability of the quantum register under study. The paper presents a software
program developed for simulating the operation of a quantum random number generator.

Methods. The software implementation for interacting with cloud quantum computers was performed using the Qiskit
open-source software kit. The graphical user interface of the software package was developed using a Qt5 cross-
platform set of tools and widgets for creating applications. The analysis of the generated binary sequence was
performed using a set of statistical tests NIST STS'.

Results. The developed software package provides users with a graphical interface for conducting an analysis
of a cloud QCD to identify the optimal and most error-resistant set of qubits. The findings from experiments conducted
on three cloud quantum computing devices are reported.

Conclusions. The proposed approach, which is constrained by limitations of computing power and duration
of access to cloud-based QCD, imposes minimal demands on the productive capabilities of the quantum system.
It offers clear and unequivocally interpretable insights into the technical characteristics of a cloud quantum computer,
while also being reproducible, easily scalable, and universally applicable.

Keywords: quantum computer, quantum computer device, random number generator, benchmarking

1 The National Institute of Standards and Technology, Statistical Test Suite.
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HAYYHAA CTATb4A

Ioaxox K BBISIBJIECHUIO ONITUMAJILHOIO HA00Opa
KYOMT KBAHTOBBIX BbIYHMCJIUTEIbHBIX YCTPONCTB
Ha MpUMepe MOIeJIU FeHePALUH CITYYAUHBIX
JABOMYHBIX MOCJIEA0BATEIbHOCTEH

A.B. Koponbkog, A.A. Kpioukos @

MUP3A — Poccuiickunii TexHosiorn4deckuii yamsepceutet, Mocksa, 119454 Poccus
@ AsTOp Ans nepernvicku, e-mail: kryuchkov_a@mirea.ru

e MocTtynuna: 23.12.2024 » fopa6oTaHa: 15.05.2025 ¢ MpuHaTa k ony6nukosaHuio: 06.10.2025

Pe3iome

Llenu. OTCyTCTBME KBAHTOBbIX KOMMbIOTEPOB, YCTONYMBBIX K OLUMOKaM, a Takke HEBO3MOXHOCTbL 0becnednTs 6ec-
NPENATCTBEHHbIV N NONHODYHKLIMOHANBHBIN GU3NYECKNIA A0CTYN K 06Na4YHbIM KBAHTOBbLIM CUCTEMaM MNOAHUMAET aK-
TyanbHbI BONPOC 0 HE0H6X0AMMOCTUN pa3paboTkn METOA0B OLIEHKN 1 BepudUrKaLmm 061auHbIX KBAHTOBbLIX KOMMbOTE-
poB. ABTOpam BUANTCS NEPCNEKTUBHBIM MCMONb30BaHME NOAX0AA K aHanM3y BO3MOXHOCTEN KBaHTOBOIO npoueccopa
B KOHTEKCTE ero NpUMMEHVMOCTU ONS PELUEHNsT HEKOTOPbIX 3a4a4, BO3HUKAIOLMX MNPU OLLEHKE CUCTEM 3aLUnThbl UH-
dopmaunn. OgHUM 13 NPUMEPOB TECTa KBAHTOBOIO BblYMCUTENbHOMO ycTponcTtea (KBY) Ha npeaMeT BbigBNEHUs
YPOBHS1 MPON3BOAUTENIBHOCTY U KA4EeCTBa BbIHUCIEHUM MOXET MNOCNY>XUTb MOAESb FrEHepauun Ciy4anHon ABOUYHON
NoCneaoBaTeNbHOCTU, aHANN3 KOTOPOK NPeaoCcTaBAgeT MHGOPMaLMIO O KOPPEKTHOCTM U HAAEXHOCTN UCCNenyemMoro
KBaHTOBOro peructpa. Llenb paboTbl 3aknoyaeTcs B pa3paboTke NporpaMMHOro KOMIIekca, C MOMOLLbIO KOTOPOro
npeacTaBnseTcst BO3MOXHbIM MOAeNMpoBaHue paboTtbl KBY B pexrme KBaHTOBOro reHepaTopa CilyyYaliHbiX YuCer.
MeToabl. MNporpamMmmHas peanusaumsi No B3aMMoAencTBuio ¢ 06/1a4HbIMU KBAHTOBBLIMI KOMIbIOTEPAMM BbINOJIHE-
Ha ¢ ucnonb3oBaHnem 6ubnuotekn Qiskit. MHTepdelic nporpaMMHOro Komriekca peann3oBaH cpeacteamu Qt5,
kpoccnnatpopMeHHOro Habopa MHCTPYMEHTOB 1 BUOXKETOB A1 CO3AaHUS rpadUYecKmnx NpUnoXeHnin. AHanms re-
HEPVPYEMOi ABOMYHOI NOCAeA0BaTENLHOCTY BLINOAHEH cTaTUCTUYeckuMm Tectamm NIST STS2.

Pesynbrartbl. PazapaboTaH nporpaMMHbIf KOMMIEKC, NMPeaoCTaBAsoLLMA NOIb30BATENIO B rPadYecKOM Pexm-
M€ BO3MOXHOCTb BbIMNOMHEHUSI OMNUNOHANILHOIO MCCNEA0BaHNS HEKOTOPbLIX 06MayHbIX KBAHTOBbIX KOMIMbLIOTEPOB
Ha NpeaMeT BbISIBNIEHMS ONTUMaJIbHOMO U Hanboee yCTOMYMBOro K owwmbkam Habopa KyouT. MNpuBeneHbl pesynbTa-
Thbl 9KCMEPUMEHTOB Ha Tpex 06nayHbIx KBY.

BbiBoAbl. B yCcnoBusx HaknaablBaeMbIX OrPaHNYEHUIA Ha BbIYMCIUTENbHLIE MOLLHOCTU 1 BPEMS MCMOJIb30BaHUs 00-
nayHbix KBY npeanoxeHHbI Noaxon, OTIMYaeTcss MUHUMaIIbHbIMU TPEOOBAHMSAMM K MPOU3BOAUTENIBHOCTU YCTPOM-
CTBa, NPEAOCTaBNASET HArNsAHbIE N OAHO3HAYHO-MHTEPNPETUPYEMBIE CBEAEHUS 00 NCCNEAYEMBIX TEXHUYECKMX Xapak-
TEPUCTMKax KBAHTOBOIO KOMMbOTEPA, ABSIETCS BOCMPON3BOAMMbIM, JIEFKO MacLUTabrpyeMbiM 1 YHUBEPCASTbHBIM.

2 The National Institute of Standards and Technology, Statistical Test Suite — HaunoHanbHbIN MHCTUTYT CTAHAAPTOB U TEXHONOMUIA

CLUA, Habop cTaTUCTM4ECKMX TECTOB.
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Ans untupoBanusa: Koposnbkos A.B., Kproukos A.A. Noaxon, K BbISBEHMIO ONTUMaJIbHOr0 Habopa KyOuT KBaHTOBbIX BbIYMC-
JINTENbHBIX YCTPOWCTB Ha NpYMepe MOAENV reHepaLLmMmn CllydanHbIX ABONYHbIX NocneaoBaTensHocTen. Russian Technological
Journal. 2025;13(6):25-46. https://doi.org/10.32362/2500-316X-2025-13-6-25-46, https://www.elibrary.ru/XEUFSE

MpospayHocTb GMHAHCOBOM AeATENbHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOI 3aMHTEPECOBAHHOCTM B MPEACTAB/IEH-

HbIX MaTepuanax nin Metoaax.

ABTOpbI 329BNASI0OT 06 OTCYTCTBUN KOHDNNKTA MHTEPECOB.

INTRODUCTION

In recent years, quantum processors have consistently
demonstrated improvements in their computational and
technological capabilities. This progress necessitates
a straightforward and efficient method for tracking
and recording the evolution of quantum computing
technology, from intermediate stages to its final form.
Such a mechanism, whether used alone or as part of
a broader testing suite, offers a way to leverage quantum
computing devices (QCD) for solving random number
generation (RNG) problems. This approach provides
adependable and straightforward method for benchmarking
the performance and reliability of the device under study.

QCD BENCHMARKING

Currently, there is no globally accepted standard for
evaluating QCD computing power withinthe international
scientific community. Nevertheless, the Institute of
Engineers and Electrical Engineering (IEEE)3, along
with the United States Defense Advanced Research
Projects Agency (DARPA)* are actively working
on establishing such a framework. These projects,
which were both initiated in 2021, anticipate releasing
preliminary findings in the near future.

The absence of a standardized framework in quantum
computing is primarily due to the early developmental
phase of the industry; the first conceptualization of
a 1-qubit cloud quantum computer occurred only in 2016.
However, results that hold practical significance are
continuously advancing, with QCD testing methodologies
being refined, broadened, and updated each year to keep
pace with current innovations and the technological
viability of specific metrics. The previously established
metric known as quantum volume is an unreliable
indicator for modern quantum devices due to its failure to
accurately reflect the true capabilities of various quantum
processors. As a result, it has been replaced by newer

3 P7131. Standard for Quantum Computing Performance
Metrics &  Performance Benchmarking. IEEE. 2021.
https://sagroups.ieee.org/7131/. Accessed October 06, 2025.

4 Quantifying Utility of QC, DARPA. 2021. https://www.
darpa.mil/news-events/2021-04-02. Accessed October 06, 2025.

metrics that provide a more effective evaluation of the
quality and performance of these processors. For further
insights into these technologies and the progression of
QCD assessment methods, please refer to [1-4].

To confirm the significance of the issue and
to ascertain the applicability of the RNG model in
analyzing the QCD capabilities, we will outline several
key aspects of widely recognized methods for evaluating
their computational potential.

Quantum computers are categorized into four
epochs of technological advancement, the most recent
of which is referred to as a noisy intermediate-scale
quantum (NISQ) system. This stage, which represents
the foundational level in the hierarchy, pertains to
devices featuring a limited number of qubits within the
processor. However, NISQ systems lack error correction
codes and exhibit a high vulnerability to disturbances
resulting from environmental interactions.

The second essential aspect of quantum computer
analysis pertains to the execution technology. Contemporary
quantum processors can be developed using photons, ions,
superconductors, or neutral atoms. When comparing devices
based on various physical principles, the foundational
components of a quantum computer play a critical role.
For instance, superconducting QCDs typically operate at
significantly higher speeds than their ionic counterparts,
which can render performance comparisons between
these types of devices regarding quantum circuit speed
less meaningful. Nevertheless, when assessing speed
characteristics within a single physical implementation, even
across different versions, such evaluations remain valuable.
They demonstrate the extent to which changes to QCD
affect the processing speed of a quantum circuit (Fig. 1).

The methods for studying QCD can differ based on
the specific application. This may involve examining
the overall system such as the circuit layer operation
per second (CLOPS) [6], which measures the number of
layers processed in a quantum circuit each second, or
focusing on particular functional aspects, like the error
per layer gate (EPLG) [7]. Analysis can additionally, be
conducted at the device level by investigating independent
components, such as specific gates used in conjunction
with designated qubits [8]. This approach entails applying
a certain set of gates to quantum states to evaluate the
quality of the quantum chain nodes.
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It is essential to focus on the issue of certifying
quantum computers or verifying the accuracy of their
computed results. The central paradox lies in the fact
that, while operating within the classical realm (where
Bounded-Error  Probabilistic =~ Polynomial  Time
denotes polynomial time with a constraint on error
probability), assessing the reliability of a quantum
algorithm (represented by Bounded-Error Quantum
Polynomial Time) presents a complex challenge. Here
the main issue involves verifying that the program
executed on the quantum computer has been solved
correctly by the quantum device. In other words, what
methods can be employed to validate the classical
results obtained through quantum computation? In
certain instances, such as with the Shor algorithm [9],
the expected result may be predetermined to eliminate
the potential for multiple interpretations of the final
outcome. However, the approach to verification becomes
less straightforward in cases where the results are unique
and cannot be classically simulated for comparison with
expected results.

The benchmark and validation of quantum
computers in the NISQ era must adhere to three
interrelated imperatives: quality, speed, and scalability.
For instance, the quantum volume metric has become
less relevant due to the challenges involved in meeting
scalability requirements. As a result, manufacturers of
quantum devices no longer include it in the essential list
of metrics that indicate the computational capabilities of
quantum computing devices.

The final and essential aspect of analyzing quantum
computers involves viewing a quantum processor as
a unified device. In its canonical form, the execution
of a quantum algorithm is segmented into three stages:
initializing the quantum register, executing the quantum
algorithm, and analyzing the results, which are presented
as classical information in binary format.

Current QCDs are made accessible to regular users
via cloud services. This presents a crucial challenge,
since individual researchers, who are limited to observing
the output of a distant quantum computer (functioning
as a “black box™), cannot be certain that a classical
QCD simulator is not being disguised as a cloud-based
quantum system.

Upon initial observation, it appears reasonable to
conclude that no conventional computing device or
complex of such devices possesses the capability to
effectively simulate the execution of a multi-bit quantum
program featuring a substantial depth of quantum circuit
operations. Nevertheless, it is important to remember
that this is a working assumption rather than a definitive
rule. Additionally, the absence of physical access to
cloud-based QCD and the current challenges in verifying
classical information generated by quantum computers
create limitations and opportunities for speculation,

sometimes bordering on unfounded assumptions,
regarding the characteristics and capabilities of devices
marketed as quantum computers.

Given these considerations, the present authors
propose a study focused on modeling the creation of
binary random sequences (RSs) using cloud-based
quantum computers. This study aims to provide
fundamental and practical insights into the performance
and technological capabilities of these devices.

METHOD FOR SIMULATING RNG
ON A QUANTUM COMPUTER

Along with inherent errors stemming from hardware
limitations, the accuracy and dependability of solutions
derived from modern QCD applied to real-world
problems are currently hampered by external factors.
These hardware limitations arise from the current
technological imperfections and the intricate process of
tuning the entire quantum system. However, even with
the current limitations of modern quantum computers,
it may be worthwhile to explore the potential for
analyzing the computational capabilities and quantum
characteristics of QCD within the context of modeling
RS generation.

The creation of binary RSs and evaluation of the
technical capabilities of a quantum computer have
additional practical significance due to the need to
safeguard information obtained through cryptography.
For this reason, the use of sequences generated on any
cloud device, regardless of its type, is strictly forbidden.
At the present time, the results generated by cloud
quantum computers within RNGs are primarily suitable
for research purposes such as simulating random
processes. Nevertheless, exploring the potential of QCD
in RNG applications can lay the groundwork for future
research when technological advancements allow for
more precise localization of quantum systems.

Contemporary RNGs are categorized into three
primary types distinguished by their technical execution
and implementation methods: software, physical, and
combined. Software RNGs, considered the least reliable,
are susceptible to vulnerabilities such as predictable
output patterns (periods) in pseudo-RSs (PRS) and
weaknesses stemming from the initialization vector,
which, if compromised, could jeopardize the security
of binary data. The randomness of output from physical
and RNGs is often lacking in robust mathematical
justification. Furthermore, such generators can be
susceptible to external factors such as temperature

fluctuations, magnetic radiation, or radio wave
interference.
Although quantum random number

generators (QRNGQG) are categorized as physical RNGs,
they stand apart due to their robust mathematical
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foundation for ensuring the randomness of the
generated RSs. Examples of QRNG devices are
described in [10-12].

When comparing a portable QRNG to a quantum
computer used as an RNG, several factors come into
play. An independent quantum RS generation device
offers a clear advantage in terms of the security of the
generated sequence, particularly when employed within
a “controlled zone.” However, it remains susceptible
to environmental factors, which could degrade the
randomness quality of the output bit string. On the other
hand, a cloud-based quantum computer operates within
an ideally isolated environment to minimize the risk
of external noise and interference while preserving the
intrinsic properties of quantum computation. Yet, due to
its remote nature, concerns about security are inevitable
in such scenarios.

We will now consider the process of simulating the
generation of a random bit of classical information on
a quantum computer according to the assumption that
there are no adverse effects on QCD caused by the
hardware or the physical environment of the device.
Several studies exploring this topic are referenced in
works [13-16].

At the heart of any quantum processor is the qubit,
which is the fundamental unit. A qubit can be represented
as a unit vector in a two-dimensional complex vector
space, with the basis being defined by the orthogonal
vectors |0) and |1).

W) =¢]0)+c,[1), (1)

where ¢|,c, are arbitrary complex numbers, the
probabilities of the quantum states are given by:

e +lef” =1. @)

To generate a random bit using a single qubit on
a quantum processor, it is both necessary and sufficient
to prepare the qubit in a superposition state. In this state,
the probabilities of measuring either “0” or “1” will both
be equal to 0.5. Achieving this requires applying the
Walsh—Hadamard transform to the quantum state, which
is represented by the following matrix:

H- 1 (1 1
BNV
Applying the Hadamard gate to a single qubit results
in a quantum state superposition given by the following

expression:
(10)+[1)).

= (|0)-[1)).

2

3)

H:|0>—>

-

(4)
H:|1>—>

S

As seen from (4), the initial state of the
RNG simulation is irrelevant irrespective of whether
the qubit begins in state |0) or |1). This ensures the
effective creation of a superposition state to produce
equal probabilities for the quantum bit to collapse into
a classical state of “0” or “1” upon measurement. To
generate an RS of a specific length, operation (4) should
be executed iteratively for the desired number of cycles
and the results stored as a single binary string.

The proposed QRNG model represents a theoretical
process for generating RS under optimal conditions with
the aim of producing an RS with a balanced distribution
of““0” and “1.” However, achieving these ideal conditions
is currently unfeasible due to the limitations of current
quantum equipment, which have inherent technological
imperfections. These limitations are particularly evident
in the era of NISQ devices used by manufacturers of
quantum processors.

Contemporary developers of quantum computers are
closely focused on addressing the technical limitations
arising from hardware imperfections and external
environmental influences. In order to enhance the
performance of quantum algorithms, it is recommended
that error correction codes be implemented. These codes
consolidate multiple physical qubits into a single logical
qubit to ensure greater reliability and accuracy.

When working with a logical qubit constructed from
three physical qubits, such as when transmitting the
quantum state |0), the receiver should receive the
encoded state |000) (referred to as the codeword). If one
of the bits is flipped (bit-flip)—for example, the first one
resulting in |100)—an error can be detected by the
system. However, if more than two bits are flipped, it
becomes impossible to identify any discrepancy in the
final state. For this reason, it is essential in such scenarios
to carefully determine the code distance d =2¢+1,
where d represents the maximum number of errors that
cannot be detected, and ¢ corresponds to the number of
errors that can be identified.

The most widely recognized quantum error
correction codes today include’ repetition-, Shor-,
surface-, Steane-, and Hastings—Haah codes.

However, for the specific task at hand, employing
error correction codes proves to be impractical; in order
to generate a genuinely RS, direct interaction with
quantum states at the physical level is required.

Contemporary quantum computers possess various
parameters that enable preliminary assessment of their
computational capabilities and technical attributes.
The information presented in Table 1, which highlights
the key characteristics specific to quantum processors

5 Introduction to quantum error correction. Microsoft
Quantum Azure. 2024. https://learn.microsoft.com/en-us/azure/
quantum/concepts-error-correction. Accessed October 06, 2025.
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Table 1. Impact of superconducting QCD parameters on the performance of quantum circuit execution steps

QCD Parameter

b ‘—E 5 — = s
o a a > 5 en Qo o
Quantum circuit execution step g 2 5 5 & & 8 5 5 g
- 1) 15) —~ = a 2 = —~ = 5

N - o b [}

= = & E 3 2 2 = = i = -2
2 s < 3 s s a = % @)
T < o o Q Z < = m

S 2 g g8 £

m N
Qubit initialization - - - - — - + + - _ _ _
Quantum scheme implementation + + + + - - - — + + + +
Register measurement - - - - + + - — — - — _

Note: T, and T, represent the relaxation and dephasing times of quantum states; Frequency and Anharmonicity denote the qubit’s
frequency and anharmonicity (the difference in energy between the first and second excited states, expressed in Hertz); Readout
error/length refers to error/time for reading the qubit state; (ID) error, (Pauli-X) error, and (sx) error represent errors in initialization,
inversion, and qubit superposition, respectively. ECR error stands for a two-qubit gate error.

built using superconducting technology, serves as
a foundational reference for upcoming experiments
involving IBM quantum processors based on
superconductors.®

The values presented in Table 1, which are not fully
applicable to all three stages of program execution on
a quantum computer, only influence specific periods of
operation within the quantum circuit on a remote device.
Furthermore, not all of these values need to be considered
during the initial assessment of the test qubit’s quality.
To determine which parameters can be disregarded, it
is necessary to construct a quantum scheme that clearly
highlights the relevant characteristics of the selected
qubits.

The RS generator on the quantum computer can
be implemented as illustrated in Fig. 2. In Fig. 2a,
the original quantum circuit designed by the user is
presented, while Fig. 2b shows the same circuit after
it has been compiled and decomposed into a version
compatible with the native gates of the quantum computer
executing the program. These native gates represent
the fundamental operations specific to the hardware’s
architecture. Notably, the same circuit implemented on
a QCD with a different underlying physical design and
native gate set may differ substantially from the intended

configuration.
Considering  the quantum  scheme  post-
compilation (Fig. 2b) alongside the available

QCD parameters outlined in Table 1, the key factors to be
addressed include 7', T,, Readout error, and (sx) error.

6 IBM Quantum Platform. https://quantum.ibm.com/. Accessed
May 15, 2025.

X
. ) ‘ |
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Fig. 2. Three-qubit QRNG circuit
for superconducting QCD: (a) High-level representation;
(b) Base gate decomposition of QCD (low-level
representation). g0[0], qO0[1], q0[2], q[113], q[114],
and q[115] represent qubits while c11, ¢c12,
and c21 are classic bits. H are Hadamard gates;
“speedometer”—qubit measurement operation;
RZ—quantum state rotation at an angle of /2;

VX —one of the Hadamard operation
components [17]

_'_} Q 1

Since their minimal variance across all qubits
utilized in the experimental research renders
them insignificant, the properties of Frequency,
Anharmonicity, and Readout length are intentionally
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QIS_Benchmark_v.0.3.10

Menu 1 Menu 2

Initialization

API Token: Select qubit:
Channel: |ibm_quantum 1 Select QCD: e
Instance: ibm-g/open/main

Time zone: 3 =

Operating mode:
e Default

Profi 7

Available QCD

Console: 2

3 g

4 Clear

Fig. 3. Q/Ss main window. TTC—tactical and technical characteristics

excluded. Similarly, the parameters meas0O prepl and
measl prepO are irrelevant in this context, given that
the “H” gate is applied to qubits in an idle state without
prior initialization. Furthermore, as stated in Eq. (4),
the operational output of the programmable circuit
can be assumed to be independent of the qubit’s initial
state.” Among the remaining error sources affecting
the relevant qubits, only (sx) error remains significant,
as indicated by the diagram in Fig. 2b. According
to the specifications provided by the cloud QCD
manufacturer, the gate responsible for RZ quantum
state rotation has a zero-error value and is can thus be
omitted from consideration.

Having developed the RS generation model and
identified the key parameters of the cloud QCD that
require consideration when analyzing the results, we will
proceed with a practical series of QRNG experiments on
a cloud-based quantum computer.

EXPERIMENTAL QRNG IMPLEMENTATION
ON A CLOUD-BASED QCD

In order to conduct permit the conducting of
various experiments, IBM quantum computers are
made accessible to users via the company’s cloud-based
services in the public domain.

To enhance the efficiency, autonomy, adaptability,
and ease of use when working with these quantum
devices, the present authors have developed an
application leveraging the open-source library Qiskit.
This application is designed with the graphical interface
of'the Qt5 framework. The main window of the program,
named Quantum Information Security (QISs) [18], is
illustrated in Fig. 3.

To initiate the program for establishing a remote
connection with the cloud QCD in Area 1, the
operator needs to input the initialization data,

7 As a rule, the quantum register is “reset” to the state |00...0) by default.
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including a personal API3-token that is uniquely tied
to each user. Following this, the operator can proceed
to retrieve details about the accessible cloud QCD
in Area 2. Currently, IBM provides the capability to
run quantum circuits on 12 devices, 9 of which cater
to commercial usage. However, users without a paid
subscription are limited to conducting research on
only three cloud systems. Once information about
the user’s accessible QCD is obtained, the drop-down
menu in Area 3 will populate to enable access to
both general information in Area 4 and more specific
details in Area 5 about the chosen QCD or individual
qubits.

The text window serves to display the program’s
progress (Area 6). For less experienced users, the
operating mode selection (Area 7) is tailored to simplify
interaction with both the application and the cloud-based
quantum computer.

Upon switching to Profi mode, the program unveils
additional windows, as illustrated in Fig. 4.

The INIT-IDLE mode® (Fig. 4, left) is designed
to permit the effective configuration of study qubits.
Once the QCD is selected (Area 3), the user specifies
the qubits to utilize (Area 4) and configures the
initialization gate (Area 5) along with the Hadamard gate
settings (Area 6). Subsequently, instructions are set for
the quantum computer, and the circuit is submitted for
execution (Area 7). If it is not feasible to wait for the
QCD to complete its online computations, users can
download the program results using the JobID (Area 8).
A text window provides real-time updates on the
program progress (Area 9).

The QRNG mode (Fig. 4) offers multiple
functionalities (Area 1). Among these, the cloud
QCD selection is only required for the configuration
unit responsible for QRNG operations (Area 3).
As part of the training process, users can generate
quantum circuits and analyze corresponding data by
executing a QRNG simulation on a quantum computer
simulator (Area4). Area 5 focuses on testing the generated
RS and PRS to detect any statistical dependencies within
their binary strings. Additionally, the QRNG tab allows
results to be stored offline (Area 7). Each step of the
application workflow is detailed within the text box
located in Area 6.

A key parameter is Alpha, the significance level.
Within the RNG process, the sequence produced by
each qubit undergoes analysis to verify its adherence
to a uniform distribution of “0” and “1.” To achieve
this, the frequency bit test, representing a component

8 Application Programming Interface.
9 INIT is initialization; IDLE stands for on “idle”
(initialization). The “INIT-IDLE” mode is not considered in the

paper.

of the NIST STS!0 suite of statistical tests designed
for evaluating binary sequences!!, is employed. After
testing, a P, . is provided, calculated using statistical
methods. This value ranges from 0 (indicating a strong
bias) to 1 (suggesting an evenly probable distribution
between “0” and “17). It should be noted that P, .
does not always fall at the extremes, meaning the user’s
judgment plays a role in determining randomness
or uniformity. The user independently selects the
significance level Alpha, which serves as a benchmark
when comparing statistical metrics.

The NIST STS test documentation suggests
setting Alpha within a range of 0.001 to 0.01.
When P, . exceeds the chosen significance level
(Patue =~ @), the sequence is considered random with
confidence levels of 99.9% and 99%, respectively.
The selected Alpha value directly affects type I
errors, leading to false positives and the incorrect
rejection of the null hypothesis. For instance, with
a = 0.01, approximately one in every 100 RSs will be
mistakenly rejected.

In the QISs application, a frequency bit test serves as
amethod for filtering quantum states into two categories:
“bad” and “good” qubits. This classification is based on
a threshold value, termed “Alpha,” which is specified
by the user to evaluate the suitability of quantum states.
While the separation of qubits is subject to conditional
constraints, in certain scenarios, it becomes both evident
and essential.

To conduct a bitwise frequency test on a binary

sequence {x}?zl , the statistical distribution of “0”
and “1” values is determined according to the following
rule:

s 5
obs \/;’ ()
where atX;=2x,— 1:
n
5, =30 X, ©

Based on the results obtained, an additional error
function is used to calculate the P_; .. The error function
has the following form:

erfo(x) =% [;” e dt. (7)

10 The National Institute of Standards and Technology,
Statistical Test Suite.

I NIST SP 800-22. https://csrc.nist.gov/projects/random-
bit-generation/documentation-and-software. Accessed May 15,
2025.
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P

value
equation:

is then calculated using the following

Sob
Poie = erfc{ \755 j (8)

When the calculated P, . is smaller than the
chosen significance level alpha, the RS fails to meet
the randomness criteria.!> Conversely, if P, . exceeds
the significance level, the RS is deemed to be of good
quality, indicating that the qubit is stable and well-suited
for use in RNG tasks.

After outlining the description and fundamental
operations of the QIS software and establishing the
method for identifying stable and reliable qubits among
the quantum states of the QCD register, we will proceed
to generate RS on a cloud-based quantum computer. To
achieve this, the following steps are carried out:

1. Navigate to the QRNG tab, select QCD
ibm brisbane from the drop-down list, and wait
for the connection to be established with the cloud
device.

2. Using the slider interface element, note the entire
quantum register of QCD. The ibm_brisbane has
127 qubits, so select all 127 quantum states for
the QRNG.

3. Set the significance level “Alpha” to 0.01.

4. The quantum scheme is set to repeat 20,000 times,
representing the maximum available during the

2024-10-28 ibm_brisbane

* Selected

_FINAL_KEY_
BAD

3 2

(2t Home folder

cnt_stats_good

:: 2024-10-28
Time 45 alalCal= by
Backend :: ibm_brisbane
JobID :: cwfqob131we00087p7ag

:: Ratio
:: Ratio
:: Ratio
:: Ratio
:: Ratio
:: Ratio
:: Ratio

: 10015,
1 9924,
: 9985,
: 10125,

'1': 9985}
'0': 10076}
'0': 10015}

'1': 9875}
: 9961, '@': 10039}
: 9921, '1': 10079}

: 10000, '1': 10000

ibm_brisb...00087p7ag

_FINAL_KEY_
GOOD

research period. Consequently, each qubit will
generate an RS measuring 2 - 10* bits in length.
Considering a total of 127 qubits per QCD, with the
same maximum repetition count, the final length
of the potential key will reach 254 - 10* bits—
equivalent to approximately 0.3 MB.

5. The optimization level of the quantum scheme is
deemed irrelevant for the task under consideration,
s0 its parameter remains fixed at 0.

6. With all configurations finalized, the QRNG process
can now commence.

ANALYSIS AND INTERPRETATION OF RESULTS
Step 1. Statistics Collection

Once the quantum computer has finished
processing, the results will be stored in the user’s home
folder (Fig. 5).

Directories labeled “1” and “2” are designated to
store RS files generated from each qubit, which are
categorized into “good” and “bad” quantum states
following the filtering process. Directories “3” and
“4” hold files resulting from the concatenation of all
RS files in directories “1” and “2,” respectively. The
authors aim to derive the final random binary key
using qubits identified as stable and appropriate for the
QRNG process. Additionally, a final “bad” key is created
to enable comparison and assessment of the generated

cnt_stats_bad cnt_stats_
good

-

GOOD

,8320040285726364

.28246324719440924

,8320040285726364

.07709987174354184

.581261299930204

.26389654617930897
1.0

:: p_value :
:: p_value :
:: p_value :
:: p_value :
:: p_value :
: p_value :
:: p value :

Fig. 5. QISs results (QRNG mode)

12 The frequency test is clearly an essential step in assessing the randomness of the RS, though on its own, it remains insufficient

to fully establish randomness.
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keys along with their corresponding qubits against each

other. Figure 5 below illustrates the contents of a file

containing the final statistics of a single experiment,
derived from the “good” qubits in the QCD.

Due to the probabilistic nature of the computing
processes in quantum computers, it becomes evident
that a single execution may not always suffice.
To address this, the QISs software incorporates
mechanisms for accumulating statistical data from
prior completed projects. Figure 6 illustrates the
information gathered from executing the QRNG on
two IBM QCD systems.

This method is intended to enable users to visually
monitor variations in both the quantity and quality of
qubits within the quantum register of a cloud-based
device. However, caution is necessary when interpreting
the results. Minor fluctuations in the ratio of “0” and “1”
may mistakenly classify a qubit as “unreliable” (false
positive), even when the actual distribution of zeros and
ones remains nearly unchanged. Therefore, it is essential
to clarify the specific objective the user aims to achieve:
1. Generating a random binary key with optimal

properties, leveraging the capabilities of the QCD.

This involves strict criteria for the Alpha parameter

and improving its value based on the quality of the

resulting RS.

2. Evaluating the QCD quantum register to identify the
most stable qubits in order to ensure the selection
of an optimal set of quantum states for future
experiments. Given Alpha’s requirements, it may
be acceptable to reduce the stability parameters to
a necessary level.

Based on the above, it can be concluded that careful
consideration should be given to selecting an appropriate
level of significance when filtering qubits by frequency.
Additionally, it is essential to verify the final statistical
results of individual experiments, as illustrated in Fig. 5,
which records all the “0” and “1” values for each qubit.
In certain scenarios, adjustments may be required to
relax the Alpha parameter. However, caution is advised,
as overly lenient modifications might compromise the
reliability of the RS by amplifying minor deviations
from individual qubits into significant discrepancies
between “0” and “1” values in the concatenated final key
derived from the processed files.

Step 2. Correlation analysis

Performing a preliminary correlation analysis on
the obtained results is crucial before taking any further
steps. Even with the use of “good” qubits, concatenating
generated files containing binary sequences without
such analysis is not recommended.

Essentially, submitting a QRNG implementation
scheme to a quantum computer implies that the QCD

is not a standalone RNG. In our case, the quantum
computer itself is divided into numerous smaller RS
generators, which correspond to individual qubits in the
cloud-based device.

A natural question then arises: can each qubit in this
context be considered an independent source of random
data? The answer has a direct impact on whether there
are valid justifications for combining small RSs to form
a single final key consisting of two or more qubits.

The RS correlation test aims to establish if chosen
qubits act as independent sources of random numbers,
both in terms of their own states and when compared to
other states in the quantum register.

The correlation between two randomly generated

binary sequences {x}:.z:l, {Z}l’.'zl of length neN is
described by the following function:

1 .
Foor(iy = ;Z:;lsj’ i=(0,n), ©)

wheres;= 1 for x®z(i) =1 ands;=~1 for x®z(i)=0.

In other words, s; performs a bitwise addition

modulo 2 operation or{ the two sequences. However,
when it comes to binary string comparison, this analysis
is done with a cyclic shift. The results of the comparison
are visually represented using inversion, with “1” being
displayed when the two sequences are identical.

Although the current version of the Q1Ss application
does not include an automatic preliminary analysis of
received RS for correlation, the results of this analysis
were presented at the RADIOINFOCOM conference
held in November 2024 [19]. The results of the
preliminary studies show that the correlation between
“good” qubits does not exceed a value of 1073, while
qubits producing less stable and reliable sequences
have a certain offset in the correlation function, ranging
upto4- 1072

Step 3. Verification of statistical independence

The final step in verifying the generated RS is to test
them for statistical independence. One possible tool for
this verification is the NIST Statistical Test Suite (STS),
which is included in the QISs software for automated
and user-defined RS verification (Fig. 4, on the right,
Area 5).

Here, the focus lies in analyzing the final RS
produced when merging binary strings with “good”
qubits. However, since examining a single sequence
may not always be revealing, a comparison of the final
sequences generated over a defined timeframe enables
us to observe the characteristics of the quantum device
over time (such as the length of the final key, the number
of successful and unsuccessful tests, etc.).
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The data presented in Fig. 7 is derived from
the analysis of RS measurements conducted on the
ibm_brisbane quantum computer, with a one-month
time interval between data points.

Although the number of stable qubits varies slightly
over the course of the experiments, it consistently starts
and ends each month at 79. Notably, the results of the
tests are largely consistent, except for the test measuring
the length of consecutive “1” strings, which demonstrates
success on the second attempt.

Similar studies are conducted on the ibm kyvi QCD,
with a two-week interval between each (Fig. 8a)
and on the ibm sherbrooke QCD, with a seven-day
gap (Fig. 8b).

The nature of passing the tests for two QCD shown
in Fig. 8 deserves special attention. When separately RS
is applied to each “good” qubit in the selected QCD, with
a length of 2 - 10* bits, the bit test passes successfully.
However, when these strings are concatenated into
final RSs (slightly larger than 0.1 MB), identical tests
related to the search for “0” and “1” fail. The reason for
this phenomenon is the “run-in” difference between the

Table 2. Results of the QRNG process on cloud-based QCD

levels of zeros and ones in the final binary string due
to the low requirements for the significance level of the
primary filtering of qubits (Alpha = 0.01). Meanwhile,
the ibm_brisbane QCD, which has similar significance
levels, shows better results.

The experimental results are presented in Table 2.

The minimum and maximum ratios of stable qubits
observed over the research period, with a significance
level of 0.01 applied to each QCD, are as follows:
ibm_brisbane at 65/81, ibm_kyvi at 59/73, and
ibm_sherbrooke at 52/62, respectively.

While these findings are not exhaustive and do
not offer full comprehension of the computational
capabilities of the investigated quantum devices, the
results serve as a specific case study to confirm the
possibility of utilizing quantum computers as RNGs
to unveil crucial aspects of a computing system. The
described approach, which offers valuable starting points
for initial QCD evaluations, is of value in assessing the
strengths of a selected computer and in identifying the
most desirable features of quantum states for effectively
handling user-defined applications.

DL Circuit
Date QCD oit .good Failed NIST STS tests!3 operation Best/W0r§t o .ratlo
qubits / RS time. across entire QCD register
length ’
1 “Runs” test
28.10.2024 | ibm_brisbane | 79/158 - 10* 8 “RandomExcursions” tests 7 10.000-10.000 / 12.684-7.316
18 “RandomExcursionsVariant” tests
26.11.2024 | ibm_brisbane | 79/158 - 10* B "RandomExcursions™ tests 8 9.999-10.001 / 7.498-12.502
- 18 “RandomExcursionsVariant” tests
05.11.2024 ibm_kyvi 59/118 - 10* - Clun}:ifi‘:j:;zmts‘?ies « 13 9.998-10.002 / 13.029-6.971
1 “Frequency” test
24112024 | ibm_kyvi | 64/128 - 10° 2 - CumulativeSums” tests 14| 9.999-10.001 / 15.143-4.857
8 “RandomExcursions” tests
18 “RandomExcursionsVariant” tests
1 “Frequency” test
06.11.2024 | ibm_sherbrooke | 52/104 - 10* 2 - CumulativeSums” tests 9 | 9.997-10.003 / 13.404-6.596
8 “RandomExcursions” tests
18 “RandomExcursionsVariant” tests
1 “Frequency” test
12.11.2024 | ibm_sherbrooke | 52/104 - 104 2 - CumulativeSums” tests 8 | 9.984-10.016/12.596-7.404
8 “RandomExcursions” tests
18 “RandomExcursionsVariant” tests

13 Maurer’s universal test is not taken into account due to a lack of adequate information.
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RESULTS AND DISCUSSION

Based on the findings of the study, the following
observations, which may serve as a basis for future
research, can be made.

1. Given the QCD technical specifications that
influence the quantum state and consequent RS
generation outcome, there is a need to determine
a formal mathematical approach to the degree of
correlation between the current calibration parameters
of the quantum processor and the expected outcomes of
the QRNG process. For instance, the characteristics of
the best and the worst qubits within the entire quantum
register for each experiment detailed in Table 2 are
presented in Table 3.

Although some results are not immediately
apparent, it is proposed that a portion of the qubit
may produce suboptimal outcomes, including when
neighboring quantum states are engaged, which has
a secondary effect on the targeted qubit. Verification
of this hypothesis, as well as the development of
a mathematical model for the correlation between the
tactical and technical properties of the QCD and the
outcomes of the QRNG system, are potential areas for
future investigation.

2. Using the entire quantum processor, the
maximum RS length can be 254 - 104 bits, which results
in a sample size of approximately 0.3 MB with a bit

depth of 127 qubits and max_shots =20.000 (the number
of times the quantum circuit is run). In this scenario,
given the processing time of the quantum circuit, the
ibm_brisbane (7 seconds) is the fastest QCD, which ideally
provides an RNG speed of approximately 44 kbit/s.
Obviously, this speed places limitations on the application
of QCD as an RNG. Furthermore, experiments have
shown that approximately half of the qubits may not
be suitable for obtaining a stable RS. However, by
scaling up the bit depth of quantum processors and
addressing existing equipment errors and interferences,
the current limitations can be overcome, opening up new
opportunities for using QCD in information security
applications.

3. Introduced in 2010, NIST STS tests represent an
older approach to verifying the RS quality. The present
authors believe it is crucial to further investigate RS
generated by contemporary methods, as these can not
only be used to assess the statistical independence
of the data but also to delve into the inherent
characteristics and nature of the RNG itself, ultimately
determining how well it mimics the properties of a truly
physical QRNG.

4. The proposed method could be incorporated
into the expanded suite of tests and programs used to
evaluate the technical capabilities of a given QCD.
Using this approach, preliminary insights into the
execution speed of quantum circuits on the chosen QCD

Table 3. Characteristics of IBM’s “extreme” cloud QCD qubits

Date QCD/qubit «0» to «1» Ratio Ty, ps T,, us Readout, err (sx), err
brisbane/10 10.000-10.000 290.18 276.91 0.018 1-107*
28.10.2024
brisbane/86 12.684-7.316 90.85 115.17 0.113 1.45-1072
brisbane/55 9.999-10.001 243.83 120.25 0.01 2-107*
26.11.2024
brisbane/24 7.498-12.502 226.79 98.47 0.14 2-1074
kyvi/5 9.998-10.002 347.03 331.96 0.008 2-107*
05.11.2024
kyvi/90 13.029-6.971 4391 22.84 0.114 3.3-1073
kyvi/122 9.999-10.001 211.81 173.1 0.002 2-107*
24.11.2024
kyvi/65 15.143-4.857 201.52 126.32 0.092 2-1073
sherbr-ke/23 9.997-10.003 220.73 24.85 0.009 4107
06.11.2024
sherbr-ke/56 13.404-6.596 173.46 16.9 0.033 3-107
sherbr-ke/63 9.984-10.016 217.35 133.31 0.035 2-107%
12.11.2024
sherbr-ke/9 12.596-7.404 469.69 70.2 0.035 2-1074
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can be rapidly obtained. Additionally, the QRNG output
offers valuable information regarding the most efficient
qubit configuration, which users can then leverage
when designing more intricate and resource-intensive
quantum circuits.

5. Many researchers are actively exploring ways to
address the decoherence challenge faced by quantum
states [20-22]. The prevailing strategies often
involve implementing error correction techniques and
utilizing a conceptual entity known as a logical qubit.
A logical qubit can be conceptualized as a group
of physical qubits that, when considered together,
effectively represent the behavior of a single quantum
state. Nevertheless, employing correction codes or
shifting to logical qubits within the framework of
the QRNG task proves unsuitable since the rationale
behind generating an RS on a quantum computer
hinges solely on utilizing qubits functioning as
independent physical RNGs.

The authors plan to incorporate a QRNG task
within cloud-based QCD as part of a suite of tests
designed to evaluate the computational capabilities
of quantum computers for cybersecurity experts.
This software package will encompass three core
tests: QRNG, a simulation of the QKD protocol,
and the execution of a quantum Fourier transform.
The developed algorithm should be characterized
by its speed, simplicity, accessibility, reliance on
QCD principles, reproducibility, scalability, and
unambiguous interpretability.

Both the latest version of the QISs program code and
the associated research findings are accessible within the
project repository on GitHub.!4

CONCLUSIONS

Within this research, the authors have developed an
application enabling the design and remote execution of
quantum circuits leveraging RNG on the cloud-based
QCD platform. In order to assess any potential unintended
connections between quantum states functioning as
independent QRNGs, the application also provides tools
for analyzing correlations within the generated RSs.

Utilizing a frequency bit test and the user-defined
significance level, the application delivers insights into the
most and least reliable qubits, assessing their stability and
suitability for quantum Walsh—Hadamard state applications.

To assess the randomness of the binary patterns (zeros
and ones) produced in the generated sequences, the
program offers the functionality for the RS evaluation
using a suite of statistical tests from the NIST STS.

The approach proposed in the present paper can
serve as a useful tool for researchers in solving several
problems, such as identifying the optimal set of qubits in
a quantum processor, generating binary RSs on quantum
computers, and assessing some technical capabilities of
studied quantum devices.
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Abstract

Objectives. The purpose of this work is to study in detail the properties of maximum likelihood (ML) estimates of the
angles-of-arrival of deterministic and random signals in multielement antenna arrays, to develop effective algorithms
for finding ML estimates and to determine the exact values of threshold signal-to-noise ratios (SNR), below which
abnormally large errors occur significantly in excess of the theoretically minimum values determined by the Cramér—
Rao bounds.

Methods. The methods used include: the theory of optimal signal detection; intensive numerical simulation of the
signal processing system in multielement antenna arrays based on the developed algorithms for finding ML estimates;
and comparison of the standard errors of the estimates obtained by means of the theoretically minimal analytically
established Cramér—Rao bounds.

Results. Numerical study of the characteristics of ML estimates of the direction of arrival for deterministic and
random signals was performed over a wide range of SNRs in multielement linear and circular antenna arrays. The
study proposes a method for high-precision determination of threshold SNR values, below which anomalously large
measurement errors occur. Numerical simulations demonstrate that coherent and incoherent signal processing
yield the same ultimately achievable accuracy at the same SNR values above the threshold. At the same time, the
threshold value is significantly influenced by the type of signal and the processing method. The general relationships
between these threshold values, antenna array configurations, the type of signal processed, and the estimation
algorithm used were identified.

Conclusions. The numerical and analytical results obtained allow recommendations to be developed relating
to the choice of multielement antenna arrays configurations and the main parameters of systems for high-precision
bearing of radiation sources of various signals. These enable abnormally large measurement errors to be avoided.
The results can be directly utilized in the calculation of characteristics of systems under design.

Keywords: multielement antennas, estimation of the signal arrival angle, estimation accuracy, Cramér—Rao lower

bound, CRLB, thresholds of signal-to-noise ratio
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Pe3iome

Lenu. Llenbio paboTbl ABNSETCA UCCNeaooBaHne CBOWCTB MakCuUMasibHO npaBaonogaobHbix (M) oueHok yrios
npuxoga NETEPMUHUPOBAHHbLIX W Clly4aliHbIX CUFHANIOB B MHOMO3JIEMEHTHbIX aHTEHHbIX pelueTkax, paspadoTtka
3 PEKTUBHBIX aNnropuUTMOB HaxoxaeHusa MI-oueHoK 1 onpeaeneHre TOYHbIX 3HAYEeHMM MOPOroBbiX OTHOLLEHWN
CUTHaJ/LLIYM, HUXE KOTOPbIX BO3HMKAIOT aHOMaslbHO 60JibLUMe OWNOKN, CYLLIECTBEHHO MPEBbILLAIOLLIME TeOpeTUYe-
CKM MUHMMaJIbHbIE 3HA4YeHUs, onpeaensemslie rpaHmuamu Kpamepa — Pao.

MeToabl. Teopuss OMTUManbHOrO MpPUYEMA CUIrHaNOB, YUC/IEHHOE MOAENNPOBaHME cucTemMbl 006paboT-
KW CUTHANIOB B MHOMO3JIEMEHTHbIX @HTEHHbIX pelleTkax Ha OCHOBE pa3paboTaHHbIX anrOpUTMOB HaXOXAEHWUS
MTI1-oUeHOK, CpaBHEHME CpeaHeKBaApaTUYHbIX OLMOOK MOJIyYEHHbIX OLLEHOK C TEOPETUHECKM MUHUMASIbHBbIMU
rpaHvuamn Kpamepa — Pao, HariAeHHbIMY aHaIMTUYECKU.

Pe3ynbTaTbl. B LLMPOKOM MHTEpBane 3Ha4eHU OTHOLLEHWI CUMHaI/LLIYM BbINOJSIHEHO YMCIEHHOE MUCCeLoBaHne
Xapaktepuctmk MIN-oueHoK yria npmxoaa 4eTEPMUHUPOBAHHBIX U ClIyYalHbIX CUFHANIOB B MHOMO3JIEMEHTHbIX U-
HEWMHbIX 1 KPYroBbIX aHTEHHbIX pelleTkax. [lpeanoxeHa metoamka onpeaeneHunsi C BbICOKON TOYHOCTbIO MOPOroOBbIX
3HAYEeHWI OTHOLLEHWNIA CUTHAI/LWYM, HUXE KOTOPbIX BO3HUKAIT aHOMasnbHO 6osbluve owmnbkm namepexuii. C no-
MOLLbIO YNCIEHHOrO MOJENMPOBAHWS MokKa3aHo, YTO KOrepeHTHas 1 HeKorepeHTHast o6paboTka CUrHasoB JaloT
OOVHaKOBbIe NPeaenbHO JOCTUXUMbIE TOYHOCTU MPU OOMHAKOBbLIX OTHOLLUEHUAX CUMHAS/LIYM, NPEBbILIAOLLMX MNO-
pOroBble 3Ha4YeHus. B TO xe Bpems, Ha BEIMYMHY Nopora CyLLECTBEHHO BAUSIOT B, MNONIE3HOIrO CUrHana u Metos,
ero 06paboTku. BbisiBneHbl 06LMe 3aKOHOMEPHOCTM MEXy 3TUMU NOPOroBbIMY 3HAYEHUSIMU, KOHPUIypaumusmm
AHTEHHbIX PELLETOK, TUMOM 06pabaTbiBAEMOro CUrHasa 1 UCMOJb3yEMbIM aJIFOPUTMOM OLLEHVBAHMS.

BbiBOAbI. [10/1y4EHHbIE YNCTIEHHbIE U aHANIMTUYECKME PE3YNIbTaThl MO3BOJSIOT BbIpaboTaTh NO3BONIAOLME n3beratb
BO3HWKHOBEHWNS aHOMaslbHO GOJbLUMX OLUMOOK M3MEPEHUI PEKOMEHAALIMM MO BbIOOPY KOHGUrypauuin MHOroane-
MEHTHbIX aHTEHHbIX PELLUETOK M OCHOBHbIX MapaMeTpOB CUCTEM BbICOKOTOYHOIO MNEeIEHrOBaHNSA UICTOYHUKOB U3Jyye-
HUS Pa3fINyHbIX CUrHaNoB. Pe3ynbTaTbl MOryT ObiTh MCMOSIL30BaHbI HEMOCPEACTBEHHO MPU pacyeTe XapakTepucTuk
NPOEKTUPYEMbIX CUCTEM.
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ABTOp 3aaBNSeT 00 OTCYTCTBUM KOHPIMKTA UHTEPECOB.

INTRODUCTION

The problem of optimal detection and estimation of
the direction to a signal source located in the far field
of a multielement antenna array (AA) arises in many
fields, such as radar, radio communication, sonar, hydro
acoustics, navigation, seismology, and radio astronomy.
Due to its significant practical importance, a very large
number of publications have been devoted to resolving
this problem. They consider various assumptions about
the temporal structure of the signal, the geometry of
the AA, signal wavefront parameters, the number of
radiation sources, and others (see, for example, [1-8]).
Among the existing research in this area, a number of
rigorous mathematical studies can also be highlighted.
Under certain assumptions, they have enabled
theoretical limits for angle-of-arrival (AoA) estimates of
the useful signal to be derived based on the maximum
likelihood (ML) approach [9-16].

The main reason for the widespread usage of
ML method in the general theory of optimal signal
parameter estimation lies in the fact that, under defined
regularity conditions of the likelihood function,
high SNRs, and large sample sizes, ML estimates are
asymptotically unbiased. Their variances reach the
theoretically minimal value determined by the Cramér—
Rao Lower Bound (CRLB or CRB) [17, 18].

At the same time, when the ML method of signal
parameters estimation is used in the region of low SNR,
below a certain threshold value, anomalously large
errors are observed, significantly in excess of the CRB.

The threshold effect in ML estimation theory was
discovered quite some time ago. The description and
initial investigation of this effect were carried out in
a number of classical monographs devoted to the theory
of optimal signal parameter estimation, for example,
in [19, 20].

Attempts to develop an analytical tool for analyzing
the accuracy of ML estimates at low SNR region
were made in a number of well-known mathematical
works [21-23], where more accurate lower bounds for
the variances of ML estimates in the low SNR region
were derived and investigated. The most comprehensive
review of the approaches used in the works cited and
the results obtained there can be found in [13, 14, 24].

Unfortunately, these studies did not lead to major
breakthroughs in this field due to the high complexity
of an analytical description of the significantly nonlinear
problems which arise. They are specific to each scenario
of constructing an estimation system and implementing
the algorithm for finding ML estimates.

Nevertheless, due to the significant practical
importance of the general task of improving the accuracy
of signal parameter estimation, the study of threshold
effects and methods for reducing the SNR threshold
values at which anomalous large errors (outliers) begin
to occur remains relevant. This is evidenced by a number
of scientific articles by foreign and Russian authors
published in recent years on this topic [25-32].

One of the promising methods for investigating
the behavior of ML estimates in the region of low and
threshold SNR values is the direct numerical modeling
of signal processing systems [14]. Modern computing
technology allows for a sufficiently large number of
numerical experiments on signal processing at different
SNR values. This also enables the precise measurement
of the SNR threshold values themselves and the
achievable accuracies of ML AoA estimates in the low
SNR region for various configurations of multielement
AAs and types of received signals [15, 16, 33—40].

The present article offers a detailed numerical study
of the accuracy of ML AoA estimates for deterministic
and random signals in multiclement AAs. Analysis
is performed for the most common configurations of
equidistant AAs—Tlinear (uniform linear array, ULA)
and circular (uniform circular array, UCA)—with
varying numbers of elements.

1. GENERAL FORMULATION OF THE WAVEFRONT
PARAMETER ESTIMATION PROBLEM
R DETERMINISTIC AND RANDOM SIGNALS

Let us consider the problem of estimating the
Ao0A 0 of a signal with a plane wavefront from a source
located in the far field of multiclement AAs with linear
and circular configurations. We can assume that the
distance d between the antenna elements in all cases
is half the wavelength (A/2). Figure 1 shows the signal
reception schemes for the AAs considered and their
corresponding radiation patterns.
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Let us assume that the AAs consist of M elements
and satisfy the narrowband condition. This means that
the signal propagation time across the array aperture is
much shorter than the correlation time of the signal’s
complex amplitude. Then, the complex vector of
observed signal samples x[n] = (x,[n], ..., )cM[n])T of
dimension M can be written as:

xX[n] = a[n]s + &[], (M

wherein a[n] is the complex amplitude of the useful
signal (emitted by the source). This is the same across
all elements of the AA: s = (s, ..., sM)T is the unknown
plane wavefront vector (phasor vector) of the received
useful signal, depending on the AoA of the signal
relative to the antenna aperture normal 6. The symbol T
denotes transposition, and &[n] = (§,[n], ..., éM[n])T is
the complex Gaussian vector of independent internal
noises in the antenna elements with zero mean and
variance o%; &[n] ~ CN(0, c°I). Here n is the discrete
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time instants of sampling, CN denotes complex normal
distribution, and I is the identity matrix. It can be
assumed that the estimation of the AoA is performed
based on the processing of N samples of the observed
vector x[n], n = 1 — N. Next, we will consider the two
most commonly used models of the signal a[n] emitted
by the source:

Deterministic known signal. In this case, it is
assumed that a[n] is the function of time a priori known
at the receiver and expressing the modulation law of the
useful signal at time instant n. This model adequately
describes the case on base station estimating the AoA
of a signal from a mobile device transmitting standard-
defined preambles in cellular communication systems or
wireless broadband Internet access (Wi-Fi) [10, 41, 42].

Random unknown signal. In this case, it is assumed
that a[n] is a stationary complex Gaussian process with
uncorrelated samples, having zero mean (a[n]) =0,
where <> denotes ensemble averaging, and unknown

T

151

Antenna pattern, dB

—20.

251
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Fig. 1. Examples of signal reception schemes by M-element equidistant AAs with radiation patterns:
(a) ULA with aperture Dy; (b) UCA with aperture Dy with the same distances between elements as ULA
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power Vv =<‘a2[n]‘>. This model adequately describes
the case of estimating the AoA of a signal from a source
with unknown characteristics located in the far field of
the AA[11, 29].

After resolving the problem of the useful signal initial
detection in the receiving M-element AA and making
a decision about the presence of the signal, the next step
is to resolve the problem of optimal estimation of the
unknown parameters of the useful signal—in the case
considered, the power and the AoA of the wavefront!.

For both models of the useful signal (deterministic
or random), the wave-front phasor vector s is considered
as an unknown deterministic vector, depending on the
initial phase of the signal, the AoA 0, and the antenna
geometry. For an arbitrary AA geometry, it can be
written as:

s =5(¢,,0) = e/®o .|:ej(P1 /P2 e/Om :|T Q)
wherein @ is the initial phase of the signal (on one
of the AA elements or at the center of the antenna),
and the phase of the signal on the mth AA element is
determined as the sum of the initial phase ¢, and the
corresponding phase shift ¢, relative to the initial phase.
It should be noted that this model does not account for
possible fluctuations in the phase and amplitude of the
signal phasor vector caused by the propagation medium,
positions of antenna elements, and angular position of
the remote useful signal source, which is typical, for
example, in hydroacoustic channel models [7, 8].

In order to estimate the unknown parameters of the
wavefront vector s, we will use the ML method,
according to which the estimate should be taken as the
value § from vector s admissible range maximizing the
likelihood function W(x[1], ..., x[N]|s) for the observed
sample vectors: X[1], ..., X[ N]. Under the assumption of
a Gaussian distribution of the observed vectors x[n] (1),
the likelihood function can be expressed in the following
form:

wx[1], ..., x[N]|s) =

N
1 =Y IR ) (3)

=—C i=1
N det(R)N

B

wherein the symbol H denotes Hermitian transpose,

R=<x[n]xT[n]>, p is the covariance matrix and the

I According to strict statistical theory, the problem of
detection and estimation of the unknown parameters of the
useful signal should be resolved jointly based on the Generalized
Likelihood Ratio Test (GLRT) [14]. The effectiveness of the
GLRT method applied to the problem considered here has been
thoroughly investigated in [28, 29, 43].

mean value vector of the Gaussian distribution of the
observed vector x, respectively. For each of the
considered useful signal models, the covariance matrix
and the mean value vector included in the likelihood
function (3) are easily determined:

o for a deterministic useful signal

R =62, p = a[n]s. 4)

It is assumed that the covariance matrix of the
intrinsic noise vector is identity, which is equivalent to
knowledge of the intrinsic noise level (calibration). That
leads to a likelihood function of the following form:

y H
1 - (x[n]-a[nls)" (x[nl-a[n]s)
v e )

W(x|s)=

o for a random useful signal
p=0 R=1I+vsst (6)

which leads to a likelihood function of the form:
W(x/s)=nMN det(R)y"N e MRIRTIR)  (7)

wherein tr denotes the trace of a matrix.

For a deterministic signal, maximizing the
likelihood function (5), it can easily be shown that the
ML estimate of the phasor vector (without accounting
for prior information about the planar wavefront of
the useful signal) is given by means of the following
expression:

N *
§=) a'[nxln]=y, (®)

n=

—_

wherein the symbol “*’ denotes complex conjugation,
and the vector y represents the signals at the outputs of
M parallel correlators (or matched filters) performing
the initial optimal processing of signals from M antenna
elements.

For a random signal, in the general case of an
arbitrary wavefront, the ML estimate § of the vector s is
expressed through the first eigenvector \; corresponding

to the largest eigenvalue 7:1, of the sample covariance
matrix of the signals at the AA elements, as follows [28]:

G =8/VM. 9)
However, when the source of the useful signal is

located in the far field of the antenna, its wavefront is
a plane wave with equal signal amplitudes across the
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AA elements. In order to incorporate this important
prior information when finding the ML estimate
of the signal wavefront, we can consider two main
AA configurations—Ilinear and circular.

For a linear equidistant AA, the phase shifts ¢,
relative to its geometric center can be written as:

0, :Aq)-m:2n%sin(6)-m, (10)
wherein d is the distance between the AA elements, A is
the wavelength, and 6 is the AoA of the useful signal
relative to the normal to the antenna aperture. When the
phase shifts ¢, are measured from the geometric center
of the AA and the numbering of the antenna elements
mm is symmetric relative to this center, then for an odd

number of elements, the index is
M -1 -
m=—-—,..,—10,1.., — and for an even
M -1 1 1 M -1
numberofelements, m = ——, ..., ——, —, ..., ——.
22 2

For a circular AA, the phase shift ¢, relative to its
geometric center are defined as

R 2n(m —1)
=2n—cos| 0 ————= |, 11
P ’ ( ; j (11)
wherein m =1, ..., M; R is the radius of the circular AA.

Clearly the problem of estimating the phasor vector s
of a plane wavefront for both AA configurations (linear
and circular) is reduced to estimating only the initial
phase and the AoA of the useful signal. Therefore, the
ML estimate § may be found by resolving the
maximization problem of the scalar product:

e for a deterministic signal, between the vector of
signals y at the outputs of the matched filters and

a “trial” phasor vector § of a plane wave, the phases

of which are determined by expression (10) for

a linear AA and (11) for a circular AA;

e for a random signal between the -eigenvector

Various algorithms for finding the ML estimates of
the parameters of a plane wave-front for a linear AA
were discussed in detail in [26, 41, 42], for a known
deterministic signal, and in [29, 43] for a random signal.
These works proposed efficient two-stage algorithms for
finding ML estimates. In the first stage, a rough estimate
of the useful signal’s wavefront is obtained by scanning
the sector of possible AoA of the useful signal. For
equidistant AAs, such scanning is typically performed
using the discrete Fourier transform of the vector of
signals observed at the AA elements. In the second stage,
the rough estimate is refined by finding a correction
to the wave vector estimate obtained in the first step.
This refinement is achieved using either a regression
algorithm or an iterative algorithm. The circular AA is
replaced by a virtual non-equidistant linear AA [41]. For
comparison, the stages of finding the ML estimates of
the phasor vector of a plane wavefront for deterministic
and random signals are summarized in Table 1.

2. ACCURACY OF WAVEFRONT
PARAMETER ESTIMATION

The effectiveness of the algorithms developed for
finding ML estimates of the plane wavefront signal
was determined by comparing the variances of the
estimates obtained in numerical experiments with
the theoretically minimal variances as defined by the
Cramér—Rao inequalities [11, 13, 14]. Furthermore,
in the case of a deterministic useful signal, when
investigating the question of the ultimate achievable
accuracy of estimating the plane wavefront parameters,
the problem of joint estimation of the initial phase and
the AoA of the signal need to be considered. Therefore,
let us first consider the general case of determining the
Cramér—Rao lower bounds for an arbitrary number of
estimated parameters. This can be conveniently written
as a vector 1. Then, the variance of the ith estimated
parameter 7, satisfies the following inequality:

2
A ~ . ~ 2(H )= n. —n. > 12
W, = s/\/M and the “trial” phasor of a plane wave . o (1;) <(T]l n,) > - [CRB(n)]ii ’ (12)
Table 1. The stages of finding the MP estimates of the phasor vector of a plane wavefront for deterministic
and random signals
Stages Deterministic signal Random signal
N $= VMG
ML estimate in the case of an arbitrary wavefront §= z a'[nlx[n]=y $= ¥
n=l1
Coarse estimate in the case of a plane wavefront (discrete Fourier transform §=arg max|§H y| §=arg max|§H ‘i’l‘
with resampling) 90.A9 90,09
Refinement of the estimate using linear regression ¢, =0y + Ap(m —1) §,, =g +Ap(m—1)
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wherein 1 is the vector of estimated parameters, 7; is
the estimate of the ith parameter, and CRB(n) is the
covariance matrix of the parameter estimates, which is
the inverse to the Fisher information matrix (FIM),
CRB(n)) = FIM ().

In accordance with the general methodology for
finding the Cramér—Rao bounds [11], when estimating
the accuracy of multiple parameters (the parameter
vector 11), an expression for the Fisher information matrix
first needs to be derived in terms of the derivatives of
the likelihood function. The elements of the FIM, in the
general case, are expressed as:

02 1H(W(YITI)} . (13)

v, - |7
i“j

For the observation model with additive Gaussian
noise (1), the expression for the Fisher information
matrix is written as [16]:

[FIM(n)]l.’j =
H (14)
—ir R RRAI R SR P g1 R
511,- 3le an,‘ anj

2.1. Deterministic useful signal

When a deterministic signal with an unknown
wavefront of the form (2) is observed in Gaussian noise,
the noise covariance matrix R (4) does not depend on
the estimated parameters ¢, and 0, and therefore the first
term in expression (14) will be zero. For the problem
under consideration, the vector of estimated parameters
is n = [0, ¢)]. Taking (4) into account, the Fisher
information matrix (14) can be expressed as:

FIM(), , -
15
_2N-SNR.Re) 2SO ase| (19
61’]i anj
N
e

wherein SNR = ”:—2
c

antenna element, defined as the ratio of the average
received useful signal power at one element to the noise
power.

For a linear AA, when the initial phase of the
signal ¢, is estimated at the geometric center of the
antenna, the Fisher information matrix (15) becomes
diagonal and takes the following form [36]:

is the SNR at a single

FIM(n) =

2
d 5y M(M? -1)
—2N-SNR - [ZTCXJ COS GT

0 M

0 (16)

This facilitates the finding of the correlation matrix
for the estimates of the AoA 0 and the initial phase @, of
the useful signal:

C(6,99) = FIM™1(8,9). (17)

For this 2 x 2 matrix, the off-diagonal elements are
zero, while the diagonal elements represent the minimum
possible variances of the 6 and ¢, estimates:

CRB(0) =
- ! 0 (18)
(2nd/x)2 N-SNR -cos20 M(M?-1)’
1 1
CRB(¢) = ——————. 19
(99) 2N -SNR M (19)

For a circular AA, when the signal phase ¢ is
estimated to be at the geometric center of the antenna, the
Fisher information matrix (15) also becomes diagonal
and is written in the following form [41]:

212 R?
ZZOm o0
FIM(n)=2N-SNR-| 32 (20)
0 M

This facilitates the finding of its inverse, the
covariance matrix of the estimates of the AoA 6 and the
initial phase @), of the useful signal, whose diagonal
elements are:

1 1
CRB(0) = : . @l
O= 3 snr M -4n? - R} /A2 2D
CRB(9y) =~ (22)

P00 SNR M

with zero off-diagonal elements.
2.2. Random useful signal

When the useful signal is a random Gaussian
process, the covariance matrix R of the observed
vector x[n] depends on the estimated ¢, and 0, while
the mean vector p is zero (6). Therefore, the first term
in the expression for the Fisher information matrix (14)
is non-zero, while the second term is zero. Furthermore,
when estimating the initial phase, ¢, in the phasor vector
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is meaningless, since the complex amplitude a[n] of
the random useful signal s[n] = a[n]s at each sample
has a random phase uniformly distributed in the
interval [—=, t]. Therefore, after calculating the first term
in expression (14)

FIM(y), . =tr R Rpg1 R (23)
" 1,] an n .
! J

all elements of the Fisher information matrix, except
one, are equal to zero. Therefore, in this case, only one
parameter can be estimated—AoA of the useful signal 0.
Taking into account expression (6) for the covariance
matrix R, its inverse matrix can be found:

v H

Rl1=1- sst.
1+vM

24)

Substituting (6) and (24) into the first term of
formula (14) allows an expression for the desired
element of the Fisher matrix to be obtained:

2:N-M-o

—X
2 2 2
(o (Gn +MGS)

L[ ose™ as) _ 1 as(m™
% 00

FIM(0) ==

Hﬁs(n) _
YA s(n)s(n) —ae] (25)

2 2
A 12

wherein 62 and o2 are the signal and noise variances,
respectively.

Foralinear AA, substituting the phasor vector with
phases defined by formula (10) into the expression for
the Fisher information matrix (25), the lower bound
for the variance of the AoA estimate can be easily
found as:

CRB(0) =FIM~1(0) = ;zx
(2md/\)
1+ M -SNR 6

X . .
N-SNRZcos20® M2(M?%-1)

(26)

For a circular AA, the lower bound for the variance
of the AoA estimate of a random signal can be found in
a similar way. In order to do this, the phasor vector with
phases defined by formula (11) should be substituted into
the expression for the Fisher information matrix (25). As
a result, we obtain the following:

CRB(0) =FIM~1(9) =
B 1+ M -SNR
N-M?-SNR? -4n? - R? /2%

27

For comparison purposes, all derived lower bounds
for the variance of the signal angle of arrival estimates for
linear and circular AAs are summarized in Table 2. Here
CRB(0) is denoted by the letter L for linear arrays and
by the letter C for circular arrays, while the subscripts
‘det’ and ‘rand’ correspond to deterministic and random
signals, respectively.

The formulas provided in Table 2 demonstrate
that the ratio of the Cramér—Rao lower bounds for
the variances of the AoA estimates for random and
deterministic signals is the same for both linear and
circular AAs and equals:

Lrand _ 1+ M -SNR _ Crand )
M-SNR  Cy,

(28)
Ldet

Moreover, from expression (28), it follows that as the
SNR and the number of antenna elements increase (when
M - SNR >> 1), the Cramér—Rao bounds (CRLB) for
the variances of the AoA estimates for random and
deterministic signals become the same. For example,
in the case of M = 8, the difference between the CRLB

Table 2. Final CRB(0) expressions for different signal types and array configurations

Arrays Deterministic signal Random signal
1 1 6 1 1+ M -SNR 6
ULA Ldet = 2 20 2 Lrand = 2 220 A2(Ar2
(an/k) N-SNR:-cos=0 M(M=-1) (2nd/k) N-SNR<“cos“0 M=(M~*-1)
1 1 1+ M -SNR
UCA Ciet = . C., .=
dt " N.SNR M -4n2-R3 /3.2 @nd TN M2 .SNR2 - 4n2 - R2 /32

Note: that the Cramér—Rao bounds in Table 2 are given for an arbitrary radius of the circular antenna. In the case where the distance

between adjacent elements of the circular antenna is half the wavelength, the ratio is Rg / A=

1
16sin2(n/ M)
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for random and deterministic signals becomes less
than 10% already at SNR > 0.8 dB, and for M = 16 at
SNR >—2.2 dB. This is further verified by the simulation
results shown in Figs. 2 and 3 in the following section.

3. NUMERICAL INVESTIGATION
OF THE ALGORITHMS IMPLEMENTING ML
AoA ESTIMATES

A comparative analysis of the characteristics of the
above algorithms applied for estimating the AoA of
the useful signal was carried out using the examples of
linear and circular AAs. Different numbers of antenna
elements were used under the condition of a line-of-
sight channel with additive Gaussian noise (1). For all
AA configurations, the distance between the antenna
elements was taken to be a half wavelength (d = A/2).
A constant-amplitude pseudo-random binary phase-
shift keyed signal (0, m) known at the receiver was
used as the deterministic reference signal a[n]. For the
random useful signal, a complex Gaussian sequence
of independent samples of the same length N was
employed.

As noted earlier, in [9] and [16], the inefficiency
of ML algorithms for estimating the AoA of a random
useful signal with a finite sample size N was
theoretically proven. This leads to the unattainability of
the Cramér—Rao bound solely by increasing the SNR
for a fixed sample size. However, the detailed numerical
studies of this interesting fact, performed in [29],
showed that at sufficiently high SNR, the limiting
values of the variances of the AoA estimates exceed the
CRLB by a small relative value ~1/(N — 1). In practice,
this can clearly be neglected for large N. Therefore, in
the numerical experiments presented below, in order to
avoid accounting for the finite sample size, the sample
size N was chosen to be sufficiently large (N = 64) for
both models of the useful signal—deterministic and
random.

In order to determine the threshold SNR ratios
SNR,;, (below which anomalously large errors occur),
the following methodology was proposed. The threshold
values SNR,, were found as the values at which the
root mean square error of the useful signal’s AoA
estimates exceeded the theoretical Cramér—Rao lower
bounds by a specified percentage. A key advantage of
this methodology is that the Cramér—Rao lower bounds
can be easily calculated using the analytical formulas
provided in Table 2 for linear and circular arrays. The
exceedance level of theoretical values was set to 10%
based on preliminary numerical experiments. This
showed that on one hand, for SNR < SNRy,, a rapid,
nearly abrupt increase in estimation root mean squared
error (MSE) occurs. On the other hand, measuring
this 10% deviation can be achieved with a high level

of accuracy (about 1%) given a reasonable number of
trials (approximately 1 million).

The MSE of the ML estimates of the plane
wavefront AoA obtained using the algorithms described
in Section 2 and listed in Table 1 for both useful
signal models were investigated. For each algorithm,
AA configuration, and signal model, the MSE of the AoA
estimates was determined based on 2 - 103 numerical
experiments, each processing a signal of length
N samples (N = 64).

For linear AAs, Fig. 2 shows the MSE (o ,) of
the sine of the AoA estimates for deterministic and
random signals as a function of the SNR ratio measured
at a single antenna element. The AoA of the useful
signal was randomly and uniformly distributed in each
experiment within the range of £60°. The dashed lines
of corresponding colors represent the CRB for the
deterministic signal according to formula (18) and for
the random signal according to formula (26).

104
-30

(1) M =8, det. (9) M =32, det.
(2) CRB M = 8, det. (70) CRBM =32, det.
(3) M =8, rand. (117) M =32, rand.
(4) CRB M =8, rand. (72) CRBM =32, rand.
(5) M =16, det. (13) M=64, det.
(6) CRBM =16, det. (74) CRB M =64, det.
(7) M =16, rand. (15) M =64, rand.

)

(8) CRBM =16, rand. (76) CRB M =64, rand.

Fig. 2. MSE of the estimates of the sine of the AoA
for deterministic (det) and random (rand) signals
as a function of the SNR for a linear AA with different
numbers of antenna elements M

From the results presented in Fig. 2, it can be
seen that the MSE of the estimates for both signal
models tends towards the same limiting values as the
SNR increases, depending on the number of antenna
elements M. Furthermore, when the number of
antenna elements is doubled, the MSE of the estimates
decreases by approximately a factor of 2.83. This is
in good agreement with the analytical expressions
provided in Table 2. It is also interesting to note that,
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in order to achieve the same reduction in MSE for
a fixed number of antenna elements M, the SNR must
be increased by approximately 10 dB. At the same
time, the threshold SNR values (SNR;;), above which
the MSE of the estimates practically reaches the CRB,
depend significantly on the type of useful signal. For
deterministic signals, the SNR ; values are significantly
lower than for random signals.

For circular AAs (UCA), Fig. 3 presents similar
plots of the root mean square errors 6, of the angle of
arrival estimates for deterministic and random signals as
a function of the SNR ratio per antenna element. The angle
of arrival of the useful signal was randomly uniformly
distributed in the range from 0° to 180°/M (due to the
radial M-symmetry of the problem. This distribution is
equivalent to a uniform distribution from 0° to 360°). The
dashed lines of corresponding colors depict the Cramér—
Rao bounds for the deterministic signal according to
formula (21) and for the random signal according to
formula (27). The results presented above show that
for circular arrays, as for linear arrays, the MSE of
the angle estimates for both signal models approach
the same limiting values as SNR increases, depending
on the number of antenna elements M. The threshold
SNR ratios SNR; , above which the MSE of the estimates
practically reach the Cramér—Rao bounds, depend
significantly on the type of useful signal. Furthermore,
for deterministic signals, the threshold SNR values are
lower than those for random signals.

100

10!
D
o

10721

10738

30 25

(1) M =8, det. (9) ) .
(2) CRB M =8, det. (170) CRBM =32, det.
(3) M =8, rand. (17) M =32, rand.
(4) CRB M =8, rand. (72) CRBM =32, rand.
(5) M =16, det. (13) M=64, det.
(6) CRBM =16, det. (74) CRB M =64, det.
(7) M =16, rand. (15) M =64, rand.
(8) CRBM =16, rand. (16) CRB M =64, rand.

Fig. 3. MSE of the estimates of the sine of the AoA

for deterministic and random signals as a function

of the SNR for a circular AA with different numbers
of antenna elements M

From the comparison of the two AA geometries
considered, it is evident that the behavior of the MSE of
the AoA estimates as a function of the number of antenna
elements M and the SNR is similar in the region of high
SNR (exceeding SNR,,). At the same time, for an equal
number of antenna elements and spacing between them,
the MSE of the estimates for a linear AA (in the case of
a zero AoA, i.e., when the signal arrives perpendicular
to the aperture of the AA) is approximately 2.5 times
smaller than for a circular AA. This is obviously due
to the smaller aperture size (approximately 3 times)
of the circular AA when compared to the linear AA.
However, it can easily be shown that this advantage of
the linear AA over the circular AA in the accuracy of
the AoA estimation is maintained only within a sector
of £67°. For larger angles, the circular AA provides
higher estimation accuracy than the linear AA. In
addition, the results obtained (both analytical and
numerical) indicate that the estimation accuracy of the
circular AA at high SNR (SNR > SNR,; ) does not in any
way depend on the AoA of the useful signal.

In the second series of numerical experiments,
amore detailed investigation of the achievable accuracies
of the AoA estimation was conducted for all the above
considered antenna configurations and signal models
in the most interesting region of threshold SNR ratio
values (SNRy, region). For this purpose, the number of
numerical experiments for each SNR near to SNR;; was
increased to 1 - 10°, and linear interpolation was used to
determine more precisely the refined threshold values.

For the deterministic model of the useful signal,
Table 3 presents the refined SNR, values for ULA and
UCA (given with an accuracy of 0.1 dB), the
corresponding MSE of the AoA estimates o o/sin0
(given with an accuracy of 3 significant digits), and the

limiting Cramér—Rao lower bounds (@ / 1/Cdm),

calculated by using the analytical expressions provided
in Table 2. The control values of the 10 percentage
excess of the MSE over the Cramér-Rao bounds
(B4gin0/O4p) are given in the bottom row of the table
(with an accuracy of 3 significant digits).

For the random model of the useful signal and linear
and circular AA configurations, Table 4 similarly
presents the refined SNRy,, values for ULA and UCA,
the corresponding MSE of the AoA estimates 6 ,/sin6
and the limiting Cramér—Rao lower bounds

(‘/Lrand / \Crand ), also calculated using the formulas

provided in Table 2. The control values of the relative
10% excess of the MSE over the Cramér—Rao bounds
are given in the bottom row of Table 4.

For amore visual comparison of the numerical results
presented in Tables 3 and 4, Fig. 4 shows the calculated
refined threshold values SNR , for all AA configurations
and useful signal models on a single picture.

Russian Technological Journal. 2025;13(6):47-62

56



Maximum likelihood estimates of the angle-of-arrival of deterministic and random signals

in multielement antenna arrays of various configurations

Olesya V. Bolkhovskaya

Table 3. SNR,, values for linear and circular arrays for deterministic signals

8 16 32 64
M
ULA UCA ULA UCA ULA UCA ULA UCA
SNR,,, dB -13.3 -10.3 -15.5 -13.6 -17.5 -16.8 -20.0 —20.1
G g/Sin 0 220-1072|3.92-102|9.95-1073 | 2.03-1072 | 444-1073 | 1.04-1072 | 2.09- 1073 | 543 -1073
L / C 2.00-1072 | 3.53-102 | 9.04-1073 | 1.85-102 | 4041073 | 9.49-1073 | 1.90- 1073 | 494 - 1073
rand rand
wsin®/Oo0 0.100 0.100 0.100 0.100 0.100 0.100 0.100 0.100
Table 4. SNR,, values for linear and circular arrays for random signals
8 16 32 64
M
ULA UCA ULA UCA ULA UCA ULA UCA
SNR,,, dB -7.3 —6.4 -9.1 -9.0 -10.7 -10.3 -12.2 -12.2
Gging/Sin 0 142-1072 | 3.07-102 | 590-1073 | 1.48-107% | 237-1073 | 576-1073 | 9.55-107% | 2.45- 1073
1072 1072 1073 1072 1073 1073 1074 1073
Lrand/ ,Crand 1.29 - 10 2.79 - 10 5.36 - 10 1.35- 10 2.15-10 5.23-10 8.68 - 10 2.23-10
8ogine/Ss0 0.100 0.100 0.100 0.100 0.100 0.100 0.100 0.100
-6 considered in this work. Furthermore, when the number
:g ‘\ - of antenna elements is doubled, SNR;, decreases by
9 . . approximately 2 dB.
=10+ __UCA, rand 1
-11" 1 CONCLUSIONS
-12 UCA, det ULA, rand -
%H :12 The paper presents a detailed numerical study of the
? 15 _accuracy of ML estimates of the AoA of a signal with
-1~ ULA det a plane wavefront received by linear and circular AAs.
=177 ~ Two models of the useful signal were analyzed:
::g: ~ a deterministic signal with a priori known waveform;
_20 and a random signal—Gaussian noise with uncorrelated
-21 8 16 32 64 samples. . . . .
M Through detailed numerical experiments, it

Fig. 4. Dependencies of the refined SNR,;, on the number
of antenna elements for all AA configurations
and useful signal models

Important practical conclusions can be drawn from
the graphs presented in Fig. 4. First, the threshold
SNR ratio values strongly depend on the type of received
signal. For deterministic (¢ priori known) signals,
they are approximately 6—7 dB lower than for random
(a priori unknown) signals. Second, the threshold SNR
values depend very weakly on the AA configuration
and, for a large number of antenna elements (M > 16),
practically coincide for the linear and circular AAs

was shown that as the SNR increases and with large
sample sizes, the MSE of ML estimates for both
signal models tend towards the same theoretical
limiting values (Cramér—Rao bounds), depending
only on the number of antenna elements M and the
AA configuration.

The paper proposes a method for accurate
determining the threshold values (below which
anomalously large errors occur) based on a given
relative excess of the MSE of ML estimates over
the theoretical Cramér—Rao lower bounds, found
analytically in the paper. The detailed numerical
investigations conducted herein allowed such
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SNR threshold values to be found for deterministic
and random signal models.

Simple regularities were identified between the
main characteristics of the estimation system: the
geometry of the AAs; the number of antenna elements;
the type of signal being processed; and the algorithm
used. These regularities, based on interpolation and
approximation of the results already presented in the
paper (without additional numerical modeling), allow
the threshold SNR values for the two basic signal
models (deterministic and random) in linear and circular
AAs to be determined with practically any number of
antenna elements greater than four.

Thus, one of the key results of this work, in the
authors’ opinion, is the numerical proof that coherent
and incoherent signal processing achieve identical
ultimate accuracy at the same SNR ratios above
threshold values (SNR > SNR,;). At the same time,
the type of useful signal and its processing method
significantly affect the threshold SNR; values below
which anomalously large errors occur.

The results obtained in this work can be used
practically at the initial stage of defining the
architecture of high-precision direction-finding and
localization systems for sources emitting various types
of signals.
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Abstract

Objectives. The aim of the study is to improve road safety by developing an emergency call device for drivers of two-
wheeled vehicles, as the most vulnerable road users, and improving their technical equipment.

Methods. In the course of the study, the characteristics of the acoustic signal transmission channel and the
processes accompanying its propagation were analyzed. When studying the parameters of voice communication,
noise reduction, echo cancellation and echo compensation methods were used, as well as algorithms for converting
acoustic information implemented in the hardware and software of the device.

Results. The results of practical implementation are presented: the design of a prototype device, its integration
into the dashboard of a two-wheeled vehicle. During the design of the device, the control features of a two-wheeled
vehicle, the influence of external factors and climatic conditions were taken into account. An implementation of the
interface of interaction between the driver of a two-wheeled vehicle and the operator of the ERA-GLONASS system
is proposed, taking into account the specifics of its use. Structural schemes of an echo compensator and a dual
speech signal detector using an adaptive filter are presented. The algorithms implementing these processes and the
possibility of theiradaptation to the tasks of the emergency call device are considered. The procedure for automatically
adjusting the amplification of the acoustic signal of the speech range is described, an analytical description of the
technical problem and the applied methods of digital processing are given. A structural diagram of the test stand,
software for qualitative analysis of the acoustic signal, visualization of the test results of the prototype are presented,
and the effectiveness of the proposed solution is evaluated.

Conclusions. The results of a study on the design of an emergency call device have shown that the use of analog
and digital speech signal processing algorithms implemented in the device’s codec and modem will ensure a high-
quality level of voice communication between the driver and the emergency services operator.

Keywords: two-wheeled vehicle, acoustic signal, duplex voice communication, echo cancellation algorithm, noise
reduction algorithm, normalized least squares algorithm, digital signal processor, LMS algorithm, NLMS
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Pesiome

Lenu. Lenbio nccnenoBaHus siBNseTcs noBbilleHne 6e30MacHOCTM J0POXHOIO ABMXKEHUS 32 CHeT pa3paboTku
YCTPOICTBA BbI30BA 3KCTPEHHBIX ONEPaTUBHbIX CYX0 A1 BoAUTENel ABYXKOIECHbIX TPAHCMOPTHBLIX CPEACTB, Kak
Hanbosnee ysa3BUMbIX YHACTHMKOB AOPOXHOr0 ABVXEHUS, U YIIYHLLIEHUS X TEXHUYECKOW OCHALL,EHHOCTU.

MeTopabl. B x0ne nccnenoBaHus npoaHann3MpoBaHbl XapakTEPUCTUKKM KaHana nepenayn akyCTu4eckoro curHana
1 NPOLLECCOB, CONPOBOXAALLMX €ro pacnpocTpaHeHuve. Npu nccnenosaHnm napamMeTpos rosoCoOBOM CBA3U Npu-
MEHSIMCb METOAbI LLUYMOMNOAABIIEHMS, 9XOMNOAABMIEHMS U 3XOKOMMEHCALMN, a Takke anropuTMbl npeobpa3oBaHus
aKyCTnyeckom nHdopmMauum, peann3oBaHHble B annapaTHO-nporpaMMHON 4acTu YCTPONCTBA.

PesynbTatbl. B X04e NpoOeKTMPOBaHUSA YCTPOMCTBA Y4TEHbI OCOOEHHOCTU YNpPaBMEHUST OBYXKOJIECHBIM TPaHC-
NMOPTHLIM CPEACTBOM, BAUSIHNE BHELLHMX BO3AEMCTBYIOLMX GAKTOPOB U KIMMATUYECKMX YCNoBuiA. pegnoxeHa
peanundaumsa nHTepdenca B3anMOLENCTBUA BOOUTENS OBYXKOJIECHOrO TPAHCMOPTHOro CpeacTBa C OnepaTtopom
cuctembl «9PA-TJTIOHACC», yuuTbiBaoLwas cneumduky ero Mcnosib3oBaHus. NpreBeaeHbl CTPYKTYPHbBIE CXEMbI 9X0-
KOMMeHcaTopa 1 AeTeKTOpa ABOMHOro PeYeBOro CUrHana C UCMofb30oBaHMEM afanTuBHOro éounstpa. OnmncaHa
npoLenypa aBTOMaTMyYeCKOM PErynnpoBKM YCUNEHNS akyCTUYECKOro CUrHana peyeBoro avana3doHa. PaccmMoTpeHsl
anropuTMbl, peannaytoLme 3T NPoLEeCcChl, 1 BO3SMOXHOCTb VX aaanTaLmm K 3aia4aM YCTPOMCTBA BbI30BA 3KCTPEH-
HbIX OrepaTuBHbIX CNyx6. MNMokasaHbl pe3ynbTaThl NPaKTUYECKOW peanraaumm onbITHOro 06pasua yCTpoiCTBa: KOH-
CTPYKUMS, ero MHTEerpaums B npMbopHY0 NaHesb ABYXKOJIECHOIO TPaHCMNOPTHOro cpeacTsa. MNpuBeneHsl CTPYKTYP-
Hasi cxema TeCTOBOro CTeHAa, NporpaMMHoe o6ecrneyeHre A Ka4eCTBEHHOMO aHanM3a akycTMYeckoro curHana,
oueHeHa 3P HEKTUBHOCTb NPEAJIOKEHHOIO PeLLEeHMS.

BbiBOAbI. Pe3ynbTathl UCCea0oBaHUs Mo KOHCTPYMPOBAHWUIO YCTPONCTBA BbI30BA 3KCTPEHHbIX ONEPATUBHBIX CIyX0
nokasasnu, 4To NMPUMEHEHME anropUTMOB aHaIOroBoOM 1 UMdpPoBoO 06PabOTKN PEYEBOrO CUrHana, peann3yemMbix
B KOAEKE U MOJeMe YCTPONCTBA, MO3BOJIUT 0OECNEYNTH KAYECTBEHHbIN YDOBEHb FO/IOCOBOI CBSI3V BOAUTENS C One-
paTopPOM 3KCTPEHHbIX ONEPATUBHBIX CIYXO0.
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MpospayHocTb hMHAHCOBOM AeATENbHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOI 3aMHTEPECOBAHHOCTM B MPEACTaB/EH-

HbIX MaTepuanax nin MetToaax.

ABTOpbI 329BNASI0OT 06 OTCYTCTBUN KOHDNINKTA MHTEPECOB.

INTRODUCTION

Ensuring road safety remains a critical and pressing
concern, a challenge amplified by the evolving road
network and infrastructure. This complexity is further
heightened by the growing variety and number of
vehicles using the roads on a daily basis. A crucial
element of road safety lies in comprehending the
nature of accidents, including the number of casualties
and injured individuals, in order to provide the best
possible aid and support for those affected. Accidents
involving two-wheeled vehicles are especially high
risk due to the lack of a protective structure for riders,
unlike car drivers. As a consequence, eyewitness
accounts and, if possible, statements from those
involved offer valuable insights, beyond automatically
detecting accidents. To this end, two-wheeled vehicles
should be equipped with emergency communication
systems (ECS) allowing for two-way communication
with a designated operator.

The wunique characteristics of the human-
vehicle system (consisting of a driver and a two-
wheeled vehicle) pose specific challenges for
implementing ECS. During development, the
significantly smaller size and mass of the vehicle
compared to a car needs to be considered, as well as
the driver’s helmet which muffles speech and may be
difficult to remove in an emergency. Additionally, the
system must function in all weather conditions and
account for variable distances between the speaker and
microphone. The high noise levels inherent in traffic
situations also pose a challenge.

In order to ensure a clear and reliable voice
connection with emergency operators, the use of
advanced analog-to-digital voice processing systems is
crucial (GOST 34788-2021"). This includes effectively
minimizing noise, eliminating echo, and dynamically

1 GOST 34788-2021. Interstate Standard. Motor vehicles.
Call emergency services systems. Speakerphone quality. Technical
requirements and test methods. Moscow: Russian Institute of
Standardization; 2021. 20 p. (in Russ.).

adjusting microphone and speaker gain levels based on
the surrounding environment (GOST 33468-20152).

Due to the inherent delay in signal propagation
caused by digital processing, a balance must be
found between the desired processing quality and the
acceptable signal transmission time [1].

Contemporary  speech  processing algorithms
typically use digital signal processors (DSP) which
are often integrated into cellular modems. Improving
processing efficiency and reducing latency can be
accomplished by distributing individual calculations
across other circuit components, such as the codec and
microcontroller.

KEY MEASURES OF EFFECTIVE
TWO-WAY VOICE COMMUNICATION

The ECS employs a duplex hands-free
communication method when interacting with
emergency operators from the subscriber’s end. In order
to ensure the clarity of voice data, the terminal device
must possess the following attributes [2]:

1) speaker signal level sufficient to exceed the total
noise level,

2) microphone signal level sufficient to exceed the total
noise level,

3) wide dynamic microphone range, in order to ensure
stable operation in a noisy public road environment;

4) low in-channel noise;

5) automatic gain control;

6) noise reduction;

7) echo cancellation;

8) addition of comfortable noise to the communication
channel.

Items 1 to 4 are accompanied by a circuit design which
includes a speaker of suitable power, an audio amplifier,
a high-sensitivity microphone featuring a broad dynamic

2 GOST 33468-2015. Interstate Standard. Global navigation
satellite system. Road accident emergency response system.
In-vehicle emergency call device/system. General technical
requirements. Moscow: Standartinform; 2016. 74 p. (in Russ.).
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range and built-in amplification. Additionally, there is
a bandpass filter which only allows the transmission of
useful speech frequencies (300-3400 Hz), as well as
filters to suppress narrowband interference (harmonics
from electrical equipment and GSM?).

Items 5 to 8 are implemented using digital speech
processing algorithms. The ECS specific configuration
determines whether DSP is an independent component
or integrated into a cellular modem.

The device is designed using a printing unit
meticulously crafted with advanced computer-aided
design software.

AUTOMATIC VOICE GAIN CONTROL

Automatic voice gain control is a difficult task to
implement using digital signal processing. Thus, in
most cases, the method involves transferring analog
circuitry algorithms into a digital signal. However,
modern speech processing systems use digital signal
processing techniques in automatic gain control systems
by calculating based on the analytic signal. Each sample
of the digital analytic signal, x(n), is a complex number:

x(n) =Re{x(n)} + ilm{x(n)},

wherein 7 is the sample number.
The normalized digital waveform has the following
form:
O

= . 1
norm[n] | x(n) | ( )

When dealing with signals composed of harmonic
oscillations and noise, or a combination of harmonic
oscillations, normalization can lead to signal distortion.
In order to ensure that the signal aligns with formula (1),
the denominator should not represent a fixed reference
point, but rather the average value of the signal envelope.
This average amplitude can be determined using a finite
impulse response (FIR) filter, in order to average the
absolute value of the signal rather than the signal itself.
Following this procedure, the normalization formula
ultimately assumes the following form:

__x(n)

'x b
Xay (n)

norm (n)

wherein  x, (n) is the average signal modulus
value calculated using the moving average method:

N-1

xav<n>=%2|x<n—k)|,

k=0

3 Global System for Mobile Communication (GSM) is the
second-generation mobile communication standard.

wherein N is the length of the averaging window and & is
the summation index.

Several key considerations arise when this speech
processing technique is applied. Firstly, the pauses
inherent in speech between words and phrases can lead
to elevated noise levels in the digitized audio signal. This
noise includes in-channel interference from electrical
circuitry and external noise, along with quantization
noise generated during the conversion process. In order
to address this issue, two strategies can be implemented.
One approach is to deactivate automatic gain control
when the speech is absent. A speech detector is used
to identify these pauses. This prevents the gain control
from amplifying noise during these silent periods. The
second strategy entails incorporating a DC component
into the average signal envelope, with its parameter
values set above the maximum noise levels observed
during pauses. This guarantees that the calculated
average signal remains uncontaminated by noise present
in those areas. In this scenario, the equation to calculate
the average signal would be:

__ X

norm () = xav(n)+L'

The L constant is chosen empirically during the
system tuning process for specific noise conditions.

NOISE REDUCTION

The ERA-GLONASS system operator frequently
encounters noisy speech signals due to the vehicle’s
design. As a two-wheeled vehicle lacking an enclosed
cabin, there is a significant level of ambient noise
intrusion. Intense background noise can significantly
disrupt the accuracy of speech analysis and recognition
processes. Several noise reduction methods are
utilized, in order to eliminate unwanted noise. While
some techniques can work in real time with minimal
impact on the signal’s delay, a key difficulty in noise
reduction lies in the fluctuating volume and character
of noise over time. The most prevalent noise reduction
techniques operate under the assumption that speech and
noise signals are independent of each other [3]. Their
widespread adoption stems from their proven ability
to effectively diminish background noise and enhance
speech recognition performance.

Let speech signal x(n) be distorted by additive
noise v(n). Then, the noisy signal y(n) can be expressed
as follows:

y(n) =x(n) + v(n).

The general goal of noise reduction is to reconstruct
the signal X(n) as close as possible to the original
signal x(n), based on the observed noisy signal y(n). In
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order to achieve this, adaptive algorithms have been
developed which utilize noise estimation and suppression
techniques.

When segmenting a signal into windows ranging
from 10 to 30 ms, it can be reasonably assumed that
both the speech signal and background noise become
stationary. Therefore, noise reduction techniques
are developed under this premise [4, 5]. Within
contemporary modem digital signal processors, the
Kochen—Berdugo algorithms for minima controlled
recursive averaging (MCRA), quantile estimation, and
its diverse variations are predominantly employed for
noise estimation [6, 7]. A contemporary adaptation
of Wiener filtering is employed specifically for noise
reduction.

ECHO CANCELLATION

In telephony, there are two types of echo:

e acoustic echo caused by the reflection of sound
waves; and

e clectrical echo due to problems with the line
matching (which is currently not a common issue).

For ECS, it is essential to eliminate acoustic echo.
This phenomenon results from the acoustic connection
between the microphone and speaker of the user
interface unit (UIU) in the telecommunications operator
system. It is also be a product of sound waves reflecting
off surrounding objects and causing reverberation.

Echo cancellation techniques can be categorized
into two types: those operating in the time domain; and
those in the frequency domain [8, 9]. In the context of
low-frequency signals, such as those found in telephone
lines, time-domain algorithms have demonstrated
superior efficiency in terms of computational resource
utilization.

Far-end signal

The adaptive echo cancellation algorithm involves
the following steps [6]:
1. Echo path modeling.
A model of the true acoustic path is created to
describe the characteristics of the echo path 0. This
model is a filter with adjustable coefficients 0.
2. Estimating the echo signal.
At each step n, an estimate of the echo Z(n) is
calculated by convolving a reference signal x with
the model coefficients vector 0 as follows:

2(n)=07 -x,

wherein T indicates transposition, and the vector
length is dictated by the digital filter length.
3. Model parameter adaptation.
The 6 model parameters are continuously adjusted
based on the analysis of the error signal e(n), which
represents the difference between the actual echo
signal z(n), and its estimated value Z(n).This
adaptation mechanism employs a coefficient
adjustment algorithm to effectively reduce this error.
4. Echo cancellation.
The final output signal with echo cancellation is
formed by subtracting the estimated echo Z(n) from
the total microphone signal m(n), as follows:

y(n)=m(n) = z(n),

wherein m(n) = o(n) + z(n), o(n) is the useful near-

end speech signal and z(n) represents the real echo.

The operation of the echo canceller is illustrated
in Fig. 1. In this figure, the far-end signal represents
the voice of the operator, while the near-end signal
indicates the voice of the user transmitted through the
speakerphone system.

Near-end signal

A4

Adaptive filter

Evaluation
of eqho path
6(n)

Estimated echo

z(n)
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P
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/
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Echo signal
v z(n)

D
Echo-compensated signal \J_/
m(n) - 2(n)

O] 5/** w(n)
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m(n) =w(n) +z(n)

Fig. 1. Echo canceller circuit using adaptive filter
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LEAST MEAN-SQUARES ALGORITHM

The Widrow—Hoff algorithm [10], also known as
the Least Mean-Squares (LMS) algorithm, remains
one of the most effective adaptive filtering algorithms
in use today. This algorithm is widely employed in
the development of echo cancellation systems, since it
adjusts the filter coefficients 0 in order to minimize the
difference between the desired (target) input signal and
the output of the filter. Due to its simplicity in terms of
computational requirements, this algorithm has gained
widespread adoption.

NORMALIZED LEAST MEAN-SQUARES
ALGORITHM

The Normalized Least Mean-Squares (NLMS)
algorithm [11] is derived from the LMS algorithm.
The NLMS algorithm addresses the issue of the step
size changing with the input power of the adaptive
filter. When the input power changes over time, the
step size between adjacent filter coefficients also
changes which can affect the convergence rate of
the algorithm. At low signal levels, the convergence
rate slows down due to the small signal strength.
Conversely, at high signal levels, the convergence
rate increases and can cause errors. In order to address
this issue, the step size needs to be adjusted based
on the input signal level. This new step size is called
normalized.

DOUBLE-TALK DETECTOR
Acoustic echo cancellation faces a significant

challenge in addressing the double-talk (DT)
effect [12] which arises when both far-end and

Far-end signal

near-end speech signals are active simultaneously. In
this scenario, the signal from the remote participant
becomes distorted by overlapping local speech. In
order to mitigate this issue, a double talk detector
is incorporated into the system. Its role is to halt
the adaptation process of the filtering algorithm
temporarily when a speech signal is detected at
the near end, preventing inconsistencies in the
performance of the adaptive algorithm.

The implementation of the Double-Talk
Detector (DTD) together with the adaptive filter is
shown in Fig. 2. This arrangement relies on the DTD to
evaluate three critical parameters:

1) the far-end signal x(n), which serves as the echo
reference signal;

the near-end signal m(n), representing a combination
of the desired signal and the echo;

the error signal e(n)=m(n)—Z2(n), where Z(n) is
the estimated echo produced by the adaptive
filter.

The error signal e(n) represents an echo-compensated
output generated by subtracting the simulated echo from
the microphone input. This signal typically arises in two
key scenarios:

e during the initial phase of operation when the
adaptive filter has not yet converged;

e when there is a change in the room’s acoustic
properties, such as repositioning the microphone.
The DTD assesses the signal strength of x(n), m(n),

and e(n), evaluates the signal-to-echo ratio, and
determines whether to update the filter coefficients.
This ensures adaptation when no double talk is
present or halts updates when overlapping speech is
detected [13].

Various DTD algorithms exist, with the most widely
used being the Geigel algorithm and those reliant on

2)

3)

Near-end signal

A4

Adaptive filter /
Evaluation
of eqho path Echo path
o(n) 6(n)
//
il ‘ _ : |
Estimated echo z(n) Echo signal
Filter update e« - v z(n)
Detector A4
+

< ‘ * /\1 O] <+«— (n)
Echo-compensated signal \J Microphone signal Subscriber signal

m(n) - 2(n) m(n) = w(n) + z(n)

Fig. 2. Connection diagram of the double-talk detector in conjunction with an adaptive filter
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cross-correlation calculations, such as Benesty and
Normalized Cross-Correlation (NCC) [14].

The Geigel algorithm fundamentally works by
analyzing and comparing the power levels of two
signals: the microphone signal, which may include echo
and/or near-end speech; and the far-end reference signal
transmitted to the loudspeaker. When the microphone
signal consists solely of echo without near-end speech,
its power is lower than the reference signal due to
attenuation along the acoustic path. However, when near-
end speech is introduced alongside the echo, the overall
power of the microphone signal rises substantially. This
increase in signal strength enables the algorithm to
identify effectively the presence of double talk.

In contrast to the Geigel energy method, the Benesty
algorithm employs a normalized -cross-correlation
coefficient to analyze the relationship between the far-
end signal (reference echo) and the microphone signal
(a combination of echo and near-end speech). A higher
correlation coefficient signifies that the microphone
signal is predominantly influenced by echo, whereas
a drop in the correlation suggests the emergence of
near-end speech. This technique delivers more precise
detection when compared to basic power comparison
methods.

The normalized cross-correlation algorithm
computes decision statistics by examining the
interplay between the microphone signal and the error
signal which represents deviation between the actual
echo and its estimated counterpart. This approach
relies on assessing the dispersion of the near-end
signal (the useful signal) and evaluating the cross-
correlation between the microphone and error signals.
By normalizing with respect to signal power, the
algorithm maintains robustness against fluctuations in
signal levels, a crucial attribute in dynamic acoustic
environments.

PRACTICAL IMPLEMENTATION
OF THE PROTOTYPE USER INTERFACE

A prototype UIU has been designed to facilitate the

modeling and testing of algorithms. The appearance of
the device is shown in Fig. 3.

_ Protective lid

Speaker
_ SOS Button
Miprophone
— Color
indicator

Fig. 3. Appearance of the designed UIU

The device is positioned on the steering apparatus of
a two-wheeled vehicle, within easy reach of the driver.
It features a microphone, speaker, an SOS button for
contacting emergency services, a status indicator for
the device, and a protective cover to avoid unintentional
activation. The device layout and the UIU components
are shown in Fig. 4.

Fig. 4. ECS placement on a two-wheeled vehicle

Since the speaker and microphone are housed within
the same unit and positioned closely together, acoustic
echo tends to manifest quite prominently [15]. In order
to mitigate this issue, the use of a digital signal processor
within the modem is suggested, while auxiliary
computations can be handled by the microcontroller in
the main unit. The UIU functional diagram is shown
in Fig. 5.

The pathway of the acoustic speech signal as it
passes through the UIU is shown in Fig. 6. Within the
codec housed in the UIU, the analog signals from the
microphone and speaker are transformed into digital
data. The reverse process (via the I2S interface®)
is also performed at this stage. The signal is then
transmitted via the RS-485 interface’ to the main unit,
the primary function of which is to ensure robust noise
immunity. Subsequently, the main unit microcontroller
transfers the signal to the IS interface, directing
it toward the modem. Given that the I°S interface is
designed for short-range transmission, integrating
the RS-485 interface proves to be a highly effective
solution [16].

The ECS main unit consists of the Telit
LE910 modem (manufactured by Telit Cinterion,
Italy) and the NAU8810 codec (produced by Nuvoton
Technology Corporation, Taiwan). The modem
operates on a Qualcomm chipset and integrates a digital
signal processor developed by the same company.
Configuration of the digital processor parameters is
managed via the user interface of the Qualcomm QACT
software (Qualcomm, USA).

4IPS (Inter-Integrated Circuit Sound) is a standardized
electrical serial bus interface for connecting digital audio devices.

5 Recommended Standard 485 is the physical layer standard
for an asynchronous interface.
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Fig. 6. Pathway of the acoustic speech signal passing through UIU

DEVICE TESTING

Figure 7 shows the block diagram of the test
bench designed for evaluating and analyzing voice
quality. The emergency communication system,
mounted on a two-wheeled vehicle, is linked to a radio
communication tester via cellular network connectivity.
Additionally, the audio input of the tester is connected
to a computer equipped with the HEAD Analyzer
ACQUA software (HEAD Acoustics GmbH, Germany).
This software provides a comprehensive suite of audio
tests for assessing the quality of speech signals. Its
operational algorithm enables voice quality testing
from both the operator’s perspective and the vehicle
driver’s viewpoint.

During operator trials, calibrated audio signals are
sent to the radio communication tester, passed through
the ECS modem, and routed along the speech path to
the UIU speaker. From there, these signals are received
by the mannequin’s artificial hearing aid and analyzed
using the HEAD Analyzer ACQUA software.

Testing on the vehicle’s driver side involves
transmitting calibrated audio signals from the mannequin’s
artificial hearing aid via the UIU microphone to the
modem. These signals are then routed through the radio
communication tester and analyzed using dedicated
software.

To replicate street ambient noise, the noise scenarios
management workplace is employed within a soundproof
test chamber.
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Fig. 7. Structural diagram of the DCS test bench

Table. Duplex DCS performance type parameters

Quality class
Parameter ! 2 2b % 3
Full duple)} Partial duplex communication Half dgple?i
communication communication
AH S, dt’ dB <3 <6 <9 <12 >12
Configuring the digital signal processor and The requirements must be fulfilled under both

microcontroller algorithms allows voice communication
performance to be attained between the emergency
operator and the wvehicle driver in compliance
with GOST 33464-2015°. Although the methods
outlined in this standard are primarily designed for
in-car testing, they can also be adapted for two-wheeled
vehicles. Below is an overview of the tests conducted on
the most critical performance indicators.

ATTENUATION IN THE TRANSMISSION CHANNEL
IN DOUBLE-TALK MODE

While subscribers engage in simultaneous
conversations, the maximum allowable decay AH’ S, dt
introduced by the DCS into the transmission channel S
is regulated by GOST 33464-2015. This is verified
using the procedures outlined in GOST 33468-2015,
specifically in paragraph 7.9.2. The level of attenuation
is dependent on the DCS performance type, categorized
by quality class for duplex communication, and must
align with the specified values detailed in the table.

6 GOST 33464-2015. Interstate standard. Global navigation
satellite system. Road accident emergency response system.
In-vehicle emergency call device/system. General technical
requirements. Moscow: Standartinform; 2017. 86 p. (in Russ.).

normal signal conditions, and when there is an imbalance
in signal levels. The following two specific signal level
scenarios should be tested:

e standard signal levels for both reception and
transmission;

e a scenario where the transmission signal level is
increased by 6 dB, while the reception signal level is
decreased by 6 dB.

The test involves two sequences of uncorrelated
composite source signals (CSS) transmitted and
received simultaneously, with a partial temporal
overlap to simulate the dynamics of concurrent
communication.

The initial segment of each CSS period (representing
a voiced sound, displayed in black in Fig. 8) moving
in one direction overlaps with the concluding segment
of each CSS period (characterized by pseudo noise,
displayed in white) traveling in the opposite direction.
The analysis is conducted during active signal instances
aligned with the transmission direction.

Prior to initiating testing, the echo canceller should
be configured to achieve maximum echo cancellation.
This is accomplished using a training sequence on the
receive channel, comprising 10-second recordings of
both male and female voices.
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Fig. 8. Test signals used to determine the attenuation range in the transmit direction during a simultaneous conversation.
The signal in the transmit direction is denoted as S(t), and the signal in the receive direction is denoted as S (1)

The signal strength of the transmission channel is
evaluated in the time domain using an integration time
constant of 5 ms. A time-based relationship for signal
strength is established. Signal attenuation within the
transmission channel is assessed by comparing the
signal strength during simultaneous double talk or
two-way conversation to that observed during one-
way conversation (specifically during reception signal
pauses), assuming that the transmission channel is fully
active. This analysis covers the complete test sequence,
beginning with the second period of the CSS signal.

Figures 9 and 10 present the measurement results.
Figure 9 illustrates near-end recordings overlaid on
a single timeline, both during silence and in the presence
of the far-end signal emitted through the loudspeaker
system. In Fig. 10, the volume level is displayed on
a linear scale with values provided in volts: these
readings were captured after processing through the
measuring system’s vocoder. This figure represents
the signal ratios derived from Fig. 9, highlighting
that the near-end signal, when accompanied by the
far-end signal, is consistently quieter compared to its
level during silence. The curve values are expressed as
negative numbers.

1.00
0.75

0.50 Single talk

0.25

>
S 0
-0.25

~0.50 Double talk

-0.75

-1.00

2200 2225 22502275 23.00 23.25 23.50
t,s
Fig. 9. Signal strength versus time
for a one-way and two-way conversation
in the presence of a far-end signal, integrated
with a time constant of 5 ms

As a final estimate, the value of the maximum
permissible attenuation is calculated in the following way:

5 lend

[ 1L,

start Istart

AH,S,dt = :

end

t
wherein L 5(?) is the instantaneous attenuation at time ¢
in dB, (7,4 — t,) 15 the duration of the time interval,
and 5 is the sampling step in ms.

Attenuation is defined as the average value of the
area under the curve, obtained by integrating a signal
with a time constant of 5 ms. This value is calculated by
dividing the total area across all intervals by the number
of samples used for integration, as shown in Fig. 10. In
addition, the level curve is also integrated with a 5 ms
time constant, in order to minimize the risk of distortion
in the results caused by random short-term fluctuations.

The results obtained and analyzed using the

HEAD Analyzer ACQUA software correspond to class 2a
and meet the requirements of GOST 33464-2015.
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Fig. 10. Ratio of the signal transmitted
during a two-way conversation scenario to that
of a one-way conversation scenario over time,

integrated with a time constant of 5 ms
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Fig. 11. Acoustic signal processing and propagation delays

Similar tests are conducted under conditions where
the transmit signal level is increased by 6 dB and the
receive signal level is decreased by 6 dB. In other words,
this scenario corresponds to the near-end sound being
6 dB louder while the far-end sound, played through
the device’s speaker, is 6 dB quieter. Even at standard
volume levels, the performance measurements stay
within acceptable boundaries.

ECHO ATTENUATION STABILITY OVER TIME

When a test signal, combined with an artificial
voice signal at a nominal level, is transmitted
through the DCS reception channel, the echo signal
attenuation in the DCS transmission channel should
remain stable over an extended measurement period.
Specifically, this attenuation should not decrease by
more than 6 dB from its peak value, as outlined in the
standards set forth in GOST 33464-2015, as well as the
verification procedures detailed in GOST 33468-2015,
paragraph 7.7.3.

The first test signal consists of a periodically
repeated combined CSS signal, evaluated at two average
signal levels: =5 dBm0 and —25 dBmoO.

For the second test signal, a 10-second sequence
is used, featuring both male and female voices, each
having an average level of =16 dBm0. The analysis is
conducted across the entire duration of the signals.

The echo cancellation rate is plotted against time.
With an integration time constant of 35 ms, the system
effectively smoothes random fluctuations and reduces
the influence of short-term interference, ensuring more
accurate measurement outcomes.

The CSS signal plot represents the curve of the
ratio between the strength of the recorded signal in the
transmit direction, while the strength of the reproduced
signal in the receive direction. A key consideration is
that one of these ratio signals should be time-offset
to account for physical and software delays inherent
in acoustic signal processing and propagation. These
include: sound signal propagation delays Tqgyp, (Where
S stands for signal and SND signifies sound); delays
stemming from the software processing of the audio

signal S within the Tg-,, speech codec (where
S stands for signal and COD signifies codec); and
delays introduced by software handling during
transmission over the communication system network
Tgyg (SYS referring to system). The cumulative
propagation delay across the transmission channel,
Tssum = Tssnp T Tscop + Tsyss 18 measured as the total
time taken for the acoustic speech signal to travel from
the sound pressure level measurement point—Iocated
25 mm ahead of the human lips or the emission ring
of an artificial mouth device (referred to as the mouth
reference point, MRP)—to the point of interface (POI).
The POI marks the electrical speech signal’s connection
and level measurement reference within the receiving
and transmitting channels of a mobile communication
system simulator, following decoding. This process is
illustrated in Fig. 11.

For a CSS signal, the time-dependent behavior
of echo cancellation is illustrated in Fig. 12. The
overall curve level remains minimal because the
reproduced far-end signal contains only a low-level
echo component. From the perspective of assessing
stability in echo cancellation over time, the system
is deemed stable if the difference between the
minimum and maximum values during evaluation
stays within 6 dB. It is important to highlight that
this evaluation focuses solely on eight active sections
of the CSS signal, excluding pauses, giving the
measurement mask a toothed appearance. According
to the HEAD Analyzer ACQUA’s results, the echo
attenuation stability test is successfully passed across
different time intervals.

Figure 13 illustrates the time-dependent variation
of the echo level for an artificial voice signal. Instead
of directly comparing the artificial voice signal
with the reproduced far-end signal, the focus is on
evaluating the transmission signal stability (echo-
opening, curve /) when artificial voice signals,
representing male and female voices (curve 2), are
reproduced on the far-end side. The system is deemed
stable, if the difference between the minimum and
maximum values observed during the evaluation
remains within 6 dB.
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Fig. 13. Artificial voice echo level versus time
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OPERATION OF TRANSMISSION CHANNEL
IN ACOUSTIC NOISE

For near-end speech in background acoustic
noise conditions, the signal-to-noise ratio (SNR)
at the output of the transmission channel should be
at least 6 dB. The recommended SNR is 12 dB, as
specified by GOST 33464-2015 and GOST 33468-2015,
section 7.10.1.

Background acoustic noise around the two-wheeled
vehicle are reproduced for both normal and worst-case
noise scenarios.

When tested in noise levels greater than 50 dB (A),
the output level of speech signals should increase
by 3 dB for every 10 dB increase in noise, averaged
over time. This reflects the effect of a person in noisy
surroundings increasing the volume of their voice. The
maximum increment is 8 dB.

An artificial voice serves as the input acoustic test
signal, introduced through the mannequin’s artificial
mouth. Two sequences are employed: one representing
amale voice and the other a female voice, both containing
pauses.

The processed signal is extracted from the
electrical output of the speech codec within the radio
communication tester. In order to estimate signal and
noise levels, an integration time constant of 35 ms
is utilized. The signal strength envelope and pause
noise are then calculated to determine SNR within the
transmission channel.

The measurement outcome is represented as a graph
depicting the envelope of the signal level and the noise
in the transmission path. For active speech regions, an
integrated assessment is performed, as follows:

z
Send

S =

S

Ly (),
tsstart

wherein L p(7) is the signal level in decibels and
,t

start
This value is equal to the area under the curve

in Fig. 14 that corresponds to all active speech segments.
The score value is calculated as follows:

tg Seng M€ time limits for the speech segment.
en

t
Nend

So= [ Lepdt,

t
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wherein 7 ar? t are time limits for the speech pause
S

n

noise. The estimzl‘fe value is determined by the area
under the curve shown in Fig. 14, which represents all
noise segments. Both estimates incorporate an integration
time constant of 35 ms, in order to filter out random

e
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Fig. 14. The envelope level of the signal
and the pause noise in the transmit direction
with a 35 ms integration time constant
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fluctuations in the signal. The operation of the
transmission channel in acoustic noise is deemed
satisfactory when the ratio of integral estimates
exceeds 6 dB. In practical terms, this corresponds to
a relatively soft signal, particularly when operating
within the GSM standard acoustic frequency range of
300-3400 Hz. Therefore, achieving SNR of at least
12 dB is recommended. Naturally, in scenarios with
more severe noise conditions, the estimate will be lower
due to elevated background noise levels, which creates
additional challenges for the system being tested.

The DCS data channel undergoes testing under
different noise conditions derived from recorded
environmental noise. For this evaluation, a street noise
recording with a volume of 68 dB is utilized. Following
the calibration of the microphone gain, speaker settings,
and the DSP algorithms, a signal-to-noise ratio of 11 dB
is achieved, thus successfully meeting the standards
outlined in GOST 33464-2015.

CONCLUSIONS

As part of the project, the DCS prototype has
been developed specifically for installation upon two-
wheeled vehicles. Its primary function is to enable
voice communication between the driver and the
ERA-GLONASS system operator in cases of emergency
or accidents. During the development process, the unique

aspects of the “human-two-wheeled vehicle” interaction
system were carefully examined, highlighting its
distinctive characteristics compared to other dynamic
systems within the broader road transport network.
A variety of system factors, operational features, and
constraints were also considered, such as weight and
size requirements, installation dimensions, and optimal
placement on the dashboard.

In the design of the device, significant focus was
placed on addressing challenges related to acoustic
signal processing, in order to ensure dependable and
high-quality voice communication. Given the close
proximity between the speaker and microphone within
the device, a crucial element was to overcome issues such
as mitigating and compensating for acoustic effects that
accompany voice signals in the communication channel.
In order to address these challenges, noise reduction,
echo cancellation, and echo compensation algorithms
were thoroughly evaluated for their applicability to the
system under development. Subsequent trials and testing
confirm that implementing both analog and digital
speech signal processing algorithms—integrated into the
codec and modem of the device—will deliver superior
voice communication quality between the driver and the
emergency operator.
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Abstract

Objectives. The article aims to investigate the authors’ developed peak-to-average power ratio (PAPR) reduction
method using an additional compensation signal in orthogonal frequency-division multiplexing (OFDM) systems,
employing polynomial regression for method parameter selection.

Methods. The study utilizes statistical radio technique methods and mathematical modeling to approximate the
relationship between bit error rate (BER) versus clipping threshold level and number of additional signals using
polynomial regression analysis.

Results. We developed an algorithm for parameter selection in the PAPR reduction method with an additional
compensation signal for OFDM systems using polynomial regression. This approach enables rapid system
performance evaluation without additional computational overhead for mathematical modeling. The method
significantly simplifies the optimization of clipping threshold and number of additional signals, eliminating the need
for complete simulation cycles for each configuration. Both simulation and analytical calculations confirm that
increasing the clipping threshold reduces BER, while increasing the number of additional signals improves clipping
accuracy at the cost of higher computational complexity. Optimal parameter selection achieves a compromise
between PAPR reduction and signal quality preservation. Furthermore, we established that for a fixed clipping
threshold, there exists an optimal number of additional signals providing the best trade-off between error probability
and peak value reduction.

Conclusions. An algorithm for selecting the parameters of the clipping method with an additional compensation
signal based on polynomial regression has been developed. This algorithm enables real-time evaluation of system
characteristics without additional computational costs associated with repeated mathematical modeling. The
proposed approach reduces calculation time by more than a factor of five, offering flexibility and adaptability in the
design of OFDM systems with PAPR reduction.

Keywords: method of peak factor reduction with compensation additional signal, OFDM signal, peak-to-average

power ratio, PAPR reduction method, polynomial regression
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MeTon orpannyeHusi NUK-(PaKTopa ¢ A0MOJHUTEIbHBIM
CUTHAJIOM KOMIICHCAIIMM B CUCTEMeE
C OPTOTOHAJIbHBIM YACTOTHBIM Pa3/ie/ieHueM KaHAJI0B
NP NPUMEHEHUU Perpeccuu JJisi BLIOOpa mapamMeTpoB

0.B. TuxoHoBa @,
A.U. CTapukoBCKUM,
®dam TxaHb TyaH

MUWP3A — Poccuiicknii TeExHOIorm4ecknii yHmsepcutet, Mocksa, 119454 Poccus
@ AsTOp AN nepenvcku, e-mail: o_tikhonova@inbox.ru

e Moctynuna: 17.04.2025 e fJopa6oTtaHa: 04.06.2025 ¢ MpuHaTa k ony6aukoBanuio: 08.10.2025

Peslome

Llenu. Lenbio ctatbn aBASIETCA UCcnenoBaHne pa3paboTaHHOro aBTopamMm MeToaa OorpaHuyeHus nuk-gakropa
C OOMOJIHUTENbHBIM CUFHANIOM B CUCTEME CBSI3U C MYJIbTUMIEKCUPOBAHNEM C OPTOrOHaIbHLIM YaCTOTHbLIM pasae-
neHvem kaHanoB (orthogonal frequency division multiplexing, OFDM) npu ncnonb3oBaHnUU NOAVHOMUWANILHOM pe-
rpeccumn ansa BbiIbopa napamMeTpoB MeToAa.

MeTopabl. B paboTe ncnonb3oBaHbl METOALI CTATUCTUYECKON PAANOTEXHUKM, MATEMATUYECKOrO MOAENMPOBAHMS
L1591 annPOKCUMAaLMM 3aBUCUMOCTN BEPOSTHOCTY OUTOBOM OLLMOKN OT BENIMUYUHBI YPOBHS OrPaHMYEeHns 1 Ymcna ao-
MOJIHUTENbHbLIX CUTHANO0B NPU UCMOIb30BAHUM MOIMHOMUAJIbHOM PErpeccuin.

PesynbTatbl. PagpaboTtaH anroputMm Bbibopa napaMeTpoB METOAa OrpaHnUYyeHus nuk-gaktopa ¢ AOMOJHUTENb-
HbIM CUTHAJIOM B CUCTEME CBA3U C MYJIbTUMIEKCUPOBAHMEM C OPTOrOHAsNbHBIM YaCTOTHbLIM PasaefieHNeM KaHanoB
Ha OCHOBE MOJIMHOMUAJILHOW pPerpeccun, No3BONSIIOWNIA ONepPaTUBHO OLLEHUBATb XapaKTEPUCTUKN CUCTEMbI 6e3
LOMOJIHUTENbHbLIX 3aTPaT BPEMEHN HA MaTeEMATMYeCKOe MOAENNPOBaHNe. OTO 3HAYUTENBHO yNpoLLaeT BbIGOpP on-
TUMaNbHOrO YPOBHSI OFPAHUNYEHUS N YMCNa OOMOJIHUTENbHbBIX CUrHANIOB 0€3 BbINMOHEHWS MOMHOIO LMKIa MOAENM-
pOBaHWSA ONs Kaxaon KoHdurypaummn. MooenmpoBaHve 1 aHannTuyeckme pacyeTsl NOATBEPANIN, HTO YBENNYEHNE
YPOBHS OrpaHMyeHns CoCOOCTBYET CHUXEHUIO BEPOSTHOCTM GUTOBO OLUNOKM, @ YBENTMYEHNE YMCNA OOMONHUTENb-
HbIX CUIHANIOB Y/yYLLIAET TOYHOCTb OrPaHNYEHUSs], OJHAKO BbI3bIBAET POCT BbIHMCAUTENBHbIX 3aTpaT. ONTUManbHbIN
BbIOOP MapamMeTpoB NO3BONSIET AOCTUYb KOMMPOMUCCA MEXY CHUXEHMEM NNK-daKTopa 1 COXPaHEHNEM KavyecTBa
curHana. Takxe yCTaHOBEHO, YTO NPy GUKCUPOBAHHOM YPOBHE OrpaHUYeHns CyLLLEeCTBYET ONTUMASIbHOE 3HaYeHne
yncna AOMNOSIHUTENbHbLIX CUTHANOB, 00EeCneYmBaioLLee Haunyyliee COOTHOLLEHNE MeXAy BEPOATHOCTbIO OLUNMOKMK
1 CHUXXEHUEM MUKOBbIX 3HAYEHUA.

BbiBoAabl. MNpennoxeHHbI Noaxon No3BONSIET COKPATUTbL BpeMs pacyeToB 6onee 4em B 5 pas, obecneunsas rmb-
KOCTb M aAanTMBHOCTb Npu NpoekTupoBaHum OFDM-cuctem ¢ orpaHnyeHUEM MUKOBbIX 3HAYEHWIA.

KnioueBble cnoBa: MeTon OrpaHnNYeHns C AONOSHUTENBHBIM curHanom, OFDM-curHan, nuk-¢gakTop, MeTOA CHU-
XEeHUA NuK-dakTopa, NoAMHOMManbHas perpeccus
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HbIX MaTepunanax nnm MmetTogax.

ABTOPbI 3a9BNSIOT 06 OTCYTCTBUM KOHGMIMKTA MHTEPECOB.

INTRODUCTION

In wireless communication systems, modulation
is an essential component for efficient information
transmission and reduced interference effects. The
orthogonal frequency division multiplexing (OFDM)
is a modern and widely used modulation method that
solves key problems in this area [1-5]. It provides high
data transfer rates, reduces the bit error rate (BER) [6, 7],
and utilizes bandwidth efficiently. However, one of the
main challenges of OFDM is its high peak-to-average
power ratio (PAPR), which can lead to performance
issues. The development of methods to reduce PAPR is
crucial for improving system performance and usability.
In order to address this problem, the present authors have
developed a method called MODS (modulation of the
peak factor with additional signals). The effectiveness of
this method, which involves limiting the peak factor of
an additional signal, depends on two main parameters:
the set clipping threshold C and the number of additional
signals m. Since these parameters affect the ability of
the method to reduce PAPR, their study and evaluation
are essential for the successful application of MODS in
specific situations.

The paper considers the selection of
MODS parameters when using polynomial regression.

OFDM SIGNAL

A discrete OFDM signal can be mathematically
expressed in the following way:

1 H-1 jzﬂgv
LOFDM(V):EZK(g)e H ,v=0,H-1, (1)
g=0

where H is the total number of subcarriers; K(g) represents
the information transmitted on the gth subcarrier; v is the
OFDM sample number; j stands for the imaginary unit.
For a discrete-time OFDM signal, the peak factor is
defined as the ratio of the maximum signal power to the
average power [8—12]. This can be expressed as follows:

B max { L%)FDM (V)‘}
Fovg {‘L%)FDM (V)‘} ’

PAPR(Loppy (V) = 2)

Lrom (v)‘} is the maximum power of the

where P, {

OFDM signal, F,,, {‘L%)FDM (v)‘} is the average power of

the OFDM signal, and |LOFDM (v)| represents the
amplitude of the vth sample of the OFDM signal.

When using this method, the amplitude of the
OFDM signal is limited to a certain threshold value
while maintaining the initial phase of each sample,
which can be expressed as follows:

Lip ) at |L;

nt

w|<c.

. 3)
Ce/tn at |L, (v)[>C,

Ly (v) =

where C'is the clipping threshold; |Lint (v)| is the amplitude
of the initial signal; ¢, is the phase angle of the initial
sample.

For the Lnyppy(v) signal, we search for those
positions (position numbers are denoted by ¢g) where
the signal amplitude is greater than the clipping
threshold C. When transmitting data with signal
clipping, information is lost at some of these positions.
To compensate for this loss, the transmitted L, signal
is supplemented with samples containing information
about position ¢ and the L 4,(¢) signals are added,
which is the difference between the initial and clipped
signals [13—-15]:

Lyga (@) = Ling (@) = Ly (9)- 4)

Thus, there are no samples in the transmitted signal L, 4
whose amplitude exceeds the threshold value C. However,
there is no information loss, as it is possible to reconstruct
the original samples using their numbers g and additional
data L _,,(q). The number of extra samples reserved for
transmitting the position numbers g and values of L _;4(q)
is denoted by m.

PARAMETER SELECTION
FOR POLYNOMIAL REGRESSION

In the MODS method, BER is influenced not only
by the signal-to-noise ratio (SNR) but also by specific
method parameters, such as the clipping threshold C and
the number of reserved additional samples m [16]. To
streamline the optimization of these parameters through
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mathematical modeling, the process can be simplified
by approximating simulation results using polynomial
curves derived from the previously obtained data.

The nth-degree polynomial regression is expressed
through the following equation [17]:

z=bh, +b1x+b2x2 +...+b,x", ®)

where by,b;,b,, ... b, are the regression coefficients that
need to be determined.

The process for finding these coefficients involves
several key steps:

Step 1. Generate the initial dataset by forming pairs of
points  (x;,2),(X5,25), .os (X;,2;) derived from the
graph created through mathematical modeling.

Step 2. Identify the degree of the polynomial n in
accordance with equation (5).

Step 3. Develop a system of equations.

The system of linear equations is created based on
the initial data to find the coefficients. Each data point
generates an equation in the following form:

2 n _

by +byxy +byx{ +...+ b, x{' =z,
2 n_

by +byxy +byx5 +..+ b, x5 =z,, ©)

2 n _
by +byx;. +b2xk +...+bnxk =z.

In matrix form, the system of equations can be
written as follows:

L. X (b Z
1 ... xI bl 2y

: ? S B PR ()
1 xl’g bn Zk

orG-b=z

Step 4. Solve the system of equations to determine
the coefficients by,b,b,, ... b,.

The solution can be found using the least squares
method:

b=(GTG)1GTz. (8)

The BER dependence on the clipping threshold C
for SNR = 10 dB and m = 16 is shown in Fig. 1, based
on simulation results.

The graph analysis shows a decrease in the
BER value with an increase in the clipping threshold C.

The BER curve and the data obtained using the
polynomial regression method are shown in Fig. 2:

p(C)=0.5609—0.0287 - C+6.1966-10~% . C2 —
—6.0957.1076.C3 +2.2886-1078 . C4.
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Fig. 1. Numerical values for the BER dependence
on the clipping threshold C for SNR =10 dB
and m = 16 (simulation)
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Fig. 2. Numerical values for the BER dependence
on the clipping threshold C (regression)

The analysis of Figs. 1 and 2 confirms the close
agreement between the simulation and approximation
results. The use of pre-computed coefficients for
polynomial regression significantly reduces the number of
computations required for analyzing MODS parameters.

CALCULATION RESULTS
A.SNRis5dB

The BER dependence on the clipping threshold C
at SNR = 5 dB for various m values obtained through
simulation is shown in Fig. 3.

The corresponding dependencies calculated using
the regression method are shown in Fig. 4.

The regression line equations for m = 4, §, and 16
are the following:

P (C)=0.4517-0.018-C+4.2528-1074-C2 —
—4.5383-1076 - C* +1.8219-1078 . C4,
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p,(C)=0.3818-0.0121-C+2.543-1074-C? -
—2.4828-1076-C3 +9.3811-10 - C4,

p;(C)=0.4517-0.018-C + 4.2528-1074-C2 -
—4.5383-1070-C3 +1.8219-1078 - C4.
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Fig. 3. BER dependence on the clipping
threshold C (simulation)
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Fig. 4. BER dependence on the clipping
threshold C (regression)

B. SNRis 10dB

The BER dependence on the clipping threshold C
at SNR = 10 dB for various m values obtained through
simulation is shown in Fig. 5.

The corresponding regression lines are shown
in Fig. 6.

The regression line equations for m = 4, 8, and 16
are the following:

p,(C)=0.741356—0.03974 - C + 8.8787-1074.C2 —
—-8.973-107¢.C3 +3.355-10°8 . C4,

p,(C)=0.67576—0.0348-C + 7.5598-107* - C2 -
—7.4855-1076 - C3 +2.8257-1078 - C4,

p3(C)=0.61-0.0289-C+5.701-107* - C? -
~5.1075-107-C3 +1.744-1078 . C4.
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Fig. 5. BER dependence on the clipping
threshold C (simulation)
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Fig. 6. BER dependence on the clipping
threshold C (regression)

C.SNRis 15dB

The BER dependencies for SNR = 15 dB obtained
by simulation and regression are shown in Figs. 7 and 8,
respectively.

Regression line equations are the following:

p,(C)=0.8899—0.0584 - C+0.0014 - C? —
—1.5618-1075-C3 +6.3155-1078 - C4,

p,(C)=0.859-0.0567-C+0.0014-C? —
—1.5295-1075-C3 +6.2075-1078 - C4,
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Abstract

Objectives. The aim of the study is to confirm that the robustness of high-power metal-oxide—semiconductor field-
effect transistor (MOSFET) to electrostatic discharge (ESD) after gamma irradiation is determined by the concentration
of built-up interface traps (IT). The reason for such dependence is the degradation of the gain of the parasitic bipolar
transistor in the structure of high-power MOSFETs during accumulation of IT. As a result, higher ESD pulse voltage
is required to activate the parasitic bipolar transistor and cause the subsequent catastrophic failure of MOSFET.
Methods. The study describes the physical mechanism of the influence of IT accumulation on the robustness of high-
power MOSFETs to ESD. Experimental studies included determination of ESD robustness for two types of high-
power MOSFETSs before irradiation, 8°Co gamma irradiation to several levels of total ionizing dose, and subsequent
determination of the ESD robustness of irradiated samples.

Results. The study developed a method for calculating IT concentration and radiation-induced charge density from
subthreshold drain-gate characteristics. It was also shown that for the first type of MOSFET, when irradiated to total ionizing
dose level of 3 krad, the build-up IT did not occur, nor was any change or insignificant decrease in the breakdown voltage
observed when exposed to ESD. For the second type of MOSFET, build-up IT was observed when irradiated to total ionizing
dose level of 2 and 4 krad and an increase in the breakdown voltage was also observed when exposed to ESD.

Conclusions. The study shows the relationship between the IT concentration and the change in the breakdown
voltage when exposed to ESD. The results obtained can be used to assess the failure-free operation time of devices
operating under conditions of ionizing radiation and electrostatic discharges.
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HAYYHAA CTATb4A

Biausinune BCTpauBaHUs MOBEPXHOCTHBIX COCTOSIHUM
HA CTOMKOCTHh MOIIHBIX METAJJIOOKCH/IHBIX
MOJIYIIPOBOJHUKOBBIX MOJIEBbIX TPAH3UCTOPOB
K JIEKTPOCTATUYCCKOMY pPa3psay

A.M. BakepeHkoBa @,
A.C. lNeTpoB

AO «Hay4Ho-uccnenoBatesnbCkuii UHCTUTYT rnpunbopoB», JlbitkapuHo, 140080 Poccus
@ ATOp A1 nepenvicku, e-mail: arzamasceva.diana@®mail.ru

e Moctynuna: 16.05.2025 ¢ Jopa6oTaHa: 24.06.2025 ¢ MpuHaTa kK ony6nukoBaHuio: 06.10.2025

Pesiome

Llenu. Llenbio nccnenoBaHuna ABASeTCs NpoOBepKa rmnoTesbl 0 TOM, YTO CTOMKOCTb MOLLHbBIX META/INIOOKCUAHBIX NONy-
NMPOBOAHNKOBBIX NMoeBbiX TpaH3ncTopos (MOIMT) k anekTpocTaTnyeckomy paspsay (ACP) nocne ramma-obny4eHums
OornpefensieTcsi KOHLUEHTpaUMen BCTPOMBLLMXCS B MPOLECCE 061y4eHNSI MOBEPXHOCTHbIX cocTosiHui (MC). Mpuyn-
HOI4 Takol 3aBUCUMOCTU ABASIETCH Aerpagauns KoadduumeHTa yeuneHns napasutHoro GunonspHoro TpaH3ncTo-
pa B cTpykType MolHbix MOMT npu HakonneHun MC. Kak cneactene, AN BKAOYEHWS napa3uTHOro 6MnosisipHoro
TpaH3ucTopa 1 nocnenyoLlero Bbixoga n3 ctpos MOMT TpebyeTcs Bce Gonbluee HanpsixxeHmne nmnynsca 9CP.
MeTtopbl. TeopeTnyeckoe onucaHme Gu3NHECcKoro MexaHmama HakonseHus MNC v ero BAMsiHMS Ha CTOWKOCTb
MoLLHbIX MOMT k SCP. SkcneprMeHTanbHblie UCCNEA0BaHSA, BKIOYaOLWmMe onpeaeneHme ctonkoctn k OCP aByx
TMNoB Heobny4eHHbix MOIMT ¢ nomouwbio cneunanbHo paspaboTaHHOro reHepaTtopa OCP, obnydyeHne ramma-
keaHTamu 80Co B akTMBHOM 31EKTPUYECKOM PeXMMe 10 HECKOMLKMX YPOBHEN MOFNOLLEHHOM 03kl U NocheayioLlee
onpeneneHne CTokocTy 0bydeHHbIXx 0bpasuoB k OCP.

PesynbTaTtbl. PazpaboTaH MeTo, NO3BONSAOLLMIA YACTIEHHO PACCYNTaTb 3aBMCUMOCTI TOKA CTOKA OT HarnpsixXeHUs
3aTBOP-NCTOK AJ151 N0ObIX 3HAYEHWIA MIOTHOCTU HAKOMJIEHHOMO PaAMaLLMOHHO-MHAYLIMPOBAHHOMO 3apsaa U KOHLEH-
Tpauuu BcTpomBlimxcs MC. MokasaHo, 4to ana 1-ro tuna MOMMT npu 06nydYeHnr 0o YPOBHS MOrAOLLEHHOW A03bl
B 3 kpaz BcTpamBaHue NC He nponcxoaunno, 1 Takke He Habnoaanock M3MeHeEHME NPOBMBHOIO HAMPSXXEHUS Npn
Bo3aencTeum OCP nnm Habnoaanochb ero HeaHadnTenbHoe cHkeHve. ns 2-ro tTuna MOMT Habnoganock BCTpa-
mBaHue NC npu 06y4eHNN [0 YPOBHS NMOMNOLLEHHOM 403kl B 2 1 4 Kpaf, a Takxke yYBenm4yeHme npobuBHOro Hanps-
XeHuna npun so3agenctenm SCP.

BbiBogbl. [lokaszaHa CBA3b Mexay KOHueHTpauuven BcTpouBlmxca [C 1 nM3MeHeHMeM CTOMKOCTUM  MOLL-
HbiXx MOIMT k SCP. Mony4yeHHble pe3ysbTaTbl MOMYT ObITb MCMONIL30BaAHbI NPU OLLEHKE BPEMEHW 6E30TKA3HOM PaboThl
YCTPOWCTB, paboTatoLLMX B YCOBMSX OAHOBPEMEHHOIO BO3AENCTBUS PAAMALMOHHBIX U UMMYJIbCHBIX 3NEKTPUYECKMX
Harpysok.

KnioyeBble cnoBa: a71ekTpoCcTaTU4eCcKnNin paspsa, paanaumoHHbie addekTbl, MTOBEPXHOCTHbIE COCTOSIHUSA, MOLLHbIE
MOIM-TpaH3ncTOpPbI

Ana uutnpoBaHus: bakepeHkosa .M., MNMeTtpos A.C. BavsgHune BCcTpamBaHus MOBEPXHOCTHbLIX COCTOSHUIA Ha CTON-
KOCTb MOLUHbBIX METa/IOOKCUAHBIX MOJSlYNMPOBOAHUKOBBIX MOJIEBbIX TPAH3WUCTOPOB K 3NEKTPOCTATUYECKOMY pa3s-
psay. Russian Technological Journal. 2025;13(6):86-94. https://doi.org/10.32362/2500-316X-2025-13-6-86-94,
https://www.elibrary.ru/KOATTE

Mpo3spayHocTb pMHAHCOBOM AEATENbHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOM 3aMHTEPECOBAHHOCTN B NPEACTaB/IEH-
HbIX MaTepuanax nnvu MmeToaax.

ABTOpbI 3251BNSIIOT 06 OTCYTCTBUM KOHGMIMKTA UHTEPECOB.
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Glossary

Electrostatic discharge is a pulse transfer of the electrostatic charge between bodies with different electrostatic

potentials.

Total ionizing dose is the amount of ionizing radiation energy absorbed by a substance per unit mass.
Total ionizing dose effects are effects caused by the loss of energy in a substance due to ionizing radiation for

ionization.

Secondary breakdown is a sharp drop in collector-emitter voltage caused by thermal instability or avalanche

injection.

Interface traps are energy states (energy levels) of conduction electrons localized near the surface of a solid.
Displacement damage is effect caused by the loss of energy due to ionizing radiation in a substance, resulting in

structural damage.

Space charge region is an electrically charged layer which forms at the boundary between n- and p-areas.
Radiation-induced charge is a positive charge which accumulates in the gate dielectric of transistors under the

influence of ionizing radiation.

INTRODUCTION

Research into the effect of radiation loads upon
the breakdown voltage of p-n junctions has relatively
recently been actively resumed [1-3]. Previously no
critical change in the breakdown voltage of p-n junctions
was observed after radiation exposure up to an total
ionizing dose (TID) dose 4 - 10* rad(Si) [4, 5]. However,
when a static or linearly increasing voltage is applied,
the effect of electrostatic discharges (ESD) and the
subsequent breakdown of p-n junctions manifest
themselves through a more complex mechanism than
breakdown.

One of the first works on this topic was published
in 2017 [6] and it examines the influence of dose
effects on ESD protection devices: P+/NW-diodes,
Zener diodes, and gate-grounded n-type metal-oxide
semiconductor (GGNMOS) transistors. Helium ions
with an energy of 1.5 MeV were selected as the source
of ionizing radiation, and the samples were exposed to
ions with a fluence of 1014, 2 - 104, and 10> cm™2. In
both types of diodes, a slight increase in the breakdown
voltage was observed, as well as an increase in leakage
current and a decrease in failure current with an increase
in the TID. In the case of GGNMOS, the behavioral
characteristic of secondary breakdown disappeared
after irradiation, and a decrease in failure current was
also observed. However, the paper did not provide
explanations or reasons for this behavior of the devices
after irradiation. The question also arises with regard
to the influence of displacement damage defects on
the behavior of samples during the ESD pulse, since
irradiation with helium ions introduces a significant
number of defects into the semiconductor volume.

In [7], the effect of gamma irradiation up to a TID
of 200 krad on the characteristics of low-voltage
and high-voltage dual-directional silicon controlled
rectifiers (DDSCR) was investigated. Unlike the trigger
voltage of low-voltage DDSCRs, the trigger voltage

of high-voltage DDSCRs increased significantly with
increasing TID. This is mainly due to an increase in
breakdown voltage, and suchrectifiers failed immediately
after triggering. The increase in breakdown voltage after
irradiation was associated with the accumulation of traps
and interface traps (IT) in the field and gate oxides. This
leads to an increase in the space charge region (SCR)
of the p-n junctions, which determines the breakdown
voltage. For the same reason, leakage currents increased
after irradiation, leading to weak inversion of parasitic
lateral transistors. This work made assumptions about
the connection between changes in behavior during the
ESD pulse of irradiated devices and the accumulation of
traps and IT. Nevertheless, no quantitative comparison
of the concentration of accumulated IT and changes in
device parameters was performed.

The aim of the current work is to identify the
mechanism of change in the resistance to ESD of
high-power metal oxide semiconductor field effect
transistors (MOSFETs) after gamma irradiation, as well
as to study the relationship between the concentration
of IT build-up during irradiation and the change in
breakdown voltage under the influence of ESD (V). In
order to calculate the concentration of IT, a method needs
to be developed which will enable the volt-ampere (I-V)
characteristic of the transistor to be directly linked to the
concentration of IT.

1. PHYSICAL MECHANISM OF IT ACCUMULATION
AND ITS IMPACT ON THE STABILITY
OF HIGH-POWER MOSFETS TO ESD

Previously, the authors in [8] experimentally
demonstrated that irradiation of high-power MOSFETs
with gamma rays leads to improved resistance to ESD,
with a higher breakdown voltage corresponding to
higher TIDs. This effect was associated with the activation
of'a “parasitic” bipolar transistor in the structure of high-
power MOSFETs under the influence of ESD. However,

Russian Technological Journal. 2025;13(6):86-94

88



Interface traps build-up and its influence on electrostatic discharge robustness
of high-power metal-oxide-semiconductor field-effect transistor

Diana M. Bakerenkova,
Aleksandr S. Petrov

under the influence of gamma irradiation, the gain of
parasitic bipolar transistor (4,,.) degrades [9]. Thus, an
increasingly higher ESD voltage is required to achieve
the collector current value necessary for the secondary
breakdown of the bipolar transistor and the subsequent
failure of the MOSFET. The degradation of 4, due to
the effects of ionizing radiation occurs because of an
increase in the recombination rate in the SCR emitter-
base junction. This is manifested as an increase in base
current at a fixed emitter bias. The recombination rate
increases due to two interrelated effects: an increase
in the surface recombination rate; and an expansion of
the SCR emitter-base junction [10]. The increase in the
surface recombination rate is proportional to the density
of recombination centers at the Si/SiO, boundary of
the emitter-base junction. Interface states, as one of
the recombination centers, determine this increase in
rate. However, the radiation-induced positive charge
accumulated at the Si/SiO, boundary should also be
taken into account due to the complex mechanism of
their interaction. Surface states physically represent
a Si atom with an unpassivated broken bond, formed
after the Si—H bond was broken [11].

Today, it is believed that the dominant process in
the mechanism of IT accumulation is proton hopping.
In the first stage of this process, radiation-induced holes
formed as a result of the generation of electron-hole
pairs by ionizing radiation move through the oxide and
free hydrogen in the form of protons under the action of
an electric field. In the second stage, the protons move
by hopping, and when they reach the Si/Si0, boundary,
they react with the Si-H bond, forming H, and
a trivalent Si defect [12, 13].

The current methods for measuring the gain of parasitic
bipolar transistor (used for high-power MOSFETs with
a short-circuited substrate terminal) involve heating the
samples from 25 to 300°C and measuring the dependence
of the drain current on the voltage at the drain of a closed
transistor [14]. Such heating after irradiation changes
the dynamics of IT accumulation [15, 16]. Therefore,
h,,. changes during the measurement process, and the
application of these methods in the current case will lead
to unreliable results. In order to confirm the hypothesis
that the resistance of high-power MOSFETs to ESD after
gamma irradiation is determined by the accumulation of IT,
the IT density of unirradiated samples needs to be calculated.
The samples then need to be irradiated to several TID values,
and the IT density calculated after irradiation. In each case
the resistance to ESD needs to be investigated.

2. EXPERIMENT

Two types of high-power MOSFETs manufactured
using HEXFET (hexagonal field-effect transistor)
technology were selected as test samples. Therefore,

thousands of parallel-connected MOSFET cells
are placed in a single crystal, forming a hexagon:
IRFR4615PbF (manufactured by International Rectifier,
USA); and IRFR3710ZPbF (manufactured by Infineon
Technologies, Germany). Before and after irradiation,
drain-gate [-V curves were measured in the subthreshold
region (Vg'S <V,). From this the concentration of IT was
calculated.

Gamma-ray irradiation with %°Co was performed
in threshold voltage measurement mode: V, = V.
and /; = 100 pA for IRFR4615PbF and Vos = Vas
and I; = 250 pA for IRFR3710ZPbF. IRFR4615PbF
samples were irradiated to two TID values: 1.78 krad
and 3.18 krad, IRFR3710ZPbF samples were irradiated
to TID values of 2 krad and 3.9 krad. An ESD generator
developed by the Research Institute of Scientific
Instruments (RISI', Russia) was used as the ESD source.
Its schematic diagram is shown in Fig. 1, and its main
parameters are given in Table 1.

Rectifier

R2
vz)-w 51 X1 XE3)
220V
Nl
) ] R5
E']__ [ 10k
S1 K1 X4
<8 P2D-2V )
o rRi
A .
=~ Kl 155 []RG
: L Ci1 50
w‘ 1000
R4
| X2 1.7 X5
e\ 1
AW, | S ®
K2
Power RES-42 Tg
S“Pp'y Oscilloscope
unit
220V |B5-44| 22 G5-82| Pulse
generator

Fig. 1. Single-line diagram of the ESD generator2.
S1 — “Start” pushbutton on the generator, S2 — remote
control pushbutton for starting the generator,

K1 — vacuum relay P2D-2V, K2 — intermediate relay
RES-42, X1 — hook up of the high-voltage power source,
X2 — current measuring connector, X3 — discharge tip,

X4 — voltage measuring connector, X5 — reverse current
conductor, C1 — discharge capacitor, R1 — discharge
resistor, R2—-R5 — resistors, B5-44 — power supply unit,
G5-82 — pulse generator. The designations of the circuit
elements correspond to those adopted in GOST 2.710-813

U http://www.niipribor.ru/ (in Russ.). Accessed October 10,
2025.

2 Figure 1 shows a diagram from the ESD generator passport.

3 GOST 2.710-81. Interstate Standard. Unified system for
design documentation. Alpha-numerical designations in electrical
diagrams. Moscow: Izd. Standartov; 1985 (in Russ.).
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Table 1. Basic parameters of the ESD generator

Parameter

Value

Output (test) continuously adjustable voltage, kV

From 1 to 20+ 2

Output voltage polarity

Positive

Frequency of successive pulses, discharges per second

Up to 10

Peak value of discharge pulse current, A

Upto 100+ 10

Duration of the current pulse front at the level of 0.1-0.9 amplitude, s

From1-102to 11077

Stored energy in a storage capacitor C1, MJ

Up to 200 + 10

The resistance of high-power MOSFET samples
to ESD was determined by measuring the drain-gate
I-V characteristic of the transistor after applying
an ESD pulse to the drain (the source and gate are
grounded at the moment of applying the pulse). The
failure criterion was considered to be [-V behavior
which is not typical for MOSFETs. The voltage range
of the applied ESD pulse was 1-5 kV. If the sample
withstood the test with one ESD pulse of the initial
amplitude, the amplitude increased by 0.5 kV in the
next applied pulse. The maximum withstand voltage
when applying an ESD pulse (breakdown voltage value
under ESD) was determined as the voltage value in the
pulse after the appearance of -V behavior not typical
for MOSFETs.

3. METHOD FOR IT CONCENTRATION
CALCULATION FROM SUBTHRESHOLD
DRAIN-GATE CHARACTERISTICS

The subthreshold [-V characteristic is the drain-gate
I-V characteristic in the weak inversion region. The
surface potential in this case ranges within ¢, < ¢, <2¢,,

kT (N,
N
q n

1
where ¢ is the electron charge; k is the Boltzmann
constant; 7'is the absolute temperature; N, and n, are the
dopant concentration and the intrinsic concentration in
the substrate, respectively.

In this case, the dependence of the drain current on
the surface potential is described as follows [17]:

-1/2
DiWn? .
]d _ qihn; &gieoPr [(PS ] exp[ Py J’ (2)
V2L N\ e, Lor b7

wherein Di is the diffusion coefficient, L, is the channel
length, W is the channel width, &g; is the permittivity of
silicon, g is the electric constant, ¢, = kT/q.

If the source is connected to the substrate and
grounded, then, by constructing a zone diagram (Fig. 2),
Vg can be expressed as the sum of the voltage drop
across the oxide ¢, the voltage drop in silicon and the
contact potential difference:

1 E,
Vg.S:(Ps+(pox+ ; XSi+7 +0p =P |, (3)

wherein yg; is the electron affinity in silicon, E, is
the band gap, and @ __ is the work function of
the metal.

The voltage drop in the oxide can be estimated
by knowing the distribution of the radiation-induced
positive charge in the oxide p, and the electric field £,
near the Si/SiO, boundary:

d,
1 ox
Pox = _ondox a e J (dox - x)pox (X)dx, (4)
ox“0 o

wherein d__ is the oxide thickness, ¢, is the permittivity
of Si0,, x is the integration variable.

According to Gauss theorem for the electric
displacement vector:

Dy —Dg; =0 s 6))

wherein D__is the electrical displacement in the oxide,
Dg; is the electrical displacement in silicon, Q;, is the
IT charge.

In this case

€ox80Eox — Esi€0Esi = Oiye (6)
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Gate SiO, P-type substrate

Fig. 2. Band diagram of a MOSFET structure
with a p-type substrate: £, — vacuum level;
Er — Fermilevel; E, — energy corresponding
to the top of the valence band;

E, — energy of the middle of the band gap;
E. — energy corresponding to the bottom
of the conduction band, AE = gA® = g(pg — ®y)

As is known, in the upper part of the band gap ITs
are acceptor-like (they can accept electrons), and in the
lower part of the forbidden zone the states are donor-
like (they can donate electrons [18]. ITs of the donor
type are positively charged if they are located above
the Fermi level and neutral if they are located below the
Fermi level. ITs of the acceptor type are neutral if they are
located above the Fermi level and negatively charged if
they are located below the Fermi level. In the considered
case of a p-type substrate in the weak inversion mode
near the surface the Fermi level lies above the middle of
the band gap, and only part of the acceptor levels in the
energy range AE (Fig. 2).

The charged part of the levels can be expressed as
follows:

; (7

wherein AF is the distance from the middle of the band
gap to the Fermi level near the Si/SiO, boundary.
In that case the IT is equal to:

Oy — @

O =Njym= Ni.tq2 s_b, )

E

g

wherein N 1s the IT concentration.
Applymg (8) into (6), we obtain:
_ 2P Py
Eox€0Eox ~Esi€oEs; = N g” — - ©)
g

According to Poisson’s equation:

dx? €g;€0 ’

wherein p(x) is the total space charge density:

p(x) = (=N + p(x) — n(x)),

o(x )J
¢r
p(x) is the hole density distribution, p, is the initial hole

concentration,
@(x)
¢r

n(x) is the electron density distribution, n,, is the initial
electron concentration.
Let us transform the left side of (10):

(11)

p(x¥)=p, eXp[ (12)

n(x) = n, exp{— (13)

4%° 4%®
a9 _" gy _do "dx __p—dB_.dE

. (14)

dx? dx dx do do do

Applying (14) into (10) and integrating over @
from @ to 0, we obtain:

0
j EdE =
Eg;

0
S | J'po(expi—&J—lj—noexp(&] do.
&si®0 ¢ ¢r Or

Taking into account that p, = N,, and njy = ni2 /' Ny,
we obtain an expression for the field in silicon Eg;:

(15)

Eg; =
2 (16)
_ |240rNa | [ 0 +exp( (st 1]+ A exp((p ]—1
&i& |\ Or o7 N? or

Thus, the system of equations (3, 4), (9), (16) directly
connects the value Vg.S with ¢ . By changing ¢ in the
range ¢, from 2¢, and using expressions (1)—(16), the
dependences of /; from V, .canbe numerically calculated
for any values of the dens1ty of the accumulated
radiation-induced charge and the concentration of the
build-up ITs.
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4. RESULTS AND ANALYSIS

Tables 2 and 3 present the results of calculating the
concentration of IT and charge in the oxide (0, ) before
and after irradiation, as well as the experimentally
obtained values of the maximum voltage of the
ESD pulse (Vggp)- The values of the breakdown
voltage under ESD for non-irradiated samples were in
the range of 34 kV for IRFR4615PbF and 4-4.5 kV
for IRFR3710ZPbF.

Table 2 shows that for the IRFR4615PbF samples
irradiated with a dose of 1.78 krad, ITs accumulated
as a result of gamma irradiation were not built-up.
Their concentration remained at the same level as
before irradiation. For the samples irradiated with
a dose of 3.9 krad, insignificant built-up IT already
occurred, and the breakdown voltage under ESD
exposure also remained virtually unchanged. For the
IRFR3710ZPbF samples, the built-up ITs occurred at all
values of the TID, and the concentration of the built-up
ITs increased with an increase in the TID.

After irradiation, the breakdown voltage under
ESD exposure increased. This is consistent with the
proposed hypothesis that an increase in the concentration
of built-up IT leads to degradation of the gain of the
parasitic bipolar transistor. As a consequence, a higher
ESD voltage is required for the collector current to reach
the value necessary to initiate secondary breakdown of

Table 2. Experimental and calculated data for IRFR4615PbF

the bipolar transistor. It is worth noting that the initial
concentration of IT in both types of samples is very high.
This complicates the study, and even when irradiated to
a TID close to the failure level, the number of built-up IT
will be comparable to the initial concentration.

CONCLUSIONS

The study presents a theoretical description of the
physical mechanism of'the increase in breakdown voltage
under the influence of ESD after gamma irradiation
of high-power MOSFETs. The main reason for this
phenomenon is the degradation of the gain of the parasitic
bipolar transistor in the MOSFET structure, which, in
turn, occurs due to the growth of the recombination rate
in the SCR of the emitter-base junction, proportional to
the density of the IT.

The resistance to ESD of two types of high-
power MOSFETs was determined using a specially
developed ESD generator before and after gamma
irradiation. Gamma irradiation of the samples studied
was carried out in the threshold voltage measurement
mode on a ®°Co source at room temperature. Before
and after irradiation, drain-gate -V characteristics
were recorded in the subthreshold region, from
which the concentration of the IT was subsequently
calculated. The study presents a method for
calculating the dependence of the drain current on

Pre-irradiation After irradiation
Sample No. Abigr:()iegs?; 5%,
NiAt’ cm? Qox’ C Ni.t’ em? Qox’ C VESD’ kV
1 1.78 2.5- 101 0 2.5- 101 231078 2.5
2 1.78 2.0- 101 0 2.0 - 101 24-1078 3
3 3.18 2.2 - 101 0 2.4 - 101 48-1078 3.5
4 3.18 1.0 - 101! 0 1.2 - 101! 5.0-10°8 2.5
Table 3. Experimental and calculated data for IRFR3710ZPbF
Pre-irradiation After irradiation
Sample No. Absl,(or;t;ezis(ii)o 56
Ni.t’ Cm72 Qox’ C Ni.t’ Cm72 Qox’ C VESD’ kV
1 2 5.0 - 101 0 8.0 - 10! 5.7-1078 5.5
2 3.9 3.0 - 101 0 7.0 - 101 7.1-1078 5.5
3 3.9 2.0- 10 0 6.0 - 101! 8-1078 5.5
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the gate-source voltage for any values of the density
of the accumulated radiation-induced charge and the
concentration of built-up IT. The study also shows that
with an increase in the concentration of built-up IT, the
breakdown voltage of the sample under the influence
of ESD increases.
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Abstract

Objectives. The work set out to develop an approach for assessing the working (local) zone in magnetometer-
electromagnet measuring devices designed for controlling the magnetic properties of samples in which the
homogeneity of the magnetic field should be observed in terms of constancy of the field strength or induction.
Methods. The coordinate characteristics of the field strength (induction) between pole components were
experimentally obtained to identify the desired working zone (in the vicinity of the minimum of each of these
characteristics), taking into account the distance b between the poles and their diameter D.

Results. Data on working zones between opposing flat poles are obtained for different values b and D. With increased
ratios b/D = 0.7-1.3, the size of the working zone concentrated in the middle axial part of the interpolar area
is estimated at a value not exceeding 25-30% of the distance b such that the characteristic longitudinal size of the
sample does not exceed 5-10 mm. As D increases and b/D decreases, the working area increases. In particular,
at b/D = 0.5, the size of the working area is estimated to be up to 90% and even 100% of the distance b.
Conclusions. A principled approach to the assessment of the working (axial) zone between opposing flat poles
is demonstrated by obtaining and analyzing the necessary coordinate (significantly dependent on b and D)
characteristics of the field strength (induction) between them.
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HAYYHAA CTATb4A

O pa0oueit 30He U3MEPUTEJILHOTO YCTPOMCTBA
IPH UCMOJIb30BAHUM B HEM MPOTUBOCTOAIMUX MOJTIOCOB
C IJIOCKUMH MOBEPXHOCTAMMU

O.A. Canaynsk ©, M.H. Monucmakosa, [1.A. lonoBuyeHko, A.C. XapuH,
A.B. Canpynsik, A.A. Canpynsk

MUWP3A — Poccuiicknii TEXHO0rm4eckui yamsepcuteTt, Poccus, 119454 Mocksa
@ AsTOp AN nepenvicku, e-mail: d.sandulyak@mail.ru

e MocTtynuna: 29.01.2025 ¢ flopa6oTaHa: 31.05.2025 ¢ MpuHaTa k ony6nukosaHuio: 06.10.2025

Pe3iome

Llenu. Lienb paboTbl — BOCNOHUTL NPo6er, KacaloLwmincs Noaxoaa K oLeHke paboyeit (TokasibHOM) 30HbI B U3MepPU-
TeJSIbHbIX YCTPONCTBAX — MarHMToMeTpax-anekTpoMarHmtax, npegHasHa4yeHHbIX 419 KOHTPOSIS MarHUTHbIX CBOWNCTB
06pa3sLoB ¢ obecrnevyeHnemM B JAHHOW 30HE YCNOBUSE OOHOPOAHOCTM MarHUTHOIO MOJIS: MOCTOSIHCTBA HANpPS)KEHHO-
CTW NONS NN NHOYKLMN.

MeToabl. B ocHOBe MeTOL0N0MMY OOCTUXKEHNSA MOCTABJIEHHONM LIEIN — 3KCNEPUMEHTaNIbHOE MOJly4eHne Koopamn-
HaTHbIX XapPaKTEPUCTUK HAMPSXXEHHOCTY (MHAYKLMM) NONS MEXAY NnositocamMu U naeHTudunKaums NCKomon paboyei
30Hbl (B OKPECTHOCTW 3KCTPEMYMA, PAKTUHECKN — MUHUMYMA KaXA0W N3 TakuX XapakTepucTmK) C yHETOM paccTos -
HMSA b mexay nontocamm n nx guametpa D.

PesynbTatbl. prBEAEHbI 3KCNEPUMEHTANIBHO aPryMEHTUPOBAHHbIE AaHHbIE O PaboYMX 30HAxX MexXay NPOTUBO-
CTOSALLMMM MAOCKMMUN NOAKOCAMKN s padHbix BennydmH b n D. Tak, Npy NOBbIWEHHbIX OTHOWeHusax b/D = 0.7-1.3
pasmep paboyein 30Hbl, COCPeaOTOYEHHOW B CPEeOVHHOM NPMOCEBOI YacT! MEXOJIIOCHOM 0651acTu, oueHnBaeT-
CSl BEJIMYNHOM, He npeBblwatower 25-30% oT pacctosHusa b. Torga xapakTepHblid NPoAosbHbIN pasmep obpasua
CO CPaBHUTENIbHO MasibIMUX NMONepeyYHbIMU pasMepamm (Npu pasmeLLeHm o6pasLa B Tako 30HE) He [OJIXKEH rnpe-
BbllwaTe 5-10 mMm. C yBenunyeHnem agnametpa D n ymeHblUEHNEM OTHOLWEHWS b/D paboyas 30Ha yBENMYMBAETCS.
B uacTtHocTu, npu b/D = 0.5 pasmep paboyeii 30HbI oLeHMBaeTCs BennydnHom 1o 90% m naxe 100% oT paccTosiHus b.
BbiBoabl. [TokasaH 1 peanvM3oBaH NMPUHUUMNMANbHBIN NOAX04 K oueHke paboyeli (MproceBoii) 30HbI Mexay npo-
TMBOCTOSILLMMU MJIOCKUMK MOJIKOCaMM NMOCPEACTBOM MONYHEHUS U aHanM3a HeOOXOOUMbIX AN 9TOro KOOpAUHAT-
HbIX (3KCTpeMasibHbIX N0 BUAY, CYLLECTBEHHO 3aBUCKMbIX OT PACCTOAHUSA MEXAyY NoJitocaMmmn 1 nx guameTtpa) xapak-
TEPUCTUK HANPAXKEHHOCTU (MHAYKLMX) NONA MEXAY HAMN.

KnioueBble cnoBa: 0QHOPOAHOE MarHUTHOE MOfe, MAarHUTOMETP-3NIEKTPOMArHUT, HaNPSXXEHHOCTb, UHAYKLNS,
NJ1OCKne noJilkCHble HAKOHEYHUKN

Ansa yutnpoBanusa: Cangynak .A., NMonncmakosa M.H., FonosyeHko [.A., XapuH A.C., Cangynak A.B., Cangynsk A.A.
O pabouyeit 30He N3MEPUTENBHOIrO YCTPOICTBA NPU UCMOJSIb30BAHUM B HEM MPOTUBOCTOSILLIMIX MOJIOCOB C MIOCKUMW MOBEPX-
HocTamu. Russian Technological Journal. 2025;13(6):95-103. https://doi.org/10.32362/2500-316X-2025-13-6-95-103,
https://www.elibrary.ru/JCFXYH

Mpo3payHocTb hpMHAHCOBOIN AEeATEJNIbHOCTU: ABTOPbI HE UMEIOT GMHAHCOBOM 3aUHTEPECOBAHHOCTM B NPeACTaB/IEH-
HbIX MaTepmanax uam meTogax.

ABTOpbLI 3259BNSIIOT 06 OTCYTCTBUM KOHGMINKTA UHTEPECOB.
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On the working zone of a magnetometer-electromagnet measuring device

when using opposing pole pieces with flat surfaces

Daria A. Sandulyak
etal.

INTRODUCTION

Measuring devices based on ballistic magnetometers,
whose key component is a solenoid, are widely used
in science and technology for measuring various
parameters, including those characterizing the magnetic
properties of various samples and their materials. In order
to create the necessary magnetic field in the working
zone of which (i.e., the zone of a homogeneous magnetic
field) the sample under study should be placed [1-6], an
electromagnet is also used. The shape of the pole tips
for creating the corresponding magnetic field between
opposing magnetic poles is selected depending on the
problem to be solved [7-15].

In order to create the necessary homogeneous
magnetic field for studying magnetic properties of
samples, the opposing surfaces of pole tips (truncated
cone, cylindrical disks [9], etc.) should be flat and
mutually parallel. Here the working zone (in which the
required field homogeneity is observed, i.e., practically
constancy of this or that value of the field strength H) is
not the whole interpolar area, but only its median part
depending on the distance b between the pole planes
and their diameter D. Otherwise it may turn out that the
results of measurements carried out in different parts
of the studied object will be obtained under different
conditions (by H), leading to incorrect results. Thus, the
relevant issue of determining the working zone of such
a measuring device is considered in the present article.

From the standpoint of the mentioned question,
the main characteristic of the field between opposing
magnetic poles (flat or differently reversed) is the
coordinate characteristic of the field. This parameter,
which is important both in the operation and creation
of measuring devices of this type, is defined by the
induction data B (or intensity H = B/p,, where p, is
a magnetic constant) obtained in the interpolar area.

EXPERIMENTAL DATA,
PROCESSING AND DISCUSSION

Asfollows fromthe above, ameasuring device worthy
of attention (a variant of a ballistic magnetometer) is an
electromagnet employing opposing pole pieces whose
surfaces, facing each other, are flat and mutually parallel.
The sample under study should be placed between the
disk-shaped pole pieces, as shown in Fig. 1, precisely
in the working zone where the generated magnetic field
is practically uniform. Meanwhile, in the interpolar area
of such measuring device/magnetometer, the specified
condition can be ensured only with a comparatively
small distance b between the poles, and only in the
central part of the area between them (as b increases, the
field strength H decreases at the periphery and increases
at the poles).

et |
'

Z|

[}

|

%))

il

Fig. 1. Diagram and general view of a variant
of the ballistic type magnetometer with pole tips-discs:
(7) pole tip; (2) magnetizing coil; (3) magnet conductor.
N and S are poles of the magnet, x is a direction
of induction measurement

Figure 2 shows the coordinate characteristics of
magnetic induction B obtained via a Hall sensor at a
distance x from one of the poles along the interpolar
axis[11]. For determining these characteristics, flat magnetic
elements Nd-Fe—B with a diameter of D = 25 mm and a
thickness of 10 mm were used. To determine characteristics
analogous those depicted in Fig. 2, it is sufficient to
experimentally obtain one of the symmetric branches
of any of them [11]. The obtained values of b (increased
compared to D) were b= 18-33 mm (b/D = 0.7-1.3).
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Fig. 2. Coordinate characteristics of magnetic
field induction B between opposing poles
with diameter D = 25 mm (for the near-axis part
of the interpolar area) at different distances b between
them: (a) 18 mm; (b) 29 mm; (c) 33 mm
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Fig. 3. Coordinate characteristics of induction B of the magnetic field between opposing poles
with diameter D = 200 mm (for example, in the electromagnetic system according to Fig. 1)
at the distance b = 102 mm between them:

1 (o) shows data for the near-axis part of the interpolar area; 2 (A), 3 (¢), 4 (),
and 5 (m) shows data for the sections, which are 0.15D, 0.3D, 0.38D,
and 0.45D away from the axis, respectively

According to the data given in Fig. 2, the working
zone for the study of a particular sample is the median
zone in the vicinity of the extremum (minimum) of the
curve B from x; in terms of length, it can be estimated
as no more than 25-30% of the value of b. For the
researcher, this result means that the size of the sample
under study when placed in such a zone should not
exceed only 5-10 mm; moreover, this is true only for
samples of relatively small transverse dimensions.

In order to achieve homogeneity of the field in it, the
length of the working zone can be increased by increasing
the diameter D of the poles (pole tips in the form of disks)
and/or decreasing the distance b between them.

Figure 3 shows the coordinate characteristics
of induction B between the poles with diameter
D = 200 mm, which are remote from each other by
distance » = 102 mm (b/D = 0.5). The corresponding
dependencies are given both for the near-axis part of
the interpolar area and for other parts of this area at
different distances from the axis: 0.15D, 0.3D, 0.38D,
and 0.45D (almost at the periphery).

In this case the working zone can be considered
as practically the whole interpolar near-axis area; the
transverse radius with respect to the axis is not more
than 0.15D. Here the extent of the working zone,
estimated by the value 90-100% of b (for the near-axis
part of the interpolar area) may enable the docking of
the ends of the studied sample with the pole surfaces,
but only when studying samples of relatively small
transverse dimensions.

At the same time, it should be borne in mind that
increasing the diameter D of poles and decreasing the
distance b between them, although solving the problem of
creating the necessary working area (with the provision of

practically homogeneous magnetic field), also limits the
possibility of using such a working area for conducting
studies of relatively oblong samples in it.

Due to the fact that the primary coordinate
characteristic in such electromagnetic systems is
characteristic in the axial direction of the interpolar
area, where the induction force lines are not curved,
the possibility of obtaining such characteristics
by superposition may become relevant. It is only
necessary to possess the corresponding coordinate
characteristic of induction B from the side of one pole
in the absence of an opposing magnetic pole having a
mirror characteristic, which is conditionally located at
a certain distance.

Figure 4 shows the coordinate characteristic of
the field induction from the side of one magnetic
pole of the indicated magnetic element [11]. It can be
seen that as x moves away from the center of its pole
surface, the field induction B monotonically decreases,
obeying a dependence close to the exponential
dependence [11].

Operating with this characteristic, including its
“mirror reflection” symmetrical at a distance equal to
this or that interpolar distance b (the size of the interpolar
area), we can obtain the resulting induction characteristic
by adding the corresponding induction values in the axis
direction (here between the actual and fictitious poles)
using superposition technique.

Figure 5 shows the results of such a method used to
obtain the corresponding resulting (points 0) coordinate
characteristics of the induction B [11] for different values
of the (fictitious) pole-to-pole distance b.

Figure 6 summarizes the actual data of induction B,
obtained between the opposing (differently reversed)
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Fig. 4. Coordinate characteristic of the field induction B from the side of one pole
of the magnetic element-disk at a distance from the center of the pole surface

magnetic poles, with the data of induction B, obtained
by superposition.

The good agreement of the compared coordinate
characteristics B (Fig. 6) testifies to the possibility of
applying the superposition principle to this problem and
obtaining a universal solution to the problem of obtaining
the coordinate (i.e., near-axis) characteristics of the field

induction in a system of two opposing poles with flat
surfaces. Thus, it is possible to dispense with preliminary
measurements of induction of a given magnetic system used
in a measuring device by relying on the single coordinate
characteristic obtained from the side of one magnetic
pole. This confirms the possibility of practical use of the
superposition principle in the creation of such systems.
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Fig. 5. Results of superposition of induction B (o) between the actual (data B are marked with the points A)

and conditionally opposing at the distance b (data B are marked with the points A) magnetic poles of disk elements:

(@) b=18 mm; (b) b =29 mm; (c) b=33 mm
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Fig. 6. Comparison of the actual coordinate
characteristic of the induction data between two
opposing poles separated by a distance b (points e
from Fig. 2) with the corresponding characteristic
obtained by superposition of the induction data
of each of these magnetic poles (points o from Fig. 5):
(@) b=18 mm; (b) b =29 mm; (c) b=33 mm

CONCLUSIONS

Since different parts of a sample under study will be
under different conditions (by H or B), the results of such
measurements should be treated as not quite correct. The
conducted study confirms the relevance of estimating
the size of the working zone in which the values of
field strength H or induction B are practically constant

between the opposing flat poles in order to determine
the reliability of determining the magnetic properties of
samples placed in this zone.

Experimentally validated data on working zones
when the opposing magnetic poles are in the form of flat
disks are given for different distances b between pole
planes and different diameters D. It is established that
the size of the working zone will not exceed 25-30%
of b at increased relative to D values of b. Thus,
a sample placed in this zone for research should not
exceed 5—10 mm and have a relatively small transverse
dimension.

It is shown that the working area increases with
increasing diameter D and decreasing distance b.
In particular, at » = 102 mm and D = 200 mm (i.e.,
at b/D = 0.5), the size of the working zone is estimated
by the value starting from 90% and up to 100% of b for
the near-axial part of the interpolar area. This estimation
applies to the permissible junction of the ends of the studied
specimen with the pole surfaces, but only when studying
specimens of relatively small transverse dimensions.

The possibility of estimating the working (near-
axis) zone between the opposing planar magnetic poles
by obtaining the necessary coordinate characteristics
of the field induction (strength) between them by
superposition (using the corresponding coordinate
characteristics from the side of one of the magnetic
poles) is confirmed.
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Abstract

Objectives. This paper presents the development of a rather rare method for splitting the integral Fourier—Hankel
transform when finding an exact analytical solution to the generalized third boundary value problem of complex heat
transfer, where both the heat transfer coefficient and ambient temperature vary in time. The generalization lies in the
simultaneous consideration of the problem in three different coordinate systems: Cartesian (a half-space bounded by
a flat surface), cylindrical (a space bounded by a cylindrical cavity from the inside), and spherical (a space bounded by
a spherical cavity from the inside). The aim was to develop a method for splitting the integral transformation as applied
to finding an exact analytical solution to a generalized model problem of non-stationary thermal conductivity of complex
heat exchange with an arbitrary dependence of the heat exchange coefficient and ambient temperature on time.
Methods. The generalized integral transformation developed for these purposes is used simultaneously in three
coordinate systems, and the method for its splitting is applied to the problem of complex heat transfer.

Results. Initially, a special mathematical apparatus constituting a generalized integral Fourier—Hankel transform for
three coordinate systems simultaneously was developed. For comparison, in the literature, such a transformation is
formulated, as a rule, separately for each coordinate system. The availability of this mathematical apparatus made
it possible to develop a method for its splitting and to obtain an exact analytical solution to the third boundary value
problem for nonstationary thermal conductivity in complex heat transfer, simultaneously for all three coordinate
systems. To illustrate this, a specific case in Cartesian coordinates was considered and a rapid growth of the Picard
process was established.

Conclusions. Based on the developed special mathematical apparatus, an exact analytical solution to the
generalized third boundary value problem of heat conductivity with time-varying heat transfer coefficient and ambient
temperature, simultaneously in three coordinate systems, was obtained. These results constitute the scientific
novelty of the work and represent a significant contribution to analytical thermal physics.
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HAYYHAA CTATb4A

MeToa pacienyieHusi HHTErpajbHOI0 NMpeodpa3oBaHusd
B 32/124aX CJIOKHOI'0 TeNJI000MeHa

3.M. Kaprtawos ®

MUWP3A — Poccuiicknii TEXHOJIOrn4eckuii yamepcutet, Mocksa, 119454 Poccus
@ ATOp AN nepenvcku, e-mail: professor.kartashov@gmail.com

e Moctynuna: 11.04.2025 » flopa6oTaHa: 02.07.2025 ¢ MpuHaTa k ony6nukoeaHuio: 06.10.2025

Peslome

Llenn. Ctatbsi NocBsiLLeHa pPa3BUTMIO AOCTATOYHO PEAKOro MeToAa pacLLenfieHUs MHTerpasbHOro npeobpaso-
BaHUs Pypbe — XaHKens nNpu HaxoXOEHWUM TOYHOrO aHaNUTMYECKOrO pelueHust 0600LLEHHON TPeTbel KpaeBoW
3a/l@a4M CNOXHOro TenaoobMeHa C NEPEMEHHbIM BO BpeMEHU KO3I(pPUUMEHTOM TennoobMeHa 1 NepemMeHHoMn
BO BPEMEHW TEMMEPATYPO OKpyxatoLLen cpeabl. O606LLEHME 3aKTIOYaETCA B TOM, YTO MCXOAHAs 3afa4a paccma-
TpMBaAETCH OOHOBPEMEHHO B TPEX CUCTEMAxX KOOPAWHAT: AeKaPTOBOM (MOYyNPOCTPaHCTBO, OrPaHMYEHHOE MII0CKOM
NMOBEPXHOCTHIO), LNINHOPUYECKOW (MPOCTPAHCTBO, OrPaHNYEHHOE U3HYTPU LMIMHAPUYECKOM NONOCTbI0), chepu-
4eckom (MPOCTPAHCTBO, OrPaHNYEHHOE N3HYTPU CHPEPUYECKON NOSOCTHIO).

MeToabl. Vicnonb3yeTcs pa3BUTOE AJ1st 3TUX Liener 06006LLLEHHOE HTerpanbHOe Npeobpa3oBaHne OAHOBPEMEHHO
B TPEX CUCTEMAX KOOPAMHAT 1 METO[, Ero pacLLernyieHns NPUMEHUTENBHO K 3a4a4e C/I0XHOro TenIo00MeHa.
PesynbTarthbl. [lpengaputensHO Co34aH CneLmabHbI MaTeMaTMYeCKMin annapar — 0606LLEHHOEe MHTErpaNibHOEe Npeobpa-
30BaHve Pypbe — XaHKens OAHOBPEMEHHO 17151 TDEX CUCTEM KOOPAMHAT (B IUTEpaType ykadaHHOEe npeobpas3oBaHe chop-
MY/IMPOBAHO OJ1 K&XO0M CUCTEMbI KOOPAMHAT OTAENbHO). Hannyve ykasaHHOro MaTemMaTM4eckoro annapara no3sosnio
pasBUTb METOZ, EM0 PACLLIENMIEHVS U MOJSTY4UTb TOYHOE aHAIIMTUHECKOE PELLEHME TPETLEN KPAEBOW 3a4a41 HECTALIMOHAPHOM
TENIONPOBOAHOCTY CIIOXHOMO TENN006MeHa OAHOBPEMEHHO [/151 BCEX TPEX CUCTEM KOOpaMHaT. B kayecTse nnnoctpaumm
PacCMOTPEH YaCTHbIN Cyyait B AEKaPTOBbIX KOOPAMHATAX M YCTAHOBJEH ObICTPLIV POCT NMKaPOBCKOrO NMpoLecca.
BbiBOoAbI. Ha OCHOBE pa3BUTOro cneunanbHOro MaTeMaTMYeCcKoro annaparta nosy4eHo TOYHOEe aHaIMTUYECKOE pe-
LeHne 06006LLLEHHON TPETLEN KPAEBOW 331241 TEMIONPOBOAHOCTU C MEPEMEHHBLIMUY BO BPEMEHU KOIDDULNEHTOM
TennoobmMeHa 1 TeMMNepaTypbl OKPyXaloLen cpeabl OGHOBPEMEHHO B TPEX CUCTEMAX KOOPAMHAT. MNonyyYeHHble pe-
3yNbTaTbl COCTABNASIOT HAYYHYIO HOBU3HY PabOThbl 1 ABASIOTCS HOBBIMW B @HANUTUYECKOW TeNNOpU3nKe.

KnioueBble cnoBa: nHTerpasbHoe npeobpas3oBaHe 0006LLEHHOMO TUMa, METOA, PacCLLENIEHNs, aHaNnTN4ecKoe
pelleHne TennoBom 3aga4dn

AngauutnpoBaHusa: KaptawoB3.M. MeTof pacLienyieHns MHTerpanbHoro npeobpa3oBaHms B 3aa4ax CNOXHOro Tensio-
obwmeHa. Russian Technological Journal. 2025;13(6):104-115. https://doi.org/10.32362/2500-316X-2025-13-6-104-115,
https://www.elibrary.ru/NGHUVB

Mpo3payHocTb GUHAHCOBOW AEeATENIbHOCTU: ABTOP HE MMeeT GUHAHCOBOWV 3anHTEPECOBAHHOCTM B NPEACTaBJIEH-
HbIX MaTepuanax uim metogax.

ABTOp 3aaBn9eT 00 OTCYTCTBUM KOH(IMKTA UHTEPECOB.
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Method for splitting integral transformation
in problems of complex heat transfer

Eduard M. Kartashov

INTRODUCTION

Heat and mass transfer problems with a boundary
condition expressed as

(8T/8n)‘B= W[ Ty -T,0)], t>0

present considerable challenges due to the relationship
h(?) = o(?)/\". Herein, T,  denotes the temperature at the
boundary of the region, # represents the normal vector,
T, is the ambient temperature, o(¢) is the heat transfer
coefficient, A" is the thermal conductivity of the material,
and ¢ signifies time. Since the definition of a(f) can be
difficult to determine, it is assumed to be a constant value
in most criteria equations, a = const (4 = a/A" = const).
This allows for accurate analytical solutions to heat
exchange problems. To that end, specialized calculation
tables, known in heat transfer theory as Kartashov Tables
No. 1 and No. 2, have been developed. These tables
enable quick and efficient formulation of analytical
solutions in Cartesian, cylindrical, and spherical
coordinate systems. Additionally, they enhance solutions
by their expression as Fourier—Hankel series, ensuring
absolute and uniform convergence up to the boundary of
the region when solving differential thermal conductivity
equations. However, complications arise when the heat
transfer coefficient # becomes time-dependent (% = A(f)).
This variation renders the analytical resolution of model
problems significantly more difficult and often infeasible.
To date, this challenge has remained unresolved, since
accurate analytical solutions under such dynamic
conditions are yet to be obtained [2—6].

Since the 1950s, numerous publications across
various disciplines—mathematics, physics, mechanics,
and chemistry (physical chemistry in particular)
studying diffusion processes in metals—have attempted

to derive precise or approximate analytical solutions to
the problem of complex heat exchange. Researchers
have employed a range of classical approaches using
differential equations from mathematical physics [7, 8].
Despite this diversity of methods, each approach
ultimately has yielded either an approximate solution
or the most effective first approximation through the
Picard iteration process, which is itself an approximate
technique. As of today, this problem has remained
unresolved.

We consider the generalized formulation of the
problem presented as follows:

oT (x,t) 02T 2m+10T
Py =a + — |, x>x4,1>0,

ox? X Ox
T(x,0)|,_o=Ty» x 2 x| T(x,1)| <0, x 2 x5, £ 20,4 (1)
T (x,1)
Ox

ey = h(t)[T(x, )

g —(p(t)}, t>0.

Herein, m=-1/2,0, and 1/2 for Cartesian, cylindrical,
and spherical coordinate systems, respectively; a is
temperature transmission; and x, x, are model parameters.
The functions A(f), ¢(f) are nonnegative and absolutely
integrable within the half-space [0, +0). In this case, the
conditions for the existence of a solution to the
problem (1) and the unique solution are satisfied, i.e.,
there exists the unique solution,
T(x,t) e I? [(xo,oo) x I (0,00)], where L" is the set of
continuously differentiable functions up to order n, as
described in [8—10]. The primary focus of this paper is to
determine this solution. A further extension of the theory
discussed herein is the consideration of locally
unbalanced heat exchange, in which the final rate of
thermal propagation is taken into account! [11-16].

PROBLEM STATEMENT

The analytical solution to problem (1) is derived using the method of splitting the integral Fourier—Hankel transform
of a generalized type. This transformation relies on operational calculation ratios established in [1]. Below is the final

expression resulting from all the defining relations.

The generalized integral transformation of the function 7(x, ¢) for the third boundary problem takes the form:

T(,0) = [ P27 (p,0)¥ (0, p)dp, @)
X0
T = f (A, ;)‘P(k,x) i, 3)
0 [um+1 (hxg)+hJ (kxo)] + [me+1 (Axy) +hY,, (xxo)]

I Savelyeva 1.Yu. Development and analysis of the mathematical model of thermomechanics of structurally sensitive materials.
Dr. Sci. Thesis (Phys.-Math.), Bauman Moscow State Technical University; 2023, 32 p. (in Russ.).
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YO, x)=x"m {x[Jm (0, (Axg) =Y, (), () |+ [ T, )Y, (xg) = Y, (M), (kxo)]}. (4)

In this scenario, the representation of the operator AT(x, ) is expressed as follows:

OT (x,1)

T 2x,7™
| P2 AT (p. 0¥ (o p)dp =°—[
T ox

X0

—hT(x,t)}

xoxy ~MTOu0). (5)

Here, J, (*), Y,,(-) denotes Bessel functions.

Utilizing the generalized integral transformation provided in equations (2)—(5), it becomes straightforward to
derive an exact analytical solution to problem (1) under the condition of 4 = const. This solution accommodates
all heterogeneities present in both the equation itself caused by an internal transient heat source, as well as those in
the boundary conditions stemming from initial temperature values and ambient temperature effects. From (2)—(5),
corresponding transformations can be obtained at m = 0, —1/2, and 1/2 in cylindrical, Cartesian, and spherical

coordinates, respectively.

CONSTRUCTION OF AN EXACT ANALYTICAL SOLUTION TO A GENERALIZED PROBLEM USING THE
SPLIT INTEGRAL TRANSFORMATION METHOD

We consider problem (1) in dimensionless variables:

a(?)x, Op. Fy) = T(x,t)-T, I.(Fy) = o) - T,

> a b
2 TF -1, T -T,

p=x/xy, :at/xg, Bi(Fy) =

(6)

wherein T, is the selected computing unit and Bi is the dimensionless heat exchange coefficient.
Problem (1) can now be reformulated as follows:

2
8_®:—a®+—2m+la—®,p>l,F0>O,
oF, 0p? p Op

®(p9F())‘F0:():OJ p2 15|®(p9F())| <OO, pZLF() 2 05 (7)
a®(p:F())‘
dp

oot = Bi(Fy) 00, Fy)| o = T, (Fy) |, Fy > 0.
We write the generalized integral transformation (2)—(5) in the following form:

O(1,Fy) = [ p¥10(p, Fy)K (p, . Fy)dp, ®)
1
K(p, 2 Fy) =7 {A[ J,, (p)T,, 1 (W) = ¥, (Ap)T .0 (W) |+ Bi(F)[ S, ()Y, (1) = ¥, (p)],,, (1) ]} =

©)
= Bi(Fy)Y,, (W) +1Y,,,, (W) ] [p*me (xp)] [ Bi(F))J (W) + My (M) ] [p”"Ym (xp)].

Denote:

ok, Fy) = Bi(Fy)Y, (M) + 1Y, ., (x),} (10)

B(A, Fy) = Bi(Fy)J,, (M) + M, (M).
Then, the inverse formula for transformation (8) is:

K(p,\ Fy)
a?(h, Fy) + B2 (A, Fy)

O(p, Fy) = [ O(1, Fy) (11)
0
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At the same time,
K(p, % Fy) = a(h, Fy)| p7,, (hp) |- B(L Fy)| oY, (Ohp) |, (12)

o0
2| 00(p, Fy)
[ P21 A0(p. Fy)K (p. 1 Fy)dp 7{—6‘) :

- Bi(FO)(a(p,FO)}‘p_1 ~A2O(\, Fy). (13)
1

Let us introduce some important designations:
o(, Fy) =a(r, Fy) +iB(A, Fy),
oA, Fy) = a(h, Fy) —iB(h, Fy),
HY(p) =], (hp) +iY,,(Ap) | (™),
HEP (p) =] 7, () = iY,, () | (™™,

. (14)
A Fy) = [ p¥™10(p, Fy)H (hp)dp,
1
A0 Fy) = [ p2He(p, Fy)H? (Ap)d
ME)=|p (p, Fy)H ™ (Ap)dp.
1
Then, we can write:
— 1 — —
00 Fy) = [ 004 Fy) G, Fy) + 000 FyJAGL Fy) | (15)
or
O(L, Fy) = Re[ o(h, Fy) Ak, Fy) |- (16)

The further step is to transform the original problem (7) into the image space (8). To that end, let us first write the
integral transformation of the left-hand side of the equation in (7), as follows:

00N Ey) % 29(p,F, AN F) — A\ F,
POCLY) _ ot PL0) o5 Ry =L i, iy 810 4 53, 48T |
oF, ! oF, 2 oF, oF,

The image operator A®(p, F) in (13) will be:

T 2| 00(p, Fy)
j p2mHA®(p, Fy)K (p, A, Fy)dp = ;{a—po

_ Bi(F0)®(p,FO)}‘ oy 22O Fy) =
1

(17
- _% Bi(Fy)T, (Fy) — 2O, Fy) = —%xz [m(x, Fy) A\, Fy) + (A, Fy) A(L, F, )] - %Bi(FO)Ta (Fy).

On this basis, the original problem (7) acquires the form:

o\, F )M+E)(x F )M+x2[w(x F)ALE)) + o(h, Fy )AL F, )]:—iBi(F ). (F)),Fy >0
>0 FO >0 aFO >0 0 0 10 T 0/fa\" 0% 0 ’(18)
A(\,0) = A(A,0)=0
or
2AOLFy) 2
Ok, Fy)— =+ R20(h ) A Fy) + = BiCFy )T, (Fy) | =
O n
— o PAOFy) = 2
= | Ok ) == 402000, R Ak, Fy) + = BiFy )T, (Fy) |, Fy >0, (19)
0
A, 0) = A(,0) =0.
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Looking at equality (18), it can be seen that after the transformations, an important relationship arises:

T i 09(0.F)

2m+1
p
frms 2

K(p,h, Fy)dp +22 [ p2™10(p, Fy)dp +
! (20)

+£Bi(F0)Ta (Fy) =W (A Fy)=0.
s
Expanding the left side of equation in (19), we find:

0. Fy)
%)

7, (/) + 1Y, (hp))p ™™ |dp +

[a(h, Fy) + (1, Fy) | j p2m+l
1

12 [, Fy) + B Fy) ] | p2m+1®(p,F0)[(Jm (Ap)+iY, (p))p™ ] dp +
1

0(p, Fy)

D200 K (oo Fy)dp 432 [ 921000, Fy K (. Fy)p += BT, (Fy) +
O n

2 . T
+—Bi(F)T, (Fy) = [ p2m+!
1

1

A o0(p, F,
+"{{ p! %[B@,Fo)um ()™ + a0, Fy ), (p)p~™) | dp +

+12 [ p210(p, Fy) [ BOW Fy XS, (Mp)p ™) + a(h, Fy (Y, (xp)p—m)]dp} =W (h,Fy)+i¥ (A, Fy) = iYL, Fy).
1

Here:
i 2m+l1 a('.D(p’FO) —m -m
W, Fy) = [ 02— B0 F ), (o)) + a0 Fy )Y, (Rp)p™) [ dp +
0
! 1)
+12 [ p2m10(p, Fy) [ BOW Fy X, (hp)p ™) + ok, Fy (Y, (kp)p ™) | dp.
1
Now, the desired problem can be reduced to the following Cauchy problem:
SAO F, Bi(F, Y\ F,
oA Fy) °)+x2A(x,FO):—3- i(Fy) Ta(F0)+i—( 0),F0 >0,
OF, © oA, Fy) o(A, Fy) (22)
AN,0)=0
with a solution in the following form:
F F,
2 ¢ Bi(0)T, (1) PP,
AN F))=—= | ——2Zexp| A2 (F, —1) |[dt+i | ——exp| -A2(F, —1) |dT. 23
(h Fy) n{ D p[-22(Fy -7 ] im(m p[-22(Fy -7 ] (23)
At the same time,
1 ad,1)—iB,1)
o1 o? (b1 +pA(A,T)
The fundamental equality for further research is the following:
O(L, Fy) =Re[ o, Fy) AL, Fy) |- (24)
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We expand Y(A, Fy):

lP(X,FO) = J‘p2m+1A(~)(p,F0)[B(?L,FO )(Jm (Ap)p™™) + OL(?L,FO )(Ym (Kp)p‘”’)]dp N
1
22 j p2m10(p, Fy) [ B0 Fy ), (k)P ™™) + a0y Fy (E,, (p)p™™) |dp =
(25)
© 5 + o0(p, F) ) »
{Ei;( e 1“‘7ig—g-j[ﬁ(l,fb)(Jm(kp)p )+ ok, Fy )Y, (hp)p )]dp-+

+12 j p2"H10(p, Fy)| Bk, Fy ), (Ap)p ™) + (ks Fy )Y, (kp)p™™) | dp
1

By integrating twice in parts (the first integral in (25)), and considering the equations

1@ { s 8, ()P~

=-A2(J,,(kp)p™™),
2 g 2 } o p)p™™)

a%[Jm Ap)p™ = [T, Ooplp™ |,

which are equal to [Y, (Ap)p™™] as well, we can establish that

W0, Fy) = {0, Fy)| a? (0, Fy) + B2 (1, Fy) | = BilFy T, (R [ B Fy),, 00+ a( F)Y,, W ] (26)

Using equation (24), we calculate by multiplying o(A, ;) from (14) with A(A, F)) from (23). After applying
extensive transformations and focusing on the real part, we arrive at the desired result:

F
(2 | Bi()T, (t)au(A, 1) Bi(0)T, (0)B(A, 1) vy ~
O\, Fy) _[ j{ | Lz(k,r) TR0 a(h, Fy) + W LT B(?»,FO)}exp[ A2(Fy T)]dr}
)
- [ O, 9 o, FBLT) =Bk, Fy)a(h, 1) | exp[—x2 (Fy - r)]dr +
0
£

(B D)), Fy) = a(h, DB(A, Fy) |
{ {Bi(OT, (0B 1), () + ok DY, ()] 20 Or)+[32(x 5 0 exp[—xz(FO —1-)] dt

Using the conversion theorem (11), the desired function ®(p, F;), which is the solution to problem (7), can be
written as follows:

_oo_ K(p,X,Fo) _(__) t K(p)\‘ FO)
R R WP W Ll e e e

" a(A, Fy Jo (A, )+ B(A, Ky B, 1) .

a2\, Fy)+ [32 (A, Fy)
. ]})Bi(r)T (r)drojo K(p,2 Fy)[ B 1), () + 00 DY, ()] O DYt Fy) — R OB Fy)
a a?(h,1)+ B2 A7) o? (A, Fy) + Bz (A Fy)

0 0
" K(p, %, Fy)[ au(h, Fy)BL, 1) = B(L, Fyyau(, r)]

Fy
x exp[—xz(FO _r)]m— g 0(1,t)dt (I) 20 F) PO

xp[—?»z(FO - r)]xdx +
(27)

[—kz(FO - r)]xdx.
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The right-hand side of equation (27) depends on the unknown value of ©(1, ). Assuming p = 1 in (27), and
using the relation J, (2)Y, . ,(2) - J,,,,(2)Y, (z) = -2/(nz), we arrive at the Volterra integral equation of the second kind
associated with ©(1, F):

13
@(I,FO):®1(F0)+% [ ©,(x. Fyea,vdr, (28)
0
wherein
2R % u(h, Fy)ot(hy ) + B, Fy B, T)
@1(1:0)_(;] £ Bz(T)Ta(t)dr.([ DT R0 x
A2(F, - Fy %
g jxp[ : ; 0] R B (29)
a2 (h, Fy)+ B2 (1, Fy) oy o LD+ (D)
B0 D00 Fy) — (L DB FY) ko
021, Fy)+ B2 (0, Fy) | A2 =9 [
ok, FyBCh, ) = BOL, Fy oM, T) vy
@2(1,170)_{ 20T TR0 exp[ M2(Fy r)]xdx. (30)

The solution to the integral equation in (28) can be expressed through the Picard process of successive
approximations, as follows:

@(1,F0)=\P0(F0)+Z(%) v (Fy), (31)
n=l
wherein
Ky
Vo (Fy) =0, (Fy), ¥, (Fy) = [ ©,(t, Fy) ¥, (1) (32)
0

From (31), (32) we find the desired value in the following form:

nF; T
00 2 0 T n=2
oL, Fy) = @1(F0)+Z(;) [ (. F)dr [0, (v, 0dx,... [ 0,1, 1.7,5)0(x, )T, ;. (33)
0 0 0

n=1

This completes the process of deriving an accurate analytical solution to the generalized complex heat exchange
problem (7).

It should be noted that, in a generalized form, this solution is the first of its kind in the literature on analytical
thermophysics.

CASE STUDY OF THE PROPOSED APPROACH

To illustrate the application of the advanced approach when solving problem (1), we consider the case of Cartesian
coordinates: m =—1/2, x, = 0, ¢(¢) = T,. It should be noted here that

Jip(2)=~N2/m sin(z/\/;), J_1p(2)=~N2/m cos(z/\/;),
Y5 (2) = 2/ meos(z/Vz), Y 15 (2) =2/ wsin(z/Vz).
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In dimensionless variables

2 . % T(xe t) - TO
z=x/1,Fy=at/1l*,Bi(Fy) =)/ \*, O(z,Fy) =7
a "0
wherein / is the selected scale unit, we have the following problem:
00(z, F, 2
ﬂ:a ®,z>0, Fy >0,
oF, oz?
Oz, Fy)| py 0 =0, 22 0, 0(z, Fy)| <0, 220, Fy 20, (34)
00(z, Fy) )
T|Z:O = Bi(Fy)[ ©(z,Fy) - 1], Fy > 0.

By omitting extensive transformations from generalized coordinates to Cartesian coordinates, we obtain the
following analytical solution to problem (34):

F
270, % Bi(Fy) . 2
0O(z, k) =; ;‘; Bz(t)dr_([{cosiz+ lé 9% sin E,z} 2 +2i2 (Fo)exp[—éz(FO —r)}d§+ -
Fy oo .
+ % £ @(O,t)[Bi(FO) —Bi(‘c)]drz[{cos&z + BiFy) sin&z} 2, ;22 ) exp[—?’;z(FO - r)} dg,
where
0 2 nFo T,
@(O,FO):®1(F0)+Z(TJ j@Z(FO,r)drj@)z(r 1,)d,... j 0,(t, 1)9,(t, 5,1, T, |, (36)
n=1
Fo
® (FO)_— [ Bi(x)¥ 4(Fy, v,
0
@, (Fy,7) = Bi(Fy) - Bi(1) |¥  (Fy. 1), (37)
J Bi(F,
¥ (Fy,1) = \/:/ 2T . ’; o) exp| Bi2(Fy)(Fy —0)% |®*| Bi(Fy)\(Fy - 1) |. (38)
o -

One of the ways to prove the validity of the discovered relationship (35) is by considering a specific classical case
where Bi(F|)) = Bi = const. In this case, relationship (35) automatically provides a classic solution:

O(z,F)) = O*| —2— |- exp(Biz — Bi2F,)®*| —— + BiF,, |,
o {WJ R PV

wherein @*(z) =1-®(z), D(z) is the Laplace function.
When the condition |Bi(F0)| <M /2 is met, the series (36) evidently converges uniformly for all ¥, > 0 within
any finite interval /) and is dominated by the series:

129 (n+1/2)

0 yn— an+1d | . (n+1)ll o n=2k+1,
n+ n+ o
Z (\/7) d 2(n+1/2)
n=l _
(n+1H1 ’
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whose convergence for all /7, > 0 can be easily verified using the D’ Alembert criterion. As a numerical illustration,
let us consider Bi(F|)) = exp(—F|,) and write a series of successive approximations for ©(0, 7)) from (36):

0, (0,F,)=0,(F,),

Fy
0,(0,F,) = j @, (Fy,1)0, (1)d-,
0
£y T
0,(0,Fy) = [ ©,(Fy,1)d1[0,(%,71)0,(1))d,.
0 0

The figure illustrates the outcomes of numerical calculations for various approximations of the temperature
function O(z, F)): ¥, =0,(z, ), ¥, = 0,(z, F)) + O,(z, F), ¥, =0,(z, F|)) + O,(z, F)) + O4(z, F;)), and etc., calculated
based on the criterion F|, for points (a) z = 0.707 and (b) z = 2. The figure demonstrates that the graphs for the first
and second approximations encompass the top and bottom (or “pincer,” as referred to by the author) of the graph for
the third approximation. Similarly, the graphs for the second and third approximations encompass the graph for the
fourth approximation from above and below, and etc. This pattern highlights the rapid convergence of the iterative
process for O(z, t), allowing a sufficient practical accuracy to be achieved by stopping at the third approximation.
With regard to spherical coordinates, this scenario can be reduced to that considered in Cartesian coordinates by
making the substitution Wz, F)) = z0(z, F).

0.4 i
/ \w\.
2 03 //_—“__3\ 0.3
N L\ ¥y
d 02 / T = 02 /3\4/
v, é/ v, v,
0.8 1.6 2.4 0 0.8 1.6 2.4
Fo Fo
(a) (b)

Fig. Approximations of temperature function ©(z, F,) versus F, at points: (a) z=0.707; (b) z=2
CONCLUSIONS

This paper introduces a method for dividing the generalized integral Fourier transform to derive precise analytical
solutions to the temperature problem in complex heat exchange. The method takes into account an arbitrary time-
dependent heat exchange coefficient and ambient temperature in generalized coordinates. It is further extended
to Cartesian, cylindrical, and spherical coordinate systems. The results obtained represent a novel contribution to
analytical thermophysics.
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Abstract

Objectives. The article sets out to identify the characteristics of tropical cyclones using almost periodic analysis
of images of cloud dynamics of hurricanes in order to forecast the cyclone structure. Almost periodic analysis
is applied in the processing and analysis of tropical cyclone structure images based on the obtained almost period
values using a modified mathematical computational apparatus.

Methods. The main tool for processing and analyzing images of the tropical cyclone structure is almost periodic
analysis, i.e., analysis of data with an ordered argument to identify dependencies that are close to periodic. By this
means critical boundaries of changes in the trends of the studied data can be identified regardless of a priori
assumptions. In the course of analysis the almost period information parameter, corresponding to the values closest
to the periods, is determined. A modification of the known mathematical apparatus of almost periodic analysis
is proposed for processing large and multidimensional datasets.

Results. In the course of the study, the characteristic almost periodic values of the structural zones at the moment
of the beginning of the formation of the dynamics of the cyclone development were revealed on the example of the
analysis of the frames of the dynamics of tropical cyclone Milton, operating from October 5, 2024 to October 10,
2024. Based on the identified values, forecast estimates of the tropical cyclone structure development were made
to an accuracy of 95%.

Conclusions. Together with the results of studies published earlier, the results of this study support the conclusion that
it is possible to apply almost periodic analysis to the identification of characteristic patterns of tropical cyclone structures
and carry out qualitative forecast estimates of the dynamics of emergency situations caused by tropical cyclones.

Keywords: almost periodic analysis, image processing and analysis, tropical cyclone monitoring, tropical cyclone
forecasting, technosphere safety, typhoons
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* Moctynuna: 11.03.2025 ¢ Jopa6oTaHa: 04.06.2025 ¢ MpuHaTa kK ony6nukoBaHuio: 06.10.2025

Pesiome

Llenu. Ctatbs noceslleHa npobneMe naeHTMdUKaLMm xapakTepucTuk TPONMNYECKNX LUKIIOHOB C UCMOb30BaH-
€M MOoYTU NEPUOaNYECKOro aHanm3a n3obpaxeHunii 06n1aqyHol AUHaMUKK yparaHoB 1 MPOrHO3UPOBaHUS CTPYKTYPbI
LIMKJIOHA HA OCHOBE MOJTy4EHHbIX 3HAYEHN NOYTM NEPUOAOB. Llenb cTaTbm 3aKNi04aeTcs B NPUMEHEHUM NoYTH ne-
prvoanYeCcKOro aHannsa ¢ UCNonab30BaHMEM MOANDULMPOBAHHONO MaTEMATMYECKOrO annapara Bbl4UCAEHNI Npu
0b6paboTke 1 aHann3e N300paxeHni CTPYKTYPbI TPOMNYECKOr 0 LIMKJIOHA C BO3MOXHOCTbIO OCYLLECTBEHNS MPOrHO-
3HbIX OLLEHOK.

MeToabl. OCHOBHbIM MHCTPYMEHTOM 00paboTKM M aHanm3a M3006pakeHnin CTPYKTYPbl TPOMUYECKOrO LIMKIIOHA
ABASIETCHA NOYTU NEPUOANYECKUI aHANU3 — aHANIM3 AAHHbIX C YNOPSA0YEHHBIM apPryMEHTOM MO BbISIBIEHUIO 3aBU-
cuMocTein, BNU3KMX K NepruoamyeckuM. VMcnonb3oBaHve annaparta rnovty NepuoamMyYeckoro aHann3a rno3BosseT
NPOBOANTL BbISIBIIEHVNE KPUTUYECKUX pyBexel N3MeHeHUs TEHAEHUMWIA UCCNEeAYEMbIX AaHHbIX BHE 3aBUCUMOCTHU
OT anpuopHbIX MPeanosioxXeHnr. B xoaoe npoBeneHns Takoro aHanmaa onpenenserca MHPOpPMauMOHHbIA napa-
METP — MOYTU NEPUOL, COOTBETCTBYIOLUMIA 3HAYEHUAM, Hanbonee 6IM3kuM K nepuogam. MNMpepnoxeHa mogndu-
Kauus M3BECTHOro MaTeMaTMYeCKOro annapara noyYTu nepuoanyeckoro aHannsa, no3eossiolas obpabatbiBaTb
60onbLUNE M MHOTOMEPHbIE [IaHHbIE.

PesynbTaTtbl. B X040€ nccnenosaHusa Ha NpuMepe aHanm3a kagpoB AVMHAMUKA TPOMMYECKOro UMKIoOHa MUnToH,
nencteytowero ¢ 5 no 10 oktabps 2024 r., BbISIBNIEHbI XapakTePHbIE NOYTY NEPUOANYECKNE SHAYEHNS CTPYKTYPHbIX
30H B MOMEHT Havyana GopMrUpoBaHns AUHAMUKNA PA3BUTUS LMKIOHA. Ha OCHOBE BbISIBIEHHbIX 3HAYEHUIN COCTaBe-
Hbl MPOrHO3HbIE OLLEHKN Pa3BUTUSA CTPYKTYPbl TPOMNYECKOrO LIMKIIOHA, TOYHOCTb KOTOPbIX cocTaBuna 95%.
BbiBoAbI. [Tony4yeHHble pe3ynbTaTbl COBMECTHO C pe3ybTataMu UCCeA0BaHUiA, onybIMKoBaHHLIMM paHee, No3B0O-
NS0T caenatb BbIBOA O BO3MOXHOCTU MPUMEHEHNSA MOYTU MEPUOAMHECKOrO aHaM3a K BbISIBAIEHMIO XapakTePHbIX
naTTEPHOB CTPYKTYP TPOMUYECKMX LIUKJTOHOB 1 COCTABJIEHNIO KQYECTBEHHbBIX MPOrHO3HbIX OLEHOK ANHAMUKN Pa3Bu-
TS YPE3BbIYAMHbIX CUTYALMIA, BbI3BAHHbLIX TPOMNYECKVUMU LIMKIOHAMU.

KnioueBble cnioBa: noytu nepruoamnyeckunii aHanms, o6paboTka 1 aHann3 n3obpaxkeHunii, MOHUTOPUHI TPOMNYECKMX
LIMKJIOHOB, MPOrHO3MpOBaHMe TPOMNYECKUX LMKITOHOB, TeEXHOChepHast 6€30MacHOCTb, TandyHsbl

Ana untuposanusa: lNMapamoHoB A.A., Kanay A.B., CapatoBa T.E. O MOHUTOPUHIe M MPOrHO3NPOBAHUN OUHAMMUKN
pPas3BUTUS CTPYKTYPbl TPOMUYECKMX LUMKITIOHOB HA OCHOBE MOYTU Mepuoauyeckoro aHanmaa CryTHUKOBLIX M300paxe-
HwiA. Russian Technological Journal. 2025;13(6):116—126. https://doi.org/10.32362/2500-316X-2025-13-6-116-126,
https://www.elibrary.ru/LAVZAN

Mpo3payHocTb hMHAHCOBOM AEATENbHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOM 3aMHTEPECOBAHHOCTN B NPEACTaB/IEH-
HbIX MaTepuanax nnvu MeToaax.

ABTOpbI 3251BNSIIOT 06 OTCYTCTBUM KOHGMIMKTA MHTEPECOB.
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On monitoring and forecasting the dynamics of the development of the structure
of tropical cyclones based on almost periodic analysis of satellite images

Alexander A. Paramonov,
Andrew V. Kalach, Tatiana E. Saratova

INTRODUCTION

Weather forecasting is important for ensuring the
safety and sustainable development of human society.
Among extreme weather events associated with
ongoing changes in climatic conditions, one of the most
potentially dangerous are tropical cyclones, comprising
powerful atmospheric vortices that occur in tropical and
subtropical latitudes over warm ocean waters. According
to statistics from the Russian Ministry of Emergency
Situations, more than 100 dangerous natural phenomena
occur annually, causing total material damage exceeding
RUR 50 bn.!

The increasing pace of life and enormous volume
of information exchange demand prompt, balanced,
accurate, and well-founded decisions based on relevant
forecasts. In this regard, it is important to improve
the speed of effective decision-making in emergency
situations by obtaining improved forecasts of the
dynamics of dangerous natural phenomena, which
contributes to the timely adoption of measures to ensure
human safety, as well as the preparation of measures to
counteract emergency situations.

Traditional numerical weather models are based on
solving systems of differential equations that describe
the physics of the atmosphere. However, such models
have limitations in terms of accuracy and require
significant computing resources. The application of
artificial intelligence and machine learning technologies
has the potential to significantly improve the speed and
accuracy of forecasting dangerous weather events and
the dynamics of emergency situations.

In this context, it seems relevant to develop an
approach to forecasting the dynamics of tropical cyclones
based on an almost periodic analysis of images of
cyclone structures. Images are one category of data with
an ordered argument. Data with an ordered argument
represent a set of measurements of some experimental
quantity that depends on the argument, comprising an
ordered vector of values.

Time or space can serve as examples of arguments.
Currently, such data is analyzed and processed using
special programming languages and their built-in
libraries [1, 2]. The most common approach to analysis
involves the use of machine learning methods [3-9].
Methods involving the study and identification of hidden
patterns in data with an ordered argument are actively
used in medicine, economics, and other fields [10-16].

It should be noted that the use of spatiotemporal
remote sensing data enables tracking the dynamics of
natural phenomena, especially tropical cyclones [17-19].

I Ministry of the Russian Federation for Civil Defense,

Emergencies, and Disaster Relief. https://mchs.gov.ru/ (in Russ.).
Accessed August 10, 2025.

The present study is devoted to modified analysis
and forecasting of tropical cyclone dynamics based on
satellite images using the almost periodic data analysis
method. The described modified almost periodic analysis
method aims to improve existing data analysis tools with
an ordered argument.

RESEARCH METHODOLOGY

Almost periodic analysis is the analysis of data with
an ordered argument to identify dependencies that are
close to periodic. The use of almost periodic analysis
enables the identification of critical turning points in the
trends of the data under study, regardless of a priori
assumptions. During such an analysis, the almost period
information parameter is determined by obtaining values
closest to the periods. In general, an almost periodic
function f{¢) is a function that satisfies the condition:
| f(t+1)— f(t)| <&, where € > 0 is the shift, T is the
almost period of this function [20].

Currently, most studies using almost periodic
analysis of discrete data with an ordered argument are
based on formulas whose values are determined by
sequential iterative algorithms.

The algorithm for almost periodic analysis of
a discrete data set conceptually consists of two stages:
1) exclusion of the trend from the vector of processed

data;

2) processing of the obtained oscillations with
a generalized shear function to identify almost
periods.

At the first stage, the trend component must be
excluded from the processed data in order to further
analyze the almost periodic components of the series
fluctuations. Since there is no information about the
trend equation at the initial stage of data processing,
an approach based on a transformation based on the
theory of proportions is used to remove it from the data.
This approach to removing the trend from the data is
independent of any a priori assumptions about the
behavior of the trend in the data.

Trend exclusion based on the theory of proportions
is based on the assumption that trend characteristics are
encoded through reference points. As an example of
implementation, consider the simplest dependence of
the values of a discrete data set of three points y,, y, .
Y+ ap Which encode the entire series under study [21]. If
we take the ratio of, for example, a geometric progression
as a basis, then the transformations for excluding the
trend and obtaining fluctuations relative to the ordered
argument ¢ for the data y will look as follows:

ln[yz—AtyHAt]Nt’ )
2
Vi
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where y, is the current value of the series y with the
ordered argument #; y, _,, is the previous value of the
original series at a distance Af based on the argument
from the current value y,; y, , ,, is the next value of the
original series at a distance A¢ based on the argument
from the current value y,

As aresult of such transformations, we obtain a series
of oscillations corresponding to the shift parameter Az.
For a comprehensive analysis of all types of oscillations
in the original data, it is necessary to obtain oscillations
for each shift parameter by argument Az. The range of At
values is from 1 to N/2, where N is the length of the
original data series.

The second step in the almost periodic analysis of
a discrete data series with an ordered argument involves
processing the obtained sets of oscillation vectors in
order to exclude the trend using a shift function of the
form:

n—t

t=1

)’}At(t"'r)_j}At(t): (2)

where n is the total number of oscillation readings
P (1), obtained during the shift by argument Az.

Each oscillation vector is processed by function (2).
As aresult of the calculations, we obtain a vector of shear
function values corresponding to a series of oscillations
of the initial data when shifted by the argument At.

To obtain almost period values 1, the result of the
shift function is examined for the presence of pronounced
minima. The closer the minimum is to zero, the more
significant and closer to the pure period the identified
almost period value turns out to be.

The result of processing all sets of vibration vectors
obtained by excluding the trend using transformation
type (1) with the shift function (2) will be a matrix of
shift function vectors. For sequential calculation and
accounting for the dependence of the shift function on the
value of At, a generalized shift function is determined.
An example of its implementation, taking into account
the geometric exclusion of the trend, is presented by the
following formula?:

1
a(t,At) =—— X
( ) n—t—2At
—1-2A (3)
y ! Tz: ! ln(yt—AHszHAt—r J _h{yt—Ath’HAz ] '
t=1 Yitt Vi

2 Kuzmin V.I., Gadzaov A.F. Methods for building models
based on empirical data: tutorial. Moscow: Moscow State Institute
of Radio Engineering, Electronics and Automation (Technical
University), 2012. 94 p. (in Russ.).

The applicability of these formulas in almost
periodic analysis has been discussed in the literature [21].
However, the approach of sequential iterative calculation
of discrete series values with an ordered argument is
difficult to implement for large data volumes, including
image processing [22].

In order to process and analyze large discrete series
and matrices with ordered arguments, the authors
implemented a modification of the mathematical
apparatus of almost periodic analysis.

The first proposed modification comprised an
algorithm for excluding trends from the data. By
calculating the entire vector of fluctuations for a fixed
shift value Az, it became possible to perform trend
exclusion operations:

B Viens T
PAt:m( L }2 o fJ, (4)
t

where 13& is the vector of oscillation values obtained by
excluding the trend based on the theory of proportions,
with dimension N — 2A¢; ftz is the vector of the square
of the values y,; )7t_ A 18 the vector of the values y,
Y;+ac 18 the vector of the values y, , .

Then, the calculation of the shear function (2) for
a fixed value of Af can also be represented in vector
form (5).

1 - S

—N_T_ZAt‘PAH—T_PAt" ©)

d(t)y, =

where d(7) A 1s the shift function vector for the vibration
vector with a shift in the argument Az; Py, . is the

excluded trend vector at the value Az, shifted by t; ﬁAt is
the excluded trend vector at the value Az.

In (5), the modulus operation is overloaded, i.e., the
result of the modulus of the difference between vectors

]3At 4+ and I3At is a vector of absolute values.

As aresult of such transformations, the set of vectors
d(t),, when calculating all shift values by the
argument At becomes the result of the generalized shift
function (3). The presented algorithms were implemented
as a program for determining almost periods in empirical
data with an ordered argument, capable of working with
large volumes of data using parallel computing [23].

For the task of monitoring and forecasting the
dynamics of the development of emergency situations
caused by tropical cyclones, methods developed based
on the almost periodic analysis of satellite images have
been used to analyze tropical cyclone frames to form
predictive estimates of the dynamics of the development
of the structure of tropical cyclones.

Russian Technological Journal. 2025;13(6):116-126

119



On monitoring and forecasting the dynamics of the development of the structure
of tropical cyclones based on almost periodic analysis of satellite images

Alexander A. Paramonov,
Andrew V. Kalach, Tatiana E. Saratova

Thus, for example, the method of processing and
analyzing satellite images of tropical cyclones to identify
almost periodic characteristics includes the following
stages. At the first stage, the video sequence under study
is cropped if the original data is presented in this format.
The next step consists in processing and conversion of
the frame to black and white format. The resulting images
are a matrix of pixels that take values from 0 to 255. The
size of the converted image is 500 x 500 pixels.

The next step involves determining the center of the
tropical cyclone in the image and further converting the frame
into polar coordinates. This transformation is chosen as a first
approximation of the centric structure of tropical cyclones to
enable the application of the almost periodic analysis to the
obtained values of radius vector modules at fixed polar angles
to identify the critical radii of cyclone structure zones.

Subsequent sequential processing of value vectors
at fixed polar angles yields a set of matrices of
generalized shear function results for each image slice.
The almost period values of each image slice in polar
coordinates obtained by analyzing the obtained minima
of each generalized shear function are compared and the
coinciding values are as characteristic almost periods of
the entire structure of the studied tropical cyclone.

The method for forecasting the dynamics of
tropical cyclones based on almost periodic analysis of
satellite images enables for a predictive assessment of
the dynamics of tropical cyclone structure based on
identified almost periods and classified hazard zones in
the early stages of tropical cyclone development.

On the basis of the almost periods identified as
aresult of the analysis, the original image is marked with
circles having radii that are multiples of the identified
almost periods. The central zone of the tropical cyclone
frame, which usually occupies the areas of the first
and second zonal circles, is classified as a particularly
dangerous zone. Depending on the value of the almost
period on which they are based, the zones of the next
two or three circles occupy most of the frame of the
tropical cyclone structure are classified as dangerous
zones. The remaining zones in the frame of the tropical
cyclone structure are zones of increased observation.

We will illustrate the described processing and
analysis methods with the results of forecasts for the
development of a tropical cyclone structure using the
example of Hurricane Milton, which occurred from
October 5 to 10, 2024. The data used for analysis
consisted of photographs and video footage of the
tropical cyclone taken from an open Internet source: the
official website of the United States National Oceanic
and Atmospheric Administration.>

3 National Oceanic and Atmospheric Administration. U.S.
Department of Commerce. https://www.noaa.gov/. Accessed
February 08, 2025.

RESULTS AND DISCUSSION

Figure 1 shows a frame of a tropical cyclone in the
infrared range converted to black and white format in
Cartesian coordinates with the center of the cyclone
marked, relative to which the cyclone structure is
projected into polar coordinates (Fig. 2).

WL/ SR Y8

‘,. .:‘ \‘!'

100 200 300 400

Fig. 1. Snapshot of the early development of tropical
cyclone Milton at 15:00 UTC# on October 5, 2024,
with the cyclone center marked at a size of 500 x 500 pixels

100 200 300

Fig. 2. Snapshot converted to polar coordinates
showing the beginning of the development of tropical
cyclone Milton, with a resolution of 360 % 360 pixels,
where p are the values of the radius vectors,
and O are the values of the polar angles

Vertical sections of the obtained image (Fig. 2) at
polar angles were processed using functions (4) and (5),
resulting in a set of generalized shear function values
for radius vector modules. Figure 3 shows an example
of a slice of the generalized shear function with values

4 Coordinated Universal Time.
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similar to almost periods for a transformed cyclone
frame at an angle of 50°.

a(t, 8), Pixel brightness

I
N

0.2 1

0 20 40 60 80
T, Pixels

100 120 140 160

Fig. 3. Example of a generalized shear function
at At = 8 for a vector of values at a fixed angle of 50°

The obtained results of almost periodic radius
vectors (Fig. 3) are displayed on the original data.
The results are presented as the snapshots of a video
sequence in the form of circles with radii that are
multiples of the detected almost period. The centers of
the multiple circles are located in the detected center of
the tropical cyclone structure (Fig. 1) with the detected
almost periodic values serving as the reference radius of
the first circle from the center.

Figure 4 depicts an example of determining
centric zones that are multiples of the detected almost
period of 83 pixels. The application of this marking
will make it possible to determine the characteristic
almost periodic components of the structure of the
tropical cyclone under study, which will enable
the application of a method for forecasting the
dynamics of tropical cyclones based on almost
periodic analysis of satellite images. The shading of
the highlighted areas in Figure 4 should be noted.
Diagonal shading indicates particularly dangerous
areas affected by the tropical cyclone, while dotted
shading indicates dangerous areas affected by the
tropical cyclone, and grid shading indicates areas of
increased observation.

As a result of studies [24-26], it was established
that the almost periodic values of the structure of
tropical cyclones obtained in images of the early
stages of their development are manifested in the
later stages of hurricane development with an error
of no more than 12%, which is acceptable in the
tasks of forecasting dynamic systems of technical
analysis [27].

400

100 200 300 400 500

Fig. 4. Snapshot of the early development of tropical
cyclone Milton at 15:00 UTC on October 5, 2024,
with marked danger zones

To verify the forecast estimates based on the
identified almost period of 83 pixels, a frame of tropical
cyclone Milton was taken at the moment it reached its
peak dynamic state at 21:35 on October 8, 2024, and
zones multiple of the almost period of 83 pixels were
marked (Fig. 5). It is important to note that the obtained
results describe the structure of the tropical cyclone with
a sufficient level of accuracy.

400

100 F<s

Fig. 5. Snapshot of tropical cyclone Milton at its peak
on October 8, 2024, at 21:35 UTC, with danger zones
marked

To obtain numerical estimates, a method is applied
for processing and analyzing satellite images of tropical
cyclones to identify almost periodic characteristics for
the data (Fig. 5). The results of the generalized shift
function cross-sections yield almost periods close to the
values obtained at an early stage (Fig. 6).
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Fig. 6. Generalized shift function
at At = 10 for a vector of values at a fixed angle
of 45° for the image in Fig. 5

The accuracy of the forecast values obtained for
almost periods can be estimated using the formula:

T —7T
forecast actual
G= ) (6)

Tactual

Where ;... 18 the value of the forecast almost
period, T, ., is the value of the calculated actual almost
period.

Thus, the forecast estimates with the revealed
actual values of almost periods for the tropical cyclone
structure in Fig. 6 have an error not exceeding 5%.
This confirms the previously obtained results on the
estimates of the forecasting dynamics of the tropical
cyclone structure based on almost periodic analysis. The
obtained results of the errors of the obtained forecast
values are comparable with complex models that take
into account the relationships of the physical quantities
of cyclones [28].

actua

CONCLUSIONS

The article presents a modified method of almost
periodic data analysis with an ordered argument to
analyze both one-dimensional data of large dimensions
and data arrays on the example of tropical cyclone frames.

The method for processing and analyzing the
satellite images of tropical cyclones for identifying the
almost periodic characteristics was used to establish
the characteristic almost periods of the tropical cyclone
structure at the initial stage of formation on the example
of cyclone Milton. Unlike existing approaches used in
constructing forecasts, in which physical parameters
of tropical cyclones are used, the proposed approach
provides a simultaneous opportunity to monitor and
forecast the dynamics of the development of the structure
of tropical cyclones based on satellite images using the
identification of the almost period, a parameter that is
independent of physical quantities. Using one of the
characteristic almost periods as an example, the marking
of dangerous zones of the tropical cyclone structure was
implemented based on circles with radii multiples of the
identified almost period of 83 pixels.

The developed methodology based on the modified
almost periodic analysis method was tested on the
example of forecasting the dynamics of tropical cyclones
development. The accuracy of the forecast estimates
obtained during the study was about 95%.

The developed approach was used to identify
characteristic structural changes in tropical cyclone
images and predict the dynamics of a tropical cyclone
with sufficient accuracy using Hurricane Milton as an
example. The obtained results are of practical importance
for risk assessment and the development of emergency
management strategies caused by tropical cyclones.
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Abstract

Objectives. Thermal spraying and powder laser cladding are promising technologies widely used in various
industries, including aerospace, energy, and mechanical engineering. The efficiency of these technologies depends
on the management of thermal processes occurring during coating application, which directly affect the quality and
durability of the resulting materials and products. This article considers a nonstationary problem of heat transfer
during single-pass spraying on a half-space. The research aim was to simulate the temperature distribution
in a material half-space upon the action of a moving heat source on its boundary.

Methods. Atheoretical study of the temperature distribution on the surface and in the bulk of the processed material
during movement of the spray head was carried out by solving the equation of nonstationary thermal conductivity
in Cartesian coordinates. This equation employs a special type of the heat source power density function in the form
of a thermal strip, simulating the process of heat transfer from the spray path to the material half-space of the part
base.

Results. The obtained solution representing the evolution of temperature in time at different points of the
medium shows that at a certain point of time after the passage of the heating pulse, the temperature inside
the medium reaches its maximum value rapidly followed by its relatively slow relaxation to the equilibrium
temperature of the environment. Penetrating deeper into the bulk of the medium, the thermal pulse is spreading
out while decreasing its amplitude and increasing its width, accompanied by a monotonic increase in the
time to reach the maximum. The transverse temperature distribution has the form of symmetrical peaks, less
pronounced in depth.

Conclusions. The obtained solution can be used when describing the general temperature field at some distance
from the spray head area, where specific heating details are lacking. In particular, the work shows that significant
temperature gradients arise in the vicinity of the primary spray area, which will cause noticeable nonstationary
temperature stresses.

Keywords: gas-thermal spraying, powder laser cladding, nonstationary heat conduction equation, temperature
field, temperature wave, Newton—Richmann boundary conditions, Green’s function for the heat equation
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Pe3iome

LUenu. Naszotepmmnyeckoe HambiieHMe 1 NOPOLLKOBas fla3depHas HamniaBka — NepPCrneKTUBHbIE TEXHONOMMU, LWNPOKO
MPUMEHSIEMbIE B PA3SINYHbBIX OTPAC/ISAX MPOMbILLIEHHOCTU, BKIIOHAS adPOKOCMUYECKYI, SHEPreTUYECKyo 1 Mallu-
HOCTPOUTENbHYIO oTpacnn. OOHUM U3 KIOYEBbLIX aCNEKTOB AaHHbIX TEXHONOTMNI ABNSETCS yrpaBieHne TernioBbiMU
rnpoueccamm, BOSHUKAIOLVMM NPU HAHECEHWM NOKPbLITUM, T.K. OHX HANPSMYIO BIUSIIOT HA KA4ECTBO M JOJITOBEYHOCTb
noJly4aemMbix MaTepmanos v n3genuii. B gaHHoM ctatbe paccMaTpuBaeTCs HECTaUMOHapHasa 3ajava TennonepeHoca
Nnpv 0gHOMPOXOAHOM HarbIIEHMM Ha NOJlYNPOCTPAHCTBO. Lienbio paboThl ABNSETCA MOASNMPOBaHMe pacnpeneneHms
TeMneparypbl B MateprasbHOM MOAYNPOCTPAHCTBE, HA FPaHNLLE KOTOPOro AENCTBYET ABVXKYLLMINCA UCTOYHVIK Tenna.
MeTopnbl. TeopeTnyeckoe nccnegoBaHue pacnpeneneHns TeMrnepaTypbl Ha MOBEPXHOCTU 1 B TOJILLE 006pabaThl-
BAeMOro marepmana B npouecce ABMXKXEHUS rOSIOBKM PachnbIUTENS OCYLLLECTBASNIOCH NYTEM PELLUEHNS YyPaBHEHUS
HecTaLMOHAPHOW TEeMnIonpoBOAHOCTM B AEKAPTOBbIX KoopamnHaTtax. OCOOEHHOCTbLIO YpaBHEHUS ABNSETCS Crneum-
anbHbIN BN GYHKUMW NAOTHOCTU MOLWHOCTU UCTOYHMKA TEMNA B BUAE TEMIOBOM MONOCHI, MOOENNPYIOLWEN NPOLECC
Tennonepeaayn OT JOPOXKN HAMbIIEHUS B MaTepuasibHOE NoJsTlynpoOCTPAHCTBO OCHOBLI AeTasn.

PesynbTaThbl. B pe3ynbtarte nccnenoBaHmsa NoAy4eHHOro peweHnst, NPeacTaBAgaoLLEero SBOMOLNI0 BO BPEMEHN
TeMnepaTypbl B pasfiMyHbiX TOYKax Ccpedbl, YCTAHOBEHO, YTO Yepe3 HEKOTOPOE BPeEMS Mocsie NPOXOXOEHUS M-
nynbca HarpeBaHus TemrnepaTtypa BHYTPU cpeabl 4OBOJIbHO ObICTPO AOCTUraeT MakCUMasibHOrO 3Ha4YEeHUs, a 3aTeEM
OHa OTHOCUTENbHO MEJIEHHO PenakCUpyeT K PaBHOBECHO TemrnepaType okpyxatoLler cpenbl. o mepe yrnybne-
HMS B TONLWY Cpenbl TEMJOBON MMMNYAbC PaCnblBAETCH, YMEHbBLUAETCH €ro amnanTyna 1 yBenmimBaeTcs LWNMpuHa,
a BpeMms AOCTMXKEHUS MaKCMyMa MOHOTOHHO yBeNnyYMBaeTcs. [lonepeyHoe pacnpeneneHme temneparypbl MMeeT
B, CUMMETPUYHBIX MNKOB, MEHEee BblPaXXeHHbIX B riyOuHe.

BbiBoAbl. [1ony4yeHHOE peLleHne MOXeT ObiTb MoMe3HbIM NPU ONMCaHUM 06LLEro TemMnepaTypHoro Noss Ha HeKo-
TOPOM yaaneHum ot ob6nacTu AeliCTBUSA rONIOBKU PACMbINIUTENS, FOe KOHKPEeTHbIE AeTanu Harpesa He NPOoSBAIOTCS.
B yacTHOCTH, B paboTe nokasaHo, YTO B OKPECTHOCTM AeNCTBMS NePBUYHOM 061aCTX HaMblIEHUS BO3HUKAIOT 3HAYM-
TeNbHble FPaAnNEHTbl TEMNepPaTyp, KOTOPbIE BbI3bIBAOT 3aMETHbIE HECTALMOHAPHbIE TEMMNEPATYPHbIE HAMPSXEHWS.
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MpospayHocTb hMHAHCOBOM AeATENbHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOI 3aMHTEPECOBAHHOCTM B MPEACTaB/EH-

HbIX MaTepuanax nin MetToaax.

ABTOpbI 329BNASI0OT 06 OTCYTCTBUN KOHDNINKTA MHTEPECOB.

INTRODUCTION

In modern mechanical engineering, powder coating
technologies using gas-thermal spraying [1, 2] and laser
cladding [3, 4] are widely used. These methods enable
not only the effective restoration of worn parts surfaces,
but also the creation of specialized coatings with
a unique set of characteristics, including increased heat,
wear, and chemical resistance [5, 6]. Laser cladding has
also become a fundamental technology in the field of
additive manufacturing of metal products, where parts
are produced by applying powder material layer by
layer [7, 8].

These technologies involve heating powdered
materials to temperatures exceeding their melting point,
followed by application to the surface of the part using
a high-speed gas flow. A distinctive feature of laser
cladding is the use of an infrared laser as a source of
particle heating. The laser beam is focused on the
surface of the part or in its close proximity, which
provides for a more accurate control of the temperature
of the deposited material and precise positioning of the
deposition path. In the case of conventional gas-thermal
spraying, the material is heated directly in the spray head.
The basic technological operation of these processes
is a single pass of the plasma torch along the surface
being treated, resulting in the appearance of a single thin
molten track on this surface at a speed equal to that of
the plasma torch. In this work, we focus on this basic
operation due to its determining effect on the quality of
the coating.

Optimization of the technologies under
consideration with the purpose of enhancing the
quality of the coatings and products obtained requires
elucidation of those thermophysical processes that
occur when molten material interacts with the surface
being treated [9-11]. In particular, the temperature
distribution across the substrate material during and
after the passage of the spray head is of particular
interest [12]. The importance of precise heat input
control for obtaining the desired coating microstructure
was also underscored in [13, 14].

Mathematical modeling methods are widely
used to optimize spraying technologies and predict
the properties of the coatings being formed [15-17].
Numerical methods, such as the finite element
method [13, 18, 19], are used to model the temperature
distribution in the spray path. The authors of [20] used
the finite volume method to investigate the influence of
temperature distribution during laser cladding on the
melting process of powdered metal in the cladding path
and the influence of the Marangoni effect on the size of
the melting zone. This method was also used in [21] for
numerical simulation of heat and mass transfer processes
in a three-dimensional problem setting when simulating
powder laser cladding of stainless steel. It was shown
that the temperature distribution in the cladding track is
a critical factor determining the shape of its cross-section
profile. In addition to the power of the radiation source,
the temperature distribution in the deposition track is
influenced by the speed of the deposition head relative
to the sample surface and the powder flow rate [22, 23].

Along with numerical methods, analytical methods
can also be used to describe a moving heat source,
predict the cooling rate [13, 24], and estimate the shape
of the molten metal pool [25].

When the focus is heat transfer processes during
spraying, rather than a detailed distribution of thermal
quantities in the track volume and their dynamics over
time, simplified models can be applied. In these models,
spraying generates a localized source of heat along the
plasma jet line of action and localized in time. In further
research, such a model can be taken as a zero (main)
approximation, and all other details of the process can be
taken into account in the form of corrections, in which
the parameter of smallness will be the ratio of the track
width to the characteristic size of the treated surface.

In this article, we consider the problem of nonstationary
temperature distribution in an infinite homogeneous half-
space, the boundary of which features a time-growing “heat
line.” This line is a heat source localized on a geometric
ray, the origin of which moves along a flat boundary at
a constant speed. In such a formulation, the problem is
somewhat non-standard, since its initial conditions are
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replaced by an asymptotic condition for the temperature
field: as t —» —oo, the temperature field of the half-space
tends to a constant value—the ambient temperature.

TASK STATEMENT

Abstracting from the size and shape of the sprayed
surface, let us consider this surface as the boundary of an
infinite half-space filled with a heat-conducting
substance with constant thermal conductivity o and
specific volumetric heat capacity c¢. On this surface, let
us consider a continuously growing thermal strip with
a velocity V consisting of point instantaneous heat
sources with a heat energy output g(7) as a certain
decreasing function of time (Fig. 1).

The axes of the fixed coordinate system are oriented
as shown in Fig. 1. In the selected coordinate system,
the power density of heat sources of the type under
consideration is described by the ratio

q(t, x, y, 2) = q,(t, )3(2)3(y)8(x — v0), )

wherein 8 is the Dirac delta function. The conditional
moment ¢ = 0 is shown in Fig. 1. The conditional
moment ¢ = 0 does not correspond to any initial
conditions, since the thermal band begins to form
att— —oo

In the model under consideration, the function g,(Z, x)
is defined externally. Thus, it simulates the process of
heat transfer from the thermal strip to the material of the
half-space and depends on many physical parameters in
the spraying process. In this article, we use the simplest
model of “stepwise thermal illumination,” in which

qo(t, x) = k(O(z — x/v) = 0(t — x/v — 1)), 2)

wherein k is the constant effective thermal power of
illumination; t is the effective thermal illumination

time (the effective values represent a simplified model
of heat exchange along a line of heat sources, in which
the heat source moves along the line at the speed of light
and transfers heat to the material of the half-space with
a constant power k during a finite time interval t at each
point along the line of sources); 0(x) is the standard
Heaviside step function.

The heat conduction equation for the problem under
consideration will take the form

T —aAT = 3)
= pd(¥)d(2)d(x —vt)(O(t — x/v) — O(t — x/v — 1)),
wherein 7 is the temperature in the region under
consideration, a is the thermal conductivity coefficient,
p = k/c, and the range of the variables changing is
(x,y) €R?,z € (—0,0), € R.

Equation (3) must be supplemented with Newton—
Richman boundary conditions, specified at the boundary
of the half-space in the form

-oT
Oz

=B(T].o - To)- )

z=0

wherein B is the reduced heat transfer coefficient, equal
to the ratio of the heat transfer coefficient at the material-
air interface to the thermal conductivity of the material;
T, is the ambient (air) temperature, which coincides with
the temperature in the asymptotic initial condition; the
minus sign on the left side corresponds to cooling

7

o = TO = const, ®)

playing the role of the initial condition in the formulation
of the problem under consideration and necessary for its
correct formulation.

Fig. 1. Thermal strip on the surface of a semi-infinite material half-space
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SOLUTION OF ANON-HOMOGENEOUS EQUATION

We will seek a particular solution to the inhomogeneous equation (3) using Green’s function G for the heat
conductivity operator

(%—aA’jG(t—t P =8t -t F -7, (6)

which, with arbitrary precision, is determined by the formula for solving a homogeneous equation

G(t—1',F - o 1 Aal=g(; — 1), (7)

. 1
C 2Jon(t—1)?

wherein 7 corresponds to the current point (x, y, z).
The particular solution 7'(¢,7) of the equation (3) corresponding to (7) takes the form

t
T(t,7)= j dt'I d3F ! 3 o= ((x=x2+ (y=y")2+ (z=2)2)/da(t—1) &
-0 R3 (2 out(t—t')) (8)

x pd(¥")0(z")o(x'= vt (O(¢'- x"/ v)—0(t'— x"/ v—1)).

Integrating over y',z' leads to the following intermediate formula for the particular solution:

3 t +00 —((x=x")2+ y2+ 22)/40(t—t")
oy )4 ' ©
T(t,”')— 3/2 I dt _[ dx (l‘—l')3/2 %
(2\/(XTE) -0 =0 )

x O(x'—vt")O(t'-x"/v)—-0(t'-x"/v—1)).

For correct integration over variables (x, ¢), we will proceed to lagging and leading combinations of the initial
variables:

r=x'"-vt',s=x"+tvt' o t'=

(10)

The volume element will be replaced according to the rule dtf'dx'=dsdr/2v, the integration region
(in coordinates x', t' representing a half-plane ¢'<¢) will become a half-plane s — r — 2vt < 0.
In the new variables, integral (9) will take the form

_ » oA ((x=(s+1)/2)%+ 2+ 22)/Aa(t—(s—r)/2v)
T(t,r):—mjds j dr 7 x
2v(2\/ om) —o 52t (t=(s=r)/2v) (11)

xd(r)(O(—r/v)—0(-r/v—1)).

Integrating over variable r instead of function 6 gives 0 if s —2v¢> 0 and 1 if the opposite additional equality holds
when substituting » = 0 into all occurrences of variable » This situation is universally described by the factor 6(2vt —s),
which ultimately leads to the integral

T(t,7)=

o~ ((x=s/2)?+ y2+ 22)/4a(t—s5/2v) W —((x=5/2)%+ y2+ z2)/Aa(t-s/2v) (12)
0(2vt —s) =

=2v(2\/7)3/2 J s/2v)3/2 2v(2\/_)3/2 J. s/2v)3/2
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Let us introduce a new variable u = ¢ — s/2v, for which the integral will take the form

e~ ((x=v(t—u))?+ y2+ 22)/4au
3 . (13)

—+00
T(t.i)=—L—> [ du
u
0

(2\/&)3/2

Integral (13) is calculated in elementary functions, and the final result is as follows:

—(«l(x—vt)2+ y24 22 +x—vt)v/20L)

L. p e

T(t,r)= . . 14
7 4om \/(x—vt)2+y2+z2 (9

In fact, solution (14) describes an axially symmetric thermal wave whose center moves at a speed v along
the x axis. In the accompanying inertial reference frame x = v¢ formula (14) takes the form of a cylindrical wave

. —pv/2a
T'(t,7) =L (15)
4o p

wherein p =4/ y2 + 22, with an axis coinciding with the line of heat sources.

When ¢ = +o00 solution (13) tends to zero for various reasons. When ¢ — —oo, the heat has not yet been released.
However, when ¢ — +oo, the infinite heat released along the entire thermal line has time to relax over an infinite
volume, which, as a result, returns to a state of zero temperature. At a typical point at a certain distance p from
the thermal axis, the evolution of temperature over time is shown in Fig. 2. It has the form of a thermal pulse that
increases rapidly immediately after the passage of the thermal pulse activation wave on the thermal line (the moment
when the laser beam passes the observation point at coordinate x = 0) and relatively slowly (according to the law of
inverse proportionality) relaxes to a state of equilibrium with zero temperature. The solution obtained does not have
any physical meaning yet relevant to the task at hand: this solution must be supplemented with a general solution of
the homogeneous equation, with the help of which the boundary conditions (4) can be implemented (4).

1000
800

X
= 600
400

200

0 2 4 6 8 10
t,s

Fig. 2. Dependence T(t) at parameter values: x=0,y=1,z=1 (inmm), v=5mm/s, a=1mm?2/s, p= 1.0 - 105 mm3.K/s

SOLUTION OF AHOMOGENEOUS EQUATION AND COMPLETE SOLUTION

Due to the linearity of heat conduction equation (3), its general solution can be written as the sum of a particular
solution of a non-homogeneous equation and the general solution of a homogeneous equation 7; :

T(t,x,y,z):T"(t,x,y,z)+Th(t,x,y,z), (16)
wherein T isthe particular solution (14) already found in the previous section. In this section, we will find a suitable 7} .

In essence, it is reduced to implementing the selected boundary condition (4) using 7. Substituting expression (16)
therein, after regrouping the summands, we find
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ot
([3 T, + EJ

wherein the right-hand side is the already known function. In addition, it was taken into account that, due to the

=B(T - T)

z=0

> a7

z=0

=0.
z=0

_ oT
evenness of T by z, the following equality holds: a—h
/A

We will seek a common solution 7, using the method of separation of variables:

T, = O()X(x) Y1) Z(2). (18)

Substituting (18) into equation (3) at p = 0 and dividing it by 7, we obtain the heat conduction equation in
a separated form:

9—oc(£+y—+Z—J=O, (19)

wherein the stroke denotes differentiation with respect to the argument. The condition for separating variables
takes the form of constancy of individual terms in (19); hence, this equation expresses the relationship between the
separation constants

—a(—k2 e +k2)=o (20)
which we will understand as an expression for the wave number £ :
ki 12 2
k, =+ E+kx+ky' 21
In (20)
@V X " 2 Y" 2 Z " 2
kt:6’7:_kx7:ky’7:kz' (22)

The general solution 7, has the following decomposition (a linear combination of different solutions with constant

coefficients):
K t+iCk x+k, v)+e.k Jark2+k2z
— t t
L= Cpee” T o

k,e

> (23)

wherein k= {k, k, k } and the parameter ¢ = +1 distinguishes the roots for £ 8 (21).
In order to find the Fourier coefficients C, , we substitute expression (23) 1nt0 boundary condition (17), in which
we also transform the right-hand side into a Fourler integral. All Fourier transforms will be greatly simplified when

noting that in the right side of (17), the particular solution T depends, according to (14), only on the lagging
combination & = x — vt. In order for the same combination to appear in the left side of (17), it is necessary and
sufficient to require that k, = —ivk,. Only in this case will the desired combination ik, (x — v¢) = ikéé be formed in the
exponent on the left, relative to which the Fourier transform will be calculated. This leads to a correct dependence on
the right-hand side. Let us find the Fourier image of the right side of (17). We have a chain of equalities

(a+v/20, K = 2+ K2 :
. (\l§2+y2 + ‘:)V/za —i(k§§+kyy ) {&=pcos @, y=psin @}

(2)2jayﬁ P o =

e—a(p +pcose)

2n 0
- BTy (ke )3(k, )~ [ do pdp- eriKpeos(v-o) - 4)
0 0

2
By f dg
16730 0 a(l + cos@) +iK cos(y — )

=PToS(k:)S(k),) — = F(k,.k;).
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The integral in the latter expression is calculated using the analytical continuation of the real formula

2
JZT do _ 21 (25)
0 a+bcos@+ccos® /g2 _p2 2
into a complex domain, which, in our case, gives the equality
2
f do _ 21 (26)
o @ +cos@)+iKcos(y —¢) K2 — 2iak,
with the choice of the root branch that gives VK< = ky when k‘: =0.
Finally, for the Fourier image of the right side (17), we obtain:
Pr
F(kyky) = BTyd(ke )8k, )~ @7)

2 2 _n,a
8 oc\/K 2a1k§

wherein K = ,Ik% + kéz, a =v/2a. Now, substituting (23) and (28) into (17), we find the Fourier coefficients for the

homogeneous solution, as follows:

F(k,.ke)

C, = .
k
B+ /1(2—2z'aké

A homogeneous solution with correct boundary conditions can be written as the following integral (3-functions
in F' are explicitly integrated):

(28)

. 2~
+00 +00 el(k§§+kyy)+./K 21ak§z

Bp
Th(ésyez):TO - dk_dk .
8n2a _{OL Y g\/K2 ~diak, ([3+\/K2 —2iaka)

(29)

As further analysis shows, formula (29) does not enable any transformation that would enable the result to be
presented in an analytical form, either partially or completely free of quadratures. Therefore, all further illustrations
will be obtained using numerical Fourier transformation for specific values of the model parameters.

First, let us write down the complete solution with the correct boundary conditions using formula (16):

Bp 00 +00 ei(ka&—ky Y)+,/K2 ~2iak, z
T y,2)=T, e [ ] di,dk. +
—00 —00

[k? ~2iak, (B + [K2 ~2iak, )
e—(\/m +§)v/2a

4mo VEZ + 2 422
wherein § =x — vt.

Let us assume the following average values for the model parameters (in the SI system):

(30)

+

T,=300,a =40, -£—=10%, =2z 102, v=10".
4ra

Next, we note that the parameter B (which has the dimension of a wave number, i.e., the reciprocal of the
wavelength) in formula (30) can be considered small. In this case, the solution will differ significantly for the
region k — 0, which corresponds to the long-wave modes of the solution describing regions of medium distance
from the source. Thus, a simplified form of formula (30) is obtained by neglecting § in the denominator under the
integral—this corresponds to the preservation of first-order terms in the expansion of the solution with respect to
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parameter 3 (even in this case, the integrals are not calculated analytically). As a result, switching to the real form of
the Fourier transform for convenience of calculation, we find

+00 400 2CQ+Z/\/§
T(&y,2)=300-100 [ [ dk dk, ————x
(&2.2) _L _{O VS K4+ 6400k2

. e
X (KZ cos(kE‘\EJ + kyy —c sgn(k&)Q_z) - 80k§ s1n(ké<§ + kyy - csgn(kg )Q_z)) +10000

wherein

40(@ +g) (1)

\/§2+y2 452

0, =\/ /K4+6400k§ +K?, E=x-10731

Let us move on to illustrations of dependence (31). Figures 3 and 4 show families of one-dimensional graphs
obtained from the complete dependence (31). The family of curves in Fig. 3 represents the evolution of temperature
over time at points in the medium located at different depths in the thickness of the medium below the origin of
the coordinate system. The graphs show that sometime after passing the heating pulse, the temperature inside
the medium reaches its maximum value rapidly, and then it slowly relaxes to the ambient temperature. At the

same time, along with its penetration deeper into the
medium, the thermal pulse is spreading out. As a result,
its amplitude decreases and its width increases, and
the time it takes to reach its maximum value increases
monotonically. Overall, this picture corresponds to all
physically reasonable expectations of the model under
consideration.

Figure 4 shows the spatial distribution of temperature
at time ¢ = 0 in the bulk of the substance under the heat
line—the straight trajectory of the candle flame—
depending on the longitudinal coordinate x at the same
depths z, similar to that in Fig. 3. At the moment in
question, the candle passes over the point x = 0. It can be
seen that the thermal impulse (which is more pronounced
the closer the point in question is to the surface) has
accumulated in the previous section x < 0 and will
continue to move to the right in accordance with the
dependencies in Fig. 3.

The transverse temperature distribution relative to
the thermal line is represented by a family of graphs
in Fig. 5. It has the expected appearance of symmetrical
peaks, which become less sharp the deeper the
observation point is located.

The obtained solution (16) can be used when
describing the temperature field some distance away
from the action area of the candle, where specific heating
details (e.g., temperature distribution at the initial spray spot)
are not apparent. In particular, the graphs in Fig. 4 show
that significant temperature gradients arise in the vicinity
of the action area of the candle, which will cause noticeable
nonstationary temperature stresses. Their relaxation in the
vicinity of the passed sections of the thermal line will, in
one way or another, affect the quality of the coating, which
can probably be controlled technologically by means of
special spraying timing, coordinated with the dynamics of
the temperature wave in the layer.

2000
1750
1500
1250
1000
750
500
250

-100 0 100 200 300 400 500
t

Fig. 3. Temporal evolution of temperature at points
with the coordinates x=y =0:

(71)z=-0.1mm, (2) z=-0.2 mm, (3) z=-0.3 mm,

(4)z=-0.4mm, (5) z=-0.5mm, (6) z=-0.6 mm.

The negative time corresponds to the accepted

asymptotic initial condition (5);

in a moving coordinate system, the momentt=0is

conditional

2000
1750
1500
1250
1000
750
500
250

Fig. 4. Spatial profile of the temperature wave aty =0,
t=0as a function of coordinate x at the same depths
in the layer asin Fig. 3: (1) z=-0.1 mm, (2) z=-0.2 mm,
(3)z=-0.3mm, (4) z=-0.4 mm, (5) z=-0.5 mm,
(6) z=-0.6 mm
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Fig. 5. Transverse spatial profile of the temperature wave
atx=0, t=0 as a function of the y coordinate at the same
depths in the layer as in Fig. 3:
(7)z=-0.1mm, (2) z=-0.2 mm,
(8)z=-0.3mm, (4) z=-0.4 mm,
(5)z=-0.5mm, (6) z=-0.6 mm

CONCLUSIONS

This article addresses a nonstationary heat
conduction problem simulating the technology of
gas-thermal spraying of a thin strip forming part of
a protective coating. An exact analytical solution
describing the temperature field in the substrate material
during the movement of a plasma torch creating a heat
strip is obtained.

Our calculations showed that:

e after passing the heating pulse, the temperature inside
the medium reaches rapidly its maximum value and
then relaxes slowly to the ambient temperature;

e when penetrating deeper into the material, the
thermal pulse spreads out, reducing its amplitude
and increasing its width, while the time it takes to
reach the maximum temperature increases;

e significant temperature gradients occur in the vicinity
of the heat source, which can lead to nonstationary
thermal stresses.

These facts are fully consistent with the general
laws of thermophysical processes and, taken together,
demonstrate the correctness of the selected physical
model and the validity of the approximations
made.

An accurate formula for the temperature field
of a nonstationary heat strip was derived, enabling
a detailed theoretical investigation of all essential
characteristics of the heat pulse and their use in
calculating experimentally and practically significant
parameters of the spraying technology. It should
be noted that the experimental possibilities for
investigating the characteristics of the heat pulse
under the conditions considered are rather limited and
resource-intensive.

The resulting solution can be useful for describing
the general temperature field at a certain distance from
the spray head, where the details of the thermal band
structure are not apparent. The results can be used to
optimize the technological parameters of spraying, such
as spraying timing, in order to control the quality of the
coating obtained.
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Abstract

Objectives. The aim of this study is to develop a method for automatic quantitative estimation of the Gaussian
blur parameter in digital images, which typically arises due to defocus of the optical system, various optical and
camera-induced aberrations, as well as the influence of the propagation medium. This task is highly relevant for
a wide range of applied fields, including remote sensing, forensic analysis, photogrammetry, medical imaging,
automated inspection, and preprocessing of visual data prior to solving restoration, classification, or recognition
problems.

Methods. The proposed method is based on comparing the two-dimensional histogram of gradients of the
analyzed image with reference histograms precomputed for a high-sharpness image with similar texture and
scale. The reference image is artificially blurred using convolution with a Gaussian kernel at various blur levels.
For each level of blur, a two-dimensional gradient histogram is constructed, representing the distribution
of directions and magnitudes of local intensity changes. The comparison with the corresponding histogram
of the target image is performed after applying a logarithmic transformation and computing the Euclidean norm.
This approach provides high sensitivity, interpretability, and numerical stability. The method does not require
edge detection, neural network training, or labeled data, and can be implemented with minimal computational
cost.

Results. Tests on synthetic data demonstrate that the proposed approach achieves high accuracy: the relative
error in estimating the Gaussian blur parameter within the range of 0.7 to 2.0 pixels is less than 5%, and
in most cases does not exceed 2-3%. The method is robust to noise, compression, local artifacts, and texture
inhomogeneities.

Conclusions. The developed approach can be applied in automated image analysis systems as well as in blind
deconvolution preprocessing tasks. It offers high accuracy, implementation simplicity, and reproducibility, providing
reliable blur estimation under minimal data assumptions.

Keywords: image blur, Gaussian blur, blur parameter, gradient histogram, distribution comparison, distortion
estimation, reference image, blind deconvolution, sharpness measurement, histogram distance metric
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Pesiome

Llenu. Lienbto HacToSLLEro ccrneaoBaHus ABnseTcs pa3paboTka MeToga aBTOMaTUYECKOM KONMMYECTBEHHOMN OLIeH-
K1 NapamMeTpa rayCCoBCKOro pa3mbiTusi LMdPOBOro n3obpaxeHnsi, BO3HUKAIOLLErO, Kak NpaBusio, BCleacTeue ae-
bOKYCMPOBKM ONTUYECKOMN CUCTEMbI, HEKOTOPBIX APYr1X MOrPeLLIHOCTEN BHOCUMBbIX ONTUYECKOM CUCTEMOWN N Kame-
poW, a TaKkxe BCNeACTBUE BINAHUSA CPeabl pacnpocTpaHeHus ceeTa. [JaHHada 3ajaya akTyanbHa 18 MHOXEeCTBa
npuknagHbix obnacTtel, BkYas ANCTAHLUMOHHOE 30HAMPOBAHME, TEXHNYECKYD 3KCNepTm3y, GOoTorpaMMeTpuIo,
MEeAVLMHCKYIO BU3yann3auuio, aBTOMaTUYECKYIO MHCMEKLMIO U NMPeABapUTENbHY0 06paboTky n3obpaxeHuii nepeq,
peLueHnemM 3ana4y nx BOCCTaHOB/EHWS, Knaccudurkaumm nim pacno3HaBsaHus.

MeToabl. [pennoXeHHbIi MEeTOL, OCHOBAaH Ha CPaBHEHUW ABYMEPHOM FMCTOrpamMmbl rpagveHTOB aHanuau-
pyemMoro n3obpaxeHusi C 3TaJIOHHBIMU FTMCTOrpaMMamMu, 3apaHee BblYUCTIEHHbIMU S M306paXeHns BbICOKOM
4yeTKkoCTU, 06N1afaloLWEero CXo4HOM TEKCTYpOol 1 MacluTabom. DTanoHHoe n3obpaxeHne NCKYCCTBEHHO Pa3Mbl-
BaeTCs C pas/IM4yHbIMN 3HAYEHNAMU NnapamMeTpa Pa3MbiTUSG MyTEM BbIHUCIEHUS CBEPTKM C rayCCOBCKUM S14POM.
[n§a kaxaoro ypoBHSA pasMbITUS CTPOUTCS ABYMepHad rmctorpamMma rpagueHToB, oTpaxatowasa pacrnpeaeneHme
HanpaBfeHN N BEINYMH NOKaSIbHbIX U3MEHEeHUI spkocTn. CpaBHEHME C aHaNIOrMYHOM rmcTorpaMmon obpaba-
TbIBAEMOI0 N300paxXeHUs BbINOJIHAETCS Moce norapndMmMpoBaHms No eBKINAOBOM HOpME. ITO AaET BbICOKYHO
YYBCTBUTEJIbHOCTb, UHTEPMNPETUPYEMOCTb U YMCIIEHHYIO YCTONYMBOCTb. MeToa He TpebyeT BbIAENEHUS PE3KUX
rpaHuL, 00y4eHnst HEMPOCETEN NN HANIMYMS PAa3MEYEHHbIX JAaHHbIX 1 MOXET OblTb peanM3oBaH C MUHUMasbHbIMU
BbIHMCNINTENbHBIMUY 3aTpaTamMu.

PesynbTatbl. Ha CMHTETUYECKMX O@HHbIX MOKA3aHO, YTO MPenjIoXeHHbIN Noaxon obecrnevymMBaeT BbICOKYIO TOY-
HOCTb: OTHOCUTENIbHAs OLLIMOKa OLEHKM NapaMeTpa pa3MbITUs B Auana3oHe ero 3HavyeHuii 0.7-2.0 nukcensi cocTas-
nsetT meHee 5%, a B 6ONbLUMHCTBE CllydaeB He npeBbilaeT 2—3%. MeTo, yCTOMUMB K LUYMY, CXaTuio, JTOKasIbHbIM
apTedakTam 1 TEKCTYPHbIM HEOAHOPOAHOCTSM.

BbiBoAbl. Pa3paboTaHHbIi Noaxon MOXET NMPUMEHSATLCS B CUCTEMAx aBTOMATMYECKOrO aHanmsa u3obpaxeHui,
a Takxke B Ka4eCTBe NpeaBapuUTENbHOro atana B 3agadyax crnenom aekoHsonouum. OH OTIMYaeTCs BbICOKOW TOYHO-
CTbl0, MPOCTOTOW peanvsaumm 1 BOCNPON3BOANMOCTbLIO, 06ecneymBas HaAEXHYO OLLEHKY CTEMEHN Pa3MbITUS NMpu
MUHUMaJIbHBIX TPEOOBAHUSAX K UCXOOHBIM AAHHbLIM.
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KnioueBble cnoBa: pasmbiTiie N306paxeHunsi, rayCCOBCKOE pas3mbITe, NapaMeTp pa3MbITUs, FTMCTorpaMma rpaam-
E€HTOB, CpaBHEHWE pacnpeneneHnii, oLleHKa NCKaXKeHNn, 3TaNlIoHHOE N300paxeHune, cnenas AEKOHBOMIOLUUS, N3MEPEHNe

PE3KOCTU, MeTpUKa PacCTOSAHUS MEXy rMCTorpaMmmMamMm

Ansa untupoBaHusa: ®enopos B.B., Xapnamos C.I". OueHka napamMeTpa rayCCOBCKOr0 PasmbITUS METOA0M COMOCTaB-
JIEHNS TMCTOrpaMM rpaMeHTOB C 3TaNIOHHBLIM n3obpaxeHuem. Russian Technological Journal. 2025;13(6):139-147.
https://doi.org/10.32362/2500-316X-2025-13-6-139-147, https://www.elibrary.ru/OVEHAM

MpospayHocTb hMHAHCOBOM AeATEeNbHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOM 3aMHTEPECOBAHHOCTM B MPEACTaB/EH-

HbIX MaTepuanax niam MetToaax.

ABTOpbI 329BNASI0OT 06 OTCYTCTBUN KOHDINKTA MHTEPECOB.

INTRODUCTION

Estimating image blur parameters is an important
task in image processing and analysis. It plays a key role
in improving sharpness, diagnosing data quality, and
preprocessing images in satellite monitoring, medicine,
industrial control, and other fields. The task of estimating
the blur parameter ¢ in the case of Gaussian blur is
particularly relevant. It is widely used as a model of
spatial image degradation caused by defocusing or other
forms of optical degradation. A highly accurate method
for estimating the image blur parameter is important
for the successful solution of the blind deconvolution
problem.

Existing methods for evaluating blur parameters
can be divided into several classes. The first class
includes methods based on sharp edge analysis.
They require accurate extraction and approximation
of the transition profile, making them sensitive to
noise, compression, and complex scene structure. The
second class consists of frequency-based approaches,
including methods based on the evaluation of the
Modulation Transfer Function (MTF). These methods
are also susceptible to global texture and can produce
systematically overestimated values in heterogeneous
image regions. The third class consists of methods
based on machine learning, in particular convolutional
neural networks [1, 2]. They demonstrate a high level
of accuracy but require a large amount of labeled data
for training and may not transfer well to new domains
different from the training sample [1-7]. There are also
individual studies in the literature devoted to the direct
identification of the Gaussian blur parameter [8].

The method proposed in this paper aims to
overcome these limitations. It does not require the
localization of sharp boundaries and is resistant to noise
and compression artifacts. It is based on comparing the
two-dimensional histogram of gradients of the analyzed
image with similar histograms obtained in advance from
areference image of a similar texture, artificially blurred
with different values of . This allows for the degree
of blurring to be estimated using the nearest neighbor

principle in the histogram space. The method is easy
to implement, requires no training, and demonstrates
a high level of accuracy (the relative error, depending
on the blur parameter value, ranges from 2% to 5%).
In order to implement it, only one sufficiently arbitrary
high-quality image is required as a reference.

The objective of this article is to describe formally
the proposed method, experimentally evaluate its
accuracy on synthetically blurred images, and compare
its effectiveness with existing methods for estimating
blur parameters.

1. IMAGE BLURRING MODEL

Let us consider the Cartesian coordinate system Oxy
associated with the matrix of light-sensitive image
elements. Let g[x, y] bethe discrete image of the scene—
the reflected light signal coming from the object being
photographed before passing through the propagation
medium and the optical system. Let us assume that
the camera pixel size A meets the condition A< I/F__,
where Fis the highest significant spatial frequency
contained in the frequency spectrum of the image ¢[x, y],
which in this case, according to the sampling theorem,
is represented as:

glx,y]= D qlx’,y'Tsinc(x—x)sinc(y - »"), (1)
x\y'eZ

wherein, for convenience, A= 1 is assumed.

Taking into account distortions when the signal
passes through the optical channel and the camera’s
optical system, a Gaussian blurred image is projected
onto the camera’s touch panel:

g6y = [ a(x,y)gs(x =X,y =Y )ax'dy',  (2)
R2
wherein
2

X

e 20%.

g5l y]1=g5,(0)gs(»), g5(x)=
o
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Here, itis assumed that the Gaussian blur parameter o,
which models the properties of the optical channel and
certain design and manufacturing errors in the optical
system, is sufficiently large (6 > 0.7 pixels) and therefore
dominates over the effect caused by diffraction.

During the exposure time t a charge equal to

plx, v]=1A%¢'(x,y) =¢'[x,y] accumulates on the
sensor with the indices x, y, where Tt =1 and A=1 are
assumed.

From (2), taking into account (1), it follows that

plx,y]=

= D g[x,y"I(sinc* hy)(x — x')(sinc * hy)(y - "), )
x,y'el

wherein (sinc* i )(x) = j sinc(x") g (x —x")dx, “* is

the convolution operationfRdeﬁned by Eq. (2).

In [9], it is shown that for values of the blur
parameter ¢ > 0.7 pixels can be considered with high
accuracy as (sinc*h_)(x) =g (x). Taking this into
account, Eq. (3) can be written as:

plx,y]= Z q[xlay']hg[x_x'ay_y’]a
X, y'el

wherein A [x, y]=g;(x)gs(y) is the two-dimensional
isotropic Gaussian model of the discrete point blur
function (PBF) with the blur parameter ¢ > 0 that we
accept.

The accepted model is typical of satellite imaging of
the Earth in cases where directional distortions (related
to camera movement, object movement, or platform
instability) are compensated. This work assumes
that such directional blurring has been preliminarily
eliminated by hardware or software and therefore, in
a first approximation, the image can be considered
isotropically blurred, without any predominant direction
in the blurring.

2. THEORETICAL ASSUMPTIONS
OF THE METHOD

The proposed method for estimating linear blur
parameters is based on the assumption that, given the
known nature of the image texture and a specified
shooting scale (the ratio of the linear size of the terrain to
the pixel size), the two-dimensional histogram of image
gradients contains sufficient information to restore the
blur parameters. In other words, it is assumed that the
distribution of pixel brightness gradients, considered
as a realization of a two-dimensional random variable,
depends primarily on the properties of the scene texture,
image scale, and blur parameters, while not depending

on the content of the scene as a whole. This means that
images with similar textures and the same scale, but
different degrees of blur, will have different gradient
statistics. This dependence can be used to estimate the
distortion parameters.

Itis assumed that there are broad classes of images for
which the distribution of gradients can be described by
a parametric family depending only on blur parameters.
Such assumptions are typical for statistical models of
natural scenes (natural scene statistics [1, 3, 4]) used in
a number of works on distortion estimation [10—12].

It ca be presumed that such classes are determined
primarily by texture characteristics: large or small
details; contrasting or homogeneous structures; and
linear scale. As will be shown in Section 3, this
assumption is confirmed in practice: histograms of
gradients of images with similar textures but different
blur parameters demonstrate a stable dependence on
distortion parameters.

The main idea of the method is to use a reference
image belonging to the same class (i.e., with similar
texture and scale) as the one being analyzed. The
reference is synthetically subjected to Gaussian blurring
with a blurring parameter which varies across a regular
grid. For each blurred image obtained in this way, a two-
dimensional gradient histogram (reference histogram) is
calculated. The gradient histogram of the image being
analyzed is then compared with the pre-calculated
reference histograms. The following measures were
considered:

° lp—norms (p=1,2, o0) from the difference of logarithms

of histograms;

e Kullback—Leibler and Jensen—Shannon divergences.
This corresponds to standard practice in image quality
assessment tasks [13]. However, significantly better
results were obtained using logarithmic transformation
and the /,-norms.

Thus, the task is narrowed down to finding the
nearest neighbor in the space of reference histograms.
Each node of the parameter grid corresponds to one
reference histogram and, therefore, to a uniquely defined
vector of the blur parameters.

2.1. Plotting a two-dimensional histogram
of image gradients

For each pixel of the input image p[y, x], the discrete
gradient is calculated in the following way:

Vply,x1=(p. [y, x], p,[y,x])

wherein the gradient components are defined as the
convolution of the image with the Sobel operator D:

Py x1=(p *D )y, xl, - pyly,x]=(p* D)y, x],
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and the operators themselves have the form

-1 0 1

_pnT
-2 0 2|, D,=D].
-1 0 1

Each gradient vector Vp[y,x] is further interpreted
as the realization of a two-dimensional random variable
observed in independent “tests” across the entire image
area. Based on the set of these values, a two-dimensional
histogram of gradient distribution is constructed:

va[i,j], ls] :1>N9

wherein N is the number of histogram cells for each
measurement (p, and P, axes).

Let us assume that the gradient values fall within a fixed
limited window (e.g., [—Gmax, G pax 1% [—Gmax’ Grax )
which is evenly divided into N x N cells.

Choosing the N parameter requires a compromise
between smoothing and discretization. If V is too small, the
histogram becomes excessively smooth and loses important
features of the distribution. If NV is too large, the number of
observations in each cell drops sharply, and the histogram
becomes noisy. Thus, choosing the number of cells is part
of the method configuration and should correspond to the
sampling density and the nature of the gradients.

2.2. Reference histograms generation

A set of synthetically blurred images {pck} is

generated from the selected reference image petalonyy, ]
using a fairly fine two-dimensional grid of the blur
parameter o,. For each grid value o, the reference image
is blurred:

pgtkalon — (petalon * hck )[y’x],

wherein the blur kernel th [v,x] is calculated via

formula (3).
Then, for each variant of the reference image blur
pgflon [v,x] aseparate histogram of gradients H v petalon

S
Kak is plotted, as indicated in section 2.1.

2.3. Procedure for evaluating the blur parameter
based on comparison with reference values

An appropriate metric should be used to evaluate the
distances between the gradient histogram of the analyzed
image and variants of similar reference histograms.
Experiments have shown that the best results are
obtained using the following metric:

diStlog (HVp > vaetalon )=
Ok
2
= 2 [log Hy, [i, j1=10g Hy, eaion [ /]] -
i ok

In order to improve numerical stability under the
logarithm sign, a regularization procedure should be used
which consists of replacing the values of zero cells with the
smallest of all obtained cell values before logarithmization.
In such a situation, the expression of the type log(x) is
often replaced by log(x + &), where, for example, & = 107°.
However, as the experiment has shown, such a solution,
compared to the one proposed above, often leads to a multiple
increase in the relative error of the blur parameter estimation.

Thus, the evaluation of the blur parameters present
in the analyzed image is carried out according to the
following rule:

6 = argmindisto, (Hy,,, H, cqion )-
k ka

3. MODELING RESULTS

Figure 1 shows two high-quality images. The
first, blurred to different degrees, is considered as the
processed image, the degree of blurring of which needs
to be evaluated (at different blurring values). The second
is used as a reference (standard) image.

The modeling results are presented in Table 1.

Table 2 presents the results of modeling when
changing the roles of the images under consideration—
the image that was previously evaluated became the
reference image, and vice versa.

As can be seen from the tables above, when the evaluated
image is artificially blurred by the values o €[0.7, 2.0], the
relative accuracy of the estimates in most cases does not
exceed 5%. In fact, in most cases it is significantly lower.
Individual outliers in the estimate values are associated with
the high sensitivity of the method to the choice of histogram
cell boundaries. The estimates given in Tables 1 and 2 were
obtained with histogram cell boundaries taken in the range
from —2.1 to 2.1 with a step of 0.02126.

Figure 2 shows a typical one-dimensional logarithmic
histogram (natural logarithm of the histogram). The
corresponding one-dimensional histograms are obtained
by averaging the two-dimensional histogram in each of
the two directions.

Figure 3 shows typical graphs of the dependence
of the dist, og metric value on the o, parameter (at
a fixed 6). The minima on these curves correspond to the
estimation of the blur parameters. The graphs compare
the results for two values of the grid step along o:
0.01 and 0.001 pixels. As can be seen, the step of 0.01 is
already small enough, and further reduction does not
lead to a significant increase in accuracy.
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Fig. 1. Two high-quality images:
(a) the image being processed; (b) the image used as a reference

Table 1. Modeling results Table 2. Modeling results when changing the roles
of the images under consideration
True value ¢ Estimation ¢ Error value I T .
error, % . Relative
True value o Estimation ¢ Error value o
error, %

0.7 0.69 +0.01 4.3
0.7 0.69 +0.01 4.3

0.8 0.79 +0.01 1.3
0.8 0.80 0.00 5.0

0.9 0.88 +0.02 1.1
0.9 0.93 —0.03 2.2

1.0 0.99 +0.01 1.0
1.0 1.02 —0.02 1.0

1.1 1.07 +0.03 1.8
1.1 1.12 —0.02 0.9

1.2 1.24 —0.04 2.5
1.2 1.13 +0.07 2.5

1.3 1.35 —0.05 2.3
13 1.24 +0.06 3.1

14 1.42 —0.02 .

00 36 14 1.34 +0.06 3.6
1.3 1.54 004 73 15 1.44 +0.06 0.7
1.6 1.61 —0.01 3.1 1.6 1.56 +0.04 13
17 1.74 004 39 17 1.64 +0.06 18
18 1.82 0.2 17 1.8 1.77 +0.03 3.9
1.9 2:00 ~0.10 79 1.9 1.80 +0.10 3.2
20 2.10 -0.10 6.5 2.0 1.90 +0.10 6.0
2.1 2.20 —0.10 6.7 2.1 2.00 +0.10 8.1
2.2 2.30 —0.10 6.8 22 2.11 +0.09 1.4
2.3 2.40 —0.10 7.8 23 2.20 +0.10 5.7
2.4 2.50 —0.10 3.8 2.4 2.30 +0.10 5.4
2.5 2.60 —0.10 10.0 2.5 2.40 +0.10 9.2
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Fig. 3. A typical view of the dependence of the metric
determining the similarity of the compared images
on the value of the estimated blur parameter o
at grid step: (a) 0.01; (b) 0.001

4. COMPARISON WITH OTHER METHODS

This work proposes a method for estimating
the Gaussian blur parameter of an image based on
comparing a two-dimensional gradient histogram
with pre-calculated reference histograms obtained
from an image of similar texture and scale which has
been artificially blurred. The method does not require
boundary localization and works well even in the
presence of compression and noise.

The simulation showed that the method demonstrates
high accuracy in the range of blur parameter values
6 €[0.7, 2.0], achieving a relative error that in the vast
majority of cases does not exceed 5% and is often lower.
At the same time, one of the key factors affecting the
accuracy of the estimate is the choice of cell boundaries
when constructing the gradient histogram.

The minimum grid step for the blur parameter o,
sufficient for high accuracy is 0.01 pixels. Further
reduction does not provide any significant gain which
makes the method efficient in terms of computational
costs.

Thus, the proposed approach is simple to implement,
noise-resistant, and easily adaptable to different blur
ranges. It has the potential to be applied in automatic
image analysis tasks in technical, medical, and remote
applications, as well as used as a preliminary stage for
subsequent image restoration.

Table 3 presents a brief comparison of the proposed
method with a number of known approaches to
estimating Gaussian or linear blur parameters.

Thus, comparison with existing methods shows that
the approach proposed achieves accuracy comparable
to the best modern methods based on trainable neural
network models (2-5%), while requiring no prior
training, labeled data, or complex infrastructure.

It should be noted that the proposed method
essentially implements the simplest version of regression
in feature space, similar to how convolutional neural
networks work. Two-dimensional gradient histograms
serve as features, and a set of reference images
artificially blurred with known values of the parameter
o serves as the training sample. Instead of training the
model parameters, an explicit comparison is made using
a metric, making the method interpretable and robust.
Thus, the approach proposed can be considered an
effective and interpretable alternative to neural network
methods for blur estimation [4, 5-7, 14, 15].
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Table 3. Comparative table of different methods for evaluating image blur parameters

Requires Requires . . . Accuracy at
Method A P - Noise resistance | Automation s e[l.0,2.0] Comments
. zo . .
Proposed method Yes (similar No High Full A 2-5% High accuracy, highly
structure) (in most cases) | scalable
Requires a clear sharp
Sharp boundary No Yes (locally) Low Limited 5-15% boundary and may be
method sensitive to noise and edge
line direction
Froquency method Requires correct window
}1 No No Average Yes 5-10% selection, depends on
(MTF-fit)
texture
Gradlent statistics No No Average Yes 10-20% Easy to implement,
without a reference low accuracy
Methods based on Requires Good results on
convolutional neural | Not always No High tracilnin 2-5% the trained sample,
networks & but difficult to apply

' Modulation Transfer Function is an experimental fitting of the modulation transfer function.

CONCLUSIONS

This work used a single reference image with
texture characteristics similar to those of the image
being analyzed. However, in order to increase the
stability and versatility of the method in practice,
it is reasonable to use not just one reference, but
a representative set of references. This approach
involves the preliminary formation of a basic set of
high-quality images, their clustering by characteristics
(for example, by gradient histograms at ¢ = 0), and

the subsequent selection of the closest reference for
each image under analysis. This can enable the method
to be adapted to a variety of scene structures and
textures, increasing the accuracy and expanding the
applicability of the approach.

The method could be further developed in the
direction of automatically selecting image areas with
high textural informativeness, potentially reducing the
requirements for selecting a reference image.
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