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•  Information systems. Computer 
sciences. Issues of information  
security

•  Multiple robots (robotic centers)  
and systems. Remote sensing  
and nondestructive testing 

•  Modern radio engineering  
and telecommunication systems 

•  Micro- and nanoelectronics. Condensed 
matter physics

•  Analytical instrument engineering  
and technology

•  Mathematical modeling 
•  Economics of knowledge-intensive  

and high-tech enterprises and industries. 
Management in organizational systems

•  Product quality management. 
Standardization

•  Philosophical foundations of technology 
and society
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•  Информационные системы. 
Информатика. Проблемы 
информационной безопасности

•  Роботизированные комплексы и системы.  
Технологии дистанционного зондирова-
ния и неразрушающего контроля

•  Современные радиотехнические 
и телекоммуникационные системы

•  Микро- и наноэлектроника. Физика 
конденсированного состояния

•  Аналитическое приборостроение  
и технологии

•  Математическое моделирование
•  Экономика наукоемких и высокотехно-

логичных предприятий и производств. 
Управление в организационных системах

•  Управление качеством продукции. 
Стандартизация

•  Мировоззренческие основы  
технологии и общества

РОССИЙСКИЙ 
ТЕХНОЛОГИЧЕСКИЙ 
ЖУРНАЛ
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Cybersecurity of smart grids:  
Comparison of machine learning approaches  

training for anomaly detection
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Abstract
Objectives. The transformation of modern electric grids into decentralized smart grids presents new challenges 
in the field of cybersecurity. The purpose of this work is to conduct research and analysis into the effectiveness 
of different machine-learning methods for identifying anomalies in decentralized smart networks, including 
cyberattacks and emergency modes, as well as to develop recommendations on the optimal combination of these 
methods for ensuring effective cybersecurity under conditions of changing electrical loads.
Methods. We consider several machine learning methods for identifying anomalies in power systems that simulate 
network behavior under conditions of cyberattacks and emergency modes. The relative effectiveness of such 
methods as multifractal analysis using wavelets, the Isolation Forest model, local outlier factor (LOF), k-means 
clustering, and one-class support vector machine (One-Class SVM), is analyzed.
Results. The comparison of machine learning methods reveals the varying effectiveness of anomaly detection 
methods used to detect cyber threats and deviations in electrical systems. Isolation Forest is best at detecting 
abrupt changes related to cyberattacks with high accuracy and a minimum of false positives. While LOF can also 
be effective in detecting cyberattacks, its increased sensitivity to minor deviations increases the number of false 
positives. K-means and One-Class SVMs are less effective in detecting abrupt anomalies but are useful for general 
clustering of data and detecting both abrupt and smooth changes, respectively.
Conclusions. The obtained research results indicate the advantages of using a combination of machine learning 
algorithms to ensure the reliable protection of smart networks from cyberattacks taking into account the nature of 
the electrical load.

Keywords: smart grids, cybersecurity, machine learning, anomaly detection, Isolation Forest, cyberattacks
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НАУЧНАЯ СТАТЬЯ

Кибербезопасность смарт-сетей:  
сравнение подходов машинного обучения 

для обнаружения аномалий

С.В. Кочергин @,  
С.В. Артемова,  
А.А. Бакаев,  
Е.С. Митяков,  
Ж.Г. Вегера,  
Е.А. Максимова

МИРЭА – Российский технологический университет, Москва, 119454 Россия
@ Автор для переписки, e-mail: kochergin_s@mirea.ru 

Резюме 
Цели. Современные электрические сети, трансформирующиеся в децентрализованные смарт-сети, сталкива-
ются с новыми вызовами в области кибербезопасности. Цель работы – провести исследование и анализ эф-
фективности различных методов машинного обучения для выявления аномалий в децентрализованных смарт- 
сетях, включая кибератаки и аварийные режимы, для разработки рекомендаций по оптимальному сочетанию 
этих методов для обеспечения эффективной кибербезопасности в условиях изменяющейся электрической на-
грузки.
Методы. Рассматриваются различные методы машинного обучения для выявления аномалий в энергоси-
стемах, моделирующих поведение сети в условиях кибератак и аварийных режимов. Проведен анализ эф-
фективности таких методов, как мультифрактальный анализ с использованием вейвлетов и модель изоли-
рованного леса (Isolation Forest), локальный коэффициент выбросов (local outlier factor, LOF), кластеризация 
методом k-средних и одноклассовая машина опорных векторов (One-Class SVM).
Результаты. Рассмотрены различные методы машинного обучения для выявления аномалий в энергоси-
стемах, моделирующих поведение сети в условиях кибератак и аварийных режимов. Методы обнаружения 
аномалий показали разную эффективность в выявлении киберугроз и отклонений в электрических системах. 
Метод Isolation Forest лучше всего обнаруживает резкие изменения, связанные с кибератаками, высокой точ-
ностью и минимумом ложных срабатываний. Метод LOF также может выявлять кибератаки, но его повышен-
ная чувствительность к мелким отклонениям увеличивает число ложных срабатываний. Методы k-средних 
и One-Class SVM менее эффективны в выявлении резких аномалий, но полезны для общей кластеризации 
данных и обнаружения как резких, так и плавных изменений соответственно. 
Выводы. Полученные результаты исследований указывают на то, что для обеспечения надежной защиты 
смарт-сетей от кибератак следует использовать комбинацию алгоритмов машинного обучения с учетом ха-
рактера электрической нагрузки.

Ключевые слова: смарт-сети, кибербезопасность, машинное обучение, выявление аномалий, Isolation 
Forest, кибератаки
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INTRODUCTION

Modern power grids are being rapidly transformed 
into decentralized systems with the introduction of 
smart grids and distributed power generation. Such 
grids, comprising cyberphysical systems, face new 
cybersecurity challenges related to the need to protect 
distributed components from potential multilayered 
attacks [1–5]. Due to the inadequacy of using traditional 
antivirus software for protecting such networks, the 
professional community has been paying more attention 
to the issue of endpoint protection, including Endpoint 
Detection and Response (EDR) [6].

A special feature of the EDR system lies in its 
capability to use behavioral analysis for detecting 
suspicious activity and detecting changes in the 
configuration of endpoints and nodes of the electrical 
network and directly connected electrical equipment. For 
example, the actions of intruders using fileless methods 
can manifest themselves in changes in electrical energy 
parameters (voltage, resistance) and false commands to 
switch equipment.

Smart grids protection requires the development 
of new behavioral analysis methods that take into 
account the peculiarities of their technological modes of 
operation.

STUDY AND CLASSIFICATION OF HARMONIC 
DISTORTIONS AND ANOMALOUS SIGNALS 

CAUSED BY CYBERATTACKS

The primary focus of cyberattacks on smart grids 
is to create the conditions to maximize the damage 
of disruption. One cyberattack approach that poses 
a significant threat consists in tampering with the 
voltage regulation control system. This exploits 
a vulnerability connected with the use of transformers 
with automatic voltage regulation to maintain the 
required voltage level. The most common regulation 
method involves the use of load-side regulation 
transformers [7–9].

Unusual commands and actions during a cyberattack 
on the electric grid can manifest themselves in a variety 
of ways that differ from normal system behavior. 
For example, a command to change a transformer’s 

transformer ratio for no apparent reason or attempts to 
repeatedly log into the control system may indicate that 
the attackers are attempting to interfere with the system. 
Such anomalous actions require prompt detection and 
analysis to prevent possible threats.

Let us consider an example of power grid operation 
during a cyberattack. Here the power system is 
operating in normal mode with all parameters within 
acceptable limits. Transformer T1 functions stably, 
providing the necessary voltage at the substation with 
a transformation ratio of 35(10)/0.4 kV. Suddenly 
a command is received to change the T1 transformer 
ratio, although the operator finds no reason for 
such a change, as the system parameters remain 
within normal limits. Nevertheless, the command is 
executed to change the transformer ratio. This causes 
voltage fluctuations on the low voltage side of the 
transformer (0.4 kV), which leads to disruption of the 
connected consumers’ operation.

This process can trigger a rolling shutdown of 
automation and consequent loss of power supply to 
end consumers. Alarms due to deviations of network 
parameters appear on the dispatch panel, and operators 
take measures to restore normal operation. After the 
incident is eliminated, analysis is performed to identify 
the cause of sending an unauthorized command. System 
logs and network traffic are examined for possible 
cyberattacks or control system failures.

This example demonstrates the vulnerability of 
electrical grids in the case of intruders penetrating the 
control system, along with the need for early detection 
of anomalies (false commands).

Understanding anomalies in power grid protection 
is not possible without process knowledge. Cyberattacks 
typically differ from normal system failures due to their 
lack of association with obvious causal links in the 
fault chain. Additionally, such attacks occur suddenly, 
making them difficult to detect using traditional 
methods [10–14].

In this regard, the task of the present study is to 
conduct an experiment simulating the deviation of 
voltage in the network according to a selected anomaly 
analysis method, allowing it to be distinguished as 
accurately as possible from the normal emergency mode 
of operation of the electrical network.

• Поступила: 12.09.2024 • Доработана: 25.09.2024 • Принята к опубликованию: 01.10.2024

Для цитирования: Кочергин С.В., Артемова С.В., Бакаев А.А., Митяков Е.С., Вегера Ж.Г., Максимова Е.А. Ки-
бербезопасность смарт-сетей: сравнение подходов машинного обучения для обнаружения аномалий. Russ. 
Technol. J. 2024;12(6):7−19. https://doi.org/10.32362/2500-316X-2024-12-6-7-19
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In order to conduct the studies, synthetic data were 
generated to simulate electrical voltages ranging from 
−0.9 kV to +0.9 kV (Fig. 1). These data cover three 
different scenarios: normal system operation (no voltage 
deviation), sudden voltage deviation due to a cyber-
attack (no change in electrical load), and emergency 
operation with prolonged voltage deviation (with change 
in electrical load).

Under normal conditions, the voltage is described 
by a sinusoidal time function ( )U f t=  with the addition 
of random noise reflecting real fluctuations (Fig. 1a). To 
simulate a cyberattack, a sudden voltage spike of 0.3 kV 
was artificially introduced (Fig. 1b). Emergency 
operation mode with voltage deviation was simulated by 
increasing the amplitude of the sinusoid for a finite 
period of time (Fig. 1c).

In this study, several machine learning algorithms 
were used for the analysis of synthetic data simulating 
the behavior of the electric grid under cyberattack and 
emergency mode of electric load deviation. Unlike 
neural networks, which require significant computational 
resources, the selected methods such as Isolation Forest 
method, local outlier factor (LOF), one-class support 
vector machine (One-Class SVM), and k-means 

clustering, have less computational complexity and do 
not require a large dataset for learning.

Let us consider each method separately and analyze 
the results obtained to evaluate their effectiveness in 
detecting such anomalies.

Multifractal analysis  
and Isolation Forest method

Fractal methods can be used to detect anomalies in 
the data, which may indicate a change in the state of 
the system or the presence of external influences. This 
makes them useful for monitoring and diagnostics of 
various processes [15–17].

We apply the discrete wavelet transform for the 
voltage and calculate multifractal features, including 
the mean value and the variance of the absolute values 
of the coefficients. The vector of these features will 
be used in the Isolation Forest model [18] to detect 
anomalies.

Let x(t) be a time series representing data (e.g., 
a voltage time series). In order to analyze the time series, 
a discrete wavelet transform is used, which decomposes 
the signal into several levels of detail.
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Fig. 1. Simulation of various operation modes of the power grid:  
normal operation mode (a); mode with cyberattack (b); normal mode with voltage deviation (c)
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Wavelet transform Wx of the signal x(t) at the level j 
can be written as:

 Wx(t, j) = Σt x(t)ψj,k(t), (1)

where ψj,k(t) is a wavelet function, a shifted and scaled 
version of the mother wavelet.

For each decomposition level j, we obtain a set of 
coefficients cj that describe different time scales of the 
signal:

 cj = Wx(t, j). (2)

At each level j of the wavelet decomposition, 
the mean and variance of the absolute values of the 
coefficients cj are calculated:

 ,
1

1 | |,
jN

j j k
j kN �

� �μ c  (3)

 2 2
,

1

1 (| | ) ,
jN

j j k j
j kN �

� ��σ c μ  (4)

where Nj is the number of coefficients at the level j.
These features make up the feature vector for each 

time series:

 2 2 2
1 1 2 2[ , , , , ..., , ].m m� µ σ µ σ µ σfeatures  (5)

Let Fi be a vector of multifractal features for the 
ith time series, then the set of features for all-time series 
can be written as a matrix:

 F = [F1, F2, …, Fn]T. (6)

In order to identify anomalies, the Isolation Forest 
model [18] is trained on the feature matrix Fi. In so 
doing, the model builds several decision trees according 
to which the data are sliced based on randomly selected 
features in an attempt to isolate anomalous data points 
with the minimum tree depth.

The abnormal scores for each time series are 
calculated using a decision function:

 Si = decision_function(Fi), (7)

where Si is the anomaly estimate for the ith time series.
Abnormal Si score is used to determine the extent to 

which a time series deviates from the normal state. Low 
Si values indicate a strong anomaly, while high Si values 
correspond to normal behavior.

Based on the outlined theoretical principles, 
a computer program was developed to create a heat map 

of anomalies using the Isolation Forest model based on 
multifractal features (Fig. 2). The use of heat maps to 
visualize anomalies enables visual demonstration of the 
recurring patterns and the separation of normal events 
from cyberattacks and emergency modes.

Within the heat map, the horizontal axis represents 
time steps (0 to 1000) representing successive 
measurements of the data over time, while the vertical 
axis represents the anomaly estimates predicted by the 
model. The gradient scale ranges from black, indicating 
high anomaly estimates (low probability of normality), 
to white, which indicates low anomaly estimates (high 
probability of normality).

Heat map analysis

1. The period is 0–500 s. Most of the data in this period 
is colored white, indicating low abnormal estimates. 
This indicates that the model classifies this data as 
normal.

2. The period near the time mark is equal to 500 s. 
Within this period, a narrow black band is observed, 
which corresponds to a high anomalous score.

3. This black band clearly indicates a cyberattack that 
was synthesized to simulate an abrupt deviation 
from the norm. The model successfully identified 
this deviation, as confirmed by the presence of 
a black area in the heat map.

4. The period is equal to 700–900 s. This section 
shows a significant variation of the color scale 
from black to gray, which is associated with 
the emergency mode in which the amplitude of 
the sinusoidal signal is changed. In contrast to 
the narrow black band indicating a cyberattack, 
a more complex and gradient pattern is seen 
here, reflecting an anomaly associated with the 
operating mode of voltage deviation rather than 
a cyberattack.

5. The period is equal to 900–1000 s. This segment is 
again dominated by white color, indicating normal 
data similar to the initial period.

LOF method

The LOF method [19] identifies local anomalies 
based on a comparison of the data density in the 
neighborhood of each point.

The LOF for each point xi is calculated as follows:
1. The distance to the nearest neighbors is 

determined:

 ( , ) ,k i j i jd x x x x= −  (8)

where k is the number of nearest neighbors.
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2. The local reachability density lrdk for point xi is 
determined:

 

1

1reach_dist ( , )
lrd ( ) ,

k
k i jj

k i

x x
x

k

−

=
 
 =  
 
 

∑
 (9)

where reach_distk(xi, xj) is the distance one has to 
move from xi to xj in order to reach the density of xj.

3. LOF calculation:

 
1

lrd ( )
lrd ( )

LOF ( ) .

k k j
j

k i
k i

x
x

x
k

=
=
∑

 (10)

A value of LOFk(xi) significantly greater than 1 
indicates that point xi is anomalous.

In order to visualize the results of anomaly 
estimation, the obtained LOF values are inverted:

 Si = −LOFk(xi), (11)

where Si is the anomalous estimate for the point xi.
Based on these values, a heat map is 

constructed (Fig. 3), in which anomalous points are 
displayed in grayscale corresponding to the degree of 
their deviation from the norm.

The LOF method demonstrated the ability to 
effectively detect cyberattacks, as can be clearly 
seen by the black band on the heat map in the region 
around the 500th point of the time series. However, 
LOF also detected anomalies across the entire 
time scale, which can be both an advantage and 
a disadvantage. In particular, significant changes 
are observed in the emergency region (700–900 s), 
although their highlighting is not as contrastive. 
While the high sensitivity of LOF to local deviations 
and minor anomalies enables the detection of subtle 
changes in the data, at the same time it can lead to 
an increase in the number of false positives, which 
needs to be taken into account in the interpretation 
of the results.

K-means clustering method

The k-means method is designed to partition a dataset 
into k clusters, in which each cluster is characterized by 
its center (centroid) [20].

The objective of the method is to minimize the sum 
of squares of the distances between data points and 
cluster centers.

Let us have a dataset X = {x1, x2, …, xn}, where each 
data point xi is a feature vector.

The calculation consists of the following steps:
1. The number of clusters kinto which the data should 

be divided is selected.
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Fig. 2. Thermal anomaly map using the Isolation Forest model  with multifractal objects
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2. Initialization of centroids:
K initial centroids {μ1, μ2, …, μk} are initialized, 

either chosen randomly from the data points or by 
other methods such as the k-means++.

3. Assigning points to clusters:
For each data point xi, the distance to each of the 

centroids μj is calculated:

 ( , ) .i j i jd x xµ = − µ  (12)

Point xi is assigned to the cluster with minimum 
distance:

 arg min ( , ),i i j
j

C d x= µ  (13)

where Ci is the cluster to which point xi belongs.
4. Centroid renewal:

After assigning all points, the centroids for each 
cluster are recalculated:

 
1 ,

| |
i j

j i
j x C

x
C ∈

µ = ∑  (14)

where |Cj| is the number of points in the jth cluster, 
and μj is the new centroid position.

5. Repeat steps 3 and 4.
Steps 3 and 4 are repeated until the process 

converges (e.g., until the centroids stop changing or the 
maximum number of iterations is reached).

K-means method minimizes the following cost 
function (loss function):

 
2

1
,

i j

k

i j
j x C

J x
= ∈

= − µ∑ ∑  (15)

where J is the total intra-cluster deviation, and 
2

i jx − µ
is the square of the Euclidean distance between a data 
point and the centroid of its cluster.

The heat map (Fig. 4) shows the distances to cluster 
centers calculated using the k-means clustering method. 
Time steps are plotted on the horizontal axis are plotted 
on the vertical axis along with distances to cluster 
centers. The gradient scale ranges from light gray to 
black, where black areas correspond to the maximum 
values of the distances.

While the results obtained via k-means clustering 
method demonstrate its effectiveness in dealing with 
large anomalies, the approach can produce errors for 
smooth changes. Therefore, the use of this method 
should be combined with other methods for a more 
comprehensive analysis of anomalies.

One-Class SVM method

The One-Class SVM method [21] has a number of 
features that make it particularly suitable for anomaly 
detection tasks in critical systems such as electrical 
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Fig. 4. Heat map of distances to cluster centers using k-means clustering

grids. Unlike other methods, One-Class SVM aims to 
train a model that describes the distribution of normal 
data and can then be used to detect outliers that do not 
follow this distribution. This approach is particularly 
useful in environments where there is limited data on 
abnormal states or cyberattacks and where the focus is on 
detecting deviations from the normal state of the system.

In mathematical terms, the One-Class SVM method 
constructs a hyperplane in feature space that separates 
all data points from the origin and seeks to maximize 
the distance between this hyperplane and the closest data 
points to it. The goal is to have all normal data on one 
side of the hyperplane and anomalies on the other side.

Formally, let xi denote a vector of time series 
features, where i = 1, 2, …, n. One-Class SVM model 
solves the following optimization problem:

 2

, , 1

1 1min
2i

n

i
ivnr x =

+ x − r∑
w

w  (16)

provided:

 (w ∙ ϕ(xi)) ≥ ρ – ξi, ξi ≥ 0, i = 1, 2, …, n. (17)

Here w is the vector of weights; ρ is the hyperplane 
offset; ξi are the slack variables; ϕ(xi) is the mapping 
function to the high-dimensional feature space; v is 
a hyperparameter controlling the allowable proportion 
of outliers and model complexity.

The result of the One-Class SVM is a decision-
making function:

 f(x) = (w ∙ ϕ(x)) – ρ. (18)

Values of f(x) ≥ 0 indicate potential anomalies, 
whereas values of f(x) < 0 correspond to normal data.

By performing the calculation using the One-Class 
SVM method, we obtain the results that are shown in the 
heat map (Fig. 5).

The One-Class SVM method demonstrated 
high efficiency in detecting both sharp and smooth 
anomalies in synthetic data modeling the operation 
of the electrical grid. The ability of this method to 
detect different types of abnormalities is confirmed by 
contrasting regions in the heat map corresponding to 
both cyberattack and fault mode. This approach can 
be useful for monitoring critical infrastructures, where 
it is important to detect anomalies in time to prevent 
system disturbances.

CONCLUSIONS

Based on the heat map analysis, different anomaly 
detection methods can be concluded to have varying 
degrees of effectiveness in the context of detecting cyber 
threats and other abnormalities in electrical systems. 
The Isolation Forest method performed best in detecting  
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abrupt changes associated with cyberattacks, highlighting 
such anomalies with high accuracy and producing minimal 
false positives. While the LOF method also demonstrated 
an ability to detect cyberattacks, its increased sensitivity 
to small deviations led to an increased number of false 
positives, which requires additional attention when 
interpreting the results.

While the k-means clustering and One-Class 
SVM methods were shown to be less contrastive than 
Isolation Forest, they also have certain advantages. 
The k-means clustering method proved useful for 
general clustering of the data but was less effective 
in detecting sharp anomalies. The One-Class SVM 
method, on the other hand, demonstrated the ability to 
detect both abrupt and smooth changes, but with less 
contrast in highlighting anomalies, which also needs to 
be considered when selecting the appropriate method 
for the task of monitoring and protecting critical 
infrastructures. In general, Isolation Forest can be 
recommended for detecting cyber threats; however, in 
order to provide comprehensive anomaly analysis, it is 
recommended to use several methods in combination.

The presented research confirms the need to 
combine different methods depending on the nature of 
electrical load variation in order to effectively prevent 
cyberattacks on smart grids.
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Abstract
Objectives. Analysis of the various architectures of computing systems (CSs) used in recent decades has allowed 
us to identify the most common structures. One of the key features is the use of mass-produced equipment to create 
data processing subsystems (for example, multicore processors and high-capacity semiconductor memory), as 
well as network equipment to build communication subsystems. This reduces hardware costs and allows typical 
or cluster configurations to be created, which is especially important for expensive CSs. The desire to achieve 
high computational speed and performance in such CSs requires minimizing the time to complete the task and 
balancing time delays both in data processing subsystems and in the communication subsystem which provides 
data transmission inside the CS. The aim of this work is to analyze computing modules (CMs) and structures on the 
basis of which the construction of cluster CSs is carried out.
Methods. The main results of the work were obtained using methods of mathematical analysis and modeling.
Results. The study considers the structure of modern multicore microprocessors as the basis for building CMs 
of cluster CSs. As the number of cores in the microprocessor structure increases, the communication network 
which unites them into a single structure becomes more complicated. It has been shown that in new developments 
of microprocessors, communication between cores is performed in the form of a network. The microprocessors 
themselves are MIMD structures in accordance with the well-known Flynn classification.
Conclusions. The proposed method of selecting an effective structure of a CS allows us to obtain the optimal 
structure of a CS according to the criterion of performance.
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НАУЧНАЯ СТАТЬЯ

Анализ и выбор структуры 
многопроцессорной вычислительной системы 

по критерию быстродействия

Г.В. Петушков @,  
А.С. Сигов

МИРЭА – Российский технологический университет, Москва, 119454 Россия
@ Автор для переписки, e-mail: petushkov@mirea.ru 

Резюме 
Цели. Анализ различных архитектур вычислительных систем (ВС), использовавшихся в последние десятиле-
тия, позволил выделить наиболее распространенные структуры. Одной из ключевых особенностей является 
использование серийно производимого оборудования для создания подсистем обработки данных (напри-
мер, многоядерные процессоры и полупроводниковая память большой емкости) и сетевого оборудования 
для построения коммуникационных подсистем. Это снижает затраты на оборудование и позволяет созда-
вать типовые или кластерные конфигурации, что особенно важно для дорогостоящих ВС. Стремление до-
стичь высокой вычислительной скорости и производительности в таких ВС требует минимизации времени на 
выполнение задачи и балансировки временных задержек как в подсистемах обработки данных, так и в ком-
муникационной подсистеме, обеспечивающей передачу данных внутри ВС. Целью работы является анализ 
вычислительных модулей (ВМ) и структур, на основе которых проводится построение кластерных ВС.
Методы. Основные результаты работы получены с использованием методов математического анализа 
и моделирования.
Результаты. Рассмотрена структура современных многоядерных микропроцессоров (МП), являющихся ос-
новой построения ВМ кластерных ВС. По мере увеличения числа ядер в структуре МП усложняется коммуни-
кационная сеть, объединяющая их в единую структуру. Показано, что в новых разработках МП коммуникация 
между ядрами выполняется в виде сети, а сами МП представляют собой MIMD-структуры (множественный 
поток команд, множественный поток данных) в соответствии с известной классификацией Флинна.
Выводы. Предложенная методика выбора эффективной структуры ВС позволяет получить оптимальную 
структуру ВС по критерию быстродействия.

Ключевые слова: сеть InfiniBand, быстродействие, микропроцессоры, вычислительные модули, метрики 
Холстеда, анализ
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INTRODUCTION

Modern multicore microprocessors form the basis 
for constructing computing modules (CMs) of cluster 
computing systems (CSs). Along with an increase in 
the number of cores in the microprocessor structure, 
the communication network which unites them into 
a single structure becomes more complex. In improved 
microprocessor designs, communication between 
cores is performed in the form of a network. The 
microprocessors themselves are multiple instruction and 
multiple data (MIMD) structures in accordance with the 
well-known Flynn classification [1–3].

At the next level, one or more microprocessors are 
used as the basis for a CM of a CS cluster cell. In a CM, 
microprocessors are combined with RAM modules 
by standard peripheral component interconnect (PCI) 
class, i.e., Express 3.0 class interfaces. They can also be 
combined with a switch that provides communication 
between all microprocessors and all memory modules [4].

At the system level, a relatively large number of 
CMs in the clustered systems are interconnected by 
networking facilities. As a rule, this requires several 
networks, such as [5]:

• a network providing data transfer between CMs in 
the process of task solving;

• a network that connects individual CMs to a data 
warehouse used both for initial task data loading and 
for storing results; 

• a service network associated with the control of CS, 
through which the information on monitoring the 
performance of the CM and entire CS is circulated.
The fastest of these networks should be the former 

network, also referred to as a data transfer network 
and executed as an InfiniBand network (IBA) [6]. This 
network supports the densest data transfer traffic during 
the process of task solving in CS. As the number of CM in 
the CS increases, the processing time for a task decreases 
due to the increase in the number of processing devices, 
and the “time overhead” of data transfer between CM 
will increase [7]. 

The question then arises about the optimal number 
of CMs in the CS, providing the minimum time of task 
execution at known characteristics of CMs and data 
transmission network. This task is formulated in the 
work as a cluster CS structure selection problem [8].

METHODOLOGY FOR SELECTING AN EFFICIENT 
STRUCTURE OF THE ALL-ROUND SYSTEM, 

OPTIMAL BY THE CRITERION OF FAST 
PERFORMANCE

Let us evaluate the performance of the CSs using 
the IBA network when the number of microprocessors 
and CMs increases [9]. The performance growth of 

such systems with an increase in the number of CMs is 
nonlinear. This is because the increase in the number of 
CMs leads to an increase in the “overhead” associated 
with the time required for data exchange between 
modules. The time spent on data exchange especially 
increases when CMs interact through the network, where 
delays occur and traffic volume increases.

In order to analyze the influence of these 
“overheads” [10], let us consider an idealized case of 
executing a well-parallelized program which consists 
of N parallel fragments distributed over K CMs, where 
N > K.

The program execution time in the considered case 
can be estimated as follows:

 Тpr = Тcalc + Тexch, (1)

wherein Тcalc is the time spent on calculations in CMs; 
Тexch is the time spent on data exchange between CMs.

Тcalc value can be estimated taking into account the 
capacity of one CM РCM and their number K by the 
formula:

 calc
CM

,GT
KP

=  (2)

wherein G is an estimate of the number of operations in 
the program.

G value can be obtained by analyzing the program 
algorithm using, for example, Halstead metrics.

The time consumption for exchanging a data packet 
Тp in a data network is defined as follows:

 p n d ,QT T T
V

= + +  (3)

wherein Тn is the delay of data packet formation in the 
network adapter; Тd is the delay of packet transmission 
in the network, associated with delays in the switch; Q is 
the amount of transmitted data in the data packet; V is 
the velocity of data transmission in the network.

Let us consider the data transmission network as 
part of the CS [11], since the volume of traffic therein is 
much larger than that in the service network. Analyzing 
the time of data exchange as an “overhead” in the 
process of computation, in the first approximation Тexch 
can be estimated taking the limited network bandwidth 
into account as follows:

 exch .QT K
V

=  (4)

Let us explain the derivation of Eq. (4) in greater 
detail on the example of a system consisting of K CMs. 
Since the amount of traffic of each CM is proportional to 
the number of CMs, let us assume that each CM forwards 



23

Russian Technological Journal. 2024;12(6):20–25

Grigory V. Petushkov,  
Alexander S. Sigov

Analysis and selection of the structure of a multiprocessor computing system  
according to the performance criterion

packets to other CMs after completing the execution of 
its program fragment. The total communication time can 
be estimated by combining the traffic of all CMs [12] 
forwarded over the network. This time is shown in the 
form (4).

The amount of data in bytes of the exchange packet 
is related to the number of operations in the executed 
program G (computational complexity of the algorithm) 
as follows:

 Q = CGL, (5)

wherein С is the coefficient characterizing the class 
of algorithms being executed with respect to data 
connectivity (algorithms with higher data connectivity 
are characterized by a higher intensity of exchanges 
between CMs and a higher value of the coefficient С), 
and L is the share of computational operations in the 
executed program fragment (L ≈ 1).

Taking Eqs. (2)–(5) into account, Eq. (1) can be 
rewritten as:

 pr
CM

.G CGLT K
KP V

= +  (6)

It follows from the above expression (6) that an 
increase in K leads to a decrease in the time spent on 
computation and an increase in the time duration for 
data exchange in the CS. Thus, the characteristics of the 
data transmission network will strongly affect the CS 
performance.

Equation (6) can be used to determine the optimal 
value of the number of CMs Kopt, providing the 
minimum value of the program execution time Тpr. The 
value of the coefficient k, determining the number of 
CMs in the full CS, is calculated based on the condition 
dТpr/dk = 0 as follows:

 opt
CM

.VK
CP L

=  (7)

For modern CSs [13], the coefficient values are at the 
level of unity for network throughput V = 10 Gbytes/s 
and data processing speed of 10 billion operations 
per second. However, for the coefficient values 
C = 0.01 bytes/operation, characterizing algorithms with 
weak data connectivity, it can reach 10.

Along with an increase in the data network 
bandwidth, the number of СMs in the system can be 
increased without significant performance degradation 
due to the time spent on data exchange. Using an optical 
bus with a data transfer rate of V = 1, Tbyte/s for the 
data network can increase the optimal number of СMs 
by more than 10 times (up to 100 СMs), significantly 
improving the efficiency of multiprocessor and multi-
module СS.

Equation (7) for the coefficient will be referred to as 
the rule of “selecting the effective structure of the CS” 
and we note its important practical significance in CS 
design. The methodology of structure selection for 
a cluster CS includes several stages [14, 15]:

1. CM performance analysis.
2. Estimation of the data transfer rate in the fastest CS 

data network.
3. Analysis of the algorithm for determining the data 

cohesion coefficient C.
4. Determination of the coefficient according to Eq. (7).

In actual CS, the number of CMs, as a rule, exceeds 
the value of 10. This is due to the development of 
efficient CS designs. However, with the growth of data 
transmission speeds in the network, the calculated and 
actual numbers of CMs will be better coordinated.

CONCLUSIONS

1. The most efficient ratio structures of cluster CSs in 
terms of “cost/performance” are built on the basis of 
standard equipment of IBA and Ethernet networks.

2. A methodology for selecting an effective structure 
of the CS is proposed on the basis of the analysis of 
time costs for data processing and transmission in 
the CS. This allows the optimal structure of the CS 
to be obtained according to the criterion of speed. 
The methodology includes the following steps:

• analysis of the specifics of data exchange between 
CMs depending on the algorithm of the task solving;

• analysis of CM performance depending on the 
equipment used;

• analysis of the bandwidth capacity of the data 
transmission network in CS;

• selection of the CS structure as a choice of the 
optimal number of CMs in accordance with Eq. (7).
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Abstract
Objectives. To develop analytical approaches for the evaluation of probability-time characteristics and fiber 
distributed data interface (FDDI) network performance with the marker access method, thus enabling communication 
processes for digital electrical substations to be automated.
Methods. The authors used theory reliability methods, random process theory, mass maintenance theory, the 
Laplace–Stieltjes transformation for inferring functional equations and the probability-time characteristics calculation 
for the information transfer processes with the occurring failures.
Results. We conducted a numerical study of packet transfer processes between central processing stations in the 
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substations operator performed when preparing reports. We described the different modes of operation, both for the 
individual electrical digital substation and for the system. The authors calculated node loading dependencies, FDDI 
network performance and temporal characteristics of the packet transfer processes on the incoming message flow 
intensity and the transmission medium reliability. We conducted a functional analysis of the FDDI networks on two 
fiber-optic rings which form the main and redundant path of data transfer between the network nodes, significantly 
increasing network resiliency. The objective of the study was to analyze the information transfer processes in FDDI 
networks with an accent on ensuring the transmission medium reliability.
Conclusions. We were able to establish the existence of the critical operating network region, which leads to a sharp 
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Аналитический метод анализа процессов  
передачи сообщений в оптоволоконных сетях 

с маркерным доступом для цифровых подстанций

А.С. Леонтьев,  
Д.В. Жматов @

МИРЭА – Российский технологический университет, Москва, 119454 Россия
@ Автор для переписки, e-mail: zhmatov@mirea.ru

Резюме 
Цели. Цель работы – разработка аналитических методов оценки вероятностно-временных характеристик 
и производительности оптоволоконной FDDI-сети (fiber distributed data interface) с маркерным методом до-
ступа, позволяющих автоматизировать процессы передачи сообщений для цифровых электроподстанций.
Методы. Использованы методы теории надежности, теории случайных процессов и теории массового об-
служивания, преобразование Лапласа – Стилтьеса  для вывода функциональных уравнений.
Результаты. Проведено численное исследование процессов передачи пакетов между электрическими 
цифровыми подстанциями (ЦПС) в оптоволоконной сети FDDI. Рассмотрены процессы обмена дискретной 
информацией между электронными устройствами в системе электрических ЦПС, включая основные техно-
логические операции, выполняемые персоналом системы ЦПС при подготовке отчетов, характеризующих 
различные режимы работы как отдельных ЦПС, так и всей системы в целом. Получены зависимости загрузки 
узлов, производительности FDDI-сети и временных характеристик процессов передачи пакетов от интенсив-
ности входных потоков сообщений и надежности передающей среды. Проведен анализ функционирования 
FDDI-сетей, построенных на основе двух оптоволоконных колец, которые образуют основной и резервный 
пути передачи данных между узлами сети, что значительно повышает отказоустойчивость таких сетей. Зада-
ча исследования включала анализ процессов передачи информации в сетях FDDI с акцентом на обеспечение 
надежности передающей среды.
Выводы. Выявлено, что существует критическая область функционирования сети, при достижении которой 
наблюдается резкое увеличение загрузки узлов и временных характеристик, в то время как производитель-
ность достигает максимального значения и затем резко снижается. Предложено осуществлять обмен дис-
кретными сообщениями, отражающими состояние электронных устройств, и информационными сообще-
ниями персонала между различными дистанционно разнесенными ЦПС с использованием оптоволоконной 
сети FDDI.

Ключевые слова: цифровые подстанции, FDDI-сети, маркерный метод доступа, модели, временные харак-
теристики, отказы, производительность

• Поступила: 30.01.2024 • Доработана: 24.04.2024 • Принята к опубликованию: 27.09.2024

Для цитирования: Леонтьев А.С., Жматов Д.В. Аналитический метод анализа процессов передачи сообщений 
в оптоволоконных сетях с маркерным доступом для цифровых подстанций. Russ. Technol. J. 2024;12(6):26−38. 
https://doi.org/10.32362/2500-316X-2024-12-6-26-38

Прозрачность финансовой деятельности: Авторы не имеют финансовой заинтересованности в представлен-
ных материалах или методах.

Авторы заявляют об отсутствии конфликта интересов.

mailto:zhmatov@mirea.ru
https://doi.org/10.32362/2500-316X-2024-12-6-26-38


28

Russian Technological Journal. 2024;12(6):26–38

Alexander S. Leontyev,  
Dmitry V. Zhmatov

Analytical method for analyzing message transmission processes  
in FDDI networks for digital substations

INTRODUCTION

The digital substation (DSS) is a type of electrical 
substation where all monitoring, analysis and control 
processes are performed in a single digital format. The 
main link for data transmission in such substations 
is a local area network (LAN) based on Ethernet 
technology.

One of the main functions of DSS is the exchange of 
discrete information between digital electronic devices, 
including voltage and current transformers [1–4]. The 
GOOSE (generic object-oriented substation event) data 
transfer protocol described in IEC 618501 standard [5–7]. 
GOOSE model provides a fast mechanism for transmitting 
events (e.g., commands and warnings) and is used to shut 
down, start devices, and record alarm events. During the 
design phase, the utilization and bandwidth of the data 
transmission paths must be taken into account. The size of 
a GOOSE message ranges from 573 to 830 bytes. When the 
message includes 64 discrete signals, the size of a GOOSE 
message including service information (28–30 bytes, 
including preamble, sender and receiver addresses, 
cyclic control code, control fields, limiters, status field) 
is 1 Kbyte. In this regard, when modeling the exchange 
of discrete signals between different DSS connected to 
the fiber distributed data interface (FDDI) network, the 
synchronous traffic in the network is a GOOSE message 
of 1 Kbyte or 8 kbits in size. In order to accelerate the 
development process and improve the quality of the 
DSS system, methods need to be proposed to analyze 
the efficiency of the applied information technologies, in 
particular, standard technologies for preparing information 
and analytical reports by personnel. The creation of 
mathematical models to describe the main stages and 
schemes of report preparation enables the selection of 
system components for the realization of different modes 
of operation of both individual DSS and the whole system 
to be automated on the basis of multivariate analysis. The 
functioning of individual DSS is based on the use of Fast 
Ethernet LAN, while the FDDI fiber-optic network is used 
for the interaction of different DSS.

The main functional tasks performed by DSS 
system personnel on a daily basis when preparing 
reports describing various modes of operation of both 
individual DSS and the entire system include fact-
based information retrieval, contextual information 
retrieval, frequency analysis by report attributes, sorting, 
clustering, and semantic analysis.

1  GOST R IEC 61850-5-2011. National Standard of the 
Russian Federation. Communication networks and systems in 
substations. Part 5. Communication requirements for functions 
and device models. Moscow: Standartinform, 2020 (in Russ.). 
The standard describes data flow formats, types of information, 
rules for describing the elements of an energy object, and a set of 
rules for organizing an event-based data transfer protocol.

1. METHODOLOGY FOR RECEIVING  
A MESSAGE TO DSS

The maximum length of lines between DSS is 200 km, 
provided that the ring does not exceed 100 km. The 
maximum number of double connection nodes is limited 
and is 500. According to the IEC 61850 standard [1–3], 
there are two options for exchanging GOOSE messages 
between power facilities.

The first option (Fig. 1) relies on tunneling 
technology. In this context, a broadband Ethernet channel 
is formed between the objects, through which GOOSE 
messages are transmitted using network equipment.

Tunneling

DSS 1

GOOSE message

DSS 2

Ethernet channel

Communication network equipment

Fig. 1. Tunneling technology for the transmission 
of GOOSE messages between DSS components

The second scenario, shown in Fig. 2, involves 
the use of a gateway. In this scenario, an alarm and 
command device is used to exchange GOOSE messages 
between objects. The alarm and command devices 
convert discrete signals from GOOSE messages into 
coded analog or digital signals for the safe transmission 
of relay protection commands over the DSS channel. At 
the receiving end of the alarm and command transmitter, 
GOOSE messages are generated from the encoded 
signals received via the channel.

Gateway

DSS 1

GOOSE message

Alarm transmission device

High-frequency path

Signal transmission device

GOOSE message

DSS 2

Fig. 2. Use of alarm transmission devices
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In order to transmit GOOSE messages using 
tunneling, digital channels between substations are 
required. They can be organized by means of digital 
industrial communication networks or dedicated fiber 
optic channels. However, the organization of reliable 
digital high-frequency channels for GOOSE messages 
is impossible. This is due to the need to transmit relay 
protection and emergency control commands when short 
circuits occur on power lines [2–4].

FDDI fiber optic networks can be interconnected with 
a DSS, in order to enable efficient data transmission in 
digital power transmission networks. Digital substations 
can use FDDI networks to exchange data between 
various devices in the power system, such as monitoring 
and control systems, security systems, load management 
systems, and other devices requiring fast and reliable 
data transmission. Connecting FDDI networks to 
DSS enables the use of fiber rings to transmit large 
amounts of data at high speed and reliability, provide 
high bandwidth, fault tolerance and low latency data 
transmission. This is especially important for critical 
power transmission systems.

2. TASK STATEMENT OF THE PROBLEM  
OF ANALYTICAL STUDY OF THE FDDI NETWORK

When analyzing the performance of FDDI networks, 
it is paramount that methods, models and algorithms be 
created which take into account the characteristics of 
data transmission in these networks, including possible 
failures.

Simulation methods to determine the temporal 
characteristics of computer systems and networks 
under failure conditions are inefficient [8]. Currently 
known analytical methods are usually applicable to the 
analysis of local structures and, as a rule, are focused 
on the analysis of either the time characteristics of local 
systems with regard to reliability [9–11], or reliability 
indicators of computer systems and networks [12–14].

Let us consider the problem formulation and 
analytical model for estimating the time characteristics 
and performance indicators of FDDI networks with 
fiber optic rings taking into account the reliability of 
the transmission medium and limitations on the data 
transmission time. This approach and its implementation 
expand the scope of application of the methodology 
for the study of data transmission processes in local 
networks using analytical methods [15, 16].

The main indicators in this context are probabilistic 
and temporal characteristics which are highly dependent 
on failures of the transmission medium.

A detailed formulation of the problems of research 
into the probabilistic-temporal characteristics and 
performance of Ethernet-type LANs and LAN with the 
token access method, as well as analytical methods of 

their solution were first developed by A.S. Leontyev 
and published in 2001 in [15]. The general formulation 
of the problem of research of probabilistic-temporal 
characteristics and performance of FDDI networks 
corresponds to the methodology described in [15]. 
It can be formulated as follows: to determine the 
probabilistic-temporal characteristics of packet 
transmission, the load of nodes and transmission 
medium, as well as to evaluate the performance of 
fiber-optic FDDI networks at a given bandwidth and 
reliability of the transmission medium, the structure 
and number of nodes of the FDDI network, streams 
of transmitted information and limitations on the 
time of packet transmission.

The selected performance metric is the total intensity 
of the flow served in time. The solution of the problem is 
based on the assumption that the flows , 1,n n Nl =  
entering the network for service and the failures of the 
transmission medium are of Poisson distribution. It is 
envisioned that the input to the node is via an accumulator 
with unlimited capacity. As shown in [15], these 
assumptions are justified in the development of system 
modes of operation of the local network. The accuracy 
of the results obtained with their help is acceptable for 
engineering calculations.

3. DEVELOPMENT OF MATHEMATICAL 
APPARATUS FOR FDDI NETWORK RESEARCH

Let us number the nodes of the network in the 
order of polling, and use the index n to denote the 
station (node) of the FDDI network. Let N be the 
number of nodes in the network, ln is the intensity 
of packet flow to the nth node. The average packet 
transmission time from one node to the neighboring 
node is determined by the ratio:

( ) pac1 ,
L

X
C

=

wherein Lpac is the length of the packet including 
the length of the marker; С is the throughput of the 
transmitting medium.

Obviously, the average interval Z(1) between two 
consecutive polls of a node is equal to:

 m(1) (1)

1
(1 ) ,

N

n n
n

L
Z X

C=

 
= r + − r 

 
∑  1, ,n N=  (1)

wherein ρn is the load of the nth load, Lm is the marker 
length.

In steady-state mode:

 (1) .n nZl = r  (2)
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From (1) and (2) we obtain:

 m(1)

1
(1 ) .

N

n n n n
n

L
X

C=

 
l r + − r = r 

 
∑  (3)

The system of equations (3) is an inhomogeneous 
system of linear algebraic equations with regard to rn.

 
m

m(1)

1

, 1, ,
1

n
n N

k
k

L
N

C n N
L

X
C=

l
r = =

 
− l − 

 
∑

  (4)

lk is the maximum number of packets in a node; k is the 
maximum number of nodes.

By comparing (2) and (4), we obtain:

 
m

(1)

m(1)

1

.
1

N

k
k

L
N

CZ
L

X
C=

=
 

− l − 
 

∑
 (5)

Formulas (4) and (5) determine the utilization of 
the network nodes and the average polling cycle of the 
nodes under the conditions of reliable operation.

Functional equations for determining the cycle of the 
network with token access method taking into account 
occurring failures have the following form:

 * * *
f f f f( ) ( ( )),Z s Z s Y s= l + − l  (6)

 * * *
f f f f f( ) ( ( )),Y s F s Y s= l + − l  (7)

*
f f

0
( ) e ( ),stZ s dZ t

∞
−= ∫  *

f f
0

( ) e ( ),stY s dY t
∞

−= ∫

*
f f f( ( ))* *

f f f
0

( ( )) e ( ),s Y s tZ s Y s dZ t
∞

− l + −ll + − l = ∫

*
f f f( ( ))* *

f f f f
0

( ( )) e ( ),s Y s tF s Y s dF t
∞

− l + −ll + − l = ∫

wherein Zf(t) is the distribution function (DF) of the 
network cycle taking into account failures, Z(t) is the 
DF of the network cycle under conditions of reliable 
operation, Ff(t) is the DF of the transmission medium 
recovery time after failures, Yf(t) is the DF of the 
transmission medium occupancy period after failures, 

and s is the complex parameter of the DF of the network 
cycle taking into account failures.

Functional Eqs. (6) and (7) can be obtained using 
the catastrophe method [9], in accordance with the 
technique described in [15]. Differentiating (6) and (7) 
by s, we obtain:

 
(1)

(1) f
f (1)

f f

,
1

F
Y

F
=

− l
 (8)

 
(1)

(1)
f (1)

f f

.
1

Z
Z

F
=

− l
 (9)

The Laplace–Stieltjes transform of the DF of packet 
transmission time taking into account the occurring 
failures *

f ( )X s  is defined using the following functional 
equation:

 

* *
f f

f * * *
f f f

f

( ) ( )

(1 ( )) ( ) ( ),

X s X s

X s F s X s
s

= + l +

l
+ − + l

+ l

 (10)

wherein f( )*
f

0
( ) e ( ),s tX s dX t

∞
− +l+ l = ∫  X(t) is the DF 

of packet transmission time over the transmitting 
medium under conditions of reliable operation.

Functional Eq. (10) is easily obtained by using the 
catastrophe method [9].

Moments (1) (2),n nV V  of the service time DF of 
a packet arriving at the free nth node are defined by the 
expressions:

 

(1) (1)(1)
f | 1

(2) (1) (1) (2)(2)
f f| 1 | 1

,

2 ,
n

n n

n n

n n n

V X W

V X W X W

x =

x = x =

= +

= + +
 (11) 

wherein ξn is the number of packets in node n; (1) (2)
f f,X X  

are the DF moments f ( );X t  (1)
| 1,

nnW x =  (2)
| 1nnW x =  are the 

1st and 2nd DF moments of waiting time for the arrival 
of a token at the nth node at ξn = 1. 

The average waiting time of packets in the queue for 
service in the nth node of FDDI network (1)

nW  is given 
by the Pollaczek–Khinchine formula [15]:

 
(2)

(1)
(1)

1 ,
2 1

n n
n

n n

V
W

V
l

= ⋅
− l

 (12)

wherein (1) (2),n nV V  are defined by the formulas (11).
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The average packet delivery time (1)
nT  in the network 

is defined by the expression:

 (1) (1) (1) .n n nT W V= +  (13)

The total intensity of the timely served packet 
flow (FDDI network performance) is calculated by the 
formula:

 tot
1

,
N

i i
i

P
=

l = l∑  (14)

wherein Pi is the probability of timely delivery of 
packets arriving to the ith node of the FDDI network, 
li is the intensity of packets arriving to the ith node of 
the network.

Analytical relations necessary for estimating the 
probability Pi of timely delivery of packets arriving at 
the ith node of the network taking into account emerging 
failures are presented in [9, 15].

4. SOFTWARE PACKAGE  
FOR ANALYSIS OF INFORMATION 

TRANSMISSION PROCESSES IN FDDI NETWORK 
AND MODELING RESULTS

The authors have developed a set of programs which 
enable the analytical model considered above to be 
used in practice, in order to evaluate the efficiency of 
FDDI network. It can be installed on the FDDI network 
server for access from workplaces.

Analytical apparatus implemented in the form of 
this software package enables automated study of the 
structure and characteristics of FDDI network with 
two fiber rings, taking into account the reliability of the 
transmission medium. The screen form of input of initial 
data and output of modeling results is shown in Fig. 3. 
The user can enter the input data in the dialog mode 
using the specified forms.

The calculation results are displayed on the screen 
as text and in graphic windows. The user can correct the 
initial data and save the results of calculations in text and 
graphic files without leaving the modeling system.

Fig. 3. Screen form for input of initial data and output of modeling results.  
АМС—automatic message counting

Initial data

Calculation results for node No. 2

Node Chart

LAN operating mode: failure-free? Yes / No

1. Local network nodes number: N=

2. Capacity: C[bps]=

3. Marker length: Lm[bit]=

4. Packet length: Lpac[bit]=

5. Transmission time limitation: Тlim[s]=

6. MTBF: ТMTBF[s]=

7. Recovery time: Тrec[s]=

Transmission medium loading: rmed
Average polling cycle of LAN nodes
Loading node [rnode]
Average waiting time for transmission of a post 
packet to an empty packet
Average waiting time of a packet in the queue at 
a node
Average packet service time in the LAN
Probability of processing in schedule time
LAN performance [AMC]

Calculation

Lamb Ro av V1 Ro node W1 W11 TV Q AMC

Save
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In order to demonstrate the study of packet delivery 
processes and performance of fiber optic FDDI networks 
using the developed analytical method, a simulation of 
packet transmission is performed. The following initial 
data were selected for modeling:

• type of transmission medium is two fiber optic 
rings;

• type of node distribution in the network is random;
• number of nodes in the network N = 100;
• bandwidth 100 Mbps;
• MTBF of the transmission medium  

100000–1000000 s; 
• average recovery time after failure 100 s;
• marker length 96 bits;
• directive time 1 ms;
• synchronous packet length (discrete GOOSE 

message) 8 kbits;
• intensity of arrival of synchronous packets (discrete 

GOOSE messages in DSS system) is the same in all 
nodes of FDDI network (variable parameter).
It should be noted that the group of programs 

developed enables modeling to be performed at different 
intensity of the packets arriving to the network nodes for 
service. 

Results of calculations of the probability-time 
characteristics, performance, node utilization and 

transmission medium of the FDDI network of the DSS 
system with given initial data under load variation are 
presented in Figs. 4–10.

In an FDDI network, packet delivery time depends 
on the time waiting for transmission in the queue at 
the network nodes and the time of packet transmission. 
Therefore, the parameters of information processing 
in the network should be chosen in such a way that 
in the whole range of changes in the intensity of the 
flows of processed packets there are no bottlenecks in 
the system, i.e., overloads of individual nodes and the 
transmission medium. In a balanced system, the load 
of the transmission medium and the load of the nodes 
when the load increases should be close to each other. 
As the failure rate decreases and the number of nodes 
decreases for a given transmission medium capacity, 
the length of transmitted packets should increase, in 
such a way that the network is balanced when the load 
increases.

It should be noted that with an increasing failure 
rate in FDDI network and increasing number of nodes 
for a given network throughput to balance the network 
in the whole range of load changes, and in order to 
obtain optimal performance, the length of transmitted 
information packets needs to be reduced, since it will 
reduce the probability of distortion.
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Fig. 4. Dependence of transmission medium load of fiber-optic FDDI network of DSS system  
on the intensity of synchronous packets arrival to the nodes
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Fig. 5. Dependence of FDDI network node utilization of the DSS system  
on the intensity of synchronous packets arrival to the nodes
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Fig. 6. Dependence of the average polling cycle of the nodes of the FDDI network of the DSS system  
on the intensity of arrival of synchronous packets to the nodes
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Fig. 7. Dependence of the waiting time for the beginning of synchronous packet transmission  
in the queue at the node of the FDDI network of the DSS system on the intensity of synchronous packets arrival
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Fig. 8. Dependence of the average service time of synchronous packets in the FDDI network of the DSS system  
on the intensity of arrival of synchronous packets to the nodes
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Fig. 9. Dependence of the probability of synchronous packets processing in the given directive terms  
in the FDDI network of the DSS system on the intensity of synchronous packets receipt
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Fig. 10. Dependence of performance, total timely served flow of synchronous packets in FDDI network  
of the DSS system on the intensity of arrival of synchronous packets
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As can be seen from the graphs (Figs. 4–9), as the 
intensity of packet flows served in the FDDI network 
increases, the node utilization, node polling cycle and 
timing characteristics increase, while the network 
performance (the total timely served packet flow in the 
network) reaches the maximum value and begins to fall 
sharply. As the failure rate of the transmission medium 
increases, the area of abrupt change of FDDI network 
characteristics shifts to the side of lower utilization.

Consequently, certain modes need to be provided 
for the operation in FDDI networks of a set of separated 
DSS when exchanging synchronous packets (GOOSE 
messages and packets transmitting synchronized 
parameters of vector measurements for DSS) between 
different DSS. The objective must be to prevent reaching 
the area of sharp changes in FDDI network performance, 
i.e., the need to control the intensity of input flows and 
limit their growth. 

Specific recommendations on the selection of 
parameters and modes of operation of FDDI network 
used for information exchange in a distributed system 
of DSS can be obtained by conducting multivariate 
analytical calculations using a set of programs 
implementing the analytical method for the study of 
fiber-optic FDDI networks, while taking into account the 
reliability of the transmission medium.

CONCLUSIONS

The study developed a standard technological 
scheme of report preparation by DSS dispatchers. The 
authors propose the use of a fault-tolerant FDDI network 
with two fiber optic rings as a telecommunication 
component for information exchange between different 
nodes in the system of remote DSS. Discrete GOOSE 
messages form a synchronous flow of FDDI network 
packets, while information messages arising during 
the performance of basic technological operations in 
the preparation of reports by dispatchers of the central 
station do not form such a flow.

The study looked at aspects of development 
of the analytical models for the estimation of 

probabilistic-temporal characteristics and performance 
of FDDI networks with fiber optic rings taking into 
account possible failures in the transmission medium. 
The problem was posed and an analytical method 
was developed, in order to assess the performance of 
FDDI networks taking into account the reliability of 
the transmission medium, thus extending the scope of 
analytical approaches.

The conclusion which can be drawn based on this 
research is that a mechanism must be implemented to 
control packet flows entering the network, in order to 
ensure the efficient operation of FDDI networks. Thus, 
controlling the intensity of incoming flows and limiting 
their growth becomes an important aspect of ensuring 
the efficient operation of the network.

Based on the analytical method developed 
herein, a set of programs for studying the processes 
of information transmission in FDDI networks was 
created. This software enables multivariate analysis of 
different modes of operation of FDDI networks used for 
data transmission between remote DSS.

The study also established analytical expressions for 
estimating node and transmission medium utilization, 
average packet dwell time in the network, probability 
of timely packet service and performance. Aspects of 
FDDI network operation and transmission medium 
reliability were taken into account when formulating 
these expressions.

It was found that there is a critical load for FDDI 
networks at which the network performance reaches 
a maximum and then decreases sharply. As the failure 
rate of the transmission medium increases, the critical 
modes of FDDI network operation shift towards lower 
loads.

In order to ensure the efficient operation of FDDI 
networks, the modes of operation need to be regulated 
in such a way as to avoid reaching critical load at the 
nodes and in the transmission medium. Controlling the 
intensity of input flows and limiting their growth are key 
elements for DSS systems in FDDI networks.
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Abstract
Objectives. The primary aim of the study is to develop a model for managing information security incidents within 
an enterprise that minimizes damage and costs associated with incident resolution under limited resources and time 
constraints.
Methods. The paper analyzes existing approaches to managing information security incidents, including 
mathematical and simulation models, stochastic differential equations, Markov chains, and other methods. The 
study is based on a systems approach, incorporating analysis of incident parameters, actions for their resolution, 
response times, damages due to incident occurrence, and the probability of incident elimination. To validate the 
developed model, synthetic data reflecting various types of incidents and possible actions were used.
Results. The proposed model optimizes incident management by minimizing damage and costs. It considers 
parameters such as incident criticality, available resources, response time, and the likelihood of successful incident 
resolution. Testing of the model on synthetic data showed that the proposed approach significantly improves the 
selection of optimal actions for responding to incidents in situations constrained by budget and time limitations, 
thereby enhancing the overall effectiveness of incident management.
Conclusions. Implementing the proposed model in enterprises will improve the overall level of information security, 
enhance incident response efficiency, and strengthen information protection processes. This will ensure the 
minimization of risks associated with data leaks and other incidents, thus helping enterprises to make informed and 
timely decisions under conditions of limited resources and time.
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НАУЧНАЯ СТАТЬЯ

Моделирование процессов управления инцидентами 
информационной безопасности на предприятии

Е.С. Митяков @,  
Е.А. Максимова,  
С.В. Артемова,  
А.А. Бакаев,  
Ж.Г. Вегера

МИРЭА – Российский технологический университет, Москва, 119454 Россия
@ Автор для переписки, e-mail: mityakov@mirea.ru 

Резюме 
Цели. Основной целью исследования является разработка модели управления инцидентами информацион-
ной безопасности на предприятии, минимизирующей ущерб и затраты на устранение инцидентов в условиях 
ограниченных ресурсов и времени.
Методы. В работе проведен анализ существующих подходов к управлению инцидентами информационной 
безопасности, включая математические и имитационные модели, стохастические дифференциальные урав-
нения, цепи Маркова и другие методы. Основанием для работы послужил системный подход, который вклю-
чает в себя всесторонний анализ параметров инцидентов, действий по их устранению, времени реакции, 
а также ущерба от реализации инцидентов и вероятности успешного их устранения. Для проверки работо-
способности разработанной модели использовались синтетические данные, которые отражают разнообраз-
ные типы инцидентов и возможные пути их ликвидации.
Результаты. Предложенная модель управления инцидентами позволяет оптимизировать управление инци-
дентами за счет минимизации ущерба и затрат. В рамках модели учитываются такие параметры, как кри-
тичность инцидентов, доступные ресурсы, время реакции и вероятность успешного устранения инцидентов. 
Апробация модели на синтетических данных показала, что предложенный подход существенно улучшает вы-
бор оптимальных действий для реагирования на инциденты в ситуациях ограничений бюджета и времени, 
что в свою очередь повышает общую эффективность управления инцидентами.
Выводы. Внедрение предложенной модели на предприятиях позволит повысить общий уровень информа-
ционной безопасности, эффективность реагирования на инциденты и улучшить процессы защиты информа-
ции. Это обеспечит минимизацию рисков, связанных с утечками данных и другими инцидентами, и поможет 
предприятиям принимать обоснованные и оперативные решения в условиях ограниченных ресурсов и вре-
мени.

Ключевые слова: управление инцидентами, информационная безопасность, моделирование инцидентов, 
минимизация ущерба, ограниченные ресурсы, математическое моделирование, оптимизация 
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INTRODUCTION

Information security incident management at 
enterprises involves processes of identifying, analyzing 
and responding to incidents involving information 
systems and data, which includes a set of measures 
for the prevention and minimization of damage, and 
restoration of the normal operation of systems following 
incidents.

In today’s reality, such processes represent a key 
aspect of ensuring the information security of an 
organization. Contemporary enterprises face many 
threats involving cyberattacks and unauthorized access 
to data to information leaks. As well as entailing 
financial losses, such threats can undermine a company’s 
reputation. Therefore, effective management of 
information security incidents at an enterprise becomes 
an integral part of its overall security strategy. Such 
management ensures a prompt response to current 
threats, as well as forming a proactive approach to 
predicting and preventing potential information security 
incidents in the future.

In the Russian Federation, information security 
incident management is regulated by a number of state 
standards. One of these, GOST R 59712-20221, is 
dedicated to computer security incident management, 
which represents a narrower area within information 
security. This standard describes a structured approach 
to the detection, registration, response and analysis 
of incidents within the framework of the state system 
GosSOPKA2. In turn, GOST R ISO/IEC TO 18044-20073 
covers a wider range of information security incidents, 
setting out requirements for their documentation, legal 
examination, interaction with authorities, and adaptation 
to contemporary threats. However, the above standards 
do not take into account mechanisms for assessing 
damage from incidents and the costs of their elimination, 

1 GOST R 59712-2022. National Standard of the Russian 
Federation. Information protection. Computer incident 
management. Guide to responding to computer incident. Moscow: 
Standartinform; 2023. 20 p. (in Russ.).

2 https://gossopka.ru/ (in Russ.). Accessed July 15, 2024.
3 GOST R ISO/IEC TO 18044-2007. National Standard 

of the Russian Federation. Information technology. Security 
techniques. Information security incident management. Moscow: 
Standartinform; 2008. 50 p. (in Russ.).

thus limiting their application under conditions where 
time and resource constraints are critical.

The present work examines information security 
incident management processes in an enterprise, 
focusing on an analysis of existing approaches and 
models aimed at optimizing remediation costs, as well as 
increasing the responsiveness of incident response and 
minimizing damage. Here, the main aim is to develop 
a model that systematizes the incident management 
process to improve the efficiency of decision-making 
under resource and time constraints.

INCIDENT MANAGEMENT IN THE ENTERPRISE 
INFORMATION SECURITY SYSTEM

Information security incident management is 
critical to maintaining the integrity, confidentiality 
and availability of enterprise data. Effective incident 
management involves identifying, responding to 
and learning from security incidents to improve the 
overall security posture. An incident in the context of 
information security is any event or action that harms, or 
has the potential to harm, the confidentiality, integrity, 
or availability of information and information systems. 
The consequences of incidents, which can range from 
accidental errors to targeted attacks, can be quite serious 
for organizations.

Examples of incidents include virus attacks, data 
breaches, DDoS attacks, and unauthorized access. 
A distinction can be made between incidents and simple 
violations: an incident is an event that causes (or has the 
potential to cause) negative consequences to the secure 
operation of systems, while simple breaches typically do 
not cause significant consequences or damage and can be 
addressed without impacting the security of the system. 
Thus, incidents require more comprehensive analysis, 
rapid response, and potential application of appropriate 
remediation and protection measures.

Timely incident responses contribute to 
improving information security management 
processes. However, a link between incident response 
and security management functions is often absent. 
Therefore, enterprises need to establish integration 
between these two areas in order to develop a clear 
plan of action that can increase the trust and support 
of contractors [1].

• Поступила: 12.09.2024 • Доработана: 30.09.2024 • Принята к опубликованию: 14.10.2024
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Real-time detection of security incidents is performed 
through specialized security management centers using 
information and information security event management 
systems. These centers, which collect, normalize, store, 
and correlate security events, are essential for rapid 
incident detection, loss minimization, vulnerability 
remediation, and IT service restoration [2].

Effective information security management requires 
a holistic approach, including the development and 
implementation of security policies, compliance training, 
and business-IT alignment4. For example, [3] notes that 
integrating digital forensics with incident handling can 
improve the effectiveness of incident response strategies.

Paper [4] shows that effective incident management 
requires a combination of technological solutions and 
management activities (development of security policies, 
training and information sharing between departments, 
etc.). Current incident management practices comply 
with ISO/IEC 27035 standards5, but organizations 
often face certain challenges that are addressed through 
improved strategies.

Thus, effective enterprise information security 
incident management involves a combination of 
thorough incident analysis, strategic use of specialized 
information systems, and a holistic approach to security 
management, as well as the integration of technology and 
management solutions. By addressing communication 
gaps, using real-time monitoring tools, and implementing 
best practices, organizations can improve their incident 
response capabilities and overall security posture [5].

EXISTING INCIDENT MANAGEMENT MODELS

In order to improve the efficiency of incident 
management processes, various models have been 
proposed in the specialized scientific literature. 
For example, [6] considered cognitive modeling of 
destructive malicious attacks on critical information 
infrastructure objects and a model of states of critical 
information infrastructure subjects under destructive 
attacks in static mode.

Markovian chains and stochastic differential 
equations are used to describe the dynamics of security 
information and event management systems [7]. 
Supervised Markovian chains can be used to formalize 
and structure the decision support process for security 
event and incident management. This approach focuses 

4 Tran D.U. Holistic Understanding of Information Security 
Posture: Thesis Dr. Phil. University of Oslo, Department of 
Informatics, Series of Dissertations Submitted to the Faculty of 
Mathematics and Natural Sciences, no. 2696. 2023. https://www.
duo.uio.no/bitstream/handle/10852/106520/PhD-Tran-2023.
pdf?sequence=3&isAllowed=y. Accessed July 15, 2024.

5 https://www.iso.org/standard/78973.html. Accessed July 15, 
2024.

on the dynamics of detecting and preventing cyber-
attacks, as well as ensuring timeliness, validity, secrecy, 
and resource efficiency [8].

A number of studies have proposed simulation 
models for modeling incident management, which 
evaluate the effectiveness of incident management 
operations by analyzing real-world data and various 
strategies for deploying emergency response teams. 
Such models can predict the statistical patterns of 
cyberattacks and the effectiveness of incident response 
teams, enabling dynamic adjustments to maintain the 
required level of protection [9].

In [10], the implementation of a three-level incident 
management model using key metrics is shown to 
significantly improve the efficiency of incident handling. 
This model integrates process, technology and service 
metrics to improve the speed, user satisfaction and 
availability of incident handling channels.

In addition to the abovementioned models, various 
approaches based on formal languages and automata 
theory [11] (providing a structured approach to modeling 
and analyzing incident management processes to enable 
the identification and resolution of systemic problems), 
incident prioritization [12] (using feedback from analysts 
to correct errors in the assessment process to guarantee 
prompt resolution of the most critical incidents), etc., 
can be found in the scientific literature. By integrating 
feedback mechanisms and comprehensive security event 
management, organizations can maintain robust incident 
management processes that adapt to evolving threats and 
technological changes.

Thus, various models are used in information 
security incident management tasks, including 
mathematical, simulation, system dynamic and formal 
language approaches. These models aim to improve 
the identification and classification of incidents 
along with their appropriate responses to ensure 
effective and proactive security risk management [13]. 
Information security incident management acts as an 
important process that is directly related to ensuring 
three key elements: data integrity, authentication and 
availability [14]. The application of variation models 
can improve the processes of incident identification, 
classification and remediation. In order to achieve 
maximum efficiency, it is important to take into account 
the specifics of each organization, the degree of threats 
and the available resources to adapt the models to real 
conditions.

INFORMATION SECURITY INCIDENT 
MANAGEMENT MODEL AT THE ENTERPRISE

For describing information security incident 
management tasks, a model containing the following 
components can be used:

https://www.duo.uio.no/bitstream/handle/10852/106520/PhD-Tran-2023.pdf?sequence=3&isAllowed=y
https://www.duo.uio.no/bitstream/handle/10852/106520/PhD-Tran-2023.pdf?sequence=3&isAllowed=y
https://www.duo.uio.no/bitstream/handle/10852/106520/PhD-Tran-2023.pdf?sequence=3&isAllowed=y
https://www.iso.org/standard/78973.html
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1.  Set of information security incidents I = {I1, I2, …, In},  
where Ii is an information security incident recorded 
in the organization. Each incident is characterized 
by the parameters of detection time, degree of 
criticality, probability of threat realization, etc.

2.  Set of incident management actions 
A = {A1, A2, …, Am}, where Aj is a certain action to 
eliminate the incident or minimize its consequences. 
Such actions can include blocking access, restoring 
data, implementing additional protective measures 
in the enterprise, etc.

3.  Incident response time T(Ii). This component of 
the model depends on the level of criticality of the 
incident and the resources available for response. 
Ideally, the higher the criticality of the incident, the 
shorter the response time should be.

4.  Incident damage function D(Ii) estimates the real 
or potential losses to the organization as a result of 
incident Ii (financial loss, reputational damage, data 
breach, etc.).

5.  Incident elimination probability function P(Aj, Ii) 
describes the probability of success of action Aj 
in relation to incident Ii. The probability depends 
on various factors (qualification of employees, 
execution time, type of incident, etc.).

6.  Incident elimination costs C(Aj, Ii) reflect how 
much resource (financial, time, and human) must 
be expended to implement action Aj in order to 
eliminate the incident Ii.
The key objective of the model is to minimize 

the total damage from information security incidents 
and the cost of their elimination. In order to solve this 
problem, it is advisable to minimize the following 
target function:

1 1
( )(1 ( , )) ( , ) min,

n m

i j i j i
i j

Z D I P A I C A I
= =

 = − + → ∑∑

where Z is the total damage and costs for all incidents. 
It is advisable to take into account the limitations 
on available resources, response time and risk  
level:
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where Tmax is the maximum allowable incident response 
time (can be set by the enterprise security policy); R is the 
total available budget (number of resources) allocated 

to eliminate information security incident; Pmin is the 
minimum allowable probability of successful incident 
elimination.

The use of the above model implies the following 
steps:

1.  Incident detection.
2.  Incident data collection (criticality, possible 

damage, remediation costs).
3.  Assessing the likelihood of a successful resolution 

of an incident, taking into account time and cost 
constraints.

4.  Optimization of actions (based on the presented 
model, the action Aj that minimizes damage and 
costs is obtained).

5.  Monitoring and adjustment (once all necessary 
actions to address the incident have been completed, 
the model can be adjusted to further analyze and 
prevent future incidents).
The proposed model helps to systematize the 

process of information security incident management 
and make optimal decisions for their elimination. 
However, the model contains a number of limitations 
and assumptions. The limitations include the need 
for accurate and up-to-date data, difficulties in 
estimating damage and probability, and failing to 
account for the human factor. The assumptions 
entailed in the model include linearity of damage 
and cost functions, independence of incidents, 
unambiguous definition of criticality, and others. 
When adapting the model to their own information 
security conditions, enterprises should take these 
aspects into account.

In order to effectively test the model, a set of 
synthetic data simulating various types of incidents 
and possible means for their elimination was used. 
The choice of synthetic data over real data is due 
to the limited availability of the latter: enterprises 
are often unable or unwilling to share information 
about their incidents for security and confidentiality 
reasons. In addition, the use of synthetic data enables 
the construction of more complete and reliable 
models based on a variety of hypothetical scenarios. 
When combined with theoretical analysis and 
development, this approach provides a foundation 
for a better understanding of information security 
incident response and management mechanisms. 
Thus, the use of synthetic data represents a valid 
method in the face of a lack of real-world information 
and is aimed at ensuring high-quality and reliable  
model validation.

Let the analysis at the enterprise reveal a number of 
information security incidents, each of which requires 
different actions for elimination, which are limited 
in resources and time. Initial data for calculations are 
presented in the Table 1.



44

Russian Technological Journal. 2024;12(6):39–47

Evgeny S. Mityakov, 
et al.

Modeling incident management processes  
in information security at an enterprise

Suppose the enterprise has limited resources 
for response: the budget for incident elimination is 
R = 50000  c.u. and the maximum response time for all 
incidents is 6 h. For each incident, let there be several 
possible actions with different costs, elimination 
probabilities and execution times (Table 2).

In order to minimize damage subject to constraints, it 
is necessary to select actions for each incident. Consider 
the alternatives.

For I1. Action A1 is cheaper, but has a probability 
of success of 0.7, while action A2 is more expensive, 
but has a higher probability of success (0.9). Given the 
criticality of the incident, it is appropriate to choose 
action A2, since data leakage is highly damaging.

For I2. Action A3 is cheaper and has a sufficiently 
high probability of success (0.8). Given the budget 
constraints, we choose action A3.

For I3. Action A5 is the cheapest, but its probability 
of success is only 0.6. In this case, it is more appropriate 
to choose action A6, since its probability of success is 
much higher (0.85) and it can be fitted within the budget.

Let us build a model using the initial data. The target 
function and model constraints will have the following 
form:

3 2

1 1

1 1 3 2 5 3

1 1 1

( )(1 ( , )) ( , ) ,

( , ) ( , ) ( , ) 50000 c.u.,
( ) ( ) ( ) 6 h.

i j i j i
i j

Z D I P A I C A I

C A I C A I C A I
T I T I T I

= =

 = − + 

+ + ≤

+ + ≤

∑∑

The final model solution will be as follows:
• A2 for incident 1 (cost is 25000 c.u.; probability of 

success is 0.9).
• A3 for incident 2 (cost is 10000 c.u.; probability of 

success is 0.8).
• A6 for incident 3 (cost is 8000 c.u.; probability of 

success is 0.85).
Having calculated the total costs and damage, we get 

Z = 90500 c.u. Thus, application of the model enabled 
the optimal actions to be selected in order to eliminate 
incidents with minimal costs and damage within the 
available budget and reaction time.

CONCLUSIONS

The incident management model proposed in this 
article can be used to minimize damage and costs through 
the optimal selection of actions under conditions of 
limited resources. Although the model has its limitations, 
its use in practice can significantly increase the level of 
information security of the enterprise.

The article proposes a model of information security 
incident management aimed at minimizing damage and 
costs. However, its practical use raises a number of issues 
related to simplifications: linearity of damage and cost 
functions, independence of incidents and unambiguous 
definition of their criticality. Such assumptions do not 
always reflect the complexity of real-life situations, 
where incidents are interrelated, and their consequences 
may be nonlinear. In addition, the model does not account 

Table 1. Initial data

Incident Potential damage (D), c.u. Time of reaction (T), h Criticality

Customer database data leakage 200000 2 High

Virus attack on servers 100000 5 Medium

Unauthorized access to the network 50000 1 Low

Table 2. Possible actions to address information security incidents

Incident Action Cost (C), c.u. Probability 
of success (P)

Data leakage (I1)
Disconnecting external connections (A1) 15000 0.7

Customer notification and vulnerability 
correction (A2) 25000 0.9

Virus attack (I2)
Reboot servers and start antivirus (A3) 10000 0.8

Hardware replacement and data 
recovery (A4) 20000 0.95

Unauthorized 
access (I3)

Disabling an intruder session (A5) 5000 0.6

Network audit and configuration 
remediation (A6) 8000 0.85
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for human error or the difficulty of obtaining accurate 
data during the response phases. Real-world conditions 
imply resource constraints, stressful situations, and the 
need for prioritization.

Despite these limitations, the proposed model 
significantly advances existing information security 
incident management standards and models. The model 
includes incident prioritization, criticality assessment, 
and resource allocation, to enable more informed 
and timely decision-making under time and resource 
constraints.

Thus, the model can complement existing approaches 
by offering tools for more accurate analysis and effective 
incident management focused on mitigating incidents 
and improving the overall resilience of the enterprise to 
information security threats.

In further research, it is planned to conduct testing on 
real data, which will enable a more accurate assessment 
of the effectiveness of the developed model. In addition, 
further research may involve integrating incident 
management models with other information security 

management processes. It will also be crucial to assess 
the impact of the human factor on incidents and develop 
effective mechanisms for employee training.
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Abstract
Objectives. The main aim of digital image processing is to increase clarity while maintaining image quality and 
eliminate noise. However, the amount of information contained in digital image files is growing year after year. This 
circumstance negatively affects processing time, critical for systems with high load requirements on the computing 
platform. In this regard, the use of digital filters which enable a reduction to the processing time of incoming data 
is important. In order to resolve this issue, adaptive filters with different sizes of multielement processing aperture 
are being developed to improve image clarity and preserve image details. Filters with adaptive properties are 
able to change their parameters during data processing, and provide maximum performance as the aperture size 
increases. The aim of the work is to develop a type of recursively separable digital filter with variable sizes of a scanning 
multielement aperture which allows the number of computational operations to be reduced while maintaining the 
efficiency of filtering input data (images).
Methods. The work used recursive-separable methods and algorithms to construct digital filters.
Results. An algorithm for the recursive-separable implementation of a digital filter is described, and the final view 
of the processing aperture and its three-dimensional appearance are presented. In order to evaluate the performance 
of the filter, a comparison of the developed algorithm with the classical two-dimensional convolution algorithm was 
carried out. The experiment was performed using images of various sizes and consisted of determining the time 
spent on the process of processing the test image. The study established that the processing time of a test image 
using the developed filter is on average 5 times less than the time taken by the classical two-dimensional convolution 
algorithm. The optimal coefficients for magnifying the central element and raising the positive part of the aperture 
of a digital filter were determined, enabling the efficiency of its use to be enabled.
Conclusions. The studies show the effectiveness of using the developed recursive-separable two-dimensional filter 
to improve image clarity and reduce the time spent on processing.

Keywords: digital image processing, digital filters, recursion, separability, increased image clarity, speed
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НАУЧНАЯ СТАТЬЯ

Цифровой трехкаскадный  
рекурсивно-сепарабельный фильтр 

обработки изображений с изменяемыми размерами 
сканирующей многоэлементной апертуры

А.В. Каменский,  
Т.М. Акаева @,  
Д.А. Гребенщикова

Томский государственный университет систем управления и радиоэлектроники, Томск, 634050 Россия
@ Автор для переписки, e-mail: ttnakaeva@gmail.com 

Резюме 
Цели. Основными целями цифровой обработки изображений являются повышение их четкости при сохране-
нии качества изображения и устранение шумов. Однако объемы информации, содержащейся в файлах циф-
ровых изображений, растут из года в год. Это обстоятельство негативно сказывается на времени их обра-
ботки, что критично для систем с высокими требованиями к нагрузке на вычислительную платформу. В связи 
с этим актуальным становится применение цифровых фильтров, позволяющих сократить время обработки 
поступающих данных. Для решения этой задачи разрабатываются адаптивные фильтры с различными раз-
мерами многоэлементной апертуры обработки, которые позволяют повысить четкость и сохранить детали 
изображения. Фильтры с адаптивными свойствами способны изменять свои параметры в процессе обработ-
ки данных, обеспечивая максимальное быстродействие при увеличении размеров апертуры. Целью работы 
является разработка рекурсивно-сепарабельного цифрового фильтра с изменяемыми размерами сканиру-
ющей многоэлементной апертуры, позволяющего сократить количество вычислительных операций при со-
хранении эффективности фильтрации входных данных (изображений).
Методы. В работе использовались рекурсивно-сепарабельные методы и алгоритмы построения цифровых 
фильтров.
Результаты. Описан алгоритм рекурсивно-сепарабельной реализации цифрового фильтра, а также пред-
ставлен итоговый вид апертуры обработки и ее трехмерный вид. Для оценки быстродействия фильтра про-
ведено сравнение разработанного алгоритма с алгоритмом классической двумерной свертки. Эксперимент 
проводился с использованием изображений различных размеров и заключался в определении времени, 
затраченного на процесс обработки тестового изображения. Установлено, что время обработки тестового 
изображения с применением разработанного фильтра в среднем в 5 раз меньше, чем время, затрачиваемое 
алгоритмом классической двумерной свертки. Определены оптимальные коэффициенты увеличения цен-
трального элемента и поднятия положительной части апертуры цифрового фильтра, позволяющие повысить 
эффективность его применения.
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INTRODUCTION

The first preliminary step in image analysis is, as 
a rule, digital image processing. The quality of this stage 
can dramatically affect the results of subsequent analyses. 
Digital processing, including digital filtering, is used 
to resolve such problems as resolution enhancement, 
restoration of ‘spoiled’ objects in the image, clarity 
enhancement, and colourisation [1].

The main purpose of image filtering is to improve 
the clarity and quality of images and to remove noise. 
However, the amount of information contained in 
digital image files is growing from year to year [2]. This 
adversely affects the ability of digital filters to perform 
fast and high-quality processing of incoming data. 
One of the ways to resolve this problem is to increase 
the speed of digital filters by reducing the number of 
computational operations required for processing. It is 
also important to ensure the variability of their use and 
the possibility of parameter correction during operation. 
An effective solution is to develop adaptive filters which 
can change their parameters during image processing, 
in order to maintain performance while increasing the 
aperture size. In adaptive filters, the processing speed 
always remains constant for specific image sizes, 
regardless of the processing aperture size.

FILTERS WITH ADAPTIVE PROPERTIES

Adaptive filters are a class of filters in which the 
parameters are adjusted during operation according to 
the characteristics of the input data [3]. For each fixed 
set of parameters, an adaptive filter is a linear device, 
since there is a linear dependence between its input and 
output signals [4, 5]. 

Adaptive filters are of two types [6, 7]:
• transversal, i.e., filter with finite impulse response;
• recursive, i.e., filter with infinite impulse response.

Adaptive filters are widely used in various fields such 
as signal processing, computer vision, image processing, 

among others. In the latter two cases, their main purpose 
is to clean photo and video information from noise 
overlapping in spectrum with the useful signal, or when 
the noise bandwidth is undefined and cannot be specified 
initially [8]. The use of adaptive filters can significantly 
improve the efficiency and quality of data processing 
in various applications where automatic adjustment to 
changing conditions or requirements is necessary [4, 9].

CONSTITUENT ELEMENTS

Constituent recursive cells (recirculators) are used in 
the design of recursive filters. Recirculators are recursive 
cells which perform row-by-row (line recirculator, LR) 
and frame-by-frame (frame recirculator, FR) processing 
of the input image matrix [10]. Their functionality is 
to perform a two-dimensional discrete convolution 
procedure in which the input data is processed according 
to a given impulse response of the recirculator. The 
impulse response can be represented as a unit matrix (row 
or column of size N × 1 elements). Figure 1 shows 
the forming recursive cells by n1-row (LR) (a) and by 
n2-frame (FR) (b), implementing the corresponding 

• Поступила: 29.09.2023 • Доработана: 22.04.2024 • Принята к опубликованию: 20.09.2024
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Выводы. Проведенные исследования показывают эффективность использования разработанного рекурсивно- 
сепарабельного двумерного фильтра для повышения четкости изображений и уменьшения затрачиваемого 
на обработку времени.

Ключевые слова: цифровая обработка изображений, цифровые фильтры, рекурсия, сепарабельность, по-
вышение четкости изображений, быстродействие
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Fig. 1. Recirculator diagrams:  
(a) by n1-row, (b) by n2-frame
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orthogonal directions of moving average processing. LR 
recirculator performs processing by the row of the input 
data matrix, and FR—by the column of this matrix; 
x(n1, n2) is input data; y(n1, n2) is output data; Z are delay 
elements; М1 is the coefficient determining the delay value 
on the row (integer); М2 is the coefficient determining 
the delay value on the column (integer) [11, 12].

INITIAL FILTER

Development of a two-dimensional filter is based on 
a sequence of certain processes. As an example, let us 
consider the process of forming a processing aperture 
of 7 × 7 elements of a two-dimensional three-cascade 
recursive-separable filter (TRSF).

The information sequence in the form of a unit 
matrix of 1 × 1 element is fed to the filter input. This 
action allows the TRSF mask to be formed which will 
further enable a correct comparison of the developed 
algorithm with the classical two-dimensional 
convolution (CTDC) algorithm. In order to form the 
main size of the processing aperture, the specified 
sequence passes through three row (a row of units of 
size 3 × 1 elements) and three frame (a column of units 
of size 1 × 3 elements) recirculators. This results in 
a matrix of 7 × 7 elements which is the basis for forming 
the final mask and undergoes further modifications. 
Figure 2 shows the algorithm of the recursive-separable 
filter implementation.

As a result of the operations taking place in the filter 
after the input of the test information sequence in the 
form of a unit matrix, a TRSF mask is formed. This 
is presented in Fig. 3 and a three-dimensional view is 
shown in Fig. 4 [13].

Figure 3 shows that the TRSF mask has a positive 
area in the center with the size of 3 × 3 elements. Its 
proportional increase resulting in the change of the 
initial sum of coefficients of the final mask will increase 
the efficiency of digital image processing. The same 
principle is used for processing by changing the center 
element of the matrix (for a mask of 7 × 7 elements it is 
the 4th element in the 4th row).

1 3 6 7 6 3 1

3 9 15 21 15 9 3

1 1 1 6 18 33 42 33 18 6

1 1 1 * 1 1 1 * 1 1 1 * 1 * 1 * 1 = 7 21 36 49 36 21 7

1 1 1 6 18 33 42 33 18 6

3 9 15 21 15 9 3

1 3 6 7 6 3 1

Fig. 2. Recursive-separable filter implementation algorithm

–1 –3 –6 –7 –6 –3 –1

–3 –9 –18 –21 –18 –9 –3

–6 –18 14 58 14 –18 –6

–7 –21 58 80 58 –21 –7

–6 –18 14 58 14 –18 –6

–3 –9 –18 –21 –18 –9 –3

–1 –3 –6 –7 –6 –3 –1

Fig. 3. TRSF 7 × 7 elements mask view
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Fig. 4. Three-dimensional view of TRSF mask

The structural diagram of the TRSF with 
dimensionality of 7 × 7 elements is shown in Fig. 5. 
Here A1 is the coefficient of increase in the values of 
the positive part of the mask, and A2 is the coefficient 
of increase in the value of the center element of the 
mask. In the first branch of the TRSF, the formation of 
a mask of dimension 3 × 3 elements takes place. This 
is necessary, in order to compensate the negative part 
and form the positive center of the final mask due to the 
delay elements Z. The second branch of the filter forms 
the basic matrix of 7 × 7 elements. The third branch 
of the TRSF is necessary, in order to compensate the 
negative part of the mask by adding the residual to the 
center element of the main matrix, and to enable its 
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adjustment by the user. The output data of the branches 
are aggregated, in order to form the filter output. For the 
second and third branches the aggregation is performed 
with sign inversion.

DESCRIPTION OF THE TRSF FILTER 
MODIFICATION PRINCIPLES

For the proper functioning of the adaptive 
TRSF, it is necessary to ensure its correct response 
to the user-defined value of the processing aperture 
dimensions. In this case, the operation takes place 
exclusively with odd values of dimensions (9 × 9, 
11 × 11, 13 × 13, etc.). It is important to take into 
account the change of the coefficients of the center 
mask recirculators to the changes of the main filter 
mask recirculators in the ratio 1 : 2. Thus when the 
final size of the filter’s main aperture changes, the 
size of its center mask also changes, albeit only 
every second increase in the size of the main mask. 
One recirculator always remains unchanged because 
the filter uses an odd number of recirculators. The 
size of the impulse response value matrix should 
be 3 × 1 or 1 × 3 elements. In this case, for a given 
dimensionality of 9 × 9, the coefficients of the line and 
frame recirculators will be equal to 4 (unit matrix of 
4 × 1 elements) and 4 (unit matrix of 1 × 4 elements), 
respectively. For a dimensionality of 11 × 11, they 
will be equal to 5 (unit matrix of 5 × 1 elements) and 
5 (unit matrix of 1 × 5 elements).

It is important to note that in the center part of the filter 
a smaller mask is generated when compared to the main 
one. This central part is necessary, in order to balance the 
sum of the outer and central parts of the final mask, to 
bring its sum to zero and to preserve normal brightness 
of the processed image. A similar balance of the outer 
and central parts of the final mask can be observed in the 
Laplacian filter for ‘eight neighbors’, where the sum of 
all coefficients is equal to zero [14]. When increasing the 
size of the mask, the normal ratio between the sizes of the 
outer and central regions must be maintained, in order to 

change its three-dimensional appearance proportionally. 
This is done by varying the size of the center mask in 
steps of 2. For example, a 3 × 3 center mask will be used 
for the 7 × 7 and 9 × 9 element matrices, followed by an 
increase of 2 elements to a 5 × 5 element matrix, which 
will be used for the final 11 × 11 and 13 × 13 element 
matrices. This is accomplished by automated calculation 
of the recirculator coefficients at the bottom of the filter 
by entering the size of the desired filter aperture. Thus, 
every other possible value of the mask size, starting at 
3 × 3, will affect the change in the size of the inner mask. 
For example, at dimension 7 × 7, the upper left corner of 
the mask is at position x(n1 − 1, n2 − 2). Then, at the next 
possible value of the mask dimension (starting at 5 × 5), 
the shift factor of the inner mask will change to 1. Thus, 
at 5 × 5, the shift will be 2 (instead of 1). This is because 
the size of the inner mask will also decrease by 1 cell and 
become 1 × 1. This process will continue, and when the 
dimension of the main mask is 9 × 9 and the inner mask 
is 3 × 3, the shift will be 3.

The dependence thus described can be 
programmatically expressed as a function using the 
parameters of matrix aperture sizes. The shift coefficient 
of the inner mask will be equal to the difference between 
the size of the main mask and the size of the center mask 
divided by two. For example, for a size of 17 × 17, we 
get: (17 − 7)/2 = 5. Consequently, the matrix is shifted 
by 5 elements.

This process works correctly for masks of any size. 
First, the total number of cells in the mask is calculated. 
For example, in the case of a 9 × 9 mask it is 81, and for 
a 7 × 7 mask it is 49. Then all elements of the mask are 
aggregated up, and this sum is divided by the previously 
calculated sum of elements of the positive center of the 
final mask. The result is used to create a new mask in 
the upper part of the filter. The initial mask is subtracted 
from it, and as a result, the final values are formed in 
the cells. Aggregating them makes the whole mask (its 
values) equal to 0.

Modified filter should be configurable using two 
input coefficients. One of these coefficients will be 
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Fig. 5. Structural diagram of TRSF
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used to increase the values of the center part of the 
mask by a specified amount. The second coefficient 
will be used to increase the value of the center element 
of the mask.

The patterns used to create the filter are illustrated 
in Table 1 which shows: the values of the recirculator 
coefficients; the size of the center mask; the number of 
recirculators for convolution; and the shift values of 
the center mask for different mask sizes from 5 × 5 to 
17 × 17.

On the basis of the modification principles 
described above, a structural scheme of the filter, 
presented in Fig. 6, can be built: X is the coefficient 
of equalization of the sums of the central and external 
masks; A1 is the coefficient of increase of the values of 
the positive part of the mask; A2 is the coefficient of 
increase of the value of the central element of the mask; 
Z1 and Z2 are the mask shift coefficients (dependent on 
the variables −a and −b, calculated automatically in 
the filter code); m are the row and frame recirculators 
coefficients for the positive branch; n are the row 
and frame recirculators coefficients for the negative 
branch.
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+

+

A1 + X Z1
–a

LR
M1 = n1

Z2
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Z1
–b
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FR
M2 = n3

Z2
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∑

Fig. 6. Structural diagram of TRSF

Table 1. Dependence of filter parameters on the change of mask size

Set size LR and FR coefficient Inner mask size LR and FR  
for the inner mask

Shift coefficient  
of the inner mask

5 × 5 2 and 2 1 × 1 1 and 1 3

7 × 7 3 and 3 3 × 3 3 and 3 3

9 × 9 4 and 4 3 × 3 3 and 3 4

11 × 11 5 and 5 5 × 5 5 and 5 4

13 × 13 6 and 6 5 × 5 5 and 5 5

15 × 15 7 and 7 7 × 7 7 and 7 5

17 × 17 8 and 8 7 × 7 7 and 7 6

STUDY OF THE DEVELOPED FILTER 
PERFORMANCE SPEED WHEN INCREASING 
THE SIZE OF THE PROCESSING APERTURE

Three images of different dimensionality were 
used for experimental studies: 640 × 480 elements of 
tiff format; 1280 × 720 elements of bmp format; and 
3000 × 2000 elements of jpeg format. In the study, 7 × 7, 
9 × 9 and 11 × 11 masks were used for each filter. Image 
processing was performed on a personal computer 
with the following characteristics: operating system—
Windows 10; processor—12th Gen Intel(R) Core(TM) 
i5-12400F 2.50 GHz; RAM—32 GB. The measurement 
of the filter runtime was performed 10 times in each 
experiment and the average value was calculated.

The results of the experimental study determined 
the dependencies of processing speed on aperture size 
for each of the three images. The average values of 
processing time for CTDC and TRSF and their compiled 
MEX-functions1 were estimated using the time 

1  Minimum EXcluded, algorithm for finding the minimum 
missing number.
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measurement procedure from MATLAB2 software. The 
results of measuring the processing speed for the three 
images are presented in Table 2.

Figure 7 shows the graphs of processing time 
dependence on the filter aperture size for an image of 
640 × 480 elements.
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Fig. 7. Graph of performance dependence  
on the aperture size for 640 × 480 image (tiff)

2 https://www.mathworks.com/products/matlab.html. Accessed September 20, 2023. 

Figure 8 shows the graphs of processing 
time dependence on the filter aperture size for 
a 1280 × 720 element image.

CTDC
TRSF
CTDC MEX
TRSF MEX

30

25

20

15

10

5

0

P
ro

ce
ss

in
g 

tim
e,

 s

7 × 7 9 × 9 11 × 11
Aperture size

Fig. 8. Graph of performance speed dependence  
on the aperture size for 1280 × 720 image (bmp)

Figure 9 shows the graphs of processing 
time dependence on the filter aperture size for 
a 3000 × 2000 element image.

Table 2. Average values of image processing time

Image 640 × 480, tiff format

Filter mask size

Processing time, s

MATLAB MEX

CTDC TRSF CTDC TRSF

7 × 7 0.6318 0.0995 0.1187 0.0891

9 × 9 4.2060 0.0969 3.1092 0.0951

11 × 11 5.2562 0.0979 4.1090 0.0884

Image 1280 × 720, bmp format

Filter mask size

Processing time, s

MATLAB MEX

CTDC TRSF CTDC TRSF

7 × 7 1.8361 0.3211 0.3622 0.2915

9 × 9 16.4342 0.3256 15.0594 0.2572

11 × 11 24.5264 0.3413 17.3964 0.2912

Image 3000 × 2000, jpeg format

Filter mask size

Processing time, s

MATLAB MEX

CTDC TRSF CTDC TRSF

7 × 7 12.3788 2.4025 2.4289 2.1971

9 × 9 30.3757 2.3876 12.3612 2.1965

11 × 11 45.5701 2.2715 19.3326 2.1916

https://www.mathworks.com/products/matlab.html
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Fig. 9. Graph of performance speed dependence  
on the aperture size for 3000 × 2000 image (jpeg)

From the graphs presented above we can see the 
gain in performance of the developed filter when the 
processing aperture grows in comparison with the 
CTDC algorithm.

The next step is to evaluate the effect of TRSF 
aperture growth on its operating time. Values of 
aperture mask size from 7 to 25 in steps of 2, as well 
as 49, 75, and 99 were used. The values of coefficients 
in all calculations were the same and equal to: А1 = 10, 
А2 = 0. The results of measurements are summarized in 
Table 3.

Table 3. Time consumption for image filtering

Mask size Processing time, s

7 2.46

9 2.39

11 2.24

13 2.27

15 2.33

17 2.29

19 2.31

21 2.32

23 2.31

25 2.33

49 2.56

75 2.62

99 2.49

It can be concluded that changing the filter aperture 
leads to insignificant changes in the speed of the TRSF 
algorithm in the range of 2.24 to 2.62 s.

ESTIMATION OF CHANGES IN THE NUMBER  
OF TV LINES IN THE PROCESSED IMAGES

When developing new algorithms for digital image 
processing, it is important not only to improve their 
performance, but also not to lose useful information 
stored in the images themselves, as well as to improve 
their quality (increase clarity, remove noise, etc.) to an 
ideal level.

The study was conducted by measuring the number 
of television lines (TVL) in the processed images while 
varying the coefficients А1 and А2. This is necessary, 
in order to test the filter’s ability to keep fine details of 
images clear [15]. Formula [12] was used to convert 
the number of ‘cycles per pixel’ (modulation transfer 
function, MTF50) obtained when measuring resolution 
in Imatest3 software into TVL:

CPPTVL limit resolution,
0.5

 = × 
 

where CPP is the number of ‘cycles per pixel’, limit 
resolution (in TVL) is the value of the number of pixels 
in the width of the image. 

The frame obtained by the active-pulse television 
measuring system4 (Fig. 10) was taken as a test 
image [16, 17].

Fig. 10. Test image

This measurement was performed in order to 
determine the optimal values of the А1 and А2 coefficients, 
and to determine the fact of the best processing 
when changing either А1, or А2, since changing them 
independently of each other led to different results. 
Firstly, the А1 coefficient was varied from 1 to 50, then 

3 https://www.imatest.com/. Accessed September 20, 2023.
4 Kapustin V.V. Active-impulse television measurement 

systems with increased immunity to optical interference: 
Cand. Sci. (Eng.). Tomsk: 2017. 118 p. (in Russ.).

https://www.imatest.com/
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the А2 coefficient was varied in the same range. The TVL 
value for the original image is 158. Figure 11 shows the 
dependence of TVL values on the А1 coefficient.

380

330

280

230

180

130

80
1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49

A1

TV
L

Fig. 11. Dependence of TVL values on the magnification 
factor of the positive part of the mask А1

As can be seen from the results obtained, increasing 
the А1 coefficient from 15 and more does not affect the 
final number of TVL. Image resolution before and after 
processing is practically unchanged, i.e., filtering loses 
its efficiency.

Figure 12 shows an example of processing the 
original image by a filter with the optimal value of the 
coefficient А1 = 1.

(а) (b)

Fig. 12. Images before (a) and after (b) processing 
with the filter with optimal coefficient А1

Results of measurements of TVL quantity at change 
of А2 coefficient are shown in Fig. 13.
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Fig. 13. Dependence of TVL values  
on the change of the magnification factor  

of the central element of the mask А2

Figure 14 shows an example of processing the 
original image by a filter with the optimal value of the 
coefficient А2 = 21.

(а) (b)

Fig. 14. Images before (a) and after (b) processing 
with the filter with optimal А2 coefficient

Based on the above graphs and images, it can be 
concluded that changing the А2 coefficient gives good 
results over the whole range of values.

CONCLUSIONS

The paper presents a modified TRSF for image 
clarity enhancement. The principles of its modification 
are described and the structural scheme is given. A study 
of the speed and efficiency of image processing provided 
by the proposed modification of the filter is performed. 
The time spent on image processing is 5.3 times less on 
average than the time spent on processing for the CTDC.

The results of evaluating the influence of the 
coefficient of increasing the value of the positive central 
aperture and increasing the value of the central element 
of the filter mask on the characteristics of processed 
images are presented herein. This study established that 
the value of the central element of the mask has a stronger 
influence on the parameters of the processed image. Its 
change allows the image quality to be enhanced more 
significantly than when increasing the positive central 
aperture of the filter. The study also established the 
optimal values of filtering coefficients A1 and A2.
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Abstract
Objectives. When measuring the transverse Kerr effect on thin-film structures, interference effects have a great 
influence on the result obtained. In conference presentations, some researchers have reported on the use of white 
light in experiments. In their opinion, despite the thickness of the studied layers being much less than the wavelength 
of light, white light can help avoid interference effects and/or resonant excitation of plasmon waves. The aim of the 
present work is to verify the validity of such statements using simulation.
Methods. In order to solve this problem, the method of computer simulation was used. A numerical solution 
of equations was compiled for a model structure for various thicknesses and materials of layers.
Results. The simulation results show that interference effects in different parts of the spectrum when using white light 
sources do not neutralize each other. The magnitude of the effect is affected not only by the thickness of the structure 
layers, but also by the shape of the source emission spectrum, as well as the sensitivity curve of the photodetector. 
In this case, the output of the measured value of the effect to a plateau at relatively large thicknesses of the magneto-
optical film is due to the light being absorbed in the thickness of the magneto-optical film and is negligibility of the 
back reflection of light from the substrate.
Conclusions. The presented technique takes into account the influence of interference effects when measuring 
the equatorial Kerr effect in white light or using other sources having a wide spectral range, thus improving the 
interpretation of experimental results. The results are relevant to the development and research of the physical 
foundations for creating new and improving existing devices in micro-, nano-, and solid-state electronics, as well 
as quantum devices, including optoelectronic devices and converters of physical quantities.
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НАУЧНАЯ СТАТЬЯ

Вклад интерференции  
в магнитооптический экваториальный  

эффект Керра в белом свете

И.В. Гладышев,  
А.Н. Юрасов,  
М.М. Яшин @

МИРЭА – Российский технологический университет, Москва, 119454 Россия
@ Автор для переписки, e-mail: yashin@mirea.ru 

Резюме 
Цели. При измерении экваториального эффекта Керра в тонкопленочных структурах большое влияние на по-
лученный результат оказывают интерференционные эффекты. В выступлениях на конференциях некоторые 
исследователи сообщали об использовании белого света в экспериментах. На их взгляд, хотя толщина ис-
следуемых слоев была много меньше длины волны света, белый свет может помочь избежать интерферен-
ционных эффектов и/или резонансного возбуждения плазмонных волн. Цель статьи – путем моделирования 
проверить обоснованность таких утверждений.
Методы. Для решения обозначенной задачи применялся метод компьютерного моделирования – численно-
го решения уравнений, составленных для модельной структуры при различных толщине и материалах слоев.
Результаты. Результаты моделирования показывают, что интерференционные эффекты в разных частях 
спектра при использовании источников белого света не нейтрализуют друг друга, и на величину эффекта 
влияет не только толщина слоев структуры, но и форма спектра излучения источника, а также кривая чув-
ствительности фотоприемника. При этом выход измеряемой величины эффекта на плато при относительно 
большой толщине магнитооптической пленки обуславливается тем, что при этом свет поглощается в толще 
магнитооптической пленки и обратное отражение света от подложки пренебрежимо мало.
Выводы. Представленная методика позволяет учитывать влияние интерференционных эффектов при из-
мерении экваториального эффекта Керра в белом свете или с использованием других источников с широ-
ким спектральным диапазоном и более качественно интерпретировать экспериментальные результаты, что 
может быть весьма полезным для разработки и исследования физических основ создания новых и совер-
шенствования существующих приборов, изделий микро- и наноэлектроники, твердотельной электроники, 
а также квантовых устройств, включая оптоэлектронные приборы и преобразователи физических величин.

Ключевые слова: магнитооптический экваториальный эффект Керра, тензор диэлектрической проницае-
мости, интерференция, коэффициент отражения, тонкие пленки
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INTRODUCTION

The transverse magneto-optical Kerr 
effect (TMOKE) involves a change in the intensity of 
light reflected from a sample when it is remagnetized 
in the direction perpendicular to the plane of light 
incidence. As such, TMOKE represents an important 
and very effective method for studying the magnetic 
microstructure of homogeneous and inhomogeneous 
magnetics. By measuring the EEC value as a function of 
the radiation wavelength, the magneto-optical transitions 
reflecting the electronic, crystalline, and magnetic 
structures of a given local section of the sample can be 
evaluated. Magneto-optical thin-film systems are also 
widely studied for use in optical data storage devices, in 
which data are recorded using thermomagnetic processes, 
but read by measuring the change in polarization 
upon reflection using the polar magneto-optical Kerr 
effect. Researchers have been very active in applying 
this principle (see, for example, [1–8]), including for 
ultrathin [9] and multilayer (ferromagnetic material and 
thin film coating [10]) structures. In this case, TMOKE 
measurement is generally carried out using a source 
having a narrow, almost monochromatic spectrum. 
However, at the 8th Euro-Asian Symposium “Trends 
in MAGnetism” held in 2022 in Kazan, Skidanov [11] 
report the use of white light in conducting experiments 
on the influence on the magnitude of the magneto-optical 
effect of thin films of nonmagnetic metals deposited on 
top of a ferromagnetic layer. Hypothesizing that this 
would significantly reduce the influence of interference 
effects, the researcher concluded that the observed 
change in the Kerr effect was due to more fundamental 
physical processes. However, such an interpretation 
does not seem entirely convincing, since almost all 
quantities affecting the magnitude of the effect have 
a nonlinear dependence on the frequency of incident 
light. Although the report has not yet been published 
in full, the very fact of raising the question led us to 
the necessity of a more detailed consideration of the 
degree of influence of interference effects on TMOKE 
parameter in white light.

MATHEMATICAL MODEL  
AND CALCULATION METHODOLOGY

As already mentioned, TMOKE consists in 
changing the intensity of light reflected from the 
sample when an external magnetic field is applied 
to the sample in the direction perpendicular to the 
plane of light incidence. Accordingly, it is necessary 
to calculate the intensity of light reflected from the 
sample both with and without the application of 
a magnetic field. The geometry of the model structure 
is shown in Fig. 1. Here, the vector of magnetic field 

strength lies in the plane of the film perpendicular to 
the plane of light incidence.

B
→

j

1

2

3

Fig. 1. Model structure geometry:  
(1) protective film (if any);  

(2) material with magneto-optical properties; 
(3) substrate, where φ is an angle of incidence of light,  

B
→

 is the magnetic field induction vector

The relation between the amplitudes of reflected 
Rj and incident Aj light can be expressed through their  
s- and p-components as in [12]:

ss sps s

p pps pp
.

r rR A
R Ar r

    
 =           

For an isotropic material, rsp = rps = 0. While the 
application of an external magnetic field generally 
breaks the symmetry, in the geometry used in this work 
and shown in Fig. 1, i.e., when a non-zero magnetic 
field is applied to the magneto-optical material in the 
film plane perpendicular to the plane of light incidence, 
we also have rsp = rps = 0. Therefore, in our case, 
the matrix of reflection coefficients has an invariant  
form:

ss

pp

0
ˆ .0

r
r r

 
=   
 

Then:

 s ss s

p pp p

,
.

R r A
R r A

=
 =

 (1)

During simulation, the spectral dependence of the 
source radiation intensity was taken into account. The 
model considered “natural” or circularly polarized 
light. In this case, the matrix of components of the 
incident light amplitude can be represented in the 
following form:
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( /2)s

p

e| | ,
e

i

i

A
AA

a+π

a

   
=       

where the initial phase a changes either 
arbitrarily (“natural” light) or cyclically at a given 
frequency (circularly polarized light); accordingly,

s s

p p

| | e ,

| | e .

i

i

R R

R R

c

x

 =


=

Here c = α + π/2 + Δs and ξ = α + Δp, and Δs and 
Δp are the phase run-ups as a result of light reflection 
from the investigated structure for s- and p-components, 
respectively. Due to the time-varying initial phase a, the 
resulting phases c and x change in the same way.

Then the intensity of light falling on the photodiode 
will be equal to:

2 2 2 2 2
s p| | cos | | cos sin ,I R R t = c+ x w 

where w is the frequency of radiation; t is time.
Due to the inertia of the photodetector, the signal is 

averaged over time and, taking into account also the 
constant change of the initial phase a and, as 
a consequence, of the resulting c and x, we obtain 
cos cos sin 0tc = x = w =  and

 
2 2

s p| | | |
.

4

R R
I

+
=  (2)

As already noted, practically all quantities influencing 
the magnitude of the effect have a nonlinear dependence 
on the frequency of incident light. Therefore, the method 
of calculations in a wide spectral range was as follows. 
The spectral range was divided into small sections, within 
which the values of the used quantities were considered 
to be independent of frequency and corresponding to the 
value in the middle of this section. Figure 2 depicts an 
example of such partitioning for the relative spectrum of 
one of the radiation sources. The partition sections for 
all values simultaneously used in the calculation were 
taken to be identical; in case of insufficient experimental 
data, linear approximation was used. For nonlinear 
dependencies, the error of this method is smaller the 
narrower the partition section, leading to an increase in 
computation time. In the present work, the frequency 
partitioning into sections of 1 ∙ 10−3 – 3 ∙ 10−3 eV 
(240–720 GHz). For each partitioning section, the average 
intensity of radiation detected by the photodetector is 
determined by Eq. (2) taking into account its spectral 
sensitivity Sw. Then, the total signal value is determined 
by summing over all partition areas:

 ,I S IΣ w ww=∑  (3)

1
2

1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0
hv, eV

λ, nm
775 689 620 564 517 477 443 413

1.0

0.8

0.6

0.4

0.2

0

A j, 
r.

u.
Fig. 2. Emission spectrum of white LED with color 

temperature Tc = 6500 К:  
(1) data taken from [13], (2) representation  

of the spectrum as a piecewise constant function.  
λ is the wavelength of light in a vacuum, 

which corresponds to a quantum of energy hv

The total signal magnitude is determined both in the 
absence of a magnetic field 0IΣ  and in its presence M .IΣ  
Then the magnitude of the transverse magneto-optical 
effect d is calculated:

 
M 0

0
.

I I

I
Σ Σ

Σ

−
d =  (4)

In order to determine the amplitudes of the reflected 
signal (1), it is necessary to calculate the light reflection 
coefficients from the investigated structure in the absence 
of the magnetic field 0 0

ss pp( , )r r  and when it is switched on 
M M

ss pp( , ).r r  This calculation was based on the well-known 
paper by V.M. Maevskiy “Theory of magneto-optical 
effects in multilayer systems with arbitrary magnetization 
orientation” [12], where the magneto-optical parameter 

1
xy xxQ i −= ε ε  linear in magnetization is considered as 

a small value (|Q| << 1). Here εxx, εyy, etc. are the 
elements of the dielectric tensor ˆ,ε  which for isotropic 
materials in our case can be represented as:

0 1 0
0 1 0 .

0 0 0 0 1

i Q iQ
i Q iQ
ε − ε −   

   ε = ε ε = ε   
   ε   



Taking into account that the magnetic permeability 
for the optical range μ ≈ 1, we can assume n2 ≈ ε. Here n is 



63

Russian Technological Journal. 2024;12(6):59–68

Igor V. Gladyshev,  
Alexey N. Yurasov, Maxim M. Yashin

Contribution of interference to the magneto-optical transverse  
Kerr effect in white light

the refractive index of the substance. All the mentioned 
quantities are complex in the general case. Then, for the 
reflection coefficients of s- and p-polarized wave at the 
boundary of media, j and k can be written as follows:

 ps , .j k j k k j
jk jk

j k j k k j

g g g g
r r

g g g g

− ε − ε
= =

+ ε + ε
 (5)

Here 

 2sin ,j jg = ε − j  (6)

j is the angle of incidence of light on the structure under 
study. Light falls from air, εair ≈ 1.

The following recurrence formulas can be used for the 
reflection coefficients of multilayer structures [12, 14]:

 
s(p) s(p) s(p) s(p)2 2

s(p) s(p)
s(p) s(p) s(p) s(p)2 2

, ,
1 1

jk k kl jk k klm
jkl jklm

k jk kl k jk klm

r F r r F r
r r

F r r F r r

+ +
= =

+ +
 (7)

etc., where j, k, l, m are the numbers of layers (media), 
and the values Fk determine the phase run-up and 
amplitude attenuation at the thickness of the kth layer:

 
2

e .
k

k
d

g
kF

− π
l=  (8)

Here dk is the thickness of the layer, l is the wavelength 
of light in vacuum, gk is determined by the Eq. (6).

While these expressions are valid for coherent 
radiation, in the case of white-light measurements, the 
thickness of some layers (e.g., the substrate) may exceed 
it due to the small size of the coherence length. Since 
coherent and incoherent calculations are not generally 
mixed within the same model, the substrate could be 
excluded by treating it as a semi-infinite space. However, 
when conducting an experiment with illumination 
of the ferromagnetic film from the substrate side, it 
becomes impossible to take into account the influence 
of the thickness and absorption spectrum of the weakly 
absorbing substrate. Therefore, taking into account the 
inertia of the photodetector and the fact that the absorption 
practically does not change between two interference 
maxima for weakly absorbing materials, we averaged the 
coefficients (7) for a layer thickness much larger than the 
coherence length to “fix” the phase of the reflected light 
and ignore the influence of absorption. Thus, Eq. (7) for 
one layer can be written in the following form:

 

s(p)
2

s(p)
s(p) s(p)

s(p) s(p)2

1

.
1

kl
k

jk
jkl jk

k jk kl

r
F

r
r r

F r r

 
 +
 
 =
 +
 
 
 

 (9)

Since any complex quantity can be represented as 
Yeiα, where Y and a are real numbers, the numerator and 
denominator of formula (9) contain expressions of the 
following form:

1 21 2e e e ,i i iY Y Za a b+ =

where Y1, Y2, and Z ≥ 0 are the modules of the complex 
numbers, and a1, a2, and b are their arguments.

Let us assume that γ = a2 − a1, then the resulting 
amplitude is

2 2
1 2 1 22 cos ,Z Y Y Y Y= + + g

and for the argument b we can write:

 1 2
1

cossin arccos .
| sin |

Y Y
Z

+ g g
b = a +  g  

 (10)

The second summand in (10) is periodic and 
antisymmetric; when averaging over the phase 
difference, it can be easily shown that g it converges to 
zero. Then:

2 2
1 2 1, .Z Y Y= + b = a

In our case α1 = 0, since 01 1 e .i= ⋅  And then for the 
case when the thickness of the kth layer is much larger than 
the coherence length, Eq. (9) can be written as follows:

 
s(p) s(p)2 2

s(p) s(p)
s(p) s(p)2 2

1 | |
.

1 | |
k kl jk

jkl jk
k jk kl

F r r
r r

F r r

+
=

+
 (11)

Correspondingly,

s(p) s(p)2 2
s(p) s(p)

s(p) s(p)2 2

1 | |
,

1 | |
k klm jk

jklm jk
k jk klm

F r r
r r

F r r

+
=

+
 etc.

In order to demonstrate the advantages of such 
averaging over the use of expressions for coherent light 
for the substrate while the coherence condition is not 
fulfilled, Fig. 3 shows the results of calculations using the 
method considered for an absorbing substrate at a change 
of its thickness, performed using Eqs. (7) and (11).

Let us consider the structure shown in 
Fig. 1 surrounded by air. Then the reflection coefficients 
in the absence of magnetic field 0

ssr  and 0
ppr  can be 

calculated by Eqs. (5)–(8), (11) as follows:

 p0 s 0
ss ppa123a a123a, .r r r r= =  (12)
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Fig. 3. Dependence of the effect value on the silicon 
substrate thickness for uncoated ferromagnetic film. 

The reflection coefficient from the substrate was 
calculated: (1) by Eq. (7), (2) by Eq. (11)

Here, index ‘a’ corresponds to air and the rest 
corresponds to the layer numbers in Fig. 1.

When taking into account the magneto-optical 
effect, reflection coefficients M

ssr  and M
ppr  can be 

expressed as follows:

 M 0 M 0
ss ss pp pp p, (1 ).r r r r W= = + r  (13)

We define the multipliers W and rp following [12], 
taking into account the geometry (Fig. 1) and the 
incidence of light on the structure from air. Then:

 

2
p 2

p p pinv
23a 21a 23a 21a

p p p2 inv 2 22 221a 23a 21a 23a

(1 )

sin ,
21 1

i F

r r r r Q
gF r r F r r

r = − ×

 − − j × −
 − − 

 (14)

where

 
p p 2

121 1ainv
21a p p2

11a 21

.
r r F

r
r F r

+
=

+
 (15)

For thin films, we can assume W ≈ 1. Considering 
arbitrary thicknesses, following [12]:

 
2 2

2 p
2 2

2 0
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1 sin

F a
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− ϑ
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 (16)
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d n Qπ
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Considering Eqs. (1)–(4), we can write down:
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 (17)

SIMULATION RESULTS

Since we were primarily interested in the presence or 
absence of the influence of interference effects, standard 
materials possessing magneto-optical properties were 
chosen: cobalt and a protective film of polyvinyl 
acetate (PVA). Two-layer (magneto-optical film on 
a substrate) and three-layer (a protective layer was 
applied to the film) structures were studied. Assuming 
the coherence length of radiation to be 500 nm, we 
took for calculations either thicknesses smaller (for the 
film and the protective layer) or much larger (for the 
substrate, the thickness of which was assumed to be 
500 µm), which is close to the thicknesses of silicon 
wafers used in microelectronic production. White light 
was considered to be “natural” (circularly polarized), 
with the induction direction of the external magnetic 
field lying in the plane of the film perpendicular to the 
plane of light incidence (Fig. 1). As a photodetector, 
a silicon photodiode whose sensitivity curve was 
“averaged” according to the data [15, 16] was 
considered.

According to the performed numerical simulations, 
the assumption that interference effects in different 
parts of the spectrum when using white light sources 
do not neutralize each other was confirmed; here, 
the magnitude of the measured effect can strongly 
depend on the film thickness of the magneto-optical 
material up to the change of the effect sign (see, for 
example, curve 1 in Fig. 4). The measured value is 
also markedly affected by the shape of the emission 
spectrum of the source, which is also clearly visible 
in Fig. 4. The plateau of the measured value of the 
effect at relatively large thicknesses of the magneto-
optical film is apparently caused by the absorption 
of light in the thickness of the magneto-optical film, 
while the back reflection of light from the substrate 
is negligible. This is confirmed by the fact that the 
substrate material does not play a role at such film 
thicknesses (Fig. 5).
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Fig. 4. Dependence of the effect size  
on the thickness of uncoated ferromagnetic  

film (light incidence angle 75°, silicon photodiode)  
for different white light sources:  

(1) ‘A’ type source (absolutely black body (ABB)  
with T = 2856 K),  

(2) ‘B’ type source (ABB with T = 4874 K),  
(3) ‘sunlight’ (ABB with T = 6000 K),  

(4) white LED with color temperature Tc = 3000 К,  
(5) white LED with color temperature Tc = 6500 К
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Fig. 5. Dependence of the effect value  
on the thickness of uncoated ferromagnetic film on SiO2 (1)  

and Si (2) quartz substrates (light incidence angle 75°,  
‘A’ type source, silicon photodiode)

If a protective film is applied on top of the structure, 
it will further complicate the observed picture. To 
verify this assumption, we performed calculations in 
which PVA was considered as a protective material. 
Since in this case the effect of changing the thickness 
of the magneto-optical film turned out to be much 
stronger than the effect of changing the thickness of the 
transparent film, Fig. 6 demonstrates the dependencies 
of the effect magnitude on the thickness of the protective 
film normalized to the effect magnitude in the absence 
of such a coating. An SiO2 substrate was used, having 
a light incidence angle of 75°, an ‘A’ type source, and 
a silicon photodiode.
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Fig. 6. Dependencies of the effect size  
on the thickness of the PVA protective layer  

on ferromagnetic films of different thickness,  
normalized to the effect size  

in the absence of such a layer:  
(1) 10 nm, (2) 20 nm, (3) 30 nm, (4) 60 nm

The curves in Fig. 7, which are in agreement with the 
theory of metallooptics (e.g., [17]), show that in order to 
obtain the maximum value of the measured effect, it is better 
to work in the geometry when light falls on the structure at 
an angle of around 70°–75°. The lack of dependence of the 
effect value on the thickness of the magneto-optical material 
at angles of incidence close to 90° (slip angle) is due to 
the fact that in this case light practically does not penetrate 
into the film and only the surface effect is registered. At 
the same time, we can see a clear influence of interference 
effects, which decreases with increasing thickness of the 
ferromagnetic film. This decrease is due to the absorption 
of light in the thickness of the ferromagnetic material and 
consequent decrease in the influence of light reflected from 
the interface with the substrate. An SiO2 substrate was used 
having an ‘A’ type source and a silicon photodiode.
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Fig. 7. Dependencies of the TMOKE value on the angle 
of incidence of light on ferromagnetic films  

of different thicknesses without a “protective layer”: 
(1) 15 nm, (2) 30 nm, (3) 45 nm, (4) 60 nm
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CONCLUSIONS

The performed calculations demonstrate the 
necessity of taking into account the influence of the 
spectral sensitivity of the photodetector when interpreting 
the obtained results on TMOKE measurement using 
white light sources. Here, it is also important to consider 
interference at small thicknesses of ferromagnetic and/or 
“protective” film. The developed technique allows us 
to take into account the influence of interference effects 
when measuring TMOKE in white light—or, using other 

sources, across a wide spectral range—and to interpret 
the experimental results more precisely.

Authors’ contributions
I.V. Gladyshev—model proposal and development, 

calculation methodology development, creating 
a computer program, computer simulation, discussion of 
results, writing the text of the article.

A.N. Yurasov—computer simulation, discussion of 
results, writing and editing the text of the article.

M.M. Yashin—processing the literary sources, 
computer simulation, discussion of results, writing the text 
if the article.

REFERENCES

 1. Gan’shina E.A., Garshin V.V., Perova N.N., et. al. Magnetooptical Kerr spectroscopy of nanocomposites. J. Exp. Theor. Phys. 
2023;137(4):572–581. https://doi.org/10.1134/S1063776123100151

 [Original Russian Text: Gan’shina E.A., Garshin V.V., Perova N.N, Pripechenkov I.M., Yurasov A.N., Yashin M.M., 
Ryl’kov V.V., Granovskii A.B. Magnetooptical Kerr spectroscopy of nanocomposites. Zhurnal Eksperimental’noi i 
Teorieticheskoi Fiziki (ZhETF). 2023;164(4):662–672 (in Russ.).]

 2. Sato K., Ishibashi T. Fundamentals of Magneto-Optical Spectroscopy. Front. Phys. 2022;10:946515. https://doi.org/10.3389/
fphy.2022.946515

 3. Telegin A.V., Bessonova V.A., Suhorukov Yu.P., et. al. Magneticreflection and the Kerr effect in La2/3Ba1/3MnO3 films with 
a variant structure. Opt. Spectrosc. 2020;128(1):42–48. https://doi.org/10.1134/S0030400X20010233

 [Original Russian Text: Telegin A.V., Bessonova V.A., Suhorukov Yu.P., Nosov A.P., Gan’shina E.A. Magneticreflection 
and the Kerr effect in La2/3Ba1/3MnO3 films with a variant structure. Optika i spektroskopiya. 2020;128(1):43–49 (in Russ.). 
https://doi.org/10.21883/OS.2020.01.48836.40-19 ]

 4. Dyakov S.A., Fradkin I.M., Gippius N.A., Klompmaker L., Spitzer F., Yalcin E., Akimov I.A., Bayer M., Yavsin D.A., 
Pavlov S.I., Pevtsov A.B., Verbin S.Y., Tikhodeev S.G. Wide-band enhancement of the transverse magneto-optical 
Kerr effect in magnetite-based plasmonic crystals. Phys. Rev. B. 2019;100(21):214411. https://doi.org/10.1103/
PhysRevB.100.214411

 5. Gan’shina E.A., Pripechenkov I.M., Perova N.N., et al. Magneto-Optical Spectroscopy of GaSb–MnSb Composites. Bull. 
Russ. Acad. Sci. Phys. 2023;87(3):282–286. https://doi.org/10.3103/s1062873822701088

 [Original Russian Text: Gan’shina E.A., Pripechenkov I.M., Perova N.N., Kanazakova E.S., Oveshnikov L.N., 
Dzhaloliddinzoda M., Ril’ A.I., Granovskii A.B., Aronzon B.A. Magneto-optical spectroscopy of composites 
GaSb–MnSb. Izvestiya Rossiiskoi akademii nauk. Seriya fizicheskaya. 2023;87(3):328–332 (in Russ.). https://doi.
org/10.31857/S0367676522700570 ]

 6. Buchin E.Yu., Vaganova E.I., Naumov V.V., et al. Enhancement of the transversal magnetooptical Kerr effect in nanoperforated 
cobalt films. Tech. Phys. Lett. 2009;35(7):589–593. https://doi.org/10.1134/S1063785009070025

 [Original Russian Text: Buchin E.Yu., Vaganova E.I., Naumov V.V., Paporkov V.A., Prokaznikov A.V. Enhancement of the 
transversal magnetooptical Kerr effect in nanoperforated cobalt films. Pis’ma v Zhurnal Tekhnicheskoĭ Fiziki (Pis’ma v ZhTF). 
2009;35(13):8–17 (in Russ.).]

 7. Gan’shina E.A., Kun’kova Z.E., Pripechenkov I.M., et al. Magneto-Optical Probing of the Magnetic State and Phase Composition 
of InFeAs Layers. Phys. Metals Metallogr. 2022;123(11):1098–1104. https://doi.org/10.1134/S0031918X22601287

 [Original Russian Text: Gan’shina E.A., Kun’kova Z.E., Pripechenkov I.M., Markin Yu.V. Magneto-Optical Probing of 
the Magnetic State and Phase Composition of InFeAs Layers. Fizika metallov i metallovedenie. 2022;123(11):1168–1174 
(in Russ.). https://doi.org/10.31857/S0015323022601222 ]

8. Li T., Luo L., Li X., Dove M.T., Zhang S., He J., Zhang Z. Observation of the mixed magneto-optical Kerr effects using weak 
measurement. Opt. Express. 2023;31(15):24469–24480. https://doi.org/10.1364/oe.492380

9. Sumi S., Awano H., Hayashi M. Interference induced enhancement of magneto-optical Kerr effect in ultrathin magnetic films. 
Sci. Rep. 2018;8(1):776. https://doi.org/10.1038/s41598-017-18794-w

10.  Kaihara T., Ando T., Shimizu H., Zayets V., Saito H., Ando K., Yuasa S. Enhancement of magneto-optical Kerr effect 
by surface plasmons in trilayer structure consisting of double-layer dielectrics and ferromagnetic metal. Opt. Express. 
2015;23(9):11537–11555. https://doi.org/10.1364/oe.23.011537

11. Skidanov V.A. Proximity induced long-range transformation of transverse magneto-optical Kerr effect in bilayers of magnetic 
and normal transition metals. In: EASTMAG Conference. 2022. Abstracts. V. 1. P. 415–416. URL: https://eastmag2022.knc.
ru/wp-content/uploads/2023/10/EASTMAG-2022_Abstracts_volume-1-2.pdf

https://doi.org/10.1134/S1063776123100151
https://doi.org/10.3389/fphy.2022.946515
https://doi.org/10.3389/fphy.2022.946515
https://doi.org/10.1134/S0030400X20010233
https://doi.org/10.21883/OS.2020.01.48836.40-19
https://doi.org/10.1103/PhysRevB.100.214411
https://doi.org/10.1103/PhysRevB.100.214411
https://doi.org/10.3103/s1062873822701088
https://doi.org/10.31857/S0367676522700570
https://doi.org/10.31857/S0367676522700570
https://doi.org/10.1134/S1063785009070025
https://doi.org/10.1134/S0031918X22601287
https://doi.org/10.31857/S0015323022601222
https://doi.org/10.1364/oe.492380
https://doi.org/10.1038/s41598-017-18794-w
https://doi.org/10.1364/oe.23.011537
https://eastmag2022.knc.ru/wp-content/uploads/2023/10/EASTMAG-2022_Abstracts_volume-1-2.pdf
https://eastmag2022.knc.ru/wp-content/uploads/2023/10/EASTMAG-2022_Abstracts_volume-1-2.pdf


67

Russian Technological Journal. 2024;12(6):59–68

Igor V. Gladyshev,  
Alexey N. Yurasov, Maxim M. Yashin

Contribution of interference to the magneto-optical transverse  
Kerr effect in white light

12. Maevskii V.M. Theory of magneto-optical effects in multilayer systems with arbitrary orientation of magnetization. Fizika 
metallov i metallovedenie = Physics of Metals and Metallography). 1985;59(2):213–219 (in Russ.).

13. Deinego V., Kaptsov V., Gordienko V. Ten years of school LED lighting. Part 1. New threats. Poluprovodnikovaya 
svetotekhnika = Solid-State Lighting. 2021;3(71):22–28 (in Russ.).

14. Gorshkov M.M. Ellipsometriya (Ellipsometry). Moscow: Sovetskoe radio; 1974. 199 p. (in Russ.).
15. Lomakin L. Silicon photodiodes. The reference sheet. Radio. 1998;2:65–68 (in Russ.).
16. Aksenenko M.D., Baranochnikov M.L. Priemniki opticheskogo izlucheniya. Spravochnik (Optical Radiation Receivers. 

Guide). Moscow: Radio i svyaz’; 1987. 296 p. (in Russ.).
18. Born M., Wolf E. Osnovy optiki (Principles of Optics): transl. from Engl. Moscow: Nauka; 1973. 719 p. (in Russ.).
 [Born M., Wolf E. Principles of Optics. Cambridge: Cambridge University Press; 2019. 992 p.]

СПИСОК ЛИТЕРАТУРЫ

 1. Ганьшина Е.А., Гаршин В.В., Перова Н.Н., Припеченков И.М., Юрасов А.Н., Яшин М.М., Рыльков В.В., 
Грановский А.Б. Магнитооптическая Керр-спектроскопия нанокомпозитов. Журнал экспериментальной и теорети-
ческой физики (ЖЭТФ). 2023;164(4):662–672.

 2. Sato K., Ishibashi T. Fundamentals of Magneto-Optical Spectroscopy. Front. Phys. 2022;10:946515. https://doi.org/10.3389/
fphy.2022.946515

 3. Телегин А.В., Бессонова В.А., Сухоруков Ю.П., Носов А.П., Ганьшина Е.А. Магнитоотражение и эффект Керра 
в пленках La2/3Ba1/3MnO3 с вариантной структурой. Оптика и спектроскопия. 2020;128(1):43–49. https://doi.
org/10.21883/OS.2020.01.48836.40-19

 4. Dyakov S.A., Fradkin I.M., Gippius N.A., Klompmaker L., Spitzer F., Yalcin E., Akimov I.A., Bayer M., Yavsin D.A., 
Pavlov S.I., Pevtsov A.B., Verbin S.Y., Tikhodeev S.G. Wide-band enhancement of the transverse magneto-optical Kerr effect 
in magnetite-based plasmonic crystals. Phys. Rev. B. 2019;100(21):214411. https://doi.org/10.1103/PhysRevB.100.214411

 5. Ганьшина Е.А., Припеченков И.М., Перова Н.Н., Каназакова Е.С., Овешников Л.Н., Джалолиддинзода М., Риль А.И., 
Грановский А.Б., Аронзон Б.А. Магнитооптическая спектроскопия композитов GaSb–MnSb. Известия Российской 
академии наук. Серия физическая. 2023;87(3):328–332. https://doi.org/10.31857/S0367676522700570

 6. Бучин Э.Ю., Ваганова Е.И., Наумов В.В., Папорков В.А., Проказников А.В. Усиление экваториального эффекта 
Керра в наноперфорированных пленках кобальта. Письма в ЖТФ. 2009;35(13):8–17.

 7. Ганьшина Е.А., Кунькова З.Э., Припеченков И.М., Маркин Ю.В. Магнитооптическое зондирование магнитного со-
стояния и фазового состава слоев INFEAS. Физика металлов и металловедение. 2022;123(11):1168–1174. https://doi.
org/10.31857/S0015323022601222

 8. Li T., Luo L., Li X., Dove M.T., Zhang S., He J., Zhang Z. Observation of the mixed magneto-optical Kerr effects using weak 
measurement. Opt. Express. 2023;31(15):24469–24480. https://doi.org/10.1364/oe.492380

 9. Sumi S., Awano H., Hayashi M. Interference induced enhancement of magneto-optical Kerr effect in ultrathin magnetic films. 
Sci. Rep. 2018;8(1):776. https://doi.org/10.1038/s41598-017-18794-w

10. Kaihara T., Ando T., Shimizu H., Zayets V., Saito H., Ando K., Yuasa S. Enhancement of magneto-optical Kerr effect 
by surface plasmons in trilayer structure consisting of double-layer dielectrics and ferromagnetic metal. Opt. Express. 
2015;23(9):11537–11555. https://doi.org/10.1364/oe.23.011537

11. Skidanov V.A. Proximity induced long-range transformation of transverse magneto-optical Kerr effect in bilayers of magnetic 
and normal transition metals. In: EASTMAG Conference. 2022. Abstracts. V. 1. P. 415–416. URL: https://eastmag2022.knc.
ru/wp-content/uploads/2023/10/EASTMAG-2022_Abstracts_volume-1-2.pdf

12. Маевский В.М. Теория магнетооптических эффектов в многослойных системах с произвольной ориентацией намаг-
ниченности. Физика металлов и металловедение. 1985;50(2):213–219.

13. Дейнего В., Капцов В., Гордиенко В. Десять лет школьному светодиодному освещению. Часть 1. Новые угрозы. По-
лупроводниковая светотехника. 2021;3(71):22–28.

14. Горшков М.М. Эллипсометрия. М.: Советское радио; 1974. 199 с.
15. Ломакин Л. Кремниевые фотодиоды. Справочный листок. Радио. 1998;2:65–68.
16. Аксененко М.Д., Бараночников М.Л. Приемники оптического излучения. Справочник. М.: Радио и связь; 1987. 296 с.
17. Борн М., Вольф Э. Основы оптики: пер. с англ. М.: Наука; 1973. 719 с.

https://doi.org/10.3389/fphy.2022.946515
https://doi.org/10.3389/fphy.2022.946515
https://doi.org/10.21883/OS.2020.01.48836.40-19
https://doi.org/10.21883/OS.2020.01.48836.40-19
https://doi.org/10.1103/PhysRevB.100.214411
https://doi.org/10.31857/S0367676522700570
https://doi.org/10.31857/S0015323022601222
https://doi.org/10.31857/S0015323022601222
https://doi.org/10.1364/oe.492380
https://doi.org/10.1038/s41598-017-18794-w
https://doi.org/10.1364/oe.23.011537
https://eastmag2022.knc.ru/wp-content/uploads/2023/10/EASTMAG-2022_Abstracts_volume-1-2.pdf
https://eastmag2022.knc.ru/wp-content/uploads/2023/10/EASTMAG-2022_Abstracts_volume-1-2.pdf


68

Russian Technological Journal. 2024;12(6):59–68

Igor V. Gladyshev,  
Alexey N. Yurasov, Maxim M. Yashin

Contribution of interference to the magneto-optical transverse  
Kerr effect in white light

About the authors

Igor V. Gladyshev, Cand. Sci. (Phys.–Math.), Associate Professor, Department of Nanoelectronics, Institute for 
Advanced Technologies and Industrial Programming, MIREA – Russian Technological University (78, Vernadskogo pr., 
Moscow, 119454 Russia). E-mail: i_gladyshev@mirea.ru. ResearcherID N-1535-2016, Scopus Author ID 6701612553, 
RSCI SPIN-code 6735-1887, https://orcid.org/0000-0002-7627-4978

Alexey N. Yurasov, Dr. Sci. (Phys.-Math.), Professor, Department of Nanoelectronics, Institute for Advanced 
Technologies and Industrial Programming, MIREA – Russian Technological University (78, Vernadskogo pr., Moscow, 
119454 Russia). E-mail: alexey_yurasov@mail.ru, ResearcherID M-3113-2016, Scopus Author ID 6602974416, 
RSCI SPIN-code 4259-8885, https://orcid.org/0000-0002-9104-3529

Maxim M. Yashin, Cand. Sci. (Phys.-Math.), Associate Professor, Department of Nanoelectronics, Institute for 
Advanced Technologies and Industrial Programming, MIREA – Russian Technological University (78, Vernadskogo pr., 
Moscow, 119454 Russia). E-mail: ihkamax@mail.ru. ResearcherID G-6809-2017, Scopus Author ID 57210607470, 
RSCI SPIN-code 2438-6135, https://orcid.org/0000-0001-8022-9355

Об авторах

Гладышев Игорь Васильевич, к.ф.-м.н., доцент, кафедра наноэлектроники, Институт перспектив-
ных технологий и индустриального программирования, ФГБОУ ВО «МИРЭА – Российский технологический 
университет» (119454, Россия, Москва, пр-т Вернадского, д. 78). E-mail: i_gladyshev@mirea.ru. ResearcherID 
N-1535-2016, Scopus Author ID 6701612553, SPIN-код РИНЦ 6735-1887, https://orcid.org/0000-0002-7627-4978

Юрасов Алексей Николаевич, д.ф.-м.н., профессор, кафедра наноэлектроники, Институт перспектив-
ных технологий и индустриального программирования, ФГБОУ ВО «МИРЭА – Российский технологический 
университет» (119454, Россия, Москва, пр-т Вернадского, д. 78). E-mail: alexey_yurasov@mail.ru. ResearcherID 
M-3113-2016, Scopus Author ID 6602974416, SPIN-код РИНЦ 4259-8885, https://orcid.org/0000-0002-9104-3529

Яшин Максим Михайлович, к.ф.-м.н., доцент, кафедра наноэлектроники, Институт перспективных тех-
нологий и индустриального программирования, ФГБОУ ВО «МИРЭА – Российский технологический универ-
ситет» (119454, Россия, Москва, пр-т Вернадского, д. 78). E-mail: ihkamax@mail.ru. ResearcherID G-6809-2017, 
Scopus Author ID 57210607470, SPIN-код РИНЦ 2438-6135, https://orcid.org/0000-0001-8022-9355

Translated from Russian into English by Lyudmila O. Bychkova
Edited for English language and spelling by Thomas A. Beavitt

mailto:i_gladyshev@mirea.ru
https://orcid.org/0000-0002-7627-4978
mailto:alexey_yurasov@mail.ru
https://orcid.org/0000-0002-9104-3529
mailto:ihkamax@mail.ru
https://orcid.org/0000-0001-8022-9355
mailto:i_gladyshev@mirea.ru
https://orcid.org/0000-0002-7627-4978
mailto:alexey_yurasov@mail.ru
https://orcid.org/0000-0002-9104-3529
mailto:ihkamax@mail.ru
https://orcid.org/0000-0001-8022-9355


69

Russian Technological Journal. 2024;12(6):69–79

© D.Kh. Nurligareev, I.A. Nedospasov, K.Yu. Kharitonova, 2024

ISSN 2500-316X (Online)

UDC 535.075.8
https://doi.org/10.32362/2500-316X-2024-12-6-69-79
EDN OHJNSF

Micro- and nanoelectronics. Condensed matter physics

Микро- и наноэлектроника. Физика конденсированного состояния

RESEARCH ARTICLE
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Abstract
Objectives. The purpose of the article is to carry out a theoretical and experimental study of the angular reflection 
spectrum of linearly polarized electromagnetic waves from a multilayer periodic mirror on a transparent substrate 
to exact analytical expressions for reflection and transmission coefficients generalizing the cases of incidence 
of plane transverse electric (TE) and transverse magnetic (TM) modes on limited periodically structured media 
with a stepped refractive index profile.
Methods. The theoretical analysis of the reflection problem is based on the search for exact analytical 
solutions in the form of Floquet–Bloch waves presented in the form of inhomogeneous waves in the domain 
of periodically structured media. On the basis of the possible existence of a single Floquet–Bloch wave 
in a limited one-dimensional photonic crystal, it is proposed to search for exact solutions of the wave equation 
in the form of a linear combination of inhomogeneous waves propagating in different directions. By using the 
canonical forms of the considered periodic structures, it is possible to carry out the simple transition from the 
case of TE polarization to TM type in dispersion relations and expressions for the angular reflection spectrum.
Results. Cases of reflection of linearly polarized radiation are considered for the following cases: a flat 
boundary of two dielectrics, a thin plane-parallel plate, and a multilayer dielectric mirror. Exact analytical 
expressions for the reflection and transmission coefficients generalizing the cases of incidence of TE and 
TM polarizations waves on a limited one-dimensional photonic crystal are obtained. The transmission 
coefficients of a plane TE wave from a multilayer dielectric mirror sputtered on thin glass were experimentally 
measured.
Conclusions. A quantitative and qualitative agreement of experimental measurements of the transmission coefficient 
of a plane wave incident from a half-space on a confined photonic crystal with theoretical calculations is obtained. 
The obtained expressions for the transmission coefficient of a confined one-dimensional photonic crystal, which are 
shown to be determined by the interference of Floquet–Bloch waves presented in the form of inhomogeneous waves, 
can be reduced to a form analogous to the expression for the value of the transmission coefficient of a traditional 
Fabry–Pérot interferometer. In the case of TM polarization, when the Brewster condition is fulfilled at the interlayer 
boundaries, the Floquet–Bloch wave has the form of homogeneous plane waves in the layers of a photonic crystal.

Keywords: electromagnetic waves, periodic medium, multilayer mirror, one-dimensional photonic crystal, 
Floquet–Bloch waves
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Отражение линейно поляризованных 
электромагнитных волн от многослойного 

периодического зеркала 
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Резюме 
Цели. Цель работы – теоретическое и экспериментальное исследование углового спектра отражения ли-
нейно поляризованных электромагнитных волн от многослойного периодического зеркала на прозрачной 
подложке, вывод точных аналитических выражений для коэффициентов отражения и прохождения, обобща-
ющих случаи падения плоских ТЕ-(transverse electric) и ТМ-мод (transverse magnetic) на ограниченные пери-
одические структуры со ступенчатым профилем показателя преломления. 
Методы. Теоретический анализ задачи отражения основан на поиске точных аналитических решений в виде 
волн Флоке – Блоха, представленных в форме неоднородных волн, в области периодически структурирован-
ных сред. На основе того факта, что в ограниченном одномерном фотонном кристалле возможно существо-
вание одиночной волны Флоке – Блоха, предлагается искать точные решения волнового уравнения в виде 
линейной комбинации волн Флоке – Блоха, бегущих в разные стороны. Канонические формы рассматривае-
мых периодических структур позволяют достаточно просто осуществлять переход от случая ТЕ-поляризации 
к ТМ-типу в дисперсионных соотношениях и выражениях для углового спектра отражения.
Результаты. Рассмотрены случаи отражения линейно поляризованного излучения для следующих случаев: 
плоской границы двух диэлектриков, тонкой плоскопараллельной пластины и многослойного диэлектриче-
ского зеркала. Получены точные аналитические выражения для коэффициентов отражения и прохождения, 
обобщающие случаи падения волн ТЕ- и ТМ-поляризаций на ограниченный одномерный фотонный кристалл. 
Экспериментально измерен коэффициент пропускания плоской ТЕ-волны для многослойного диэлектриче-
ского зеркала, напыленного на тонкую стеклянную пластину. 
Выводы. Получено количественное и качественное согласование экспериментальных измерений коэффи-
циента пропускания плоской волны, падающей из полупространства на ограниченный фотонный кристалл 
с теоретическими вычислениями. Показано, что полученные выражения для коэффициента пропускания 
ограниченного одномерного фотонного кристалла определяются интерференцией волн Флоке – Блоха, 
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INTRODUCTION

The study of the peculiarities of light propagation in 
layered media whose properties are constant on planes 
perpendicular to a fixed direction is a well-known 
problem in optics. As a historical example, we can cite 
the classical works of Stokes [1] and Rayleigh [2], in 
which the phenomena arising from the passage of light 
through crystalline periodic structures were considered. 
The wave equation in layered periodic media is 
known to be reducible to Hill’s differential equation; 
in such media, there may exist transmission and non-
transmission windows for the passing radiation [2]. 
In the one-dimensional case, the solution of the wave 
equation in layered periodic media is written in the 
Floquet form [3], while in the three-dimensional 
case it is written in the Bloch wave form [4]. A fairly 
detailed background is given in the review [5]. The 
relatively recent and still growing interest in the study 
of wave propagation through one-dimensional periodic 
structures in optics is due to the possibility for such 
structures, with relative simplicity of fabrication, to 
provide a complete reflection in a given frequency 
range of frequencies and angles of incidence for 
different polarization states [6, 7]. In this connection, 
one-dimensional periodic structures can be considered 
as one-dimensional photonic crystals (1D-PC); as such, 
light propagation in them can be described using the 
Floquet–Bloch approach [8–13]. However, since the 
elements of the Floquet–Bloch wave (FBW) theory are 
not currently developed in sufficient detail, numerical 
methods are usually used to describe the propagation 
of electromagnetic waves through such structures. 
Numerical calculations performed using complex 
transfer matrices do not provide a clear picture of the 
explicit quantitative dependence of the studied physical 
processes on the geometrical and material parameters 

of the periodic structure [14–16]. In [8, 9], for the 
case of transverse electric (TE) polarized radiation1, 
the FBW in the 1D-PC is represented in the form of 
an inhomogeneous wave. In particular, the functions 
describing the amplitude and phase profiles of the 
wave and the reflection coefficient of a plane wave at 
the boundary of the 1D-PC were obtained.

At present, various questions on the application 
of 1D-PC are being actively investigated in the 
literature. In particular, the transmission spectra of 
1D-PC having a complex sequence of superconductor-
semiconductor layers are investigated in [17]; 
the application of photonic crystal as a biosensor 
based on graphene is considered in [18]. Studies of 
1D-PC seem to be particularly relevant due to the 
possibility of experimental realization of bound or 
localized states in a continuous spectrum [19]. Thus, 
the use of birefringent media in combination with 
1D-PC was recently proposed, where the existence 
of such modes is supported at the Brewster angle of 
incidence.

Therefore, the main objectives of the present work 
are to extend the developed representation of the FBW 
in the form of an inhomogeneous wave to the case of 
transverse magnetic (TM) polarized radiation2, as 
well as to experimentally demonstrate the effect of the 
FBW interference on the magnitude of reflection and 
transmission coefficients for the case of incidence of 
a plane linearly polarized wave from a homogeneous 
medium on a bounded 1D-PC.

1 Transverse electric, linearly (plane) polarized wave with 
the electric field intensity vector 



E  oriented perpendicular to the 
plane of incidence.

2 Transverse magnetic, linearly (plane) polarized wave with 
the magnetic field intensity vector 



H  oriented perpendicular to 
the plane of incidence.
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1. REFLECTION OF A PLANE WAVE  
AT THE BOUNDARY OF TWO DIELECTRICS 

AND FROM A THIN PLATE

In the present work, we consider the conditions for 
the passage of a plane electromagnetic wave through 
the interface of two media for three characteristic 
cases (Fig. 1): reflection at the boundary of two 
homogeneous dielectrics, reflection from a thin dielectric 
plate, and reflection from a multilayer dielectric 
mirror (bounded by an 1D-PC).

Let us write the field distribution E(x, z, t) (H(x, z, t)) 
of the waves propagating in the x-z-plane (plane of 
incidence) as a scalar function Ψ(x, z, t): 

 ( )( , , )
( , , ) ( )e .

( , , )
i t zE x z t

x z t x
H x z t

w −b
= Ψ = Ψ


 (1)

When the plane wave âP  

ˆ exp[ ( )]a a p aP P i t x z= φ + w − κ −b  

is incident on the interface of dielectrics with refractive 
indices 2 2, ( , )a b a a b bn n n n= ε = ε 2 2, ( , )a b a a b bn n n n= ε = ε  and dielectric 
permittivities , ,a bε ε  the parameter β is the longitudinal 
component of the wave vectors 0( sin )ak nb = j  
determined by the angle of incidence φ counted from the 
normal to the interface (x = 0) of the media. The 
amplitude Qa of the reflected wave ˆ

aQ

ˆ exp[ ( )]a a q aQ Q i t x z= φ + w + κ −b  

is determined by the Fresnel reflection coefficient ar  and 
the amplitude aP  of the incident wave (Qa = raPa), while 
the amplitude Gb of the refracted wave 

ˆ exp[ ( )]b b g bG G i t x z= φ + w − κ −b  

is determined by the amplitude transmission coefficient 
tb (Gb = tbPa). Here , ,p q gφ φ φ  are the initial phases, 

,κ κa b  are the transverse components of wave vectors 
2 2 2 2 2 2
0 0( , ),κ = −b κ = −ba a b bk n k n  t is time, 

k0 = ω/c is the wave vector of radiation in vacuum, and 
ω is the frequency of radiation.

Considering the component of the field-vector 
( )E H

 

 perpendicular to the plane of incidence in case 
of TE- or TM-polarized waves, it is convenient to 
introduce parameters , ,a bc c  which are associated 
with transverse wave vectors: / ( ) ,a a a

τc = κ ε  
/ ( ) ,b b b

τc = κ ε  where τ is the efficient polarization 
parameter equal to zero (unity) in this case. The Fresnel 
formulas for the amplitudes of reflected and refracted 
light can be presented in the same form for the cases of 
TE- and TM-polarized wave: 

 

/ ( ) / ( ),
/ 2 / ( ),

1.

a a a a b a b

a b a a a b

a a

r Q P
t G P

t r

= = c − c c + c

= = c c + c

− =

  (2)

If the parameters ,a bc c  are real, the amplitude 
coefficient ta is always positive, and the phase of the 
refracted wave at the interface coincides with the phase 
of the incident wave. At a bc > c  and 0ar > , the phase 
of the reflected wave also coincides with the phase of the 
incident wave, while at a bc < c  and 0ar < , a phase 
shift equal to π occurs for the reflected wave. It is 
convenient to equate the initial phases of the numerical 
values ,, ,p q gφ φ φ  which coincide to the nearest 2π 
multiplied by an arbitrary integer, to zero. In this case, 
the coefficients ra, ta are real. However, in the general 
case, when the initial phases are ,,p q gφ φ φ  we will use 
the parameter âr  ˆ( exp( ), )a a ra ra q pr r i= φ φ = φ − φ  
to denote the complex reflection coefficient. The energy 
coefficients of reflection Ra and transmission Ta are 
represented as follows:

Fig. 1. Directions of the wave vector components κ κ κ bfilm, , ,a b  at the reflection: 
(a) at the interface of two dielectrics, (b) from a thin dielectric plate, (c) from the 1D-PC
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22 2 2 2

2 2

/ ( ) / ( ) ;

( / ) 4 / ( ) .

a a a a a b a b

a a b a a b a b

R Q P r

T t

= = = χ − χ χ + χ

= ⋅ χ χ = χ χ χ + χ
 (3)

The energy coefficients Ra and Ta are equal to the 
ratio of the average energy flux of the reflected and 
transmitted waves to the average energy flux of the 
incident wave, respectively. Here, only transverse (i.e., 
parallel to the х-axis) components of the energy fluxes 
in the medium layers are considered. The condition of 
continuity of the transverse energy flux is satisfied:

 2 2 2( ) .a a a b bP Q Gχ − = χ  (4)

In the case of a plane wave âP  incident from a medium 
with refractive index na (x < 0) onto a dielectric plate of 
thickness h and refractive index nfilm ( 2

filmfilm ,n = ε  filmε  
is the dielectric permittivity of the plate material) (Fig. 1b), 
a reflected wave ˆ ,aQ  appears in the area x < 0, while in 
the area x > h the wave ˆ

bG  is refracted into the medium 
having a refractive index nb. The field inside the plate can 
be represented by a forward and an inverse waves ˆ ˆ,A B

film
ˆ exp[ ( )],aA A i t x z= φ + ω − κ −β

film
ˆ exp[ ( )],bB B i t x z= φ + ω + κ −β

where 2 2 2
film 0 film .k nκ = −β  These waves are called 

partial waves.
For complex amplitudes ˆ ˆˆ, , ,bA B G  the equations 
ˆ , ,b bB r A G A B= = +  where ˆ exp( )b b rbr r i= φ  is the 

Fresnel reflection coefficient at the x = h, are valid:

 
film film

film film film

ˆ ( ) / ( ),

/ ( ) , / ( ) .
b b b

b b b

r
τ τ

= χ − χ χ + χ

χ = κ ε χ = κ ε
 (5)

Initial phases , ,a b gφ φ φ  coincide with an accuracy 
up to the value of 2π multiplied by an arbitrary integer; 
here it is convenient to select their numerical values equal 
to 0.gφ =  In this case, the phases of waves ˆ ˆ,A B  at the 
boundary x = 0 will be equal, respectively, to h±φ  (where 

filmh hφ = κ  is the phase delay arising for a partial wave 
during the passage of a layer of thickness h).

Now we will write down formulas for the reflection 
coefficient ra at the boundary x = 0 both reflectance (Ra) 
and transmittance (Ta) of the plate:

1/22 2
film 2

film
2 2

film 2

film
2

2
2

1 tg
,

1 tg

, 1 .

    χ χ χ − + − φ       χ χ χ   = =  
    χ χ χ

+ + + φ        χ χ χ    

= = = −

b b
h

a aa
a

a b b
h

a a

a
a a a a

a

Q
r

P

Q
R r T R

P

  (6)

Formulas (6) are in agreement with the well-known 
Airy formulas obtained when considering multipath 
wave interference in a transparent plate [20]. Thus, 
according to (6), at values 2 2h mφ = π  and π(2m + 1) 
for Ra, extreme values equal to 2 2( ) / ( )a b a bχ − χ χ + χ  
and 

film film
2 2 2 2( ) / ( ) ,a b a bχ χ − χ χ χ + χ  respectively, are 

reached. In particular, in the interference reflection 
minima that arise, for example, when the simultaneous 
fulfillment of conditions (1) 2 2h mφ = π  and a bχ = χ  
or (2) 2 (2 1)h mφ = π +  and 

film
2,a b a bχ ≠ χ χ = χ χ  

must be reached, the values of Ra are equal to zero. In 
the general case of variation of the angle of incidence 
φ of the incident wave ˆ ,aP  alternating maxima and 
minima of the intensity of the reflected ˆ

aQ  and 
refracted ˆ

bG  waves should be observed.

2. PLANE WAVE REFLECTION  
FROM A MULTILAYER DIELECTRIC  

MIRROR

Let us consider a multilayer dielectric mirror (Fig. 1c) 
consisting of alternating f- and s-layers having refractive 
indices nf and ns and thicknesses h and s, respectively, 
which have been placed between homogeneous dielectric 
media having refractive indices na (x < 0) и nb (x > H). It 
is convenient to represent this structure as an 1D-PC 
framed by two homogeneous dielectric media, which are 
formed by multiple repetition of a cell composed of two 
layers (f- and s-layers) of the size ( ).h sΛ Λ = +  
Figure 1c shows one such cell framed by two 
homogeneous media. When a plane wave âP  is incident 
on the lower boundary (x = 0) of the 1D-PC, reflected 
ˆ
aQ  and refracted ˆ ,bG  respectively, plane waves are 

generated in the regions x < 0 and x > H to excite forward 
and backward FBW in the region H > x > 0. We will give 
a description of TE-polarized FBW for the case of 
unbounded 1D-PC in [8, 9]. In this article, we present 
these waves for the cases of TE- and TM-polarized 
radiation in a single inhomogeneous wave form 
Ψu(x, z, t):

 ( , , ) ( )exp{ [( ( , )]}.u ux z t x i t x zΨ = Ψ ω +Φ  (7)

Here, the functions Ψu(x) and Φ(x, z) define the 
distribution of the amplitude and phase of the wave, 
respectively. Surfaces of constant amplitude are planes 
perpendicular to the х-axis. Function Ψu(x) is periodic with 
a period equal to Λ, so that by introducing local coordinates 

/ 2f x h mξ = − − Λ  and / 2s x s h mξ = − − − Λ  (where 
m is the number of the 1D-PC cell), which are counted 
from the centers of the corresponding layers, we can write 
for it:
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( )

( )

1/22 2

1/22 2

( ) 2 cos(2 ) ,

/ 2 / 2,
( )

( ) 2 cos(2 ) ,

/ 2 / 2.

Ψ x = + + ⋅ κ x
 − < x <Ψ = 
Ψ x = + + ⋅ κ x
 − < x <

f f f f

f
u

s s s s

s

A B AB

h h
x

C D CD

s s

 (8)

The phase function Φ(x, z) depends on two 
coordinates; in general, the FBW is non-planar:

 0( , ) ( ) ( ),ux z K m z xΦ = φ − Λ + ς −b − φ  (9)

where 0φ  has the meaning of the initial phase of the 
wave, the phase parameter 0ς =  in f-layers at 

m x m hΛ < < Λ +  and 1 / 2ς =  in s-layers at 
( 1),m h x mΛ + < < Λ +  while ( )u xφ  is the nonlinear 

component of the phase function Φ(x, z), which sets the 
shape of the profile of the FBW wave surfaces. The 
constant K (Bloch wave number) can be found from the 
dispersion equation [8]:

 
0

cos cos( )cos( )

1 sin( )sin( ), .
2

f s

fs
f s s

f s

K h s

h s k n

Λ = κ κ −

 cc
 − + κ κ b <
 c c 

  (10)

Distribution (8) of the FBW field in the 1D-PC 
layers is given by the amplitude coefficients A, B, C, D 
of the partial waves, which are also real at real , ,f sκ κ  
and K, and depend on the parameters of the medium cell 
and the Bloch wave number [8, 9]:

 

( )
( )
( )
( )

( )

( )

0

0

0

0

sin ( ) / 2

sin ( ) / 2 ,

sin ( ) / 2

sin ( ) / 2

( ) / ( ),

sin ( ) / 2

sin( )( ) / 2 ,

sin ( ) / 2

sin( )( ) / 2 .

 = κ − κ + Λ ×

 × κ + κ + Λ


= κ − κ + Λ ×

 × κ − κ − Λ ×
 × c − c c + c

 = κ + κ + Λ ×


× κ c + c c

= κ − κ + Λ ×

× κ c − c c


f s

f s

f s

f s

s f s f

f s

f s f s

f s

f s f s

A A h s K

h s K

B A h s K

h s K

C A h s K

h

D A h s K

h








 (11)

Formulas (11), which are a generalization of 
formulas (12) of [8], are used to describe the features of 
TM-polarized waves, which have not been considered 
earlier. For example, according to (11) for the case of 
TM-polarized radiation, if the condition c = cs f  is 
fulfilled, the B and D amplitudes of the partial waves are 
equal to zero, while the coefficients A and C are equal to 
each other. FBW in f- and s-layers of the photonic crystal 
has the form of homogeneous plane waves for which the 
angles of incidence αf, αs on the interlayer boundaries 
are in agreement with the Brewster condition 
tg / , tg / .f s f s f sn n n na = a =  The dispersion 
equation (10) reduces to the following equations: 
cosKΛ = (κf  h + κss).

Parameter A0 in (11) plays the role of the FBW 
amplitude. In a confined 1D-PC for forward and 
backward waves, this parameter may differ. It makes 
sense to introduce into consideration the amplitude 
reflection coefficient ru at the boundary x = H as the ratio 
of the amplitudes Adown and Aup (in this case we consider 
these parameters to be valid) of the backward and 
forward FBW, respectively. Considering the continuity 
conditions of the tangential components of the wave 
fields at the interlayer boundaries inside the 1D-PC and 
at the boundaries of the 1D-PC with the adjacent media, 
we can obtain for the coefficient ru:

 

down

up

2
2 2

1
,

1

4 cos .

−
= =

+

c − = + φ c + − 

u
u

u

b
u h

f

A F
r

A F

A B ABF
A B A B

 (12)

The modulus of the amplitude reflection 
coefficient rau and the energy coefficients of reflection 
Rau and transmittance Tau of the plane wave ˆ ,aP  which 
are obtained for the 1D-PC taking into account the 
interference of the forward and backward FBW, are 
found from the following formulas:

 

1/22 2
p.-q. p.-d.

2 2
p.-q. p.-d.

2

2 cos(2 2 )
,

1 2 cos(2 2 )

, 1 ,

= =

 + + φ + φ
 =
 + + φ + φ 

= = −

a
au

a

a u a u

a u a u

au au au au

Q
r

P

r r r r

r r r r

R r T R

 (13)

where ra is the modulus of the amplitude reflection 
coefficient from the semi-infinite 1D-PC:

 

1/22 2 2 2 2 2

2 2 2 2 2 2

( ) ( ) 2 ( )cos
,

( ) ( ) 2 ( )cos
a f a f a ff

a
a f a f a ff

A B AB h
r

A B AB h

 c − c + c + c + c − c κ
 =
 c + c + c − c + c − c κ 

 (14)
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p.-q. p.-d.2 , 2φ φ  are the wave phase matching parameters3 
at the boundaries x = 0 and x = h: 

p.-q.
2 2 2 2

2 2 2 2 2 2

p.-q.

2

( )( )sin 2
arctg

( )( ) 2 ( )cos 2

,

φ =

c − c − φ
= +

c − c + − c + c φ

+ π

a hf

a a hf f

A B

A B AB

m

 (15)

( )p.-d.2 2 2arctg tg ( ) / ( ) .hK N A B A Bφ = Λ + φ − +  (16)

Here, parameter p.-d.φ  with an accuracy to the value 
2π multiplied by an integer is equal to the phase delay 
arising for the FBW at the double passage of the confined 
1D-PC; parameter N sets the number of cells of the 
confined 1D-PC; parameter p.-q.φ  is equal to the average 
value of the phases of the incident and reflected waves at 
the boundary x = 0; numerical values of the parameter 
mp.-q. variation of the cell parameters of the 1D-PC and 
FBW can take values 0 1.±  Analysis of the 
formulas (13–16) shows that, at variation of the angle of 
incidence φ of a plane wave on the 1D-PC, interference 
maxima and minima of intensities for the reflected and 
refracted waves should occur.

3. EXPERIMENTAL DESIGN  
AND RESULTS

In the experiments, the multilayer interference 
dielectric mirror used as the structure under study 
was produced on a high-vacuum unit for ion-beam 
deposition of dielectric layers Aspira-150 (Izovac, 
Belarus)4. This structure (sample) was a glass 
substrate (standard slide glass was used as a substrate 
material; substrate thickness is 0.7 mm; refractive 
index is 1.52) with 10 pairs of alternating layers of 
Nb2O5 (niobium oxide (V); thickness is 0.11 μm; 
refractive index is 2.27) and SiO2 (quartz glass; 
thickness is 0.18 μm; refractive index is 1.48) 
deposited on its surface. Material parameters of the 
structure layers and substrate were provided by the 
manufacturer. In the experiments, the dependence 
of the transmission coefficient Та of the sample on 
the angle of incidence φ of the laser light beam was 
studied. Figure 2 shows the scheme of the experiment. 
The intensity of helium-neon laser radiation (1), which 
passed through the polarizer (2) and the sample (4) 
mounted on the goniometer stage (3), was measured by 
the photodetector (5).

3 Index p.-d. is a phase delay; in p.-q. index the letter p indicates the Pa wave, and the letter q indicates the Qa wave.
4 http://izovac.by/ (in Russ.). Accessed September 27, 2024.

According to preliminary estimates made by the 
formulas (6), the angular distance between neighboring 
maxima of the transmitted light intensity should be 
the largest at incidence angles close to zero (normal 
incidence mode) and incidence angles close to 
90° (sliding incidence mode). The angular width of 
interference resonances in these modes is the largest, 
which should also significantly simplify the confident 
registration of the maxima and minima of the intensity 
of transmitted radiation at variation of the angle of 
incidence φ.

For the case of TE-polarized radiation at variation 
of the angle of incidence φ within the range from 0° 
to 8°, Fig. 3 shows the measured intensity of Itrans 
radiation (in arbitrary units, a.u.) that passed through 
the sample together with the transmittance coefficient 
of the Та glass plate calculated by the formulas (6). 
In full accordance with the preliminary calculations, 
the angular distance between the resonances and 
their angular width decrease as the angle of incidence 
increases from 0° to 8°.
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Fig. 3. Measured Itrans intensity (red line with dots)  
and calculated transmittance function Ta of a plate  

with nb = 1.52 and d = 0.7 mm (solid blue line) 
as a function of the angle of incidence φ. 

Emission wavelength is 0.6328 μm

Figure 4 depicts the measured intensity of Itrans 
radiation (in a.u.), which passed through the 
sample, and the transmittance Та of the glass plate 
calculated by the formulas (6) as a function of the 
slip angle θ ( / 2 )θ = π − j  for the case of 
TE-polarized radiation.
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Fig. 2. Experimental design
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Fig. 4. Measured Itrans intensity (red line with dots) 
and calculated transmission function Ta of a plate with 
nb = 1.52 and d = 0.7 mm (solid blue line) as a function 

of slip angle θ. Emission wavelength is 0.6328 μm

In this slip-fall mode, a marked decrease in 
the angular width and angular distance between 
the observed resonances is clearly recorded when 
increasing the slip angle θ in the presented range 
from 0° to 8°, which is also in full agreement with the 
preliminary estimates.

The dependencies presented in Figs. 3 and 4 clearly 
demonstrate the presence of interference resonances of 
a thin dielectric plate. At the same time, for the presented 
Itrans dependencies, the presence of a significant increase 
in transmittance in the intensity maxima and minima 
both at increasing the angle of incidence φ (in the regime 
close to normal incidence) and at increasing the slip 
angle θ (in the regime close to slip incidence) should be 
noted. These features are explained by the influence of 
Nb2O5 and SiO2 layers deposited on the glass plate, the 
interference of waves in which should lead to additional 
modulations of the intensity of radiation passing through 
the sample.

Figure 5 shows the measured intensity of Itrans 
ТЕ-polarized He-Ne laser radiation (in a.u.) that passed 
through the sample (red line, black dots) and the 1D-PC 
transmittance function of Tau with the following cell 
parameters (13): h = 0.11 μm, s = 0.18 μm, nf = 2.27, 
ns = 1.48 (solid blue line) for the case of variation of the 
angle of incidence φ in the range from 0° to 90°. The crystal 
consists of 10 cells framed by two homogeneous media 
with refractive indices: na = 1, nb = 1.52. According to 
the calculations, four interference transmission maxima 
should be observed as a result of FBW interference in 
the 1D-PC at the variation of the angle of incidence φ in 
the range from 0° to 90°.

The transmittance of the considered sample 
is determined by superposition of the interference 
resonances of the glass plate on the interference 
resonances of the 1D-PC. Here, the transmittance 
resonances and their corresponding reflection 
resonances for the glass plate are clearly registered 
with the used laser only in a limited range of incidence 
angles φ and slip angles θ not exceeding 20° (Figs. 6a 
and 6b).
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Fig. 5. 1D-PC transmittance function Tau (solid blue line)  
and measured Itrans intensity as a function  

of the angle of incidence φ (red color, black dots).  
The wavelength is 0.6328 μm

 (а) (b) (c)

Fig. 6. Images of the reflected laser beam at the values 
of the angle of incidence φ: 

(a) 12°; (b) 75°; (c) 50°

Within the range of incidence angles φ from 30° 
to 70°, the angular width of the glass plate resonances 
is significantly smaller than the angular divergence of 
the laser beam (Fig. 6c); moreover, these fast intensity 
modulations are not resolved. At the same time, the slow 
intensity modulations due to FBW interference are in 
full agreement with the theory.

The obtained results of the experiments and 
theoretical simulation agree quite well to demonstrate 
the presence of interference of FBW in 1D-PC, as 
a result of which the radiation intensity in the maxima 
and minima of interference resonances of a thin glass 
plate can change significantly. Thus, the representation 
of FBW in the form of inhomogeneous waves can be 
useful for calculating and optimizing the parameters 
of optical elements and devices that use interference 
effects in multilayer periodic structures.

CONCLUSIONS

In this article, the exact expressions for the reflection 
and transmission coefficients for the case of a confined 
1D-PC with a stepped refractive index profile are 
obtained on the basis of wave representation in the form 
of a linear combination of Floquet and Bloch waves. 
A qualitative agreement of experimental measurements 
of the transmission coefficient of a plane TE-wave 
incident from a half-space on a confined photonic crystal 
with the theoretical calculations has been established. The 
graph (Fig. 5) clearly depicts fast intensity modulations, 
which is in agreement with the well-known Airy functions 
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obtained in the case of multipath wave interference in 
a transparent plate at a variation of the angle of incidence 
of the wave. Since the thickness of the glass substrate 
is many times greater than the thickness of the photonic 
crystal and the wavelength of the laser radiation, which 
leads to a large phase delay, rapidly alternating maxima 
and minima of intensity should be observed, which are 
difficult to resolve in measurements. Slow intensity 
modulations, in turn, are due to the interference of the 
FBW in the photonic crystal, where the phase lag is much 
smaller at a small Bloch wave vector.
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Abstract
Objectives. In recent decades, the relevance of research into the thermal response of solids to a temperature field 
has increased in connection with the creation of powerful energy emitters and their use in technological operations. 
There is a significant number of publications describing these processes using mathematical models of dynamic 
or quasi-static thermoelasticity, mainly for most technically important materials that obey Hooke’s law. However, 
at elevated temperatures and higher stress levels, the concept of an elastic body becomes insufficient: almost all 
materials exhibit more or less clearly the phenomenon of viscous flow. The real body begins to exhibit elastic and 
viscous properties and becomes viscoelastic. A rather complex problem arises: the development of dynamic (quasi-
static) thermoviscoelasticity within the framework of the corresponding mathematical models of classical applied 
thermomechanics and mathematics. The purpose of the work is to consider the open problem of the theory 
of thermal shock in terms of a generalized model of thermoviscoelasticity under the conditions of classical Fourier 
phenomenology on the propagation of heat in solids. Three types of intense heating are considered: temperature, 
thermal, and medium heating. Intensive cooling modes can be equally considered. The task is posed: to develop 
model representations of dynamic (quasi-static) thermoviscoelasticity that allow accurate analytical solutions of the 
corresponding boundary value problems on their basis. This direction is practically absent in the scientific literature.
Methods. Methods and theorems of operational calculus were used.
Results. Model representations of the thermal response of viscoelastic bodies using the proposed new compatibility 
equation in displacements have been developed.
Conclusions. New integro-differential relations are proposed based on linear rheological models for the Maxwell 
medium and the Kelvin medium, including both dynamic and quasi-static models for viscoelastic and elastic media, 
generalizing the results of previous studies. The proposed constitutive relations of the new form are applicable 
to describe the thermal response of quasi-elastic bodies of a canonical shape simultaneously in three coordinate 
systems with a system-defining parameter, which makes it possible to identify the influence of the topology of the 
region on the value of the corresponding temperature stresses.
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НАУЧНАЯ СТАТЬЯ

Развитие модельных представлений  
термической реакции вязкоупругих тел  

на температурное поле

Э.М. Карташов  @

МИРЭА – Российский технологический университет, Москва, 119454 Россия
@ Автор для переписки, e-mail: professor.kartashov@gmail.com

Резюме 
Цели. В последние десятилетия в связи с созданием мощных излучателей энергии и их использованием 
в технологических операциях возросла актуальность исследований термической реакции твердых тел на тем-
пературное поле. Существует значительное количество публикаций, описывающих эти процессы математи-
ческими моделями динамической или квазистатической термоупругости, в основном для большинства тех-
нически важных материалов, подчиняющихся закону Гука. Однако при повышенных температурах и более 
высоком уровне напряжений понятие об упругом теле становится недостаточным: почти у всех материалов 
обнаруживается более или менее отчетливо явление вязкого течения. Реальное тело начинает проявлять 
упругие и вязкие свойства и становится вязкоупругим. Возникает достаточно сложная проблема – развитие 
динамической (квазистатической) термовязкоупругости в рамках соответствующих математических моде-
лей классической прикладной термомеханики и математики. Цель работы – рассмотреть открытую проблему 
теории теплового удара в терминах обобщенной модели термовязкоупругости в условиях классической фе-
номенологии Фурье о распространении теплоты в твердых телах. Рассматриваются три вида интенсивного 
нагрева: температурный, тепловой, нагрев средой. В равной мере могут быть рассмотрены режимы интен-
сивного охлаждения. Ставится задача: разработать модельные представления динамической (квазистати-
ческой) термовязкоупругости, допускающие точные аналитические решения соответствующих краевых за-
дач на их основе. Указанное направление в научной литературе практически отсутствует.
Методы. Использованы методы и теоремы операционного исчисления.
Результаты. Развиты модельные представления термической реакции вязкоупругих тел с использованием 
предложенного нового уравнения совместности в перемещениях. 
Выводы. Предложены новые интегро-дифференциальные соотношения на базе линейных реологических 
моделей для среды Максвелла и среды Кельвина, включающие одновременно динамические и квазиста-
тические модели для вязкоупругих и упругих сред, обобщающие результаты предыдущих исследований. 
Предложенные определяющие соотношения новой формы применимы для описания термической реакции 
квазиупругих тел канонической формы одновременно в трех системах координат с определяющим систему 
параметром, что позволяет выявить влияние топологии области на величину соответствующих температур-
ных напряжений. 

Ключевые слова: тепловой удар, термовязкоупругость, обобщенные динамические модели, аналитические 
решения, термические напряжения
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INTRODUCTION

The paper continues previous research [1, 2] into the 
development of generalized local-equilibrium and local-
non-equilibrium heat transfer processes. Here, the open 
problem of the thermal response of viscoelastic bodies to 
heating of a massive body bounded internally by a flat 
surface (elastic half-space in the Cartesian coordinate 
system), a cylindrical surface (elastic space in the cylindrical 
coordinate system with an internal cylindrical cavity), or 
a spherical surface (elastic space in the spherical coordinate 
system with an internal spherical cavity). The developed 
approach based on integro-differential relations including 
simultaneously dynamic and quasi-static models for 
viscoelastic and elastic media generalizes the results of 
previous studies. New model representations are based on 
linear Maxwell and Kelvin rheological models, allowing 
the impact of viscous flow in an elastic medium on 
temperature elastic stresses to be distinctly traced. The 
reported results open a new scientific direction in applied 
thermomechanics and mathematics comprising a study of 
the thermal response of viscoelastic bodies to intensive 
heating (cooling) within the framework of dynamic and 
quasi-static models. At the first stage, the research is carried 
out under the conditions of the commonly used local 
equilibrium heat transfer based on the traditional Fourier 
phenomenology [3] in terms of the linear gradient relations 
that relate heat flux density vector ( , )q M t (t is time) with 
thermal gradient T( , ) : ( , ) qrad ( , ),= −lT M t q M t T M t  
where λT is the thermal conductivity coefficient. Three 
cases of intensive heating of boundary S of region 

{ ( , , ) ,  0}Ω = ∈ = + >M x y z D D S t  describing a real 
solid are considered: thermal heating T(M, t) = Tam(t),  

c( , ) ( ), ,  0= ∈ >T M t T t M S t  (Tam(t) > T0; T0 is the initial temperature at 
which the region is in unstressed and undeformed state); 
thermal heating T 0( , ) / (1 / ) ( ), ,  0∂ ∂ = − l ∈ >T M t n q t M S t

T 0( , ) / (1 / ) ( ), ,  0∂ ∂ = − l ∈ >T M t n q t M S t  (q0(t) is heat flux value, 1 2 3( , , )=n n n n  is external 
normal to S and is the vector continuous at S); and heating 
by medium am( , ) / ( , ) , ,  0T M t n h T M t T M S t ∂ ∂ = − − ∈ > 

c( , ) / ( , ) , ,  0 ∂ ∂ = − − ∈ > T M t n h T M t T M S t  (where h – relative heat exchange coefficient;  
Tam – ambient temperature (Tam(t) > T0). Within the 
described approach, cases of abrupt cooling can also be 
considered, as well as the effect of heat internal 
sources (heat sinks).

DEFINING RELATIONS  
OF DYNAMIC THERMOELASTICITY

Let ( , ), ( , ), ( , )σ εij ij iM t M t U M t  be tensor 
components of the stress, strain, and displacement vector, 
respectively, satisfying basic equations of (uncoupled) 
thermoelasticity (in index notation) [1–6]:

 , ( , ) ( , ) ( , ),∗σ + = rij j i iM t F M t U M t  (1)

 , ,( , ) (1 / 2) ( , ) ( , ) , ε = + ij i j j iM t U M t U M t  (2)

 T 0

( , ) 2 ( , )

( , ) (3 2 ) ( ( , ) ) ,

, 0,

σ = µε +

 + lε − l + µ a − d 
∈ >

ij ij

ii ij

M t M t

M t T M t T

M D t

 (3)

where ρ* is density; λ, μ are Lamé isothermal coefficients; 
G is the shear modulus; 2 / (1 2 );l = −Gv v  v  is the 
Poisson ratio, with 2 (1 ) ,+ =G v E  E is the Young’s 
modulus; λT is the linear thermal expansion coefficient, 
δij is the Kronecker symbol, Fi(M, t) are volumetric 
force components; e(M, t) = Ui,i(M, t) = εii(M, t) is the 
volumetric strain related to the sum of normal stresses 

( , ) ( , ), ( , , )σ = σ =nnM t M t n x y z  described by the 
following relation:

 T 0
1 2( , ) ( , ) 3 ( , ) .−

 = σ + a − 
ve M t M t T M t T

E
 (4)

Boundary conditions ( , ) ( , ), , 0ji j ij M t n f M t M S tσ = ∈ >∑  
( , ) ( , ), , 0σ = ∈ >∑ ji j i

j
M t n f M t M S t  should be added to Eqs. (1)–(4) on the part 

of the surface where stresses are known and boundary 
conditions ( , ) ( , ), , 0= j ∈ >i iU M t M t M S t  on the part 
of the surface where displacements are given. For 
a partially bounded region, the condition of boundedness 
of all functions included in (1)–(4) should be added. The 
temperature function T(M, t) included in (3) is derived 
from the solution to the boundary value problem of 
nonstationary thermal conductivity of the following 
form:
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0 0

1 2 3

( , ) (1 / ) ( , ), , 0,

( , ) , ,

( , ) ( , ) ( , ), , 0,

t

T a T M t c f M t M D t
t

T M t T M S

T M t T M t M t M S t
n

∗

=

∂
= ∆ + r ∈ > ∂ = ∈ 

∂ g + g = g j ∈ >
∂ 

 (5)

where a is thermal diffusivity; c is heat capacity; γ1, γ2, 
and γ3 are coefficients under the boundary condition.

Relations (1)–(4) are general relations of dynamic 
thermoelasticity that relate stress, strain, displacement, 
and temperature. When passing to specific cases, 
Eq. (1)–(4) should be transformed into the so-called 
compatibility equations, either in stresses or in 
displacements, and the corresponding problem of 
dynamic thermoelasticity should be written for these 
equations. For the case considered in the paper, the 
impact of the boundary surface curvature of solid body on 
the temperature and corresponding temperature stresses 
should be taken into account. Here, a more convenient 
mathematical model is the equation of compatibility in 
displacements that simultaneously covers cylindrical, 
spherical, and Cartesian coordinate systems only within 
the framework of the generalized model involving 
numerous practical applications.

Substituting right parts of (3) into (1) (without 
volumetric forces) and then using (2) and (4), following 
a number of long transforms we arrive at the following 
three equations:

2

2

0T

( , )1 ( , )( , ) ( / )
(1 2 )

( , )2(1 )
, ( , , ),

(1 2 )

∗ ∂∂
∆ + ⋅ − r =

− ∂ ∂

 ∂ −+ a  = =
− ∂

i
i

U M te M tU M t G
v i t

T M t Tv
i x y z

v i

which can be formally written as the following vector 
equality:

 
2

2

T 0

1( , ) grad div ( , )
(1 2 )

( , )( / )

2(1 ) grad ( , ) , , 0.
(1 2 )

∗

 ∆ + − −

∂
− r =

∂
+

 = a − ∈ > −

U M t U M t
v

U M tG
t

v T M t T M D t
v

 (6)

Note that during the reverse transition, the 
appropriate components in vector entries in the left and 
right parts of (6) should be equated.

We consider further practical cases of dynamic 
thermoelasticity based on Eq. (6). In the first case, region 
z > R, t > 0 is considered in Cartesian coordinates (x, y, z), 
bounded by flat surface whose temperature state 
is described by function Ti(z, t), (i = 1, 2, 3); thus, 

Ux = Uy = 0, Uz = Uz(z, t), and Eq. (6) has the following 
form:

 

2 2

2 2 2
ew

0
T

( . ) ( , )1

( , )1 , , 0.
1

∂ ∂
− ⋅ =

∂ ∂

 ∂ −+  = a > >
− ∂

z z

i

U z t U z t
z v t

T z t Tv z R t
v z

 (7)

Here, ew
2 (1 ) ( 2 ) /

(1 2 )
∗

∗
−

= = l + µ r
r −

G vv
v

 is the 

velocity of the expansive wave (EW) propagation 
in an elastic medium that is close to the speed of 
sound.

The stress component σzz(z, t) that interests us 
is connected to the displacement by the following 
relation:

 

T 0

2 (1 )( , )
(1 2 )

1 ( , ) .
1

−
σ = ×

−

∂ +
 × − a −  ∂ − 

zz

z
i

G vz t
v

U v T z t T
z v

  (8)

The temperature function satisfies three heating 
conditions:

 
2

2

0 0

1 am

2
T 0

3
3 am

, , 0, ( 1,2,3),

( , ) , ,

( , ) , 0,

(1 / ) , 0,

( ), 0,

( , ) , , 0.

i i

i t

z R

z R

z R

i

T T
a z R t i

t z
T z t T z R

T z t T t

T
q t

z
T

h T T t
z
T z t z R t

=

=

=

=

∂ ∂
= > > = 

∂ ∂ 
= ≥


= > 

∂

= − l > 
∂ 

∂
= − − > 

∂ 
< ∞ ≥ ≥ 

 (9)

In the second case, region ρ > R, t > 0 having 
an internal spherical cavity is considered according 
to spherical coordinates (ρ, φ, θ) when heated under 
central symmetry conditions Ti = Ti(ρ, t) so that 
Uφ = Uθ = 0, Uρ = Uρ(ρ, t), and (6) is written in the 
following form:

 

2

2

2 2 2
ew

0
T

( , ) ( , )2

( , )2 1( , )

( , )1 , , 0.
1

r r

r
r

∂ r ∂ r
+ ⋅ −
r ∂r∂r

∂ r
− r − ⋅ =
r ∂

 ∂ r −+  = a r > >
− ∂r

i

U t U t

U t
U t

v t

T t Tv R t
v

 (10)
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In this case,

 

T 0

2 (1 )( , )
(1 2 )

( , ) 2 1 ( , )
1

1 ( , ) ,
1 i

G vt
v

U t v U t
v

v T t T
v

rr

r
r

−
σ r = ×

−

∂ r× + ⋅ r −
∂r − r
+  − a r −  − 

 (11)

      

2

2

1 am

2
T 0

3
3 am

( , ) 2 , , 0,

( , ) , 0,

( , )
(1 / ) , 0,

( , )
( , ) , 0,

( , ) , , 0.

i i i

R

R

R R

i

T t T T
a R t

t

T t T t

T t
q t

T t
h T t T t

T t R t

r=

r=

r= r=

 ∂ r ∂ ∂
= + ⋅ r > >   ∂ r ∂r∂r  


r = > 

∂ r = − l >
∂r


∂ r  = − r − >  ∂r


r < ∞ r ≥ ≥ 

  (12)

In the third case, region ρ > R, t > 0 with an 
internal cylindrical cavity is considered in cylindrical 
coordinates (r, φ, z) under radial temperature conditions 
Ti = Ti(ρ, t) so that Uφ = Uz = 0, Ur = Ur(r, t), and Eq. (6) 
has the following form:

    

2

2 2

2
0

T2 2
ew

( , ) ( , )1 1 ( , )

( , )( , )1 1 ,
1

, 0.

r r
r

ir

U r t U r t
U r t

r rr r
T r t TU r t v

v rv t
r R t

∂ ∂
+ ⋅ − −

∂∂
 ∂ −∂ +  − ⋅ = a

− ∂∂

> >

  (13)

Here,

T 0

( , )2 (1 ) 1( , ) ( , )
(1 2 ) 1

1 ( , ) ,
1

∂−
σ = + ⋅ −

− ∂ −
+  − a −  − 

r
rr r

i

U r tG v vr t U r t
v r v r
v T r t T
v

 (14)

 

2

2

0 0

1 am

2
T 0

3
3 am

1 , , 0,

( , ) , ,

( , ) , 0,

( , )
(1 / ) , 0,

( , )
( , ) , 0,

( , ) , , 0.

i i i

i t

r R

r R

r R r R

i

T T T
a r R t

t r rr

T r t T r R

T r t T t

T r t
q t

r
T r t

h T r t T t
r

T r t r R t

=

=

=

= =

 ∂ ∂ ∂
= + ⋅ > >   ∂ ∂∂  

= ≥ 
= > 
∂ = − l >
∂
∂  = − − > ∂ 
< ∞ ≥ ≥ 

  (15)

It would be useful to simultaneously cover all 
three cases in all three coordinate systems within the 
framework of the generalized model, which could be 
of practical significance in the theory of thermal shock. 
For convenient recording of the generalized model, 
the generalized coordinate μ is introduced: μ = z in 
Cartesian coordinates, μ = ρ in spherical coordinates, 
and μ = r in cylindrical coordinates. Here, Uμ = Uμ(μ, t), 
σμμ = σμμ(μ, t), Ti = Ti(μ, t).

Then Eqs. (7)–(15) for elastic body can be written in 
the generalized form, as follows:

 

2 2

2 2 2
ew

T 0

2 1 1 1

1 ( , ) , , 0,
1

µ µ µ
µ

∂ ∂ ∂ +
+ − − ⋅ =  µ ∂µ µ∂µ ∂ 
+ ∂

 = a µ − µ > > − ∂µ i

U U Um U
v t

v T t T R t
v

 (16)

  

T 0

2 (1 ) (2 1) 1( , )
(1 2 ) (1 )

1 ( , ) , , 0,
1

µ
µµ µ

∂− +σ µ = + ⋅ −
− ∂µ − µ

+  − a µ − µ > > − i

UG v m vt U
v v

v T t T R t
v

 (17)

2

2

0 0

1 am

2
T 0

3
3 am

( , ) 2 1 , , 0,

( , ) , ,

( , ) , 0,

( , )
(1 / ) , 0,

( , )
( , ) , 0,

( , ) , , 0.

i i i

i t

R

R

R R

i

T t T Tma R t
t

T t T R

T t T t

T t
q t

T t
h T t T t

T t R t

=

µ=

µ=

µ= µ=

 ∂ µ ∂ ∂+
= + ⋅ µ > >   ∂ µ ∂µ∂µ  

µ = µ ≥ 


µ = > 


∂ µ  = − l >  ∂µ  
∂ µ  = − µ − >   ∂µ  
 µ < ∞ µ ≥ ≥
 
 

 (18)

Here,

, , 1 / 2  for Cartesian coordinates,
, , 1 / 2    for spherical coordinates,
, , 0         for cylindrical coordinats.

> = −
µ = r r > =
 > =

z z R m
R m

r r R m
 (19)

In order to completely formulate the dynamic 
problem for displacements in elastic region (in the latter 
case, the boundary of the region is assumed stress free), 
the initial and boundary conditions should be added:

 0 0
( , )

( , ) , 0, ,µ
µ = =

∂ µ
µ = µ ≥

∂t t
U t

U t R
t

 (20)
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 ( , ); ( , ) , , 0.µ µµµ σ µ < ∞ µ ≥ ≥U t t R t   (22)

STRESS–STRAIN RELATIONS  
IN RHEOLOGICAL MODELS

Numerous studies on the thermal response of 
solids have been carried out mainly for the majority 
of technically important materials that obey Hooke’s 
law. At relatively low temperature and stress levels, the 
behavior of a wide class of materials is believed to be 
in good agreement with the above-described theory of 
thermoelasticity.

At higher temperatures and stress levels, the concept 
of an elastic body becomes insufficient due to almost all 
materials exhibiting more or less distinct viscous flow 
phenomena. In this case, the behavior of a real body 
is called viscoelastic since the body simultaneously 
exhibits elastic and viscous properties. In order to 
mathematically describe the inelastic behavior of 
a body under given heating and stress conditions, the 
stress–strain Eqs. (3) and (4) should be appropriately 
generalized.

Rheological models that simultaneously account 
for elastic deformation and viscous flow processes due 
to the sufficient simplicity of the adopted stress–strain 
relations permit a mathematical analysis of the behavior 
of real bodies under different loading conditions. In this 
connection, when designing structural elements exposed 
to high temperatures, accounting for the rheological 
effects becomes of great importance.

We write all necessary relations for the 
rheological laws relating stresses σij(M, t) and strains 
εij(M, t), (i, j = x, y, z). For this, stress deviator sij(M, t) 
along with strain deviator eij(M, t) are introduced by the 
following relations:

 sij(M, t) = σij(M, t) – σ*(M, t)δij, (23)

 eij(M, t) = εij(M, t) – ε*(M, t)δij, (24)

where σ* and ε* are average normal stress and average 
elongation:

* *1 1( , ) ( , ), ( , ) ( , ).
3 3

σ = σ ε = ε∑ ∑ii ii
i i

M t M t M t M t  (25)

Using these deviators, Eqs. (3) and (4) can be written 
in the following form:

 ( , ) 2 ( , ),=ij ijs M t Ge M t  (26)
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1 2( , ) ( , )
2 (1 )

( , ) .

∗ ∗−
ε = σ +

+

 + a − 

vM t M t
G v
T M t T

 (27)

These equations describe the behavior of a linear 
elastic medium. Adding the summand expressing 
Newton’s law of viscosity (series or parallel connection 
of spring and viscous resistance) to Hooke’s law 
relations, the resulting dependencies would yield the 
Maxwell medium, as follows:

 
rlx

( , ) ( , )1 ( , ) 2ij ij
ij

s M t e M t
s M t G

t t

∂ ∂
+ =

∂ τ ∂
  (28)

and the Kelvin medium, as follows:

 rlx
( , )

( , ) 2 ( , ) .
∂ 

= + τ 
∂  

ij
ij ij

e M t
s M t G e M t

t
 (29)

In this case, Eq. (27) remains unchanged. The 
latter means that under hydrostatic compression or 
tension, the body behaves as a fully elastic body. The 
constant τrlx = η/G is referred to as the relaxation 
time in (28) and the lag time in (29), while η is the 
material viscosity. Certainly, an actual behavior of 
materials is more complicated than in hypothetical 
cases (28) and (29); however, when based on 
applying the simplest models, the Maxwell scheme 
can be used for metals at high temperatures, as 
well as for polymers combining elastic deformation 
and viscous flow, while the Kelvin scheme can be 
used for materials with internal friction in studying 
damped oscillations.

Note that at τrlx = 0 (η = ∞), Eq. (28) yields Hooke’s 
medium, while at τrlx = 0 (η = 0) in (29), Kelvin’s law 
reduces to Eq. (26).

At thermal shock (instant heating or cooling of the 
boundary surface), the stresses immediately change by 
value ( )T am 0E T T∆ = a −  [3]. In an elastic medium, 
these stresses remain unchanged, while in a Maxwell 
medium, viscous flow begins, as a result of which the 
stress continuously decreases to asymptotically 
approach a zero value. In contrast, in the Kelvin 
medium, the stress jump exceeds the appropriate elastic 
value toward which this stress then approaches 
asymptotically.
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NEW INTEGRAL RELATIONS  
FOR DYNAMIC THERMOVISCOELASTICITY

Since stress–strain relations for viscoelastic 
materials contain variable t (time), the corresponding 
mathematical models are nonstationary and therefore 
dynamic. The above relations can be used to 
describe the thermal response of canonically shaped 
viscoelastic bodies (an infinite plate; a half-space 
bounded by a flat surface; cylindrical and spherical 
bodies, and etc.) under given heating (or cooling) 
conditions as part of the corresponding boundary 
value problem of nonstationary thermal conductivity. 
For this purpose, the differential equation of dynamic 
thermoviscoelasticity should be obtained at the initial 
stage. We start considering this issue in Cartesian 
coordinates for viscoelastic half-space z ≥ l (l is left 
boundary of the region) of temperature T(z, t) whose 
boundary is stress-free. In this case, Ux = Uy = 0, 
Uz = Uz(z, t), εxx = εyy = 0, ezz = εzz, stresses σij = σij(z, t) 
for i = j, σij = 0 for i ≠ j, (i, j = x, y, z).

Then we have the following:

rlx

0
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3
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  (32)

We find the solution to the Cauchy problem (30):
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4 4 ( )exp ( , ) .
3 3

 − τ
= ε − − ε τ τ 

τ τ  
∫
t

zz zz zz
G G ts z d  (33)

Then we find σzz from (32) and (33) and substitute 
it into (31). As a result, the following relation for the 
Maxwell medium is obtained:
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In this case,
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Using similar reasoning in the spherical coordinate 
system (central symmetry Ti = Ti(ρ, t) for the viscoelastic 
region ρ > R, t > 0, relations for the Maxwell medium 
are obtained:
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In cylindrical coordinates (radial flux Ti = Ti(r, t)) 
for viscoelastic region r > R, t > 0, similar reasoning 
produces the following:
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Thus, the generalized model of dynamic 
thermoviscoelasticity can be written in coordinates (μ, t) 
for all three coordinate systems simultaneously.

For the Maxwell medium:
2

2
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rlxew
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The specific coordinate system in Eqs. (40) and (41) 
is fixed by (19).

For the Kelvin medium:
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As in (41) above, the corresponding coordinate 
system is defined by conditions (19). Functions 
Ti(μ, t), (i = 1, 2, 3) correspond to statements (18). For 
writing boundary value problems for Eq. (40) and (42), 
initial conditions (20), boundedness conditions (22), and 
the boundary condition for the boundary of region μ ≥ R, 
t ≥ 0 free of stresses (41) and (43) should be added. When 
conducting numerical experiments for different thermal 
heating (or cooling) conditions specified in (18), Eqs. (40) 
and (42) admit Laplace transforms that permit passage 
to linear boundary value problems for displacements 
in the image space and, after finding them, writing 
all (nonzero) components of stress and strain tensors out. 

Following passage to the originals, it becomes possible to 
reproduce the complete picture of the dynamic response 
of viscoelastic body to thermal shock. For such purposes, 
partial differential equations (34), (36), (38) can also 
be used; moreover, it then becomes possible (which is 
more interesting) to go straight to generalized models for 
Eqs. (40) and (42). In [2], the analytical method for finding 
exact operational solutions to such generalized equations 
is developed, which ultimately permits a description of the 
impact of the region topology (by fixing m in the problem 
solution) on the magnitude of viscoelastic temperature 
stresses. In practical terms, the latter is of considerable 
interest for many fields of science and technology [3–6].

Another new approach based on deviatoric relations, 
which also provides a dynamic formulation of the 
thermoviscoelastic problem, can be mentioned here. 
We consider this approach for Cartesian coordinates. 
From (32) and (33), the following is obtained:
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We use the operational method to find ( , )εzz z p  
from (44) and substitute the resulting relation into the 
operational form of the equation as follows:
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After long transforms, the following equation of 
a new type is obtained:
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Here, 1 2
2(1 2 ) 1, .
3(1 ) 1

v vm m
v v

− +
= =

− −
Equation (45), which generalizes the well-known 

Danilovskaya equation for elastic bodies [7] to 
viscoelastic bodies, provides further development of the 
above problem (within the Maxwell medium framework). 
For the Kelvin medium, we have the following equation:
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For numerical calculations, for example, based 
on Eq. (45), it is reasonable to pass to dimensionless 
quantities using the following formulas:
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Then Eq. (45) takes the following form:
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In this form, the equation seems more convenient for 
Laplace transforms in the image space since it contains 
a convolution-type summand (which is convenient for 
applying the Laplace transform).

We find the operational solution of Eq. (47):
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The given representation, which is characteristic 
for dynamic problems of thermoviscoelasticity, differs 
from conventional representations (with originals) in 
tables [8]. The key issue in finding the original of the 
complex representation (48) is the preliminary obtaining 
of its origin
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Here, the approach developed in [2] for complex 
representations can be used. For this, the Riemann–Mellin 
integral is applied with allowance for function (49) 
having two branching points. We omit long calculations 
and provide the final result:
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η(z) is the Heaviside function. Then the origin of 
representation (48) can be written out:
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 (51)

Other coordinate systems can be considered 
similarly.

Finishing this part of the theory of dynamic 
thermoviscoelasticity, generalized Eqs. (16) and (17) 
for the elastic medium should be compared with 
Eqs. (40), (41) for the Maxwell model and (42), (43) for 
the Kelvin model for a viscoelastic medium. Here, the 
influence of viscosity and its contribution to generalized 
thermomechanics is clearly shown. In fact, the above 
relations (as well as (45), (46), and (51)) open a promising 
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scientific direction related to investigation of the thermal 
response of viscoelastic media to heating (or cooling) 
in terms of dynamic viscoelasticity. For example, (51) 
can consider numerous cases of heating (cooling) in the 
framework of model problems (9) with different kinds 
of heat flow: homogeneous, inhomogeneous, pulsed, 
pulsating, periodic, aperiodic, etc. Each case of this study 
represents independent scientific research involving 
not only thermomechanics, but also computational 
mathematics, and especially operational calculus in 
finding the origins of complex representations. Here it 
should be noted that such solutions to dynamic problems 
are practically not covered in the literature. Further 
studies of the above problem consist in developing 
generalized model representations of the thermal reaction 
of viscoelastic media for locally nonequilibrium heat 
transfer processes [9–15].

CONCLUSIONS

In the paper, new model representations of 
integro-differential form for dynamic and quasi-static 
thermoviscoelasticity are simultaneously proposed for 
various cases of thermal effect on viscoelastic bodies 
in Cartesian, cylindrical, and spherical coordinate 
systems. The given relations permit the study of 
analytically numerous practical cases of thermal 
reaction of viscoelastic medium (viscoelastic bodies 
of canonical form) within the framework of linear 
rheological Maxwell and Kelvin models in terms 
of conventional Fourier phenomenology on heat 
propagation in solids. They can be automatically 
extended to locally nonequilibrium heat transfer 
processes in terms of the Maxwell–Cattaneo–Lykov–
Vernott phenomenology.
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Abstract
Objectives. Recently studied phenomena in condensed matter physics have prompted new insights into the dynamic 
theory of crystals. The results of numerous experimental data demonstrate the impossibility of their explanation 
within the framework of linear models of the dynamics of many-particle systems, resulting in the necessity to account 
for nonlinear effects. Analyzing the dynamics of systems in condensed matter physics containing a sufficiently large 
number of particles shows that modes of motion can undergo changes depending on the potential of interparticle 
interaction. This is also reflected in the presence of domains with essentially chaotic phase space having a number 
of degrees of freedom N ≥ 1.5 and a certain set of interparticle interaction parameters. However, it is not only the 
dynamic model that appears to be strongly nonlinear. A similar nature of motion can be also observed in a static 
nonlinear many-particle system. The paper aims to study the influence of the external field specified by the interatomic 
triple-well potential on the equilibrium structure of a chain of interacting atoms.
Methods. Methods of Hamiltonian mechanics are used.
Results. Analytical expressions are obtained and analyzed for determining the phase portrait of the equilibrium 
structure of a chain of interacting atoms for various values of the parameter characterizing the local potential 
of the field in which each atom of the chain moves. Phase portraits of the equilibrium structure of the system are 
constructed in continuous and discrete representations of the equilibrium equations for various values of the 
parameter characterizing the local potential of the field in which each atom of the chain moves.
Conclusions. It is shown that both periodic and random chaotic arrangements of atoms are implemented depending 
on the magnitude of the external field.
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Структурные переходы  
в системах с трехминимумным потенциалом
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Е.С. Савин,  
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В.В. Шевелев
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Резюме 
Цели. Явления, которые в последнее время изучаются физикой конденсированного состояния, привели 
к новым взглядам на проблемы динамической теории кристаллов. Результаты многочисленных эксперимен-
тальных данных показывают, что их невозможно объяснить, оставаясь в рамках линейных моделей динамики 
многочастичных систем. Необходимо учитывать существенно нелинейные эффекты. Анализ динамики си-
стем в физике конденсированного состояния, содержащих достаточно большое число частиц, показывает, 
что они могут, в зависимости от потенциала межчастичного взаимодействия, испытывать смену режимов 
движения. Это проявляется и в том, что в фазовом пространстве такой системы с числом степеней свободы 
N ≥ 1.5 при определенном наборе параметров межчастичного взаимодействия имеются области, в которых 
движение является по существу хаотическим. Однако не только динамическая модель оказывается сильно 
нелинейной. Подобный характер движения может проявляться и в статической нелинейной многочастичной 
системе. Цель работы – исследовать влияние внешнего поля, задаваемого межатомным трехъямным потен-
циалом, на равновесную структуру цепочки взаимодействующих атомов. 
Методы. Использованы методы гамильтоновой механики.
Результаты. Получены и проанализированы аналитические выражения, определяющие фазовый портрет 
равновесной структуры цепочки взаимодействующих атомов при различных значениях параметра потенциа-
ла межчастичного взаимодействия, в котором движется каждый атом цепочки. Построены фазовые портре-
ты равновесной структуры системы в континуальном и дискретном представлениях уравнений равновесия 
при различных значениях параметра, характеризующего межчастичный потенциал, в котором движется каж-
дый атом цепочки.
Выводы. Показано, что в зависимости от величины внешнего поля реализуется как периодическое, так 
и случайное, хаотическое расположение атомов цепочки.

Ключевые слова: трехъямный потенциал, цепочка, взаимодействие, атом, фазовый портрет, хаос,  
структура
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INTRODUCTION

Recently studied phenomena in condensed state 
physics have prompted new approaches to problems 
in the dynamical theory of crystals [1, 2]. In order 
to explain numerous experimental data [3, 4], it has 
become necessary to allow for essentially nonlinear 
effects. However, it is not only the dynamical model 
that is strongly nonlinear. For example, it has been 
revealed [4, 5] that the type of crystal lattice depends 
on nonlinear properties of the interaction potential 
between crystal atoms even at absolute temperature 
T = 0 K.

From analyzing the dynamics of systems 
consisting of a sufficiently large number of particles 
shows [1–5] that a system can undergo a number 
of bifurcations occurring in the change of different 
types of motion depending on the nature and 
magnitude of interactions between particles. This is 
also reflected in the existence of regions in the phase 
space of such system having a number of degrees of 
freedom N ≥ 1.5 at a certain set of parameters of the 
interparticle interaction potential, where motion is 
essentially chaotic [6–12].

This implies that the character of the system motion 
in such regions determinized by dynamic equations is 
such that it can be hardly distinguished from a random 
process. In addition, the presence of such regions 
implies that either deterministic or stochastic trajectories 
of motion can be realized in the system when the 
parameters of the interparticle interaction potential 
or initial conditions are changed. Such effects are 
best understood as a manifestation of the interparticle 
interaction potential nonlinearity.

The bifurcation phenomenon may also occur in 
a static system where the potential of interparticle 
interaction is nonlinear. In this case, such bifurcations 
imply the presence of structural transitions of different 
degrees of regularity up to chaotic.

In [3, 5], possible types of one-dimensional structures 
and transitions between them are studied. Distinguishing 
one-dimensional systems from their non-dimensional 
counterparts significantly simplifies the solution to 
the problem of atomic chain equilibrium due to the 
arrangement of atoms along one coordinate giving the 
meaning of “time” to this coordinate. The model of atomic 
one-dimensional chain in the periodic field and U(4) 
model are discussed in [13, 14] and [13], respectively. In 
the present work, the U(6) model is considered.

MATHEMATICAL MODEL

Following [4], we consider a one-dimensional chain 
of atoms interacting with their nearest neighbors in 
external field V(un) determined by the atom number n in 
the chain interacting with the lattice atoms surrounding 
it. The Hamilton function (Hamiltonian) for this 
chain (system) has the following form (the atomic mass 
is assumed equal to 1):

 ( ) ( )22 2
1

1

1 1 1 .
2 2 −

=

 = + c − − +  
∑
N

n n n n
n

H p a u u V u  (1)

Here un is displacement of the nth atom in units of 
interatomic distance a in the unperturbed chain, since at 
V = 0, the condition of minimum potential energy gives 
un+1 − un = 1 for all numbers n; ,= n np au  χ is the force 
interaction constant of chain atoms; V(un) is the external 
potential field in which the nth atom moves. We define 
potential field V(un) as the following function (the U(6) 
model):

 2 2 2
0( ) ( 1) ,= ε −V u u u  (2)

where |ε0| is the potential barrier value. The function has 
three minima and two maxima at ε0 > 0 (Fig. 1), while 
two minima and three maxima occur at ε0 < 0 (Fig. 2).
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ANALYZING THE MATHEMATICAL MODEL: 
CONTINUUM APPROXIMATION

1. Special points on a phase plane. The relative 
value of potential barrier |ε0| and energy of interatomic 
coupling 2≈ ca  between atoms in neighboring nodes 
of the chain are essential parameters affecting the 
properties of the chain having Hamiltonian (1) with 
external potential (2). If inequality 2

0c εa  is 
satisfied, the equilibrium position of chain atoms 
would take the form of a spatial periodic wave. For 

2
0c εa , bonds between particles become 

insignificant so that the chain forms a “gas” of particles 
that are chaotically scattered over potential wells of 
the external field.

All possible configurations of the chain are solutions 
to equation

 ( )2
1 12 .+ −c − + =n n n

n

dVa u u u
du

 (3)

Expression (3) is a difference equation. In the 
continuum approximation, where displacement values 
of atoms un slightly depend on index n, we have

2
1 2

2
1 2

1 ...,
2!
1 ...,
2!

+

−

= + + ⋅ +

= − + ⋅ +

n n

n n

du d uu u
dx dx
du d uu u
dx dx

while the equation describing the equilibrium form of 
the chain has the following form:

 
2

2
2 .c =

d u dVa
dudx

 (4)

For function W = −V, formula (4) is the equation of 
motion of a nonlinear oscillator provided that variable 
x is understood as time. This is equivalent to a system of 
two first-order equations:

( )

2

5 3
0

,

6 8 2 .

c =

 = ε − +


dua v
dx

dv u u u
dx

Special points on phase plane (u, du/dx) are defined 
by conditions (v = 0, dv/dx = 0), i.e., by the following 
system of equations:

5 3

0,

6 8 2 0.

=


− + =

v

u u u

This system defines five special points: 0,=u  
1 3 ,= ±u  1.= ±u At ε0 > 0, points u = 0, ±1 are saddle 

points, while points 1 3= ±u  are centers. Conversely, 
points u = 0, ±1 are centers and points 1 3= ±u  are 
saddles at ε0 < 0.

2. Phase trajectories of motion. Integrating Eq. (4) 
for once, the equation defining phase trajectories on 
plane (u, du/dx) is obtained:

 ( )
2

6 4 2
0 2 ,

2
c

⋅ = ± ε − + +
a du u u u E

dx
 (5)

where E – integration constant. The trajectories of the 
system motion (phase portrait) significantly depend on 
the sign of parameter ε0. Therefore, we consider two 
cases.

2.1. Parameter ε0 > 0. As follows from (5), at 
ε0 > 0 in the finite depth potential well, periodic 
oscillations of atoms (periodic structures) exist only 
under condition 04 /27 0.− ε ≤ ≤E  

Periodic oscillations and their corresponding 
periodic (ordered) chain structures are impossible within 
interval E > 0.

For ε0 > 0, phase trajectories of the system motion 
on phase plane, based on Eq. (5), have the form shown 
in Fig. 3. It can be seen from the figure that the system 
phase portrait contains five main elements: special 
points of the “center” type at 1 3= ±u and three 
special saddle points u = 0, ±1. The selected motion 
trajectory leaving one saddle and entering another is 
a separatrix. This curve separates the regions of phase 
plane with substantially different nature of motion: the 
separatrix separates periodic motions of the chain from 
aperiodic motions, i.e., ordered structures from 
disordered ones.

–1.5 –1.0 –0.5 0.5 1.0 1.5 u

1.5

1.0

0.5

–0.5

–1.0

–1.5

du/dx

Fig. 3. Phase portrait of the system at ε0 > 0
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2.2. Parameter ε0 < 0. Phase trajectories of the 
system motion on phase plane at ε0 < 0 are shown 
in Fig. 4. It is evident from the figure that all phase 
trajectories in this case are closed, thus responding 
to the oscillatory motion of atoms in the chain and 
corresponding to the existence of its periodic structures. 
Here, separatrices have the form of loops beginning and 
ending in the same saddle to distinguish trajectories that 
correspond to oscillations of the chain with different 
nature; small-amplitude oscillations near minima 
u = 0, ±1 are separated by the separatrix from large-
amplitude oscillations near the origin.

–1.0 –0.5 0.5 1.0 u

0.6

0.4

0.2

–0.2

–0.4

–0.6

du/dx

Fig. 4. Phase portrait of the system at ε0 < 0

3. Analyzing solutions to Eq. (5). Next we consider 
solutions to Eq. (5) separately depending on the sign of 
parameter ε0 in Eq. (2).

3.1. Parameter ε0 > 0. After integrating Eq. (5) in 
this case, we denote E0 = E/ε0 and obtain the following

 

( )

2

1

2

1 0

6 4 2
0

0
2

6 0

2

2
.

,

=
− + +

ε
= = ±

c

∫

∫ ∫

u

u

u x

u x

du

u u u E

du dx
aP u E

 (6)

Here, value 6 4 2
6 0 0( , ) 2 .= − + +P u E u u u E  Limits 

of integration u1, u2 should satisfy condition 
P6(u, E0) > 0. We introduce a new integration variable 
using relation u2 = y and then transform expression (6) to 
the following form:

 
( )

( )
2

1

0
02

4 0

2
2 .

,

ε
= ± −

c∫
y

y

dy x x
aP y E

 (7)

Here, 4 3 2
4 0 0( , ) 2 .= − + +P y E y y y E y  The graphs 

of function P4(y, E0) for two different values of E0 are 
shown in Fig. 5.

–0.5 0.5 1.0 1.5 2.0 y

0.3

0.2

0.1

–0.1

–0.2

–0.3

P4

Fig. 5. Graphs of function P4(y, E0) at ε0 > 0

We study all possible cases of representing 
polynomial P4(y, E0) in the form of a product of 
cofactors. At 04 27,< − εE  polynomial P4(y, E0) has 
two real and two complex conjugate roots. Given this, 
Eq. (7) takes the following form:

 
( ) ( )

( )

1
2 2

1

0
02

2
2 .

=
 − − a + b  

ε
= ± −

c

∫
y

C

dy

y y C y

x x
a

 (8)

Here, C1 is the real root of polynomial P4(y, E0), the 
second real root y = 0, and complex roots .a ± bi  The 
integral in the left part of Eq. (8) is expressed through 
elliptic Jacobi functions [15, 16], as follows:

( ) ( )

( ) ( )

1
2 2

1

2 2
1 11 12arctg ; .

2

=
 − − a + b  

 − + + =   
 

∫
y

C

dy

y y C y

q y C p q C
F

py pqpq

 (9)

Here, p2 = (C1 – α)2 + β2, q2 = (2C1 – α)2 + β2
.

Introducing new variable ( )0
02

2
2 ,

ε
= −

c

pq
z x x

a
 

the following is obtained from Eqs. (8) and (9):

 ( ), .= ± gz F k  (10)

Here, 
( ) ( )2 2

1 112arctg , ,
2

− + +
g = =

q y C p q C
k

py pq
 

while ( , )gF k  is an elliptic integral of the first kind.
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It follows from Eq. (10) that

 

( ) ( ) ( )

( ) ( )

1

1
1 1

sn , sin sin 2arctg

2 1 .
−

 −
 = g = =
 
 

 − −
= + 

  

q y C
z k

py

q y C q y C
py py

 (11)

Then

 
( )

( ) ( )( )

2
1

22

sn ,
.

sn , 1 cn ,
=

− ±

C q z k
y

q z k p z k
 (12)

Here, sn(z, k) and cn(z, k) are elliptic sine and cosine, 
respectively.

Function y defined by Eq. (12) is an even function 
with period T = 4K(k)/δ, where K(k) is the complete 
elliptic integral of the first kind, δ = 8|ε0|pq/(χa2). Hence,

 
( )

( ) ( )( )22

sn ,
.

sn , 1 cn ,

a
= ±

− ±

z k q
u

q z k p z k
 (13)

In domain 04 27 0− ≤ ≤E , polynomial P4(y, E0) 
has four real roots, C1 > C2 > C3 > C4 = 0. Roots 
C1, C2, C3, and C4 should satisfy the following 
conditions:

( )( )
( ) ( )

1 2 3 4

1 2 3 4 1 2 3 4

1 2 3 4 3 4 1 2 0

1 2 3 4

2,

1,

,

0.

C C C C

C C C C C C C C

C C C C C C C C E

C C C C

+ + + = −


+ + + + = −


+ + + =
− =

With allowance for the location of roots 
C1, C2, C3, and C4 on the real axis, polynomial 
P4(y, E0) > 0 in intervals 3 2( , )∈y C C  and 

On interval 3 2( , ),∈y C C  the integral on the left side 
of Eq. (7) has the following form:

 
( )( )( )

( )
( )

3 1 2 3

1 3 2

2 ,
.

=
− − −

g
=

−

∫
y

C

dy

C y C y y C y

F q

C C C

 (14)

Here, 
( )

( )
( )
( )

2 3 2 3 1

2 3 1 3 2
arcsin , .

− −
g = =

− −

C y C C C C
q

C C y C C C
We denote

 
( ) ( )0 1 3 2

02
2

.
ε −

= −
c

C C C
z x x

a
 (15)

Then from (14), (15), we obtain that ( ), ,z F q= ± g  so

( ) ( )
( )

2 3

2 3
sn , sin .

−
= g =

−

C y C
z q

C C y

Hence,

 ( ) ( )

1 2
2 3

2
2 2 3

.
sn ,

 
= ±  

− −  

C C
u

C C C z q
 (16)

As above, function u is an even function with period 
T = 4K(k)/δ, where

( )0 1 3 2
2

2
.

ε −
d =

c

C C C
a

If we assume C1 = C2 in (16), then parameter 
q = 1 and solution (16) is a soliton solution having the 
following form:

 ( )
2 3

2
2 2 3

.
th

= ±
− −

C C
u

C C C z
 (17)

Within the interval of values y > C1, polynomial 
P4(y, E0) > 0. Substituting the necessary limits of 
integration into (8), periodic solutions at E0 > 0 are 
obtained. Thus, we have the following:

 
( )( )( )

( )
( ) ( )

1 1 2 3

0
02

1 3 2

22 , 2 ,

=
− − −

ε
= j = ± −

c−

∫
y

C

dy

y C y C y C y

F k x x
aC C C

 (18)

where 
( )
( )

( )
( )

2 3 12 1

1 2 1 3 2
arcsin , .

−−
j = =

− −

C C CC y C
k

C y C C C C

Let 
( ) ( )0 1 3 2

02
2

.
ε −

= −
c

C C C
z x x

a

Then ( , )= ± jz F k  and hence,

 ( ) ( )
( )

2 1

1 2
sn , sin

−
= j =

−

C y C
z k

C y C
. (19)

Given that 1 2 ,= ±u y we obtain the following:

 
( )( )
( )

1 22
1 2

2
2 1

1 sn ,
.

sn ,

 −
 = ±
 − 

C C z k
u

C C z k
 (20)
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For C1 = C2 (k = 1) from (20), the solution is bell-
shaped:

( )( )
( )

1 22
1 2

2
2 1

1 th
.

th

 −
 = ±
 − 

C C z
u

C C z

At z = 0, u  has the form of 1 2
1= ±u C , while 0=u  

at →±∞z .
3.2 Parameter ε0 < 0. For ε0 < 0, Eq. (5) has the 

following form:

 
2

6 4 2
0

0
2 ,

2
c

= ± − + − +
ε
a du u u u E

dx
 (21)

where E0 = E/|ε0|.
Three points of stable equilibrium positions 

u = 0, ±1 and two points 1 3= ±u  corresponding to 
unstable positions are observed on the oscillator phase 
plane (u, du/dx).

We integrate Eq. (21):

 

( )

2

1

2

1 0

6 4 2
0

0
2

6 0

2

2
,

,

=
− + − +

ε
= = ±

c

∫

∫ ∫

u

u

u x

u x

du

u u u E

du dx
aP u E

 (22)

where P6(u, E0) = –u6 + 2u4 – u2 + E0. 
We introduce a new integration variable, 

2 , 2 .= =u y du dy y  Then (22) takes the following 
form:

 
( )

( )
4

3

0
02

4 0

2
2 .

,

ε
= ± −

c∫
u

u

dy x x
aP y E

 (23)

Here, 4 3 2
4 0 0( , ) 2 .= − + − +P y E y y y E y  The 

graphs of function P4(y, E0) at two different values 
of E0 are shown in Fig. 6.

As before, different cases of decomposing 
polynomial P4(y, E0) into multipliers are also studied 
here. When polynomial P4(y, E0) has two real y = 0, 
y = C1 and two complex conjugate roots y = α ± iβ, 
expression (23) is transformed to:

 
( ) ( )

( )

2 20 1

0
0 12

2
2 , 0 .

=
 − − a + b  

ε
= ± − < <

c

∫
y dy

y C y y

x x y C
a

 (24)

Since the integral in the left part of Eq. (24) is an 
elliptic Jacobi function, this equation can be represented 
as follows:
 ( ), ,= ± gz F k  (25)

where ( )0
02

2
2 ,

ε
= −

c
z pq x x

a
 

( )12arcctg ,
−

g =
q C y

py
 

( )2 2
11 ,

2
− − +

=
p q C

k
pq

 2 2 2 ,= a + bq ( )22 2
1 ,= a − + bp C  

( , )gF k  is the Jacobi elliptic function.
It follows from Eq. (25) that

( ) ( )

( )
( )

1

1

1

sn , sin sin 2arcctg

.

 −
 = g = =
 
 

−
=

+ −

q C y
z k

py

qpy C y

py q C y

Hence, we obtain that 2=y u  and

 
( )

( )( ) ( )

2
1

2 2

sn ,
.

1 cn , sn ,
=

± +

qC z k
y

p z k q z k
 (26)

Function y  is an even periodic function with period 
T = 4K(k)/δ. At x = x0, the function becomes zero. Thus,

 
( )

( )( ) ( )
1

2 2

sn ,
.

1 cn , sn ,
= ±

± +

z k qC
u

p z k q z k
 (27)

It follows from (27) that function u can be either even 
with period T = 4K(k)/δ or odd with period T = 8K(k)/δ, 
δ = 8|ε0|pq/(χa2).

We consider the case when all roots C1, C2, C3, 
and C4 of polynomial P4(y, E0) are real, where 

–0.5 0.5 1.0 1.5 2.0 y
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Fig. 6. Graphs of function P4(y, E0) at 0 0ε <
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C1 > C2 > C3 > C4 = 0. Then the integral in the left-hand 
part of (23) is transformed to the form under condition 
0 < y < C3, as follows:

 
( )( )( )

( )
( ) ( )

0 1 2 3

0
02

1 3 2

22 , 2 .

=
− − −

ε
= b = ± −

c−

∫
y dy

C y C y C y y

F r x x
aC C C

 (28)

Here, 
( )
( )

1 3

1 3
arcsin ,

−
b =

−

C C y
C y C

 
( )
( )

3 1 2

2 1 3
,

−
=

−

C C C
r

C C C
 

30 .< <y C
It follows from expression (28) that

 
( )

( ) ( )
1 3

2
1 3 3

sn ,
.

sn ,
= ±

− +

C C z r
u

C C C z r
 (29)

Here, ( ) ( )0
1 3 2 02

2
.

ε
= − −

c
z C C C x x

a

Equation (29) has a soliton solution in case of 
C2 = C3, with parameter r = 1. This solution has the 
following form:

 1 3
2

1 3 3

th
.

th
= ±

− +

C C z
u

C C C z
 (30)

Note that u = 0 at z = 0 while 3= ±u C  at →±∞z .
The polynomial P4(y, E0) is also positive within 

interval C2 < y < C1.
Substituting the desired limits of integration 

from (23), we obtain:

 
( )( )( )

( )
( ) ( )

2 1 2 3

0
02

1 3 2

22 , ,

=
− − −

ε
= l = ± −

c−

∫
y

C

dy

y C y y C y C

F r x x
aC C C

 (31)

where ( )( )
( )( )

1 3 2

1 2 3
arcsin ,

− −
l =

− −

C C y C
C C y C

( )
( )

3 1 2

2 1 3
.

−
=

−

C C C
r

C C C

With allowance for (31), we obtain the following:

 
( ) ( ) ( )
( ) ( ) ( )

2
3 1 2 2 1 3

2
1 2 1 3

sn ,
,

sn ,
− − −

= ±
− − −

C C C z r C C C
u

C C z r C C
 (32)

where ( ) ( )0
1 3 2 02

2
.

ε
= − −

c
z C C C x x

a

Thus, the results obtained in the continuum 
approximation (under conditions of weak external field) 
indicate that phase curves are closed and have the form of 
slightly deformed ellipses in the neighborhood of stable 
position points regardless of the ε0 sign. Each curve 
corresponds to the equilibrium position of the chain in the 
form of a spatial periodic wave. Separatrices connecting 
the points of unstable position and limiting the domain 
of closed curves correspond to the equilibrium in the 
form of a bell-shaped solitary wave.

ANALYSING THE MATHEMATICAL MODEL: 
DISCRETE APPROXIMATION

When the external field potential is sufficiently large, 
function un cannot be considered to be weakly dependent 
on n, so it is necessary to return to difference equations.

Equation (3) can be visualized as a representation 
given the introduction of variable In = (un − un−1). Then 
Eq. (3) transforms into the universal representation [3]:

 
0

1

1 1

,

,

+

+ +


= +


 = +

n n
n

n n n

dV
I I

du
u u I

 (33)

where V0 = V/(χa2).
Representation (33) has periodic and chaotic 

solutions that determine the corresponding arrangements 
of atoms in the chain, i.e., its structure. Thus, studying 
equilibrium forms of the chain is reduced to studying 
sequences of points {un, In} plotted on a plane. 
Depending on initial values (u0, I0), this sequence either 
regularly fits into closed lines or appears chaotically 
scattered in some domain on the coordinate plane.

Numerical solutions to the system of equations (33) 
with function V in form (2) are shown in Figs. 7 and 8 as 
phase portraits of the system at different values of 
parameter 2

0 0 /( ).′ε = ε ca  
The solution to system (33) in coordinates (u, I) at 

any initial values (u0, I0) is a straight line parallel to the 
u axis. At sufficiently small 0′ε  (Fig. 7), the most of 
phase space is occupied by the sequence of points fitting 
into closed curves.
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0.4

0.2

0

–0.2

–0.4

0 0.2 0.4 0.6 0.8 1.0 un

Fig. 7. Phase portrait of the system at 0 0.4′ε =
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However, a disorderly distribution of sequential 
pairs (un, In) on the plane occurs in a minor part of the 
phase space, thus demonstrating the chaotic phenomenon 
for model (33). In the phase space, these pairs occupy 
narrow stochastic layers separated from each other by 
invariant curves. Separate domains on the phase plane 
are not occupied by stochastic trajectory points. Since 
these domains contain a finite measure of periodic 
trajectories, the conditions of KAM-theory (Kolmogorov–
Arnold–Moser theory) are fulfilled in central parts of the 
domains [13]. This means that in case of 0′ε  smallness, 
the stochastic layers are not connected to each other. This 
is the direct consequence of the KAM-theory [13] for the 
number of degrees of freedom N ≤ 2.

According to [3], the stochastic layer width δh can 
be estimated for 0 1:′ε 

 ( ) 042 2 e .
π

−
′εd ≈ πh  (34)

It follows from (34) that at arbitrarily small 
perturbations, an exponentially small stochastic layer 
appears that can be interpreted as a germ of structural 
chaos in the arrangement of chain atoms.

An increase in values of parameter 0′ε  results in the 
growth of the stochastic layer width, thus leading, in 
turn, to the destruction of KAM curves and merging of 
stochastic layers and the subsequent formation of 
a stochastic sea containing islands of stability.

The system phase portrait at 0 0.7′ε =  is shown 
in Fig. 8.

In
0.4

0.2

0

–0.2

–0.4

0 0.2 0.4 0.6 0.8 1.0 un

Fig. 8. Phase portrait of the system at 0 0.7′ε =

It is evident from Fig. 8 that the largest object of the 
phase portrait is the separatrix cell with saddle 

1 3 ,= ±u which is destroyed to allow a stochastic 
structural layer to be formed in its place. The domain 
limited by this main layer contains a family of nested 
invariant curves that span point I = 0. Outside the 
domain limited by the main stochastic layer, a group of 
separatrix cells containing narrower stochastic layers is 
located. Invariant curves are beyond the cells. Thus, the 
system phase portrait consists of an infinite number of 
alternating invariant curves and stochastic layers. At 

0 1′ε ∼ , the merging of stochastic layers and formation 
of a common stochastic sea is observed indicating 
a transition to the formation of the chain chaotic 
structure.

At 0 1,′ε   almost the entire domain of phase space 
becomes the domain of stochastic motion. The exceptions 
are islands of stability, whose size is of 01 ′ε order at 

0 1.′ε   These islands are located in the neighborhood 
of elliptic points (points of stable equilibrium position) 
of the representation.

CONCLUSIONS

In the present paper, it is shown that closed phase 
curves in the continuum approximation under the 
conditions of a small external field have the form of 
slightly deformed ellipses in the neighborhood of 
stable position points regardless of the ε0 sign. Each 
curve corresponds to the equilibrium position of the 
chain having the form of a spatial periodic wave. 
Separatrices connecting the points of unstable position 
and limiting the area of closed curves correspond to the 
chain equilibrium in the form of a bell-shaped solitary 
wave.

The numerical solutions to the system of 
equilibrium equations also demonstrate the 
implementation of that both periodic and random 
chaotic arrangements of chain atoms depending on 
the external field strength.
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Abstract
Objectives. Much of the research in deep learning has focused on studying mappings between finite-dimensional 
spaces. While hydrodynamic processes of gas filtration in underground storage facilities can be described by partial 
differential equations (PDE), the requirement to study the mappings between functional spaces of infinite dimension 
distinguishes this problem from those solved using traditional mapping approaches. One of the most promising 
approaches involves the construction of neural operators, i.e., a generalization of neural networks to approximate 
mappings between functional spaces. The purpose of the work is to develop a neural operator to speed up calculations 
involved in hydrodynamic modeling of underground gas storages (UGS) to an acceptable degree of accuracy.
Methods. In this work, a modified Fourier neural operator was built and trained for hydrodynamic modeling of gas 
filtration processes in underground gas storages.
Results. The described method is shown to be capable of successful application to problems of three-dimensional 
gas filtration in a Cartesian coordinate system at objects with many wells. Despite the use of the fast Fourier transform 
algorithm in the architecture, the developed model is also effective for modeling objects having a nonuniform grid 
and complex geometry. As demonstrated not only on the test set, but also on artificially generated scenarios with 
significant changes made to the structure of the modeled object, the neural operator does not require a large training 
dataset size to achieve high accuracy of approximation of PDE solutions. A trained neural operator can simulate 
a given scenario in a fraction of a second, which is at least 106 times faster than a traditional numerical simulator.
Conclusions. The constructed and trained neural operator demonstrated efficient hydrodynamic modeling 
of underground gas storages. The resulting algorithm reproduces adequate solutions even in the case of significant 
changes in the modeled object that had not occurred during the training process. The model can be recommended 
for use in planning and decision-making purposes regarding various aspects of UGS operation, such as optimal 
control of gas wells, pressure control, and management of gas reserves.

Keywords: mathematical modeling, deep learning, artificial intelligence, neural networks, neural operators, Fourier 
neural operators, hydrodynamic modeling, underground gas storage facilities
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Резюме 
Цели. Значительная часть исследований в области глубокого обучения сосредоточена на изучении отобра-
жений между конечномерными пространствами. Гидродинамические процессы фильтрации газа в подзем-
ных хранилищах, описываемые дифференциальными уравнениями в частных производных (ДУЧП), требуют 
изучения отображений между функциональными пространствами бесконечной размерности, что отличает 
данную задачу от традиционных. Одним из перспективных подходов является построение нейронных опера-
торов – обобщение нейронных сетей для аппроксимации отображений между функциональными простран-
ствами. Цель работы – создание нейронного оператора для ускорения расчетов гидродинамического моде-
лирования подземных хранилищ газа (ПХГ) при допустимых потерях точности.
Методы. В работе построен и обучен модифицированный нейронный оператор Фурье для гидродинамиче-
ского моделирования процессов фильтрации газа в ПХГ. 
Результаты. Показано, что данный метод может быть успешно применен для задач трехмерной фильтрации 
газа в декартовой системе координат на объектах с множеством скважин. Разработанная модель обеспечи-
вает высокое качество при моделировании объектов с неравномерной сеткой дискретизации и сложной гео-
метрией, несмотря на использование в архитектуре алгоритма быстрого преобразования Фурье. При этом 
нейронному оператору не требуется большой размер обучающей выборки для достижения высокой точно-
сти аппроксимации решений ДУЧП, что демонстрируется не только на тестовой выборке, но и на искусствен-
но сгенерированных сценариях с внесением существенных изменений в структуру моделируемого объекта. 
Обученный нейронный оператор осуществляет моделирование заданного сценария за доли секунды, что, 
по меньшей мере, в 106 раз быстрее, чем традиционный численный симулятор. 
Выводы. Построенный и обученный нейронный оператор показал хорошую эффективность в задаче гидродина-
мического моделирования ПХГ. Полученный алгоритм воспроизводит адекватные решения даже в случае суще-
ственных изменений в моделируемом объекте, которых не было в процессе обучения. Все это делает возможным 
применение данной модели в задачах планирования и принятия решений в отношении различных аспектов экс-
плуатации ПХГ, таких как оптимальное использование скважин, контроль давления и управление запасами газа.
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INTRODUCTION

Underground gas storage facilities (UGS) are 
technological complexes designed for gas injection, 
storage and withdrawal. They typically comprise 
the following functional components: aboveground 
engineering and technical facilities; a subsurface area 
limited by a mining allotment; a gas storage facility; 
control reservoirs; a gas buffer volume; a stock of wells 
for various purposes. Hydrodynamic modeling of UGS 
reservoirs, which is required to improve the accuracy 
and reliability of predicting UGS behavior, represents 
an integral part of the planning and decision-making 
processes for various aspects of UGS operation, such 
as optimal well utilization, pressure control, and gas 
reserve management.

Simplified balance models and more accurate 
numerical hydrodynamic models (HDMs) can be used 
in modeling of filtration processes of underground gas 
storage. Balance models are typically used where there is 
a lack of sufficient initial data to build three-dimensional 
numerical models or limited computing power. Such 
models solve the reservoir-filtration equation using 
simplified dependencies without considering complex 
geological and hydrodynamic processes that can have 
a significant impact on the behavior of UGS. Modern 
hydrodynamic simulators for numerical modeling of 
gas filtration processes are used to obtain more detailed 
information on the distribution of parameters in UGS 
reservoir beds and assess the impact of various factors 
on the processes of underground gas storage. However, 
the use of the finite volume method to approximate the 
system of differential equations in space, as well as an 
implicit scheme for time approximation for modeling, 
can be a computationally expensive procedure.

At present, numerical HDMs are mainly used to 
solve the problems of hydrodynamic modeling of UGS 
facilities. Due to the possibility of adapting such models 
to the accumulated history of field development (in the 
case of UGS in depleted fields) and the actual history 
of UGS operation, the modeling and model adaptation 

horizon can exceed 60 years. Moreover, taking into 
account the considerable amount of geological and field 
data supplied to the HDM as input data (geophysical 
survey results, pressure measurements, gas flow 
rates, etc.), the time of a single calculation can reach 
several hours.

Thus, the speed of calculations is one of the 
determining factors affecting managerial decisions 
related to the distribution of gas injection/withdrawal by 
wells and by area. One of the most promising approaches 
for accelerating hydrodynamic calculations involves the 
use of contemporary deep learning methods.

A substantial part of works in the field of deep 
learning is devoted to the construction of mappings 
between finite-dimensional (e.g., Euclidean) 
spaces [1, 2]. However, the use of partial differential 
equations (PDE) to describe physical processes of gas 
filtration in UGS distinguishes this problem due to the 
requirement to learn mappings between function spaces 
of infinite dimensionality [3].

According to the universal approximation 
theorem [4, 5], a fully connected network with a sufficient 
number of parameters can approximate any continuous 
function defined on a compact set to a predetermined 
accuracy. In [6–8], theoretical possibilities for 
approximating nonlinear mappings between function 
spaces are demonstrated. In addition, [9] provides 
estimates of the complexity bounds of the approximation 
error of neural networks, relating the number of model 
parameters and the dimensionality of the problem to the 
value of the approximation error.

However, the theoretical possibility to approximate 
mappings between infinite-dimensional spaces does 
not imply information on how to do it efficiently in 
practice. It is known that existing neural network 
architectures vary in terms of their performance when 
solving specific problems. For example, the same 
fully connected networks show significantly lower 
quality in image processing compared to the widely 
used convolutional architectures [2]. In order to further 
investigate the issue of effective training of neural 
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networks, [10] decomposes the overall model error into 
three components: approximation error, optimization 
error, and generalization error. The approximation error 
depends on the number of network parameters and the 
dimensionality of the problem, while the optimization 
error is related to the loss function, and the generalization 
error depends on the training sample size [11].

One of the important points in generalizing the 
dependencies described by the PDE using neural 
networks is the problem of dimensionality (“curse of 
dimensionality”) [12, 13], especially when modeling 
objects having complex UGS geometry or equations 
with multidimensional parameter spaces (the basic gas 
filtration equation) [3]. In order to generalize the basic 
dependencies and relations, deep learning models 
require a sufficiently large training sample size. 
According to [11], the upper bound on the generalization 

error is: gen
1 ,E
N

 where N is the number of training 

samples. Consequently, to obtain a relative generalization 
error of 1%, a sample size of O(104) is required.

In the case of modeling hydrodynamic processes 
in reservoir systems, obtaining a data set of similar 
size can be a difficult task, since the data set is formed 
from calculations on a numerical simulator, representing 
a computationally expensive procedure. Consequently, 
when taking into account the above features, the 
development of neural network architecture for the 
effective solution of problems of this type becomes 
a nontrivial and relevant issue.

Over the last few years, deep learning has actively 
penetrated the field of scientific computing to become 
a new paradigm.1, 2 Many novel methods have emerged 
to offer faster alternatives to numerical simulation.

Of course, there are works based on traditional 
deep learning approaches in the form of constructing 
finite-dimensional operators, which use the results of 
numerical simulations as a training set. For example, 
convolutional-, recurrent- and generative-adversarial 
architectures for solving fluid dynamics problems are 
investigated in [14–16]. However, due to their failure 
to use knowledge about the structure of the simulated 
dependencies, the presented methods are demanding 
on the object geometry and discretization grid, thus 
requiring a large amount of data.

A group of methods [17–19] belongs to a specialized 
class of algorithms known as physically informed 
neural networks. While this approach is also based on 

1 Lavin A., Krakauer D., Zenil H., et al. Simulation 
Intelligence: Towards a New Generation of Scientific Methods. 
2022. http://arxiv.org/abs/2112.03235. Accessed April 25, 2023.

2 Cuomo S., di Cola V.S., Giampaolo F., et al. Scientific 
Machine Learning through Physics-Informed Neural Networks: 
Where we are and What’s next. 2022. http://arxiv.org/
abs/2201.05624. Accessed April 25, 2023.

finite-dimensional mappings, it incorporates the PDE 
directly into the algorithm’s error function using the 
automatic differentiation mechanism [20]. In this way, 
physics is taken into account in the learning process 
as the model seeks to minimize the discrepancies 
between the left and right parts of the equation, 
representing initial and boundary conditions. However, 
the main disadvantage of this approach is its limitation 
to approximate a particular realization of the PDE. 
Consequently, physically informed neural networks 
do not provide a significant speed advantage relative 
to traditional numerical methods for many applied 
problems.

An alternative and relatively new approach is to train 
neural operators, which represent mappings between 
function spaces [21–23]. Since trained neural operators 
can approximate any nonlinear continuous operators, 
do not depend on the sampling grid, and require only 
a single training, they can be trained and evaluated on 
different sampling grids and PDE implementations. 
These methods demonstrate better efficiency when 
approximating PDEs in comparison with other existing 
approaches based on deep learning, including for 
hydrodynamic modeling problems. 

Operator learning in spaces of infinite dimensionality 
is currently an active area of research. Work is ongoing to 
improve the efficiency and applicability of this approach 
in various applications.

1. TASK STATEMENT

Mathematical model of gas filtration process

The present work considers the process of 
hydrodynamic modeling of porous-type UGS facilities. 
For such objects, various parameters describing gas 
motion in porous medium (filtration) have a strong 
time dependence [3]. Such processes are called 
unsteady (nonstationary).

The basic equation of three-dimensional unsteady 
single-phase filtration of a compressible fluid (gas) in 
a porous medium is obtained by substituting the law of 
conservation of momentum (Darcy’s law of filtration) 
into the law of conservation of mass [24]: 

 
g g g g

bulk sc
gsc

g g sc
,

   ∂ ∂ ∂ ∂   ∆ + ∆ +
   ∂ µ ∂ ∂ µ ∂   

  φ∂ ∂ ∂   + ∆ = −  ∂ µ ∂ ∂   

y yx x

z z

A kA k p px y
x B x y B y

V TA k p pz q
z B z p t Z

 (1)

where p is pressure; qgsc is the gas flow rate under 

standard conditions; sc
g

sc
=

p TZ
B

T p
 is the gas phase 
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volume coefficient; Z is the gas supercompressibility 
coefficient; μg is the gas viscosity; Tsc is the temperature 
under standard conditions; psc is the pressure under 
standard conditions; Vbulk is the rock volume; ϕ is 
porosity; k is permeability; A is the cross-sectional area 
of rock perpendicular to the filtration direction; 
Δx, Δy, Δz are length, width, and height of rock 
volume (final volume), respectively. 

The PDE (1) is nonlinear due to the dependence of 
μg, Bg, and Z on pressure and is similar to the diffusion 
equation, however, by its dynamic characteristics the flow 
described by this relation is not diffusion but filtration flow. 

Neural operator training

The purpose of the present work is to approximate 
the gas filtration equation in UGS (1) by constructing 
a neural operator that maps between two infinite-
dimensional spaces from a finite set of pairs of pairs of 
initial, boundary conditions, and PDE solutions.

Let us fix the spatiotemporal  dimension ∈d  and 
denote by D ⊂ d  the area in .

d  Then we can consider 
a mapping that is inherently an operator of the solution 
of PDE:

 
: A(D; ) U(D; ),

: ( ),
→

→ =
 

a ud dG
a u G a

 (2)

A(D; )∈ 

ada  is the function of the input data of the 
type : D ;→ 

ada  U(D; )∈ 

udu  is the function of the 
output data of the type : D .→ 

udu  A(D; )

ad  and 
U(D; )

ud  are Banach spaces.
In order to train the operator, it is necessary to 

assume a finite set of pairs of initial, boundary conditions 
and solutions of PDE 1{ , } ,=

N
j j ja u  where aj ∼ μ (μ is 

a probability measure) is a sequence of probability 
measures defined on A and uj = G(aj). These pairs are 
obtained from the HDM of the current UGS, which uses 
a finite volume method to approximate the system of 
differential equations in space and an implicit scheme to 
approximate in time. Thus, the training of the neural 
operator can be formulated as follows. The input data 
generated by the numerical simulator is essentially the 
result of a nonlinear mapping satisfying the gas filtration 
equation: G(aj) = uj. Consequently, it is possible to 
construct a neural operator *θ

N  by selecting the 
parameters θ ∊ Θ in such a way as to approximate the 
initial mapping * .

θ ≈GN  Then the learning process, 
which can be reduced to the problem of minimizing the 
loss function C: U × U → ℝ, has the following form:

 min [ ( ( ), ( ))],µ θθ aE C N a G a  (3)

where Ea~μ is the mathematical expectation.

2. CONSTRUCTION  
OF A NEURAL OPERATOR MODEL

In accordance with the problem statement, a neural 
operator should be trained to approximate the solution 
of the gas filtration PDE in UGS. When developing such 
methods, it is convenient to adhere to the following 
sequence of steps in the model architecture [23]:

1.  P is the operator of transformation of input data into 
the hidden space of higher dimensionality;

2. Iterative application of the kernel of the integral 
operator L;

3.  Q is the projection operator from the hidden space 
to the initial output space.
Thus, the structure of the neural operator has the 

form (4):

 N(a) = Q ∘ LL ∘ LL−1 ∘ ... ∘ L1 ∘ P(a), (4)

where the given depth of layers is , : A(D; ) U(D; ), ,∈ → ≥  

a vd d
v aL P d d 

, : A(D; ) U(D; ), ,∈ → ≥  

a vd d
v aL P d d  : U(D; ) U(D; ).→ 

v ud dQ
By analogy with classical finite-dimensional neural 

networks, L1, …, LL are nonlinear layers of the operator, 
: U(D; ) U(D; ), ( ),→ → 

v ud d
l lL v L v  which can be 

written as:

 Ll(v)(x) = σ(Wlv(x) + (Κ(a; θl)v)(x)), ∀x ∊ D, (5)

where σ is the activation function, Wl is the linear 
transformation, : A (U(D; ), U(D; )).Κ ×Θ→  

v vd dL
Operator K(a, θl) [22] is an integral operator of the 

form:

 
D

( ( , ) )( )

( , , ( ), ( )) ( ) , D.θ

Κ θ =

= κ ∀ ∈∫
la v x

x y a x a y v y dy x  (6)

The kernel κθ, which is a neural network with 
parameters θ ∊ Θ, can have various structures. Different 
kinds of neural operator are derived from this, for 
example, graph neural operators (GNO) and multipole 
graph neural operators (MGNO) [22], as well as low-
rank neural operators (LNO) and Fourier neural 
operators (FNO).

At present, one of the promising methods for 
approximating solutions of filtration equations is FNO, 
which is used to parameterize the kernel of the integral 
operator in Fourier space [25]. This method demonstrates 
better efficiency in fluid filtration problems in porous media 
as compared to traditional neural network algorithms 
and other operator architectures (GNO, MGNO, LNO, 
DeepONet) [23]. At the same time, [26] shows, using the 
example of the approximation of the transport equation, 
that the complexity of FNO grows logarithmically 
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to achieve a given error; this contrasts with the alternative 
DeepONet architecture [21], which grows quadratically.

The Fourier neural operator [25] belongs to the class 
of neural operators in which the kernel can be written as 
a convolution:

 
D

( ( , ) )( ) ( ) ( ) , D.θΚ θ = κ − ∀ ∈∫la v x x y v y dy x  (7)

In order to parameterize the kernel efficiently 
according to the convolution theorem, this method 
considers the image v in Fourier space using the 
fast Fourier transform F and the inverse Fourier 
transform F−1:

 1( ( ) )( ) ( ( ) ( )( ))( ), D,−
θΚ θ = ⋅ ∀ ∈v x F R k F v k x x  (8)

where Rθ(k) = F(κθ)(k) is the matrix of Fourier transform 
coefficients from κθ.

Thus, the layers of the Fourier operator will have 
the form:

 1( )( ) ( ( ) ( ( ) ( )( ))( )).−= σ + ⋅l l lL v x W v x F R k F v k x  (9)

The key difference between (9) and the traditional 
neural network architecture is the direct definition of all 
operations in feature space, which obviates a dependence 
on the discretization of the data.

We have developed a method for hydrodynamic 
modeling of UGS, consisting in a modified Fourier neural 
operator in which the layers of the neural operator include 

a convolution neural network U-Net operator to enhance 
expressiveness by processing high-frequency information 
that is not captured by the Fourier basis3. Such an 
algorithm involves the following three steps (Fig. 1):

1. Transformation of input data a(x) into a hidden 
space of higher dimensionality 

0
( ( ));=lv P a x

2. Iterative application of Fourier layers and subsequent 
application of modified Fourier layers: 

0 0
... ... ,→ → → → →

L Ml l m mv v v v  where 
jlv  for 

0,=j L  and 
kmv  for 0, ;=k M

3. Projection 
Mmv  from the hidden space into the 

original exit space ( ) ( ( )).=
Mmz x Q v x  

The modified Fourier layer of the neural operator 
has the following form: 

 1
( ) ( ( ( ))

( )( ) ( )), D,
+

= σ +

+ + ∀ ∈
k k

k k

m m

m m

v x W v x

Kv x Uv x x
 (10) 

where W is a linear operator; 1( ) ( ( ))( )−= ⋅
k km mKv x F R F v x  

is the integral transformation operator; U is the operator of 
the U-Net convolutional neural network.

It is important to note that the neural Fourier operator 
is an infinite-dimensional operator capable of generating 
invariant solutions regardless of the sampling grid on 
training and test samples. However, by adding a U-Net 

3 Wen G., Li Z., Azizzadenesheli K., et al. U-FNO – An 
enhanced Fourier neural operator-based deep-learning model for 
multiphase flow. 2022. http://arxiv.org/abs/2109.03697. Accessed 
April 25, 2023.

(a)

(b)

а(х) P
Fourier 
layer l0

U-Fourier 
layer m0

U-Fourier layer

Fourier layer

U-Fourier 
layer mM

Q z(x)

v(x)

v(x)

F

F

R

R

F–1

F–1

W

W

U

+

+

σ

σ

Fourier 
layer lL

(c)

Fig. 1. (a) Model architecture: P and Q are fully connected layers, z(x) is the model output;  
(b) Fourier layer: R represents the parameterization in Fourier space, W is the linear displacement;  

(c) modified Fourier layer: U is the U-Net operator, other notations have the same meaning as in the Fourier layer
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block, which inherently lacks the flexibility of training and 
testing at different sampling, the authors of the architecture 
sacrifice flexibility in favor of higher accuracy. This 
architecture is expected to provide acceptable accuracy 
even with a relatively small training sample.

Data configuration

In this work, the data from the HDM are used to 
form the dataset. The approximation period is chosen to 
be equal to the gas withdrawal season. The whole data 
set is formed from 70 different withdrawal scenarios 
with a time step of 10 days. The considered UGS has 
more than 100 active wells and a complex geometry.

The final dataset consists of 2850 input-output pairs. 
For training, 2250 images were allocated for the training 
sample and 300 each for the validation and test samples.

3. RESULTS

Relative error is used as a loss function

 2

2

ˆ|| ||
ˆ( , ) ,

| ||
−

=
y y

L y y
y

 (11)

since formation pressure in UGS in different periods has 
a different scale; ŷ is the value obtained from the model

During training, the initial learning rate coefficient, 
assumed to be 0.001, decreases gradually as the number 
of passed epochs increases. Training stops when the 
loss on the validation sample does not decrease any 
more (Fig. 2).

The quality of the trained model was evaluated on 
a test sample. Statistical parameters of model errors are 
as follows: mean = 0.006; standard deviation = 0.2.
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Fig. 2. Diagram of model error  
during the learning process

The trained model is able to reproduce the reservoir 
pressure dynamics for the period of sampling seasons 
to an acceptable degree of accuracy. Figure 3 shows 
the scatter diagram of normalized (scaled to the range 
from 0 to 1) formation pressure between the trained 
neural operator and the results of numerical simulations. 
The coefficient of determination R2 = 0.999.
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Fig. 3. Normalized reservoir pressure scatter diagram

Based on the scatter plot, it follows that the 
distribution generated by the neural operator on the 
test sample in each reservoir cell is very close to the 
distribution from the HDM.

A visualization of the comparison of simulation results 
of reservoir pressure field dynamics modeling by means 
of neural operator and HDM is presented in Figs. 4–6. 
The time step means the ordinal number of the ten-day 
period (decade) within the gas withdrawal season.

The trained neural operator demonstrated good 
performance on the test sample. Moreover, the obtained 
model calculates a given scenario in a fraction of 
a second, which is at least 106 times faster than 
a traditional numerical simulator.

In spite of the small number of PDE implementations 
in the training sample, we evaluated the generalization 
ability of the model on the example of reproducing the 
reservoir pressure dynamics in case of significant changes 
in the object itself involving variations in the number 
and location of wells. Since the use of the developed 
neural operator at this stage does not imply calculations 
or optimization of various well placement schemes, the 
scenario calculated on the operating HDM was taken as 
a reference scenario reproducing the situation with near-
zero withdrawals from UGS during the entire period. 
Then, all wells were removed, 11 new production wells 
were placed in reservoir cells where they had never been 
before, and the scenario of forced gas withdrawals through 
these wells was modeled. The results are shown in Fig. 7.
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Fig. 4. Visualization of reservoir pressure from HDM, U-FNO model  
and absolute error on test sample (time step 4/16)
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Fig. 5. Visualization of reservoir pressure from HDM, U-FNO model  
and absolute error on test sample (time step 10/16)
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Fig. 6. Visualization of reservoir pressure from HDM, U-FNO model  
and absolute error on test sample (time step 16/16)
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Fig. 7. Visualization of simulation results taking into account changes in well stock  
and visualization of formation properties (cells with placed wells are highlighted in color)
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The lower part of Fig. 7 depicts visualizations 
of discretized reservoir cell volumes, porosity and 
permeability. Based on the obtained results, we conclude 
that the model responds adequately to such significant 
changes: the reservoir pressure field in the near-wellbore 
space changes taking into account the distribution of 
formation properties.

CONCLUSIONS

The reported study demonstrates the possibility 
of successfully applying the modified neural Fourier 
operator not only to the problems of modeling gas 
filtration in a cylindrical coordinate system with a single 
well, but also to the problems of three-dimensional gas 
filtration in a Cartesian coordinate system on objects 
with multiple wells. In addition, despite the use of the 
fast Fourier transform algorithm in the architecture, the 

developed model provides high quality modeling of 
objects with non-uniform sampling grid and complex 
geometry.

At the same time, the neural operator does not need 
a large training sample size to achieve high accuracy of 
approximation of PDE solutions, which is demonstrated 
not only on the test sample, but also on artificially 
generated scenarios involving significant changes in the 
structure of the modeled object. Based on the experiments, 
the trained neural operator simulates a given scenario in 
a fraction of a second, which is at least 106 times faster 
than a traditional numerical simulator. This makes the 
model suitable for application in tasks of planning and 
decision-making with respect to various aspects of UGS 
operation, such as optimal well utilization, pressure 
control and gas reserves management.
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Abstract
Objectives. Ensuring scientific and technological sovereignty, defined as one of the objectives of the Concept 
of Technological Development for the period until 2030, approved by the Order of the Government of the 
Russian Federation No. 1315-r dated May 20, 2023, implies the use of effective mechanisms for managing the 
country’s economy. Under contemporary conditions, technology is a crucial element in the country’s economic 
development and a key component of scientific and technological security. Thus, the aim of the present work is to 
develop existing methods for analyzing economically significant information relating to the monitoring and diagnostics 
of scientific and technological security at the meso- and macrolevels.
Methods. The developed method for scientific and technological security level monitoring and forecasting, which 
is based on the dynamics analysis of the values of corporate securities, includes economic and statistical analysis 
methods, machine learning and time series analysis tools.
Results. The approach towards information processing and enhancement of analysis mechanisms in managerial 
decisions, which relies on diagnostic, analysis, and forecasting tools for socioeconomic system scientific and 
technological security, is based on information-processing, economic, and mathematical methods. The presented 
results constitute a developed method for the analysis of systemically important enterprises stock indices, supporting 
research and development to assess and predict scientific and technological security dynamics at meso- and macro 
levels of the economy. In order to verify the methodology, a numerical experiment was carried out using statistical 
data from systemically important companies.
Conclusions. The developed methodology is aimed at improved managerial decision-making accuracy and 
speed when solving problems connected with scientific and technological security underpinning socioeconomic 
systems. The experimental results quantitatively confirm the significant contribution made by systemically important 
companies to Russian Federation’s scientific and technological security ensuring.
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как инструмент оценки и прогнозирования  
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Резюме 
Цели. Обеспечение научно-технологического суверенитета, определенное как одна из задач Концепции 
технологического развития на период до 2030 г., утвержденной Распоряжением Правительства Российской 
Федерации от 20 мая 2023 г. № 1315-р, предполагает использование эффективных механизмов управления 
экономикой страны. В современных условиях технологическое развитие экономики является императивом 
развития страны и ключевой составляющей научно-технологической безопасности. Цель работы – развитие 
существующих инструментальных методов анализа экономически значимой информации для мониторинга 
и диагностики научно-технологической безопасности на мезо- и макроуровне.
Методы. Использована авторская методика мониторинга и прогнозирования уровня научно-технологиче-
ской безопасности на основе анализа динамики стоимости ценных бумаг компаний, включающая методы 
экономико-статистического анализа, инструменты машинного обучения и анализа временных рядов.
Результаты. Представлен авторский подход к совершенствованию механизмов обработки и анализа ин-
формации в ходе принятия управленческих решений. Для этого осуществлена разработка инструмента 
диагностики научно-технологической безопасности социально-экономической системы на основе эконо-
мико-математических методов обработки информации. Предложена методика интегральной оценки научно- 
технологической безопасности на макроуровне на основе анализа и прогнозирования стоимости ценных бу-
маг экономических агентов – системообразующих компаний. Научный результат – разработанная методика 
анализа биржевых индексов системообразующих предприятий, осуществляющих исследования и разработ-
ки для оценки и прогнозирования динамики научно-технологической безопасности на мезо- и макроуровне 
экономики. Для верификации методики проведен численный эксперимент с использованием статистиче-
ских данных системообразующих компаний.
Выводы. Разработанная методика направлена на повышение точности и быстродействия управления в за-
дачах обеспечения научно-технологической безопасности социально-экономических систем. Результаты 
эксперимента количественно подтверждают предположение о значительном вкладе системообразующих 
предприятий в обеспечение научно-технологической безопасности Российской Федерации.

Ключевые слова: научно-технологическая безопасность, методика анализа информации, экономико-мате-
матическое моделирование, научное развитие, биржевые индексы, инструменты поддержки принятия решений
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INTRODUCTION

Contemporary tools for monitoring, analyzing, and 
forecasting the state of the economy imply the use of 
relevant information processing tools. The conducting of 
scientific research and development of large enterprises 
under the jurisdiction of the Russian Federation plays 
a key role in ensuring economic security. At the same 
time, the activity of science-based enterprises is 
characterized by uncertainty due to the complexity of the 
tasks to be solved, the variety of influencing factors, and 
the dynamics of changes in the influence of the external 
environment.

Under such conditions, it is advisable to consider 
not only methods for directly assessing scientific and 
technological security (STS) on the basis of indicators 
of scientific activity of an enterprise or a company, 
but also the more general processes underpinning 
its improvement. For example, in order to establish 
a quantitative relationship between the value of 
securities of large technology companies at the STS 
level, indirect evaluation mechanisms are required. For 
example, the generally recognized indicator systems 
include characteristics for determining the level of 
innovation activity, as well as costs and results of 
enterprise functions carried out in the field of scientific 
activity and the development of high technology. 
An additional factor determining the possibility of 
such an assessment is the significant participation of 
the state in large businesses—for example, for many 
large companies, including those carrying out research 
and development within the framework of business 
interests, state institutions are included among the 
shareholders.

Key factors in the efficiency of management 
decision-making are accuracy and speed. However, 
reliance on statistical assessments, which include 
indicators significant for STS, involve significant 
intervals between the periods of receipt of statistical 
data. Under the conditions of dynamic changes in the 
indicators characterizing the socioeconomic system, it 
is advisable to consider tools with greater sensitivity 
and less time delays. Hence, there is a need to use 
methodological approaches based on the analysis of 
rapidly changing data, as well as to improve existing 
and develop new tools for processing and analyzing 
information.

LITERATURE REVIEW 

While considering the tasks of ensuring STS, it 
is necessary to determine its position in the structure 
of modern economy. It seems reasonable to consider 
STS as an integral part of economic security. The 
current understanding of a competitive national 

economy assumes a close relationship with scientific 
and technological progress. The concept of ensuring 
scientific and technological sovereignty, defined as 
one of the priorities of Russia’s development1, also 
implies the actualization of the existing independent 
scientific and technological basis, as well as its 
further development. STS plays an important 
role in the specialized literature. A.E. Varshavskii 
in [1] postulated the principles of STS provision. 
In the study by M.S. Vlasova, O.S. Stepchenkova, 
indicators of economic security in the scientific and 
technological sphere are considered [2]. A.Yu. Pinchuk 
considers scientific and technological development 
in the context of digitalization of the economy and 
industrial development [3]. A.A. Afanasev considers 
the role of STS in the tasks of ensuring technological 
sovereignty [4].

The relationship between innovation activity and 
STS is reasonable assumed to have a fundamental 
character [5]. The articles [6, 7] are focused on the 
problems of methodological support of innovation 
activity. Studies in the field of assessing the effectiveness 
of innovation activity of organizations in the context 
of digitalization of the economy are presented in [8]. 
A significant layer of works is devoted to analyzing the 
problems of innovative business development in modern 
Russia [9–12].

Problems associated with ensuring innovative 
development are closely related to the competitiveness 
of organizations under contemporary conditions. The 
development of innovations, representing one of the 
main factors of production, involves both a stimulus 
and a requirement to improve the production toolkit. 
M.P. Kalinichenko considers the management of 
enterprise competitiveness through innovation 
activity [13]. T.A. Burtseva presents approaches 
to analyzing the evaluation of the effectiveness of 
information support of innovation management [14]. 
A.V. Babkin and L. Chen evaluated the efficiency of 
innovation of high-tech industry on the example of 
a province in the People’s Republic of China [15]. 
The problems of management of knowledge-intensive 
organizations were considered in the works of 
A.M. Batkovsky [16, 17], D.Yu. Fraimovich [18]. 
I.L. Berezin considers the institutional forms 
of innovation activity management and their 
limitations [19], while S.A. Filin discusses the principles 
of management in the context of transition to the digital 
economy [20]. It should be noted the actualization 

1 Decree of the President of the Russian Federation No. 145, 
dated February 28, 2024, On the Strategy for Scientific and 
Technological Development of the Russian Federation. http://
www.kremlin.ru/acts/bank/50358 (in Russ.). Accessed April 03, 
2024.

http://A.Yu
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of research in the field of ensuring scientific activity 
and economic security in the context of sanctions 
pressure [21]. The authors [22] consider approaches to 
overcoming Russia’s technological dependence. The 
available mechanisms and tools of transition to the sixth 
technological mode are studied in [23].

Researchers note the need to transition to 
a sovereign, import-independent model of scientific 
and technological development. For example, 
T.D. Stepanova in [24] identified the key threats to 
technological development and, consequently, economic 
security. Staffing problems represent an important 
aspect of scientific discussions. Noting the need to 
improve personnel training in the context of economic 
security, V.I. Avdiyskiy offers recommendations that 
facilitate this process [25].

An acknowledged mechanism for ensuring 
economic security is the monitoring of key indicators 
of socioeconomic development [26]. Current studies 
are devoted to various aspects of monitoring and 
evaluation of economic security. Thus, A.P. Suvorova 
and N.Yu. Sudakova consider the scientific and 
technological development of Russia through the 
prism of the effectiveness of the implementation 
of state programs [27]. In [28] the theoretical and 
methodological approaches to the study of economic 
security, the development of theory and practice of 
information processing in the context of its provision 
are improved. The works by V.K. Senchagov, 
S.N. Mityakov [29] describe the approach to the 
application of short-term indicators assessment models 
for analyzing economic security. The authors consider 
the monitoring of regional innovation activity in the 
context of ensuring economic security and scientific 
sovereignty. Other studies are devoted to assessing the 
effects and implementation of projects in production 
systems as part of the scientific potential of the 
country [30]. The paper [31] presents conceptual 
aspects of STS ensuring and tools for STS monitoring 
of the regions of Russia.

The review of scholarly publications demonstrates 
the relevance of the topic under consideration in the 
context of ensuring economic security at the regional 
and federal levels. Thus, most of the works are devoted 
to the formation of an instrumental and methodological 
basis for the study of STS on the basis of existing 
statistical information. While this is certainly justified 
in the context of data collection and the possibility of 
their further comparative and retrospective analysis, 
existing approaches can be supplemented on the basis of 
alternative assessment methods. Moreover, such tools, 
which are based on indirect indicators of economic 
activity that have a significant impact on the state of 
STS, enable additional verification of existing official 
statistical data.

METHODOLOGY FOR MONITORING  
AND FORECASTING STS LEVEL  

ON THE BASIS OF ANALYZING THE DYNAMICS  
OF THE VALUE OF COMPANIES’ SECURITIES

With the development of data transmission networks, 
mechanisms for organizing, storing, and presenting 
information, many Russian and foreign researchers 
use stock exchange quotations to analyze the financial 
component, assess the prospects of development of 
industries of the real sector of the economy, and clarify 
the parameters of developed simulation models. Here, 
the system of indicators is based on short-term indices. 
While such an approach is applicable to the tasks of 
selective assessment and forecasting of the constituent 
elements of the economic security structure, it seems 
reasonable to switch to monitoring changes in key 
indicators in the medium term when setting out to 
improve its scientific and technological component. 
This is due to more complex properties of the impact 
of changes in financial instruments of companies and 
corporations engaged in research and development at 
the STS level of the socioeconomic system. It is also 
due to the presence of deferred influence of innovation 
processes, which effectiveness affects the overall STS 
level as well as influencing the value of the company’s 
shares on the stock exchange.

Relevant methods of predictive modeling used 
for evaluation and analysis of time series on the basis 
of machine learning can be combined with formal 
models of mathematical statistics to predict dynamics 
of changes in the value of securities of companies with 
a certain degree of probability. In other words, the 
methodology of STS monitoring based on the analysis 
of the dynamics of the value of companies’ securities 
includes two key components: (1) a system of indicators 
formed on the basis of a set of leaders of scientific and 
technological progress for the direct construction of an 
integral index and (2) methods of time series analysis for 
forecasting (Figure).

Let us consider a methodology for monitoring and 
forecasting the STS level based on the analysis of the 
dynamics of the value of securities of Russia’s leading 
companies. The methodology involves analyzing the 
value of securities of companies grouped by types 
of economic activity where there is a direct relation 
to research and development on top of science and 
technology investments. Thus, we will consider 
companies engaged in mining, manufacturing, as well as 
those belonging to the collective classification grouping 
of economic activities “Information and Communication 
Technologies Sector.”

The formal component of the methodology includes 
tools for time series analysis, which are used to build 
predictive models in the presence of a sufficient amount 
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of initial data. While providing opportunities to select the 
most appropriate mechanisms for the characteristics of 
the initial data, the existing models require a comparative 
analysis of the results to select those most adequate to 
the initial data. Thus, in [32] an example of forecasting 
short-term economic security indices based on machine 
learning and time series tools is presented. The authors 
conduct a comparative analysis of modeling results for 
various macroeconomic indicators using autoregressive 
integrated moving average and Holt models, as well as 
neural network models. With regard to the assessment 
of STS on the basis of analyzing the value of shares 
of companies engaged in research and development, it 
seems appropriate to use a combination of methods of 
forecasting time series based on the Holt–Winters and 
Box–Jenkins models, taking into account the importance 
of comparative analysis of the resulting forecasts. It is 
also advisable to use machine learning models, which 
allows us to compare the final results, for example, the 
long short-term memory network known as the long 
short-term memory model.

While the described methods are not a mandatory 
guide to action when forecasting the values of a time 
series, they can be used to conduct a comparative analysis 
of forecast accuracy. The analytical component of the 
proposed methodology involves iterative comparison of 
the obtained values in accordance with certain accuracy 
criteria, as well as adaptation of the selected models to 

solve specific practical problems. The use of machine 
learning and time series apparatus illustrates the diversity 
of approaches to forecasting and forms the possibility 
of selecting the most appropriate of them to solve the 
specific task of analyzing the dynamics of STS change.

Let us consider the determining ratios necessary for 
quantitative assessment of changes in the STS level in 
accordance with the presented methodology. For this 
purpose, we propose to use the author’s formula based 
on the assumption of a pronounced direct impact of the 
investment attractiveness of a high-tech company on the 
research and development sector, and, consequently, on 
the STS level.

Let us proceed to the construction of an integral STS 
index on the basis of analyzing the value of companies’ 
shares. For this purpose, it is advisable to use the 
following ratio:

 
1 1

1 1

(1 )
,

n m t
i j ji j

n m t
i j

x
x

S x
x

= =
τ

= =
τ

b − r a
=
∑ ∑

∑ ∑
 (1)

where n is the number of projections of companies’ 
economic activities; m is the number of companies in the 
projection being analyzed; 0 ≤ βi ≤ 1 is the projection 
significance coefficient for STS; 0 ≤ αj ≤ 1 is the 

Preliminary data analysis 
and preparation

Formation of the list of companies according 
to the requirements of the introduced STS 

projections and presented on the stock exchange

Solving the forecasting 
problem

Formation of a sample of securities 
value data on the projections under 

consideration with a step of one 
calendar month

Assessment of the significance  
of each of the projections  
of the integral STS index

Expert 
assessment

Assessment  
of research and 

development data

Calculation of the weights  
of the considered projections that 

make up the integral STS index

Machine 
learning 
methods

Methods of analytical 
forecasting  

of the time series

Building a simulation model and 
calculating forecast values of the 

analyzed companies’ share prices

Formation of share value  
at the end of the forecast period based 

on the obtained simulation model

Building an integral STS index

Formation of a sample of securities 
value data on the projections under 

consideration with a step of one 
calendar month

Figure. Structural scheme of the methodology for monitoring and forecasting the STS level on the basis of analyzing 
the dynamics of the value of the companies’ securities
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company’s significance coefficient in the projection; 
0 ≤ ρj ≤ 1 is the risk assessment of the asset under 
consideration; xt is the value of the company’s financial 
instrument (e.g., shares) in the last analyzed period; xτ  
is the average value of the financial instrument’s value at 
some time interval equal to several periods t preceding 
the one under consideration.

While the coefficient of the company’s significance 
αj can be determined on the basis of expert assessment, 
if the initial data is available, its calculation lies in 
the assessment of statistical indicators of the analyzed 
organization in the field of completed research and 
development. Thus, the significance of a particular 
company can be determined in the context of ensuring 
STS on the basis of the relative contribution in terms 
of research and R&D within the scope of the industrial 
sector. In this case, it is proposed to normalize the 
values of αj for the formula under consideration 
according to the condition of maximum, where 
αj = 1 is assigned to the most innovative and active 
company, and the rest are normalized in descending 
order. In other words, after obtaining the relative 
weights of the contribution of each of the companies 
to the number of research and R&D of the industrial 
sector, the values are proportionally scaled to match 
the relative weight of the leader of the considered 
distribution to one.

While the coefficient βi can also be determined on 
the basis of expert evaluation, it is advisable to consider 
its values on the basis of the assessment of statistical 
data on innovation activity by sector, defined as the 
ratio of the number of research and R&D of the type 
of economic activity under consideration to the total 
number of scientific works performed by all its types. 
The normalization of βi value is assumed to be consistent 
with αj, i.e., the largest value of the coefficient in the 
distribution is equivalent to one, and other values are 
calculated proportionally. For the correct functioning 
of the methodology, it is necessary to have appropriate 
statistical data for calculating the coefficients βi and αj 
by types of economic activity and the number of new 
products and technologies, respectively.

The risk component, represented by the 
corresponding component (1 − ρj) and normalized 
from 0 to 1, should be specially noted. An assessment 
of the impact of the dynamics of changes in the value 
of securities on the STS level must be carried out 
when taking into account the risks that characterize the 
investment attractiveness of the selected asset. While the 
assessment of risks in the proposed methodology refers 
to the volatility of securities, it can also include the risks 
of reducing the impact of the dynamics of analyzed 
financial instruments on the change in the STS level. At 
the same time, this conflict situation can be resolved in 
the model by increasing or decreasing the expert values 

of the significance coefficients of the influence of the 
dynamics of the analyzed asset on the STS level.

When considering some practically important 
tasks in detail, it is advisable to resort to differentiated 
methods of assessing the risk component. Thus, the 
present methodology does not imply restrictions on the 
type of securities, which in the context of the assessment 
implies appropriate adaptation of the risk measure. 
For the selected time periods, measures based on the 
value at risk commonly used in financial analysis, 
calculated specifically for each type of securities under 
consideration, can be used, along with probabilistic risk 
assessment, expert assessment or methods based on more 
complex factor models. The method used in a particular 
practical task to assess the risk component of a financial 
instrument is primarily based on the requirements of the 
study, taking into account available statistical data, as 
well as time and material and technical resources, in the 
analysis.

In the basic version of the methodology, the 
calculation of the relevant component is based on 
generally known methods of financial risk assessment. 
Here, the coefficient of variation may serve as a measure. 
If necessary, the tool used may be supplemented and 
modified in accordance with the requirements of 
a particular study. The coefficient of variation used in this 
methodology is calculated according to the following 
formula:

 ,r = j
j

j

SD

M
 (2)

where SDj is the standard deviation based on statistical 
data for the period under consideration; Mj is the average 
value of the financial instrument under consideration for 
the time interval under evaluation.

Thus, the final formula includes a conservative 
assessment of risks while taking into account the 
coefficient of variation, allows the characteristics of 
the analyzed set of financial instruments to be further 
clarified. Formalizing the set of actions defining the 
methodology of monitoring and forecasting the STS 
level based on the analysis of the dynamics of the value 
of securities of companies, the following stages can be 
outlined:

1. Selection of time interval for STS level assessment.
2. Formation of the list of companies-issuers of 

financial instruments, according to the directions 
of their R&D activities and types of economic 
activities.

3. Preparation of statistical data on selected companies: 
determination of the current xt and average value xτ  
of a financial instrument, as well as its risk 
measure ρj.
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4. Calculation of weights βi characterizing the 
contribution of the industry corresponding to the 
selected companies to the scientific and technological 
progress of the state.

5. Assessment of company importance in the projection αj.
6. Building the S—integral STS index based on the 

analysis of the value of companies’ shares.

COMPUTATIONAL EXPERIMENT

In order to illustrate the practical application of the 
presented methodology, let us turn to the rating of the 
largest companies in Russia by sales volume. Let us 
select the companies occupying leading positions by this 
indicator according to the RAEX-Analytica2 rating 
agency in accordance with the highlighted evaluation 
projections. Coefficients βi were calculated on the basis 
of the Federal State Statistics Service data, in particular, 
in accordance with the report3 on the number of 
fundamentally new developed advanced production 
technologies by types of economic activity. Coefficients 
αj in the example represent the expert opinion on the 
importance of a particular company in the context of 
providing STS. In order to analyze stock exchange 
quotations and calculate parameters , ,tx xτ  we used 
open data on the value of financial instruments of the 
companies under consideration using open services such 
as Investing.com4, Yahoo Finance5, Moscow Exchange6, 
and others.

In order to assess the STS level for the period 
of 2022 (Table 1), the data aggregated by means of 
comparative analysis and mutual verification of the value 
of financial assets on international platforms were used. 
For the period of spring 2024 (Table 3), the data of the 
Moscow Exchange were employed in the calculations 
due to the delisting of financial instruments of Russian 
companies from global trading platforms. Under the 
conditions of an isolated national financial market, the 
risk component expressed by the volatility of instruments 
issued by companies is lower on average, as evidenced 
by a comparative analysis of the relevant statistical data 
given in the numerical experiment in Tables 1 and 3. In 
this regard, in further practical calculations it is advisable 
to supplement the risk component of this methodology 
with factors that have a quantitative expression.

2 Rating of Russia’s largest companies by sales volume— 
RAEX-600. https://raex-rr.com/largest/RAEX-600/biggest_companies/ 
2022/ (in Russ.). Accessed April 03, 2024.

3 Technological development of economic sectors. Federal 
State Statistics Service. https://rosstat.gov.ru/folder/11189 (in Russ.). 
Accessed April 02, 2024.

4 https://www.investing.com. Accessed April 02, 2024.
5 https://finance.yahoo.com. Accessed April 02, 2024.
6 https://www.moex.com (in Russ.). Accessed April 02, 

2024.

After preparing the initial data, as well as calculating 

the coefficients βi and αj and the ratio tx
xτ

 for each of the 

companies under consideration, we proceed to the 
construction of an integral assessment of the STS level 
of the socioeconomic system. Using the formula (1), we 
obtain the value of the integral STS index, which is 0.64. 
In this case, according to the considered assessment 
model, the values of the private contribution of 
companies for each type of economic activity are 26%, 
60%, and 14%, respectively (Table 2).

To ensure that the results of the numerical experiment 
correspond to the actual time interval, it is necessary to 
use the data of the Moscow Exchange. This is partly due 
to the exclusion of Russian companies from the list of 
organizations represented on international exchanges, 
and partly to the restricted access to statistical reporting of 
systemically important companies7. For some statistical 
data (for example, the number of fundamentally new 
developed advanced production technologies), on the 
basis of which, in particular, the coefficient βi of the 
methodology was calculated, the period of values is also 
2022. The numerical experiment based on the updated 
statistical information is presented below (Tables 3 and 4).

Now, based on formula (1), the value of the 
integral STS index is 0.22. At the same time, according 
to the evaluation model under consideration, the 
values of private contribution of companies for each 
of the economic activities are 24%, 61%, and 15%, 
respectively (Table 4).

It should be noted that the calculation mechanism 
of the presented results does not include Rostec State 
Corporation structures; in particular, Kalashnikov Concern 
and Russian Helicopters Holding, since their financial 
instruments are not listed on the Moscow Exchange. 
To enable a comparative analysis of the results over the 
reporting period interval (data for February 2022 and 
April 2024), S—STS integral index for the period 
of February 2022 without participation of the above 
companies—was calculated. The corresponding value 
was 0.20, while the private contribution indices of the 
companies for each of the economic activities were 15%, 
61%, and 24%, respectively. This indicates a decrease 
in the contribution of mining companies and the role of 
manufacturing, as well as an increase in the importance 
of the information and communication technology sector.

7  Federal Law No. 55-FZ dated February 28, 2023 “On 
Amending Article 5 and Suspending Part 7 of Article 8 of the 
Federal Law “On Official Statistical Accounting and the System 
of State Statistics in the Russian Federation” and on the Specifics 
of Official Statistical Accounting in the Territories of Certain 
Constituent Entities of the Russian Federation.” http://publication.
pravo.gov.ru/Document/View/0001202302280031 (in Russ.). 
Accessed April 03, 2024.

http://Investing.com
https://raex-rr.com/largest/RAEX-600/biggest_companies/2022/
https://raex-rr.com/largest/RAEX-600/biggest_companies/2022/
https://rosstat.gov.ru/folder/11189
https://www.investing.com
https://finance.yahoo.com
https://www.moex.com
http://publication.pravo.gov.ru/Document/View/0001202302280031
http://publication.pravo.gov.ru/Document/View/0001202302280031
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The comparative analysis of the obtained results 
shows that the methodology is stable in relation to the 
number of selected companies within the grouping 
“Type of economic activity.” At the same time, it 
remains certain that with the increase in the number of 
organizations-representatives of each of the considered 
areas of economic activity, influencing the change 
in the STS level, the objectivity of the assessment 
increases proportionally. The conducted computational 
experiment at different time intervals quantitatively 
shows that the most significant contribution to the 
integral STS level is made by manufacturing and 
machine-building enterprises. This allows us to justify 
the need to increase the industrial potential to ensure 
scientific and technological sovereignty of the Russian 
Federation.

CONCLUSIONS

The developed methodology for monitoring and 
forecasting the STS level on the basis of analyzing the 
dynamics of the value of company securities is part 
of a comprehensive toolkit for processing significant 
retrospective and instantaneous information on the 
state, dynamics of changes, and forecasting of important 

indicators of scientific and technological development 
in the context of ensuring economic and national 
security. Tools of statistical analysis and economic and 
mathematical modeling used in this methodology are 
used to provide an objective assessment of the state of 
research and development of the socioeconomic system. 
The presented methodology combines the simulation 
modeling of complex systems into a unified structure 
to conduct operational monitoring of the research 
and development sphere on the basis of assessing the 
dynamics of the integral index for selected industries 
and spheres of economic activity.

A distinctive feature of the presented methodology is 
its high adaptability and the possibility to build the main 
or additional sources of information into the functioning 
mechanisms of management decision support. Given 
a statistical sample of sufficient volume and quality, it 
is possible to build an integral assessment of the STS 
level using tools from exclusively formal methods, 
which positively affects the accuracy of the results in 
comparison with the accepted expert or probabilistic 
approaches. In the context of monitoring, this contributes 
to improved accuracy and speed of management—and 
consequently increased level of economic security.
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