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Abstract

Objectives. The study aims to theoretically derive the power law observed in practice for the distribution
of characteristics of sociodynamic processes from the stationary Fokker—Planck equation and apply the
non-stationary Fokker—Planck equation to describe the dynamics of processes in social systems.

Methods. During the research, stochastic modeling methods were used along with methods and models derived
from graph theory, as well as tools and technologies of object-oriented programming for the development
of systems for collecting data from mass media sources, and simulation modeling approaches.

Results. The current state of the comment network graph can be described using a vector whose elements are
the average value of the mediation coefficient, the average value of the clustering coefficient, and the proportion
of users in a corresponding state. The critical state of the network can be specified by the base vector. The time
dependence of the distance between the base vector and the current state vector forms a time series whose
values can be considered as the “wandering point” whose movement dynamics is described by the non-stationary
Fokker—Planck equation. The current state of the comment graph can be determined using text analysis methods.
Conclusions. The power law observed in practice for the dependence of the stationary probability density
of news distribution by the number of comments can be obtained from solving the stationary Fokker—Planck
equation, while the non-stationary equation can be used to describe processes in complex network structures.
The vector representation can be used to describe the comment network states of news media users. Achieving
or implementing desired or not desired states of the whole social network can be specified on the basis of base
vectors. By solving the non-stationary Fokker—Planck equation, an equation is obtained for the probability density
of transitions between system states per unit time, which agree well with the observed data. Analysis of the resulting
model using the characteristics of the real time series to change the graph of comments of users of the RIA Novosti
portal and the structural parameters of the graph demonstrates its adequacy.
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Pe3iome

Lenu. Llens paboTbl — BbIBOA, HA6I0A2EMOrO Ha MPaKTVIKE CTENEHHOrO 3aKOHa pacrnpeneseHms XapakTepucTrK CoLMOo-
OVHaMNYeCKUX MPOLLECCOB 3 CTaLMOHAPHOr 0 ypaBHeHus Dokkepa — MNnaHka 1 npoBepka BO3MOXHOCTY NPUMEHEHWS
HecTaumoHapHoro ypaesHeHus okkepa — MnaHka anst onvcaHns AMHaMMKK NPOLIECCOB B COLMAIbHbIX CUCTEMAX.
MeToabl. MNpyn npoBeneHUN nccnefoBaHUin ObiiM UCMOb30BaHbl METOAbI MOAENNPOBAHUA CTOXACTUYECKMX
npoLEeCcCcoB, METOAbI M MOAENN TEOPUN FPAdOB, MHCTPYMEHTbI 1 TEXHOJIOMMN OOBEKTHO-OPUEHTUPOBAHHOIO NPO-
rpaMMmMpoOBaHma ons paspaboTky cuctem cOopa AaHHbIX U3 MacCMeama-nCcTOYHUKOB, METOAbI UMUTALMOHHOIO
MOLENMPOBAHUS.

PesynbTaTbl. Habniogaemoe Tekyllee coCToagHme rpada CeTM KOMMEHTAPMEB MOXET ObiTb ONMUCAHO C MOMOLLBIO
BEKTOPA, 3/IEMEHTaMM KOTOPOro ABNASIOTCS CpeaHee 3HavYeHne Koo durumeHTa nocpeaHnyecTsa, CpeaHee 3Ha4yeHne
Ko3ddurLUMeHTa KnacTepusaumu, 405 NoNb30BaTeNelr B KOHKPETHOM COCTOAHUN. KpUTUYECKOEe COCTOSHUE CETU MO-
XeT BbITb 3a4aH0 6a30BbIM BEKTOPOM. 3aBUCUMOCTb OT BPEMEHU PACCTOSAHNSA MeXay 6a30BbIM BEKTOPOM U TEKYLLM
BEKTOPOM COCTOSIHNSA 06pa3yeT BPEMEHHOM P, 3HAYEHNSA KOTOPOr0 MOXHO PacCMaTpmBaTh Kak «O1y>XXaatoLLyo TOY-
Ky», OUHaMMKa nepemeLLeHnii KOTOPO ONMCLIBAETCS HECTaLMOHapHbLIM ypaBHeHnem dokkepa — MnaHka. Tekyulee
COCTOSIHME rpada KOMMEHTapMEB MOXHO ONpPeaenTb C MOMOLLBIO METOA0B TEKCTOBOW aHaNIUTUKN.

BbiBogbl. Habntogaemslii Ha NpakTUKe CTENEeHHOW 3aKOH 3aBUCUMOCTU CTaLMOHAPHOW NAOTHOCTY BEPOSATHOCTU
pacnpeneneHnsa HoOBOCTEN MO YNCTY KOMMEHTapPUEB MOXET ObITb MOJTyYEH U3 peLLeHUst CTaLMOHAPHOro ypaBHe-
Hua dokkepa — MnaHka, a HecTauMoHapPHOEe YpaBHEHNE MOXET ObITb MCMOSIb30BaHO AJ1 ONMMCaHUS MPOLLECCOB
B CJIOXHbIX CETEBbIX CTPYKTypax. [ns onncaHusa COCTOSHUI CETU KOMMEHTapMeB MOJib30BaTeNie HOBOCTHbIX
mMaccMeara MOXHO MCMNOoJib30BaTb BEKTOPHOE NpeacTaBsieHne. JOCTUXEHVE 1 peannsauma xenaembix, nnm
HeXenaTesbHbIX COCTOSIHUIN BCEl COLManbHOM CeTU MOTyT ObITh 3aaHbl HA OCHOBE 6a30BbIX BEKTOPOB. PeLueHne
HecTauMoHapHoro ypaBHeHus (Pokkepa — lMNnaHka No3BoJISeT NoYy4UTb YPaBHEHUE O MIOTHOCTU BEPOSITHOCTU
nepexoaoB Mexay COCTOAHUSIMN CUCTEMbI B €ANHULLYY BPEMEHW, KOTOPbIE XOPOLLO COMIacyloTCcs C HabnoaaeMsbl-
MU JAHHbIMW. AHaNIN3 NOIY4EHHOW MOLENN C UCMNOJIb30BAHVMEM XapakTEPUCTUK peasibHOr0 BPEMEHHOI0 paaa ans
N3MeHeHud rpada KOMMEHTapUEB YnTaTenen opurumanbHOM CTpaHuLbl B coumanbHom ceTn «BKoHTakTe» nHpop-
MaLUMOHHOro areHTcTea «PYA HoOBOCTM» 1 CTPYKTYPHBLIX NapaMeTpoB rpada nokasbiBaeT ee aAekBaTHOCTb.
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npoapaquoch d)MHaHCOBOVI AedaTesibHOCTU: ABTOpr He NnMetoT d)VIHaHCOBOI7I 3anHTEepPeCcOBaHHOCTW B NpeacTaB/ieH-

HbIX MaTepunanax nam MmetTogax.

ABTOpPbI 325BNSAOT 06 OTCYTCTBMM KOHMIMKTA MHTEPECOB.

INTRODUCTION

One of the most important trends in mathematical
sociology consists in methods for describing the
behavior of users of social networks and information
resources. In practical terms, the creation of models
describing the manifestation dynamics of user opinions
and preferences can be used to develop systems for the
automated monitoring of social sentiment along with
trends of its change. The advantage of these systems
over traditional methods for studying public opinion is
their technological feasibility.

Significantly, the dynamics of changes in the
opinions and attitudes of Internet users can be attributed
to stochastic processes. While on the one hand, the
presence of the human factor (many people having
different opinions, preferences, etc.) creates randomness
of changes due to the great variety of user behavioral
patterns, this also introduces elements of purposefulness
into the dynamics of changes on the other hand.

In [1], a model describing the spatial and temporal
diffusion of information in social networks based on a
stochastic partial differential equation is considered. The
creation and study of a non-autonomous diffusion logistic
model with Dirichlet boundary conditions demonstrates
that information diffusion in social networks is strongly
influenced by the diffusion coefficient and the internal
growth rate (information dissemination or rumors can be
considered as resembling viruses that do not possess a
physical form).

Among the most promising for modelling dynamics
of changes in social sentiment are models created on the
basis of stochastic differential equations, for example,
the Fokker—Planck equation, which accounts for both
ordered (“drift”) and random changes (“diffusion”).
The Fokker—Planck equation is widely used to analyze
and model the behavior of time series when describing
processes in complex systems [2-5].

In addition to the Fokker—Planck equation,
approaches for modeling on the basis of differential
equations include the Liouville equations [5, 6], diffusion
equations [4, 7], and some others.

In addition to describing dynamic processes from
the Fokker—Planck equation, stationary solutions can be
obtained, which can describe the condition of any system
in a stationary state, for example, when its evolution has
already ended resulting in no changes having occurred.

For modeling social processes, not only models
based on partial differential equations are used but also
such as those based on game-theory approaches, as well
as management decisions carried out on their basis [8].

Since the dynamics of processes in network
structures is inextricably linked to their topology, their
structural characteristics should be taken into account.
In [9], for example, a methodology for analyzing
topics in a social network is presented, which includes
collecting, processing, and classifying information, as
well as measuring the time between publications. This
data is then used to create a timeline.

On this basis, a graph is constructed for tracking
changes in the popularity of specific topics discussed on
social media. This graph can also be used to visualize
related events based on social sentiment, as well as
to identify periods of active discussions on specific
topics. In [10], the Kronecker graph model is used to
study community detection on graphs, overlapping
community detection, as well as community detection
in incomplete networks with missing links and in
complete networks.

The use of nature-like algorithms is also gaining
popularity for investigating the link structure of social
networks. In particular, in [11], swarm-like algorithms
are used in social network analysis to optimize the
process of solving link prediction and community
detection problems. With increasing network sizes,
finding similarities between their nodes becomes a rather
resource-intensive process.

Although the study of processes occurring in
complex systems involving the human factor shows
that the power law of distribution p(x) ~ x¥ (where
v is the characteristic degree) is fulfilled very often
for the observed parameter characteristics of these
processes [12—17], its theoretical foundation requires
further study. In order to carry out a deeper study of the
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behavior and analysis of complex social systems, it will
be necessary to identify the nature of processes that give
rise to the degree law.

In this regard, studying the possibility of applying
the Fokker—Planck equation to model the dynamics of
social processes looks very promising.

1. DATA COLLECTION AND PROCESSING

Several news portals and one of the online
communities of the VKontakte social network dedicated
to discussing the news of the RIA Novosti information
resource! were selected for study. This resource was
chosen based on its recognizability and popularity in
Russian society; it ranks first among media resources
(for March 2022) according to Brand Analytics?, is
among the top 3 most quoted news agencies in mass
media and social media (for March 2022), and ranks
first? by these indicators in the Russian Internet
segment.

First, a special software application (parser)
was used to download the desired range of news
from January 1, 2019 to April 2022 from the official
RIA Novosti community in the VKontakte social
network using the developed parser and the network
application programming interface*. Within the social
network, each post has its own unique address, where
{owner_id} is the community unique identifier (for
RIA Novosti, it is “-15755094”), while {post_id} is the
unique identifier of the post (news). Each post (news)
has a number of basic parameters such as: unique
identifier of the post in the social network; post text; date
and time of publication; and number of views and user
comments. Comments have the following parameters:
unique identifier in the social network community;
unique user identifier; comment text; date and time of
appearance; comment hierarchy level; and connection
by comment level with parent comment (which user
comments on which other user when discussing the
news).

Since comments could be left by chatbots,
spammers, and unscrupulous users who write
comments on a professional basis, it is necessary to
introduce data-scrubbing rules. Users writing more than
7,365 comments during a year (more than 20 comments
per day on average) or who write with a frequency of
more than one comment per 5 min are considered as
unscrupulous.

I https://vk.com/ria (in Russ.). Accessed September 02, 2023.

2 https://br-analytics.ru/mediatrends/media/?period=202203
(in Russ.). Accessed September 02, 2023.

3 https://www.mlg.ru/ratings/media/federal/11110/#internet
(in Russ.). Accessed September 02, 2023.

4 https://dev.vk.com/guide (in Russ.). Accessed September 02,
2023.

When analyzing the obtained data, it is necessary to
determine to what distribution law the observed
distribution density obeys. For this, the following three
most frequently observed distribution laws are

x2

examined: Gaussian p(x)=e 202 A\/ﬂ ; exponential
p(x) = ae™, and power series p(x) ~ Px Y. When
processing the collected data using linearization in
appropriate coordinates, the closest linearization is
observed for the power law (Fig. 1). For other laws,
worse linearization is observed.

The straight line drawn in Fig. 1 shows that the
trend lineis well described by the linear approximation
y = —0.76 — 1.48z, where y = In{p(x)}, z = In{x},
In{B} = —0.76, and the correlation coefficient
is 0.95.

In order to confirm the conclusion about linear
approximation, the behavior of the residuals can
be studied in order to test the hypothesis that they
are normally distributed with mean equal to zero
and have homogeneous variance. The equation
is derived from residuals calculated based on the
actually observed values for the natural logarithm
of the fraction of commenters who have written a
certain number of comments. The calculated value of
the mathematical expectation for the distribution of
residuals is equal to 0.25, while the variance is 0.13.
The test of the slope hypothesis (two-sample F-test
for variances) shows that the variance of residuals
(calculated relative to the trend line) equal to 2.11
(0.13 << 2.11) is significantly smaller than that of the
deviation of linear regression points from the mean
value of the observed data (Xy/n = ZIn{p(x,)}/n).
Thus, it can be concluded from the obtained data that
the distribution of residuals is very close to normal,
while the obtained regression is significant. This
supports the conclusion that the natural logarithm of
the fraction of commenters who have written these
comments depends linearly on the natural logarithm
of the number of comments, which confirms the
fulfillment of the power law.

Natural logarithm of the number of comments
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. 1. Linearization of the observed data for the power
series distribution of the fraction of commenters
to the number of comments made
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Fig. 2. Observed dynamics of change in the number of comments to news items

It is also of interest in research to analyze the
dynamics of change in the number of comments on news
of great public interest over time (such news gathers
hundreds of comments during the viewing period).

Observing this dynamic of change shows that
it can have both S-shaped and two-stage character.
For demonstrating such dynamics of commenting on
RIA Novosti news by VKontakte users, the following
several news items are selected:

1. “Zelensky had left Ukraine and moved to Poland,
Volodin said” (see Fig. 2a, where the dynamics of
comments has an S-shaped character) ©, origin date
and time: 2022-03-04 16:13:27 UTC +03:00). The
total number of comments is 894. The number of
first-level comments (comments on the news itself)
is 433, while the number of second-level comments
(first-level comments on the comments) is 461.
The total number of views is 118764. The average
appearance time of the first-level comments is 73 min
while that of the second-level comments is 74 min.

2. “Soon the city will be liberated, he stated” (see
Fig. 2b, where the dynamics of comments has
a two-stage character)’> 8, origin date and time:
2022-04-10 17:14:40 UTC +03:00). The total
number of comments is 901. The number of
first-level comments is 173 and the number
of second-level comments is 728. The total number
of views is 173607. The average appearance time
of the first-level comments is 75 min and that of the
second-level comments is 82 min.

In our view, this can be related to the difference
in the average appearance time of the second-level

5 https://vk.com/ria?w=wall-15755094 34243579 (in Russ.).
Accessed September 02, 2023.

6 https:/ria.ru/20220304/zelenskiy-1776545154.html (in Russ.).
Accessed September 02, 2023.

7 https://vk.com/ria?w=wall-15755094 35202266 (in Russ.).
Accessed September 02, 2023.

8 https://ria.ru/20220410/ukraina-1782778315.html (in Russ.).
Accessed September 02, 2023.

comments (the time interval between the appearance of
the first-level comments and the commentary on these
comments), as well as to the ratio between the number
of comments of the first and second levels. For the first
news item, the average appearance time intervals of the
first and second-level comments practically coincide;
for the second news item, there is a slight increase in
the average appearance time interval of the second-level
comments (time lag occurs). In addition, their number
significantly exceeds the number of comments of the
first-level for the second news item.

The following task of further theoretical research
can be formulated: what is the nature of commenting
news and blogs, and what features of these complex
social systems result in describing the probability
density of comment distribution on the number of
comments using the power law, whose dynamics have
a complex two-step character over many cases.

2. SOLVING THE STATIONARY
FOKKER-PLANCK EQUATION

In general, the Fokker—Planck equation has the
following form:

op(x,1) _

2 e+ pwpeon ()
ot ox ’ 2 ox2 T

where p(x, 7) is the time ¢ dependent probability density
of distribution over states x (in our case, state x is the
number of comments observed at time 7); D(x) is the
state-dependent coefficient determining the random
change of state x (diffusion); p(x) is the state x dependent
coefficient determining the purposeful change of state x
(drift).

As applied to our model, D(x) can be interpreted
as the user activities caused by a spontaneous impulse
arising from reading news item or comments of other
users in case the event described in the news item or
blog is not significantly important. The user is ready to
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spend time on commenting or responding to another
commenter (the user has a spontaneous desire to respond
to this news item). The coefficient p1(x) can be interpreted
as purposeful behavior caused by the desire to respond to
a news item or blog event that is essential for the user as
well as to comment on another user’s comment in case it
addresses an important topic from this user perspective
(the user is constantly interested in this topic).

For building the model, assumptions about the
dependence of D(x) and p(x) on state x should be made
and two conditions should be considered. First, the
dimensionality of the terms included in Eq. (1) should
be taken into account; second, it can be assumed that
as the state x grows (the number of possible comments,
the importance of the news or blog), values D(x) and
p(x) should also increase. Physical considerations
suggest that all terms of Eq. (1) should have the same
dimensionality, which p(x, 7) has. Both the first and the
second condition would be satisfied if dependencies
of D(x) and p(x) on state x have the following form:
u(x) = pox and D(x) = D0x2. The coefficients p, and D,
have dimensionality 1/z.

The solution of the stationary Fokker—Planck
equation is written as follows:

2

L RPC+ 3+ [D@P(] =0
X

under the following assumptions: p(x) = pyx and
D(x) = Dyx* has the form p(x) = [y — 1]x¥, which
corresponds to the power law observed in practice.
According to the results obtained from analyzing the
observed data, vy = 1.48, and y — 1 = 0.48, the natural
logarithm (y—1)is —0.73, which is equal to In{} =—0.76
with sufficiently high precision (see the resulting
linearization equation: y = —0.76 — 1.48z, where
=1In{p(x)},z=In{x}, In{B} =In{y— 1} — 0.76, and the
correlation coefficient is 0.95). This generally indicates
the adequacy of the developed model. Note that the
terms of the stationary equation for p(x) should also
have the same dimensionality. The solution of the

stationary equation includes expression 2{ —z—o:l =7

0
which does not depend on .

Deriving the power law can be described as follows.
We substitute expressions for p(x) and D(x) into the
stationary Fokker—Planck equation.

Substituting D(x) and p(x) into Eq. (1), the following
is obtained:

dp(x) Lp 2 d* pe) .
—HoX o Hop(x) +§D0 02
+2Dyx ‘ZZ( )+D0xp(x) 0.

We denote 2{1 —ﬂ} =7, then
Dy

dp(x)

d2o(x
x2%2)+[2+y] AP | yo(x) =0.

The solution of the resulting equation can be sought
in the form p(x) = z A Cyx?, where C \, are constant
coefficients at corresponding roots of the characteristic
equation having the form g(g — 1)+ [2 +y]g +vy =0. This
equation has two roots: ¢; = —1 and ¢, = —y. Thus, for
p(x), we obtain: p(x) = Clx‘l + Cyx'. The constant
coefficients C; and C, are found using the normalization
condition for function p(x), as follows:

wl=r |
jp(x)dx Cilnx| " +C,=—| =1.
1- Y

The integral is calculated from 1 to oo, since there
may be users who have written a very large number of
comments on news items, but there cannot be commenters
who have written less than one comment. Given that at
X —> 0, 1nx|OO =, =0 and C, =
we finally obtain: p(x) = [y — 1]x7".

v — 1, respectively,

3. SOLVING THE NON-STATIONARY
FOKKER-PLANCK EQUATION
AND ANALYZING THE MODEL

We briefly derive the solution for the non-stationary
Fokker—Planck equation. Using the Laplace transform
method for the Fokker—Planck equation, the following
can be written:

sG(s,x)—p(x,0)=
()

_ _%[p(x)G(s,x)] + % : ;C—Z[D(x)(;(s,x)].

Substituting the corresponding derivatives and
dependencies of (x) and D(x) into Eq. (2), we obtain
the following:

y—— -
de G(s,x)+2 2—“—0 xdG(s,x)+
dx? D, dx

+2{1—“O+ } Gomy=—2r—%)
D, D

0
The solution of Eq. (3) will be found in the form:
G(s,x)= ZCkxq, where C, are the coefficients for the

)

k
roots of the characteristic equation which has the
following form:
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q(q—l)+2[ —%}q+2{1—“0D+S}=0.

0 0

The solution to the non-stationary Fokker—Planck
Eq. (3) under the p(x) and D(x) assumptions takes the

following form:
2
i
0 0
p(x,0) = > x
21Dt 4)

2
2
| mnx] {3_%}“{1_%} Dyt
2Dyt |2 D, 2 Dy| 2
X € dt.

The probability that the number of comments by
time 7 reaches a certain number L can be found by the

L
formula: P(L,t)=1- I p(x,¢)dx. The dependence of the

number of comments (())n time ¢ is described by equation:
N(@)=P(L, f)L.

To analyze the obtained solution, simulation
modeling is carried out. As an example, we select
L =100 and three sets of p, and D, values: p, = 0.45
and D, = 0.50 conventional units (p, < D, is curve 1
in Fig. 3a), p, = 0.50 and D, = 0.50 conventional units
(ny =D, is curve 2 in Fig. 3), and p, = 0.55 and D, = 0.50
conventional units (n, > D, is curve 3 in Fig. 3a). The
calculations show that, as p,, increases relative to D,
the growth rate of curves for the number of comments
N() at the selected model parameters p,, D, and L
increases (Fig. 3a).

A two-step curve can be obtained by using the
distribution density function accounting for delay time T,

as follows:
5 _
x| 1_%}“_1
Dy(t—=1) |2 D,

(x,t—1)= = x
PR '[ 2nD0[t—r]3 (5)

{W{auo}nx;l_wfw}
2Dylt—1] | 2 Dy 2D, | 2
X € - dt.

Confirmation of the compliance between the
theoretical model and the observed data (Figs. 2
and 3b) can be obtained on the assumption that two
processes with different coefficients p, and D, can
occur simultaneously. Moreover, the sum of partial
fractions of processes should be equal to 1, i.e.,
Poo(L, ) = o,P (L, 1) + a,P,(L, ?). As a purely
illustrative modeling example, the following model
parameters are selected for the process of commenting

on the news item or blog itself: p ; =0.55, D, ; = 0.50.
For commenting on comments: Moo= 0.50, Dy,= 0.50,
T = 50 conventional units, a; = 0.75, a, = 0.25, and
L =100 (py ; > 1y, is selected based on the assumption
that commenting on a news item is a more primary
process for users than commenting on comments),
where a; +a, = 1.

100 |
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0

Number of comments

10 20 30 40 50 60 70 80 90 100
Time, c.u.

(a)
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30
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10 20 30 40 50 60 70 80 90 100
Time, c.u.

(b)

Fig. 3. Dynamics of change over time in the number
of comments to the news item in the simulation model
based on the Fokker—Planck equation:

(a) 1 process,

(b) 2 parallel processes

As indicated earlier, the plateau in curve 1 in Fig. 3b
may be due to a significant difference in the average
appearance time of the second-level comments (the
time interval between the appearance of the first-level
comment and the comment on a given comment), which
may result in implementation of two-stage dynamics in
the appearance of comments.

The results of modeling the dynamics of the
change in the number of comments N(¢) over time with
allowance for two processes running in parallel are
shown in Fig. 3b. The results show a good compliance
between the real data and theoretical calculations.

Russian Technological Journal. 2024;12(3):78-92

84



Analyzing and forecasting the dynamics of Internet resource
user sentiments based on the Fokker—Planck equation

Julia P. Perova,
Sergey A. Lesko, Andrey A. Ivanov

4. MODELING THE DYNAMICS
OF THE INTERNET MASS MEDIA USER
SENTIMENT BASED ON THE FOKKER—-PLANK
EQUATION AND CHANGES IN THE PARAMETERS
OF THEIR COMMENT NETWORK GRAPHS

It is proposed to use vector representation to describe
the states of the comment network. The elements of
the vectors serve as allowed values of the network
parameters (density, mediation coefficient average, value
clustering coefficient average, elasticity, and others), as
well as characteristics like fraction of users who can be
attributed, based on the analysis of comment texts, to
one of the following groups: 1) loyalist (unconditionally
supports the actions of the government and authorities);
2) oppositionist; 3) “troll” (a user who uses the resource
to blow the whistle); and 4) undecided or neutral.
Achieving or implementing the desirable or undesirable
states of the entire social network as a whole can be
based on base vectors.

The time change in the value of the distance between
the base vector and the vector of the current state can
be considered as a “wandering point” on segment
[L,in> Linax) OF as a random (or almost random) time
series. Some given value of this distance (the state upon
reaching which management decisions should be made)
can be regarded as a trap or a point of the acceptable
implementation threshold, where a “wandering point”
can fall over time. This allows building probabilistic
sociodynamic models for forecasting the dynamics of
social sentiment.

The diffusion model is commonly used in the
conventional description of the “wandering point”
behavior. However, it cannot be considered reliable in
this case. As a rule, time series describing processes
in complex systems (for example, financial indicators
of stock and commodity exchanges) are not stationary
due to various reasons including the presence of human
factor. Their sample distribution functions have the
time dependent mathematical expectation, which
contradicts the simple diffusion model and shows the
non-stationarity of time series.

In this regard, it is intended to consider more
complex models of the “wandering point” behavior, for
example, based on the Fokker—Planck equations.

The graph structure obtained from processing news
comments is shown in Fig. 4. When visualizing the
obtained data in color, the graph nodes, depending on
their state (attribution to one of 4 types), can be marked
in different colors (oppositionists in green-sand color,
“trolls” in red, loyalists in blue, and undecided in green).
The links in the figure show mutual commenting of
users by each other. Thus, one can estimate their state by
the color of the nodes and the interaction by the graph
edges.

Fig. 4. Graph structure for comments to the news item
under consideration

It is evident from Fig. 4 that this structure has many
unconnected single vertices. In a connected component
of the graph presented separately in Fig. 5, the closed
oval lines (representing the core of the graph in Fig. 4)
show the users commenting on themselves.

We consider the elements of the network state vector
to be used in our model:

1. The fraction of nodes having a certain state
(e.g., users who are negative about some social life
event).

2. The clustering coefficient is a measure for the link
density of a given node with its neighbors. The ratio
of the real number of links connecting the nearest
neighbors of a given node i to the maximum possible
one (such that all the nearest neighbors of a given
node would be connected to each other directly) is
called the node clustering coefficient; its value lies
on interval [0, 1]. The higher its value is, the more
significant this node is in the process of information
exchange.

3. The mediation degree shows the ratio of the number
of shortest paths between all pairs of network nodes
passing through a given node to the total number of
all shortest paths in the network. Its value lies on
the interval [0, 1]. The larger its value, the more
significant is the role of a given node in information
exchange.

Fig. 5. Graph of user interconnections by comments
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We define the values for the elements of the network
state base vector (denoted by 0). They specify the
threshold values, whose passing through is undesirable
in terms of state management. Given that any community
usually contains from 0.10 to 0.15 fraction of participants
always disagreeing on any issue, we take the fraction
of those who are negative about the considered event
to be 0.12. The desired average value (over all nodes)
of the clustering coefficient for such network is also
assumed to be small, for example, equal to 0.05; the
average degree of node mediation in such network is
also equal to 0.05. Thus, the basis vector would have the
following form: 6 = (0.12; 0.05; 0.05).

Note that the number of parameters used to describe
the network state may be larger. Only those considered
the most important are selected. In addition, the selected
parameters are normalized (lie in interval [0, 1]) so that
they have the same effect on calculating the distance
metric.

In the proposed approach, different graphs of
news commenting on certain topics on a selected info
resource during a day can be combined into a single
structure through links between nodes that refer to
users. In this way, a large graph describing the activity
of users of a given network info resource during a
day can be identified. Next, it is possible to define the
elements of the current state vector that describes its
characteristics.

Changes in this vector components for each day
during a certain time would form some time series.

For describing the change in the value of the
distance between the value of the current state vector
and a given basis vector over time, the solution of the
non-stationary Fokker—Planck equation is considered,
which may allow the construction of probabilistic
sociodynamic models for predicting the dynamics of
social sentiment.

We formulate the boundary value problem, whose
solution describes the process of changing the value of
the distance between the value of the current state vector
in the comment network graph and a given basis vector
over time.

First boundary condition. When selecting the
first boundary condition, we assume the following:
state x = L. (the left boundary of the segment of
possible states) determines the state whose passing
through should be avoided (the area to the left of this
state on the segment is undesirable). The probability of
detecting such a system state may be non-zero, while the
probability density determining the flow in state x =L _. .
should be taken as equal to 0, since the states should
not exceed this boundary (here the reflection condition
is implemented). Thus:

p(x,0)| L =0 (6a)

Second boundary condition. We limit the area of
possible states to the right by some value x = L (the
metric used in calculations cannot be larger than the value
of the vector whose elements have maximum values in
the space of selected coordinates). The probability of
detecting such state over time is different from zero.
However, the probability density determining the flow
in state x = L__ should be set equal to zero (the distance
between the current and the base state vector is limited
by the maximum values of possible coordinates in the
applied vector space (the condition of reflection from the
boundary is implemented)):

p(x, 1) Lo = 0. (6b)

When formulating the boundary value problem, the
initial condition should be specified. Since the state of
the system (the distance between the basis vector and
the current state vector) can be equal to some value x,
at time ¢ = 0, the initial condition can be specified in the
following form:

jf)(x—xo)dx =1, x=x,

p(x,r=0)={ (6¢)

R X # Xg-

Briefly, the solution to this boundary value problem
has the following form. Using the Laplace transform
method for the Fokker—Planck equation, the following
can be written:

sG(s,x)—p(x,0)=
(7

= —%[p(x)sG(s,x)] + % : ;C—Z[D(x)sG(s,x)].

Substituting the corresponding derivatives and
dependencies of p(x) and D(x) into Eq. (7), we obtain
the following:

2
xzd G(s,x)+2 2_“_0 xdG(S’x)Jr
dx? dx

Dy

®)

- S(x —
+2 1—“0 o G(s,x)z——(x xo).
DO DO

The solution to this equation is found in the form:
G(s,x)= ZCkxq, where C, are the coefficients for the

k
roots of the following characteristic equation:

+
gg-n+2[2-F0 |gyaf1Fo g
DO DO
We shall seek the solution in the form of two

functions: Gy(s,x) on interval [L, x,] and G,(s,x) on
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interval [x;, 1] using the cross-linking condition of e atx,<x<L_ .,
functions Gj(s,x) and G,(s,x) at point x = x,. The
presence of the d-function in the equation results in the o
solution remaining continuous at point x = x,, but having xgxttedsh | Bin Vk+s
a discontinuity of the derivative there. G, (s,x) = min X
AtL_ <x<x, BDyk +s
Gl (s,x)= Cl xo+ol+pvk+s C2x—[1+a]—ﬁ\/k+s . sh {{B ln( J:l M}
At X0 =x=L max X e .
m — C3x—[1+(x]+[3\/k+s + C4x—[1+ot]—[3\/k+s . {|:B h‘l[ ; J:l M}
. . . min
After appropriate transformations, we obtain the
following: P We perform the following inverse Laplace
o atLy, Sx=x, transformations:

xXgx 1+a]sh{{[31n[ max HM} m A(s) %A(S”).esnt,

Xo B(s) .5 B(s,)
G = n
15:2) BDyVk +s

X

where s, are simple non-zero roots of B(s),

sh{{ﬁln( ol H\/k+s}
L tin ; B(s)=k+s -sh{[BIn LIk +s,
L
sh{{ﬁln[maxﬂvkﬂ} A(s) = sh{[BInx, Wi+ ~sh{ﬁln%}/k +s}.

min

After appropriate transformations, we obtain the following at L, <x <x:
2,2

L X
In ( ‘max } In ( J
X0 . Lmin
—=< — = nn

siny n—-— sing mn—— ~
1 . In (maXJ In (maXJ [ L 2
X(()xx_[ +olekt ) M Lrnin Lmin e Pin Lipin .

py(x,1)=2-
L o cos mn
DOBZ ln( maxJ n
Ln'lll'l
Similarly, at xy <x <L ..,
In [XOJ
. L . Inx
sinq 7tn -sin< tn——
InL { InL } 2.2
(o ltalg—kt M —
pz(_x’t):_4. 0 . .e [ﬁln[‘] .
D0B2 InL 5 cosTn
1-2. Ho
- Dy 1 My op_ 2 o?
Accounting for o0 = ————=— , B =— and k =—-, we obtain the following:
2 2 D0 D,
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e at Lminﬁx <Xy,

sin< ©n

maxJ ln( X ]
X0 ‘min

~

2.2
nnc Dyt

-siny 7tn ~
D0a2 1 Lmax 1 Lmax 2
coplval .o 2 LM M M 2{1{%‘]}
oy (x’ t) - . ) Z min min e Lvin : (9a)
I { max ] n=1 COS Ttn
n Pl
'min
e atx,<x< Lmax,
X,
h{L 0 ] h{L X j
sindmn——min U gin d gy Tmax/ _ mPaPDy
Dooc2 ; In ( Lmax In ( Lmax J L 2
ay-[l+al.e 2 = M L. I z{m[maXH
Xg X € ‘min ‘mi e Livin o= l _ “_0 (9b)

Py (x,1)=2- [L J 21
In| —max n=

‘min

The probability that the system state will be in the
interval from L, to L . by time ¢ (i.e., the threshold
state (0) will not be reached) can be calculated as follows:

X0 Lmax

PO,0)= [ pyrt)dx+ [ pi(xodx.  (10)

L

min X0

The probability Q(9, 7) that the threshold state 0 will
be reached or surpassed by time ¢ is calculated using the
following formula:

00, ) =1- P, ). (11)

Defining the boundaries of the interval of possible
states from L, to L . will be discussed later on.

0.025
0.020

0.015

User activity

0.010

0.005

0
21.01.2013 21.01.2014 21.01.2015 21.01.2016

COS Ttn

21.01.2017
Date

2 D,

Using sentiment analysis tools, all user comments
during a day can be categorized into positive and
negative to obtain a time series. The time series
of daily activity of users (with negative attitudes)
of the RIA Novosti official community on the
VKontakte social network on commenting on news
from January 2013 to December 2020 is presented in
Fig. 6. The activity is defined as the ratio of the total
number of unique comments left by users on all news
items during the day to the total number of unique
views of all published news items by users during
the day.

It should be noted that visitors in general are very
reluctant to leave comments. The total number of those
who make them is unlikely to exceed 1-2% of all portal
viewers.

21.01.2019 21.01.2020

21.01.2018

Fig. 6. Time series of RIA Novosti portal user activity in commenting on news from January 2013 to December 2020
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Fig. 7. Time dependence of the probability of reaching
a given network threshold state for the considered
example at time point May 15, 2019

It is possible to construct an aggregated comment
graph for a day, as well as to define its characteristics
and state vector (changing from day to day).

We shall discuss selecting the boundaries for the
interval of possible states from L, to L_ . For the
comment graph of the RIA Novosti portal users, the
elements of the current state vector at the time moment
of May 15, 2019 (which is taken as ¢ = 0) are equal to
X(®) = (0.0035; 0.07; 0.12): the fraction of negative
comments is 0.0035, while the clustering coefficient
averageis 0.07, and the average degree of node mediation
is 0.12. The baseline vector of the desired state is defined
as 6 = (0.0025; 0.05; 0.05): the fraction of negative
comments is 0.0025, the clustering coefficient average
is 0.05, and the average degree of node mediation is 0.05.
The value for the fraction of negative comments equal
t0 0.0025 is selected for model validation, since the time
of observing this value actually in the time series graph
is known. The model’s adequacy can be evaluated by
comparing the forecast modeling results with the real
value. The distance between the given base vector of
the desired state 6 = (0.0025; 0.05; 0.05) and the current
state vector X(?) at time ¢ = 0 is x, = 0.073. Analyzing
the dynamics of the time series of changes in the state
of the network for several previous days and using the
model equations, the inverse problem can be solved to
determine values for model parameters p, and D). In this
case, 1, = 0.0002 and D, = 0.0009.

The right boundary of the interval of possible
states L, can be given as the distance between the basis
vector (0) and the vector of maximum possible values of
network parameters X(z) = (1; 1; 1). In the considered
case, L, = 1.70. For reliability of consideration, the
left boundary can be defined, for example, as half the
length of a given basis vector (in this case, |0] = 0.071),
so that L . is equal to 0.035.

The results show that under the prevailing conditions
with no impact on the user network, the desired state can

be achieved with a probability of 0.8 on the 225th day,
and with a probability of 0.9 on the 375th day (Fig. 7),
which is roughly what actually happened, according to
the observed data.

5. ALGORITHM FOR PREDICTING
THE ACHIEVEMENT OF A GIVEN STATE
OF THE COMMENT NETWORK GRAPH
OF NEWS MEDIA USERS

On the basis of the studies and the developed model
for the dynamics of change in the sentiment of Internet
media users based on the Fokker—Planck equation, as
well as changes in the parameters of the graphs of their
comment networks, an algorithm is created for their
prediction consisting of the following steps:

a) Date and time stamped collection of text comments
and metadata of users on a certain topic from online
news media resources.

b) Data processing using text analytics tools and
sentiment analysis, obtaining the user comment
graph on a certain topic, and calculating its
characteristics  (network density, mediation
coefficient average, clustering coefficient average,
elasticity, and fraction of users with a particular
sentiment).

c¢) Specifying the value for elements of the base
vector determining the achievement of the desired
or undesired state (0), as well as forming a time
series of changes in the graph of user comments on
a certain topic over time based on the processed data
and the given vector.

d) Specifying step duration t (hour, day, week, etc.).
Based on the values of the time series at several
steps for a given 7, determining model parameters p,
and D, by numerical calculations using the observed
data and Egs. (5) and (6).

e) Accepting the last average value of the distance
metric between the base vector and the current
network state vector as initial state x,, and using the
obtained values for p, and D along with Egs. (5)
and (6). Performing calculations and obtaining the
time dependence of the probability of achieving
the desired or undesired state. Then the probability
value can be specified (e.g., 0.95), as well as the
time to reach the specified probability level can be
estimated (time prediction).

CONCLUSIONS

In the work, the following results have been obtained:
1. The stationary distribution of news in terms of the
number of comments to them observed in practice
corresponds to the power law: p(x) = [y — 1]x77,
where p(x) is the fraction of news in their total
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number having x comments while y is the index of
power.

2. The dynamics of change over time in the number
of comments to a news item or blog can have
both S-shaped form and two-stage form due to a
significant difference in the average appearance
time of second-level comments (the time interval
between the appearance of the first-level comment
and the comment to this comment), i.e., the value of
the average delay.

3. On the basis of certain assumptions, the power law
for dependence of the stationary probability density
of news distribution on the number of comments
(states x) observed in practice can be obtained
from the solution to the stationary Fokker—Planck
equation. In particular, assuming that coefficient
p(x) responsible in the Fokker—Planck equation
for the purposeful change of the system state x
(x is the current number of comments on the news
item) depends linearly on state x, while coefficient
D(x) responsible for the random change depends
on x quadratically. All this suggests that the
Fokker—Planck equation can be used for describing
processes occurring in complex network structures.

4. Solving the non-stationary Fokker—Planck equation
under the assumptions of a linear dependence of p(x)
on state x and a quadratic dependence of D(x) on
state x yields an equation for the probability density
of transitions between states of the system per unit
time, which corresponds well with the observed data
with regard for the effect of the delay time between
the appearance of a first-level comment and the
comment on that comment.

5. The good correspondence of the models developed
on the basis of the Fokker—Planck equation with the
observed data provides a basis for the creation of
algorithms for monitoring and predicting the public
opinion evolution for users of news info resources.

6. The parameters of comment network graphs can be
obtained using both off-the-shelf tools and libraries
of the Python language used to analyze complex
networks, as well as the additionally developed
software.

7. The analysis of the resulting model using the
characteristics of the real time series to change the
comment graph for users of the RIA Novosti portal
and structural parameters of the graph shows its
adequacy and consistency. The results show that
given no impact on the user network, the desired
state in terms of the number of negative commenters
can be reached with probability 0.8 on the 225th day
and with probability 0.9 on the 375th day, which is
approximately what actually happened, according to
the observed data.

8. The model based on the Fokker—Planck equation
justifies the development of a practically significant
algorithm for predicting the achievement of a given
state of the comment network graph for news media
users.

9. The complex dynamics of processes in complex
social systems can be described by models other
than those based on the Fokker—Planck equation.
For example, the models developed by the present
authors for describing the stochastic dynamics
of state changes in complex social systems with
provision for processes of self-organization and
the presence of memory are discussed in [18-21].
For the development of the present model,
the authors considered graphical schemes of
transition probabilities between possible states of
the described systems taking previous states into
account, which accounts for memory and describes
not only Markovian but also non-Markovian
processes.
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