Russian Technological Journal. 2024;12(2):77-89 ISSN 2500-316X (Online)

Mathematical modeling

MaremaTnueckoe MOae/JIMpOBaHUE

UDC 531.391
https.//doi.org/10.32362/2500-316X-2024-12-2-77-89 (@)Y |

RESEARCH ARTICLE

A mathematical model of the gravitational potential
of the planet taking into account tidal deformations

Albina V. Shatina @,
Alexandra S. Borets

MIREA - Russian Technological University, Moscow, 119454 Russia
@ Corresponding author, e-mail: shatina_av@mail.ru

Abstract

Objectives. This paper investigates the gravitational potential of a viscoelastic planet moving in the gravitational field
of a massive attracting center (star), a satellite and one or more other planets moving in Keplerian elliptical orbits
relative to the attracting center. Celestial bodies other than a viscoelastic planet are modeled by material points.
Within the framework of the linear model of the theory of viscoelasticity, the problem of finding the vector of elastic
displacement has been resolved. Traditionally, a solid body model is used to determine the Earth’s gravitational field,
while tidal deformations are taken into account in the form of small corrections to the coefficients of the geopotential
model. In this work, the viscoelastic ball model is used to take into account tidal effects. The relevance of the research
topic is associated with high-precision forecasting of the movement of artificial satellites of the Earth, high-precision
measurement of the Earth’s gravitational field.

Methods. In this study the asymptotic and analytical methods developed by V.G. Vilke are used for mechanical
systems containing viscoelastic elements of high rigidity, as well as methods of classical mechanics, mathematical
analysis. The graphs were plotted using the Octave mathematical package.

Results. After resolving the quasi-static problem of elasticity theory by calculating triple integrals over a spherical
area, a formula for the gravitational potential of a deformable planet was obtained. In addition, the gravitational
potential of the Earth was also calculated taking into account solid-state tidal effects from the Moon, Sun, and Venus
at an external point. Graphs were constructed to show the dependence of the Earth’s gravitational potential on time.
Conclusions. The theoretical and numerical results established herein show that the main contribution to the
gravitational potential of the Earth is made by the Moon and the Sun. The influence of other planets in the solar system
is small. The value of the gravitational potential at the outer point of the Earth, taking into account tidal effects, depends
both on the position of the point in the moving coordinate system and on the relative position of celestial bodies.
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Pe3siome

Llenu. B paboTe uccnenyercs rpaBUTaALMOHHbIA MOTEHLMAN BA3KOYNPYrol niaHeTbl, COBEPLUAIOLLEN ABUXEHNE
B rpaBMTaLMIOHHOM NOJIe MAaCcCMBHOIO NPUTArMBAIOLLErO LeHTpa (3Be34bl), CNYTHUKA U eLle OOHOM NN HECKOJIbKNX
NniaHeT, ABUXYLLMXCS MO KEMIepPOBCKUM 3JIUMTUYECKUM OpOUTamM OTHOCUTENBHO NpuTarueatoLero ueHtpa. OT-
JINYHbIE OT BA3KOYNPYroi NnaHeTbl HE6ECHbIE Tena MOAENVPYIOTCS MaTepuanbHbIMU ToYkamMu. B pamkax nnHeliHon
MOOenn Teopum BA3KOYNPYroCcTy peLlaeTcs 3a0a4a HaxoXaAeH st BEKTOpa ynpyroro cMeLLeHus. TpagnuyuoHHO Ans
onpeneneHns rpaBUTaLMOHHONO Nons 3eMan NCNoNb3yeTCs MOAENb TBEPAOIro TeNa, a y4eT NpuamBHbIX gedopma-
LM OTpaxaeTcs B BUOE MasibliX MONpaBokK kK KoadduumeHTam Moaeny reonoteHumana. B gaHHoin paboTte gns yueta
NPUABHBIX 3PHEKTOB NCMOMBb3YETCA MOAENb BA3KOYNPYroro wapa. AKTyanbHOCTb TeMbl MCCNeN0BaHNSA CBS3aHa
C BbICOKOTOYHbIM MPOrHO3UPOBAHNEM ABUXKXEHUS UCKYCCTBEHHbIX CMYTHUKOB 3€MAU, BbICOKOTOYHBIM U3MEPEHNEM
rpaBMTaLMOHHOIO Nonsg 3emMnu.

MeTopabl. Mlcnonb3yloTcs acMMATOTUYECKNE N aHanuUTU4Yeckme MeTonbl, pa3paboTaHHble B.I. Bunbke ons mexa-
HUYECKMX CUCTEM, COOEPKALLMX BA3KOYNPYrne af1eMeHTbl 60bLLION XXECTKOCTU, METOAb! KNTACCUYECKON MEXAHUKW,
MatemaTn4eckoro aHanmnaa. NoctpoeHne rpadmnkoB BbIMOJHEHO C MOMOLLBIO MaTemaTuyeckoro naketa Octave.
PesynbTaTtbl. Ha OCHOBE peLLeHnst KBa3ncTaTMieCcKom 3a4a4m TEOPUM yNpyrocT NyTeEM BblHUCIIEHNSA TPOMHBIX H-
Terpanos Mo wapoBoi 06nacTn nonyyeHa Gopmyna ans rpaBUTaLlMoHHONo noTeHumana 4eopMUpyeMOoi NinaHeTsl,
a TaKXe BblYMCEH rPaBUTALMOHHBIN NOTEHUMan 3eMiuv C y4ETOM TBEPAOTENbHbIX MPUANBHBLIX 3bdEKTOB OT JIyHblI,
ConHua n BeHepbl BO BHeLLHEN To4YKe. [MoCTpoeHbl rpadumku, nokasbisaolme 3aBUCUMOCTb FPaBUTALMOHHOIO No-
TeHumana 3emnu oT BpEMEHN.

BbiBOAbI. V13 NONY4YEHHBIX TEOPETUHECKMX U YACTEHHBIX PE3yNbTaTOB CReayeT, HTO OCHOBHOW BKN1a4, B rpaBuTaLm-
OHHbIN noTeHuman 3emnu BHocaT JlyHa u ConHue. BansaHune apyrux nnaHeT CONHEYHOW CUCTEMbI Mano. 3Ha4YeHne
rpaBMTaALMOHHOIO NOTEHLUMaNa BO BHELLIHEN TOYKE 3eMIM C YHETOM NPUINBHbIX 3 dEKTOB 3aBUCUT KaK OT NMOSI0Xe-
HUS TOYKW B MOABWUXKHOW CUCTEME KOOPAWHAT, Tak 1 OT B3AaUMHOIO PaConNoXeHNs HEOECHbIX Ten.

KnioueBble cnosa: FpaBI/ITaLI,I/IOHHbIVI noTeHuwmnan, BA3kKoynpyraa niaaHeTa, npuinebl, op6|/|Ta, SNIEMEHTbI Op6I/ITbI,
MaTemMatTmndyeckoe mogenmpoBaHue

e Moctynuna: 25.07.2023 ¢ Jopa6oTaHa: 25.09.2023 ¢ MpuHaTa k ony6nukoBanuio: 13.02.2024

Ona uutuposanus: LLlatnHa A.B., Bopeu A.C. Matematmnyeckas MOA€enb rpaBUTaLMOHHOIO NOTEHLMAanNa niaHeTbl C y4eTOM
npunnBHbIX gedopmaunii. Russ. Technol. J. 2024;12(2):77-89. https://doi.org/10.32362/2500-316X-2024-12-2-77-89

I'Ipospatmocn: dmuaucoaoﬁ AedaTesibHOCTU: ABTOpr He NMetoT CDI/IHaHCOBOI‘/JI 3anHTEepPeCOBaHHOCTW B nNpeacTaBiieH-
HbIX MaTepunanax nam MetTogax.

ABTOPbI 3a9BNSIOT 06 OTCYTCTBUM KOHMMKTA MHTEPECOB.
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INTRODUCTION

One of the most important objectives at the
present time is to determine the shape of the Earth’s
geoid (equipotential surface of the Earth’s gravity field).
This is required for the topographic exploration in various
scales, determination of coordinates of turning points
of land plots during cadastral registration, engineering
exploration, geodetic support of construction, among
other reasons. In order to define the exact surface of
a geoid at any point of the planet, a set of measurements
need to be performed to establish the surface of the geoid
or at a specific point on the Earth’s surface, taking into
account the nature of mass distribution. However, this is
practically unfeasible.

In order to solve this task, the GRACE (a joint
satellite mission of NASA and the German
Aerospace Center, 2002) and GOCE (European
Space Agency, 2009) spacecraft were sent into Earth
orbit. These satellites have provided important data
for gravimetry and higher geodesy. In particular, an
improved geoid model has been constructed, which is
superior in accuracy to all previous ones. Nevertheless,
taking into account the so-called tidal effects, including
elastic deformations of the entire globe under the
influence of the gravitational force of the Moon and the
Sun, all the results obtained for measuring the shape of
the Earth’s geoid present an average picture and are to
a certain extent inaccurate.

In order to resolve the fundamental problem of
determining the actual form of the Earth’s geoid,
considering all tidal effects, the Soviet scientist
M.S. Molodensky proposed in 1950 [1, 2] that
a quasigeoid should be used instead of the geoid. This is
a surface close to it and does not require knowledge of the
internal structure of the Earth’s crust. When comparing
quasigeoid and geoid, it has to be taken into account
that in the case of high mountains the divergence will be
approximately 2—4 m. In the case of lowland plains this
divergence will be 0.02—0.12 m, and on the water surface
there will be no divergence. The surface of the quasigeoid
is defined by the values of the gravitational potential.

Article [3] presents an overview of the methods
used to study the classical theory of tides. The
traditional idea of the slowing down of the Earth’s
rotation under the action of tidal friction was expressed
by I. Kant in 1755. The first fundamental studies on the
influence of tides on the motion of planets and satellites
belong to J.G. Darwin [4]. After the start of outer space
exploration in the 1960s, as well as with the emergence
of atomic time standards, interest in the tidal theory
was revived [5].

At the present time, in accordance with the
International Earth Rotation and Reference Systems
Service (2010) [6] agreements, tidal deformations are

recorded as small corrections to the geopotential model
coefficients.

Tides in planets and their natural satellites play
a crucial role in their dynamics. They are the cause of the
transition to a 1:1 spin-orbit resonance [4, 5, 7]. It is also
believed that tidal forces drive exoplanets into higher-order
spin-orbit resonances with their parent stars [8].

Lunar-solar tides affect the change in the angular
velocity of the Earth’s rotation [9-11], weather and
climate changes [12], and also influence volcanic
activity [13]. The relevance of the research topic is
related to high-precision forecasting of the motion of
artificial satellites [14—17].

The aim of this study is to derive a formula for the
gravitational potential of a planet modeled by a spherical
viscoelastic body moving in the gravitational field
of an attracting body, a natural satellite, and another
planet. In order to achieve this, a motion separation
method is used for mechanical systems containing
viscoelastic bodies of large stiffness [18]. This work is
a continuation and development of the results obtained
in [19, 20].

1. TASK STATEMENT

In order to study the gravitational potential of
a deformable planet, a mechanical system consisting
of a stationary attracting center (material point O with
mass m,), a viscoelastic planet-satellite linkage, and
another planet will be considered. The satellite and
the second planet will be modeled as material points
F and P with masses m, and m,, respectively, and the
planet being studied will be modeled as a homogeneous
viscoelastic body with the shape of a ball of radius 7 in
the absence of deformations. The mass of the viscoelastic
planet is m, and the density is p.

Let OXYZ be an inertial coordinate system the
origin of which coincides with the attracting center. Let
Dx,x,x, be a mobile coordinate system associated with
the viscoelastic planet with origin at its center of mass D;
and C the barycenter of the viscoelastic planet—satellite
system. The Konig axis systems CX'Y'Z" and DX"Y"Z"
will also be introduced (Fig. 1).

Fig. 1. Task statement
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Let us assume that R; =0C and R, = ﬁ,
R; = OP. According to the task statement

my, <m<my,

R,|<[Ry|. (L.1)

Deformations of a viscoelastic planet at the point M
with the radius vector r are described by the elastic
displacement vector u(r, #). In the moving coordinate
system Dxx,x;

U= (U, Uy, Us), T = (X, Xy, Xy).
Radius vector of the point M in OXYZ coordinate
system has the following form:

C(r,t)=@+l"(r+ u(r,t)), (1.2)

where I' is the transition matrix from the moving
coordinate system Dx x,x; to the coordinate system
DXNYIIZN'

In order to determine the center of mass of the
deformed planet (radius vector OD) and the associated
coordinate system Dxxpx;. the conditions [7] must be
satisfied:

oD = lj@ (r,t)pdkx, jua’x =0,
ny %4

(13)
[ rotuchx =0, dv = d,dx, s,
?

where integration is performed over the ball of the
radius r: V= {r € B |r| < ol IE3 is the Euclidean space.

Considering the conditions (1.3), the radius vectors
OD, OF of the points D and F are expressed through
the vectors R, R, as follows:

)

OD=R, - R,, OF =R, + R,. (1.4)

m+m2 m+m2

The potential energy of gravitational fields of the
given mechanical system is represented in the following
form:

H_

__f”ﬂ% _ fmymy fmim3 _jfmlpdx _
or) 1

oF|  [FP| p[e(re)

—J Jmypdx —J Jmspdx
v[c(e)—0F| |g(r.0)-0P

where fis the universal gravitational constant.
The wviscoelastic properties of the planet are
described by the following parameters: Young’s

modulus £, Poisson’s ratio v and viscous friction
coefficient y (y > 0). Potential energy of the elastic
deformations € and dissipative functional D are given
according to the linear model [7, 18]:

E:IS[u]dx,€[u]:a1(I%—a2HE),
14
E(1- 2(1-2
Yo EO) 202
2(1+v)(1-2v) 1-v
a; >0,0<a, <3,
3
1.5
IE :Zeii’ HE :zi<j(eiiejj _65)’ ( )

i=1
ou. Ou.

P e A |
) axj Ox.

D=[D[u]dx, D[a]=y&[u].

We will assume that the points D, C, F, P move
in the plane OXY, and R, R,, R, are the given vector
functions of time. In addition, we assume that the angular
velocity vector @ of the coordinate system Dx x,x; is
constant relatively to DX"Y"Z". This vector is defined
by the equation

oxa=T"1Ta,

where a is a random vector.

2. ELASTIC DISPLACEMENT VECTOR

According to the D’ Alembert-Lagrange variational
principle, there exists an equality [18, 21]:

[(&,8¢) pa+ 311+ [ (VE[u]+ VD[] + iy, 5u) die +

2.1)
3

+ XzfrotSudxz 0 Voue (W% (V)) ;

V
Lagrange multipliers A,, A, in (2.1) satisfy

3
conditions (1.3); (W21 (V)) is the Sobolev space.
According to (1.2) and (1.4)

m
=R -—2 R, +T .
=R, mtm, 2+ (r+u)

Then

. . my . .
(=R, - R2+F[m><(r+u)+u],

m+m2
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+ F{mx[mx(rJru)]+c’o><(r+u)+2m><1'1 +ii} ,

8¢ =T'du. 2.2)

Equality (2.2) assumes that the orbital and rotational
motions of the mechanical system are specified, so the
variations R, R,, I' are equal to zero.

Further:

STT = {fm—f,SC}pdx-‘rI M,& o+
4] % ‘Q—OF‘

2.3)

M)gg pd.

14 ‘C—OP‘

Here

{~OF=—R,+ T (r+u),

{—OP=R,- R, R;+T(r+u).

m+m2

Explanation for finding the variation (2.3) of the
functional IT: let a = (a,, a,, a;), then

1 1

-3/2
) 2) y

1(
————————=——(a{ +a5 +a
1 2 3
|a| al +a3 +a3 2

6(a12+a§+a32)
2020 .2\ _
x8(a1+a2+a3)—— =

3
2 2 2
2( ai +a;s +a3)

2a,8a; +2a,0a, + 2a;0a, 3 (a, Sa)

2l af

Considering (2.2):

-1
I = I{TQ—PQ,Su]fmlpdx +

14
-1(r _ Or
+ L_Oj)ju Jm,pdx + (2.4)
v ‘C—OF‘
-1 _Ap
+ L_Of),é‘)u Jmzpdx,
14 ‘Q—OP‘

[(E.85)p = [(T1E 5u)pa.

Vv V

2.5)

We can assume that the material stiffness of the
deformable planet is high, iec., &=of pr2E1<<1.
Vectors u(r, ?), A, and A, can be retrieved as degree
expansions €= E~! [18]:

u(r, ) =eu (r, ) + duy(r, ) + ...,
A1) = k() + €hy (D) ..o, Ay(8) = My (8) + &Ry (D) + ...

From Eq. (2.1), assuming (2.4), (2.5) for the vector
function u, we obtain the following equation:

B . m
e
r-'op
( +I“3) fm1 +

R2J+wx[mxr] +
2

r-'FD
( +l“3) fm2 +

‘F_IO_D-FI' ‘F‘lﬁ +r
(F’lﬁ+r)

* 3

Jimy,du | pdx + (2.6)

‘F‘lﬁ +r‘

+Is(V€[u1]+VD[ﬁ1]+X10,6u)dx+
14

+ I (120 x n)6ud0 =0.
oV

The last summand in (2.6) is derived from the
Ostrogradsky—Gauss formula, as represented below:

[ (259, r0t8u)dr= | (ux o) ndo,
4 ov

where 0V is the boundary of area V, and n is the normal to OV,

Following [7, 18], we substitute into (2.6)
sequentially du =8ax r and du = a, a € E3. As a result,
we obtain the following:

I ((7‘20 X n),(&z x r))dc = %nrg (k 205 5(1) =0
ov

3 _
Voo e’ =h,, =0,

2 R +f 1

r-! mﬁl —
m+m,

——
oD]
.7)
FD PD
Jium,y + Jmms + %“”037‘10 =0.

o el
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Also at the derivation of relation (2.7) the following
equation was taken into account:

a+r ma
f2 -,
[

here vector a is independent of r.

Since the sizes of the deformed planet are much
smaller than the distances between the mutually
gravitating bodies, then

3p
V|a+r|

< |oD|, |r|<|FD|, |r|<|PD].
If [r| <<|a| then

a+r a+r a+r

|a+r|3 - (a+r,a+r)3/2 - ((a,a)+2(a,r)+(r,r))3/2 B

-3/2
:a+3r 1JFZ(a,r)Jr(r,r) .
[a

|2 2
Latr 1_3.2@ :%_La;rh%,
T e

a”

Then Eq. (2.6) will take the form:

o my
j{r 1[R1 -
m+m2

ﬁ2]+mx[mxr] +

Vv
3| fma; S
R [ —3(§j,r)§J 2.8)
=l o
+lx10 (z),qude [e(VE u,+ i, ].5u)dx=0.
p v
Here
qlzrlﬁzrl(Rl—m'fzm RZJ,
2
q, =I"'FD=-T"'R,,
= (2.9)
q;=r'PD=1"1 R, —=—R, -Ry |,
2
g=l =123,
a;

4
Since ngnrgp, the following is derived
from (2.7)

Ao =—p{T7!| R ——2—R, |+
10="P 1 m+ m 2
(2.10)

+ Jmq, !
|‘13|

f“lzqz
| |
ll

|qz |3

Assuming (2.10), we obtain from (2.8) the following
task for determining u,(r, 7):

piox[oxr] +Z3:fl]3 -[r —3(§j,r)§j} +

j=1 q, (2.11)
+ SVE[ul +X1'11] =0,
Sp|rer, = 0. (2.12)
Here
1 1 .
eVE =— graddiv u + Au |,
2(1+v)\1-2v

u =(u1,u2,u3), n =(y1,y2,v3), 6,= (Gnl’GnZ’GrB)’

G .= Evy; divu + E 6—u+gradu. n
"1+ v)(1-2v) 2(1+v){ ax; vy

The solution of the task (2.11)—(2.12) has the
following form [7, 22]:

u (r,)=u(r, ) +uy(r,)+

+up,(r, 1)+ uy(r, ), (2.13)

where

uy, (r,7)= p{%oﬂ [a’lr2 + dzroz]r +
+ by {%wzrz - %(m,r)z}r +

+ [bzr2 + b3”02} Bmzr - (m,r)m}},

0)=|(!)

(2.14)

B

3pfim 3xg 1 1 2
lllk(l',t):— 3k£1+7k]{b1|:g}”2—5(€k,r) :|I'+

+ [bzrz +b3r02]'[%r_(‘ik’r)ék}} -

O g ) 1O+
'y (2.15)
+ [byr? + byrd (G 1)G; + (G -1)E, T

,k=1,2,3,

q; = |qk

g o 4rv)(i-=2v) - (1-2v)(3-v)
o(t-v) TP 10(1-v)
2(1+v) (1+v)(2+V)

:—’ b2 :——’
S5v+7 S5v+7

_(1+v)(2v+3)
37 Sy+7

b

(2.16)
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Elastic displacement vector u is related to vector
function u, by the following equation:

1

u(r,r)=—u,(r,z).

= (2.17)

In formula (2.13), the summand u, is responsible
for the flattening of the planet along the rotation axis. The
functions u, (k= 1, 2, 3) describe the tidal deformations
of the planet caused by the gravitational fields of the
celestial bodies O, F and P.

3. GRAVITATIONAL POTENTIAL
OF AVISCOELASTIC PLANET
AT AN EXTERNAL POINT

Using the elastic displacement vector (2.17), the
gravitational potential of the planet can be calculated by
the formula:

pdx
r +u(r,t)) —R"

H(R,t):—ff‘r( (3.1)

Here R =DK is the radius vector of the point K in
which the potential is defined, r is the radius vector of
the volume element dx with the density p. Vector R in
formula (3.1) is given in the coordinate system DX"Y"Z".
The integral is calculated over the ball V of the radius r,.

It is assumed that:

R[> 7y, u(r,0)|<|r-T-'R]. (3.2)

According to the constructed model, the motion
of points C, F, D, P occurs in the OXY plane. The
coordinates of the vectors R;, R,, R; in the inertial
system OXYZ are represented in the following form:

a.(1-e?
= sy ). - )
i i

\Ill:gl+81’l:13 29 35

a, is the major semi-axis, e, is the eccentricity, g, is the
pericenter longitude, 3, is the true anomaly of the orbit
of the end of vector R.. The values a,, e, g; are constant
parameters of the task, and the true anomalies are time-
dependent functions:

o _(rgeoss) o

L n=2" 021,23, (33)
(1—@[.2)3/2 i ! ];

The values T} in formula (3.3) are the corresponding
periods of circulation.

The transition matrix from the moving coordinate
system Dxx,x; to the system DX"Y"Z" can be
represented as a product:

F=T;5(y)I(0)r5 (o),

cosa. —sino 0
Iy(o)=|sina  cosa 0],
0 0 1
1 0 0
I (6)=/0 cos® —sin6|.
0 sin® cosO

Here vy, 0, ¢ are the Euler angles [21]. The
relationship between the coordinates of the angular
velocity vector @ of the planet p, ¢, s in the coordinate
system Dx,x,x; and the Euler angles is expressed by
means of the following kinematic Euler equations:

p=\ysinBsin+0Ocoso,
g = sinOcos g —Osin o, (3.4)

s=\ycosO+ .

By directing the axis Dx; along the vector @, we
obtain ® = (0, 0, ). Therefore, the following can be
derived from the (3.4) system: y =0, =0, p=o, ie.,
the angles v, 0 are constant, and ¢ is a linear function of
time. Without restriction of generality, we can assume
that y, = 0. Therefore, the matrices I' and ! are
represented by the following equations:

Ir= r](eo)r3((P): r'= F3(—(|))r1(—60),
v =y, (¥, =0),0 =0y, ¢ =wr+ ).

Let us set the radius vector of the external point K in
the moving coordinate system Dx,x,x; using spherical

coordinates R, A, u (R = \ﬁ , Ais longitude, p s latitude):

ry= I'R= Rep, €, = (Coshcosy; SINACOSH; sinp),

R=ry+h h>0. (3.5)

Taking into account the conditions (3.2), the

gravitational potential (3.1) linearized by the components
of the vector u has the following form:

(3.6)
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Let us substitute in (3.6)
1 3
— >y (r.t
£ k=0

where the vector function w,, is defined by the
formulas (2.14)—(2.16). Let us calculate the triple
integrals in (3.6) using the values of the auxiliary
integrals:

J- N J-(r—ar)dx:O’ J-rz(r—a,r)dx

plr=al ) fe—af

(o,r)(r-a, ) dx

Vv |r—a|

r? (r— au))d
=

|r af

where ¥ =4nr03 /3. After calculating triple integrals
over the spherical area V' we obtain the following
expression for the gravitational potential:

2
= _f_m_3f’”r—0q)(v){mz —3(w,eR)2} N
R 140RER3

39 2m?mry®(v) 3%4y
1-3(¢,, 1
+,§1 1407Eq} R3 { (8c.ex) } T

3 27xf2m2mkr0CD (v)

)

3p3
~ T0mEgIR

J+(3 7)

(%k’eR)@k’eR)'

Here

'R (1+v)(9v+13)
,ep=T" 2 , d(v)= W

k=1,2,3.

9y =

The singular vector e, in the moving coordinate
system Dx,x,x; is given by the spherical coordinates
A and p according to (3.5).

Let us express g, through the orbital elements.
According to (2.9)

=Tl R, - R, |,
4 ( ! m+m2 ZJ
2 2
2 R R
=Ry, |1- ™ —2cosy12 ™ 2|,
m+my R m+my R

where Y, =g, +9,—g, -9, is the angle between
vectors R, u R,, R, = |R|[, R, = |R,|.
Due to condition (1.1)

_m R’
m+ m, R1

< 1.

Let us rewrite the formula (3.8) in the form:

al(l—elz)

h= (1+e1 cosSl)Fm’

£y = \/1 —2ky hy) cOsYy) + k31 h3,

2
b = my az(l—ez) :l+elcos81. (3.9)
21 m+ m, al(l_ef)’ 21 1+e,cos9,
Further:
a,(1-e?
qzz—z( 7) , (3.10)
(1+e2c0s82)
a (1—632)
=[R2 -2(R Ry +RI =— 3
43 \/1 (1 3) 3 1+e;c089, 13
_ 212
b3 = \/1_2k13h13 cosy)3 +ki3hi3,
2
. :al(l—el) :1+e300583. (3.11)
13 a3(1—e32) 13 1+e¢ cos 9,

Let us find the coordinates of the vectors
R, k=123

IR, =T;(-9)T(-6,)R, =

B q (1—e,§) (3.12)
=Ry = (1+ek cosSk)nk’
M = (Mo Mp2oMg3)s (3.13)

Mg = coscpcos(gk + Sk)+sin @cos B, sin(gk + Sk),
Mo :—sin(pcos(gk +8k)+COS(pcoseo sin(gk +8k),
Ny =—sin6, sin(gk +8k).

Using (2.9) and (3.12), we find the coordinates of
the vectors &;:

1
& =_(Tl1

F21

1
&, =—M,,8;= F—(k13h13"|1 _“3)'
13

- k21h21n2)’
(3.14)
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Thus, the computation of scalar products (§, ep) is
reduced to the computation of scalar products (0, €p).
Using (3.5), (3.13), (3.14), we obtain:

(nk,eR)z [cos((p+ k)cos(gk + Sk)+
+sin(@+2)cosO sin(gk +9, )] cosu— (3.15)
—sin 0, sin(gk +9 )sin L.

From (3.14) and (3.15) the following can be
derived:

1
(&1.ex)=- _[(nlﬂeR)_ k21h21'l2]
F.
21

(82-¢r)=—(n2-€p): (3.16)
(&2:¢0)= (s (n0-¢0)= (n2-e0),
Since @ = (0, 0, ®), then
(o.ep)=wsinp (3.17)

Taking into account that the influence of dissipative
forces at time intervals commensurate with the period of
the planet’s revolution around its own axis is negligible,
we transform formula (3.7) by putting x = 0:

3 fm?r, @
R 140nER3
9/ 2m?my ry®(v)
140nEq; R3

(3.18)

3
2
2 {1_3(§k’ek) }
k=1
According to formula (3.18), in order to estimate the

contribution to the Earth’s gravitational potential from
the Sun, the Moon and other planets of the Solar System,

m
it is necessary to estimate the value —£ . Index

@

k =1 corresponds to the influence of the Sun. Index
k = 2 corresponds to the influence of the Moon, and
k=3 corresponds to the influence of the planet. Assuming
all orbits to be circular, we obtain:

mom_ "

3 p3t 3 p3
G R @ R’
oM M
3 - 3°
(R +R,) 9 (R -R,)
For the Sun and the Moon, the values of this quantity
expressed in 1024 kg/(a.u.)? are as follows:

my /a7 =1.989-10°, m, /q3 =4.332-106.

Table. Influence of the gravitational fields of the
Solar System planets on the Earth’s gravitational
potential (measuring unit 1024 kg/(a.u.)3)

my my

Planets ( R] " R2 )3 ( R1 _ R2 )3
Mercury 0.124 1.434
Venus 0.951 229.889

Mars 0.040 4.470
Jupiter 7.953 25.565
Saturn 0.486 0914
Uranus 0.011 0.014
Neptune 3.415-1073 4.17-1073

The results of the calculations of the minimum and

maximum values of the value 1, / qg corresponding to the
planets of the solar system are presented in the table. The
numerical values are expressed in 10%* kg/(au.)’
(1 au. = 1.495978707 - 10! m). This is derived from the
results obtained that the main contribution to the Earth’s
gravitational potential comes from the Moon and the Sun.
The influence of other planets of the Solar System is not

significant. The maximum value of the parameter 71, / q,% is
reached by Venus at the moment of its maximum approach
to the Earth. However, even this value is of the order of 1074,
when compared to the values of the corresponding numerical
coefficients for the Moon and the Sun.

Let us transform the expression (3.18) by
selecting dimensionless coefficients and taking into
account (3.16)—(3.17), thus we obtain the following
formula for the gravitational potential of a viscoelastic
planet taking into account tidal effects:

k, (1 +e Ccos Y, )3 .

fm )
[I=-—>—<1+k,(1-3sin +
A

3 2
+ T[(“l’eR)_kzlhzl(%:eRﬂ —Li+
851

+k2(1+ezcos$}2)3(3(n2,eR)2—1)+ (3.19)
3
. k3(1+e3c0393) y
P
3 2
x —2[k13h13('11’eR)_(“3’eR>] e
£
where
_3mr0032®(v)
0" 140nER?
9 (v (3.20)
P fmm 1y (v) =123

& 140nERa’ (1 —e})
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Let us apply the obtained result to calculate the
gravitational potential of the Earth moving in the
gravitational field of the Sun, Moon and Venus. Let us
take the following values of the parameters included in
formulas (3.3), (3.9)—(3.11), (3.20) [23]:

rg=6378-10m, h=3-10m, E=1.2- 10" kg/(m - s2),
v=02,0=7.2922-105s",

£=6.672- 10" m¥/(kg - %), m = 5.9736 - 10%* kg,
m, = 198911 - 103 kg, m, =7.349 - 102 kg,
my =4.8685 - 102 kg,

a, = 1.4959787 - 10" m, a,=3.844 - 103 m
ay = 108208627813 m,

e, =0.01671022, e, = 0.0549, e; = 0.00676,
0, =23.45°=0.409280 rad,

T, =365.26 days, T, = 27.321661 days,
T, =224.7 days,
g, = 1.7967674 rad, g, = O rad, g5 = 2.2956836 rad.
Dimensionless coefficients included in (3.19) have
the following values:

ky=5.73271-1074 k, = 1.283118 - 108,
ky=2.817287 - 1078, k; = 8.2926 - 10714,
ky, =3.114226 - 1075, k,, = 1.382169.

As dimensionless time, we take the number of
revolutions of the Earth around its own axis:

o ot+¢(0)
T=——=——

27 27

By denoting by the stroke the derivative of t, we
obtain from (3.3):

2nT
N. — rot
l (1-e )3/ ’r

1

2
8;.=Ni(1+€l-COSSl-) , ,i1=1,2,3,

where T, = 23.93419 h is the period of the Earth’s
revolution around its own axis. Values of dimensionless
coefficients N;:

N, =0.017162, N, = 0.230381, N; = 0.027888.

Let us introduce into consideration a dimensionless
function—the relative gravitational potential IT;:

-1,
1_[0

fm
m,=-2-.

II, =
! R

According to (3.19)

I, =11, + 11, , I k0(1—3sin2u)=const,
3
ki (1+ ¢ cosd
NIGTES
F21

2
X( (ny.eq)- 1h21('lzﬂeR)J 4}*

(1+e2 cosSz) ( (1]2,eR)2 —1) +

ky (1 +e3c08 953 )3
A3

3 2
8 (?23[]‘13]713 (np.ez)—(n3.ex )] - 1}

The I1,, summand is responsible for the perturbing
part of the gravitational potential caused by the
Earth’s compression along the rotation axis, which
does not change with time. The function IT,,, given
by formula (3.21), is the time-dependent part of the
gravitational potential caused by tidal effects.

Figures 2—4 show the graphs obtained using
the Octave! mathematical package of the function
I, I1,,(t) describing the Earth’s gravitational
potential at an external point over a period of 30 days
at an altitude of 42 = 300 km from the Earth’s surface at
different latitudes (0°, 30°, 60°). At the initial moment of
time, the following parameters are set:

9,(0)=-0.0433335, 9, (0) =0, 95 (0) = 0.8804619,
g, =1.7967674, g, =0, g; =2.2956836, A =0.

(3.21)

One graduation on the abscissa axis corresponds to
two days.

7.92776

4.83576 [

1.74376

11(T A ) - 108

E -1.34824

-4.44024 |

0 2 4 6 8 10121416 18 20 22 24 26 28 30
T
Fig. 2. Change in the Earth’s gravitational potential
at an external point with spherical coordinates
R=6.678-10°m, A=0, u =0 for 30 days

I https://octave.org/. Accessed May 16, 2023.
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8.36445 '

5.15745 |

(T, A, p)- 108

1.95045 "!\‘ﬁ

= -1.25655 H }U

-4.46355 | ‘

0 2 4 6 8 10121416 18 20 22 24 26 28 30
T
Fig. 3. Change in the Earth’s gravitational potential
at an external point with spherical coordinates
R=6.678-10°m, A=0, u=1/6 for 30 days

As can be seen from the above graphs, the
dependence of the gravitational potential on time has
a complex oscillatory character. It depends significantly
on the geographic latitude of the point over which it is
measured.

CONCLUSIONS

In this article, a formula has been established for
the gravitational potential of a planet modeled by
a viscoelastic ball. It considers the tidal effects caused by
the gravitational fields ofits natural satellite, the attracting
center (star) and another planet. Based on the model thus

009- 1.62971 N " n I l q ‘n
|11 17
| J’ ||J kl\ i‘\j lll i U l“' Lﬂ 1 u ‘J 1 "Jl I ll I ’h \F‘ Lﬂ.’ ’lf ul “‘

0 2 4 6 8 10121416 18 20 22 24 26 28 30
T
Fig. 4. Change in the Earth’s gravitational potential
at an external point with spherical coordinates
R=6.678-10%m, A=0, u=1/3 for 30 days

constructed, it is shown that the main contribution to the
tidal component of the Earth’s gravitational potential is
made by the Moon and the Sun. The study also makes
estimates of the influence of gravitational fields of the
other planets of the Solar System on the gravitational
potential of the Earth, modeled as a viscoelastic body.
Graphs have been plotted of the time dependence of the
tidal component of the gravitational potential at three
different points in the Earth-related coordinate system
located at different latitudes at an altitude of 300 km
from the Earth’s surface.
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