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Abstract

Objectives. The aim of the work is to develop the theory of spline-approximation of a sequence of points on a plane for
using compound splines with a complex structure. In contrastto a simple spline (e.g., polynomial), acompound spline
contains repeating bundles of several elements. Such problems typically arise in the design of traces for railroads
and highways. The plan (projection on the horizontal plane) of such a trace is a curve consisting of a repeating bundle
of elements “line + clothoid + circle + clothoid ...,” which ensures continuity not only of curve and tangent but also
of curvature. The number of spline elements, which is unknown, should be determined in the process of solving the
design problem. An algorithm for solving the problem with respect to the spline, which consists of arcs conjugated
by straight lines, was implemented and published in an earlier work. The approximating spline in the general case
is a multivalued function, whose ordinates may be limited. Another significant factor that complicates the problem
is the presence of clothoids that are not expressed analytically (in a formula). The algorithm for determining the
number of elements of a spline with clothoids and constructing an initial approximation was also published earlier. The
present work considers the next stage of solving the spline approximation problem: optimization using a nonlinear
programming spline obtained at the first stage by means of the dynamic programming method.

Methods. A new mathematical model in the form of a modified Lagrange function is used together with a special
nonlinear programming algorithm to optimize spline parameters. In this case, itis possible to calculate the derivatives
ofthe objective function by the spline parametersin the absence of its analytical expression through these parameters.
Results. A mathematical model and algorithm for optimization of compound spline parameters comprising arcs
of circles conjugated by clothoids and lines have been developed.

Conclusions. The previously proposed two-step scheme for designing paths of linear structures is also suitable for
the utilization of compound splines with clothoids.
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HAYYHAA CTATbA

HUcnonb30BaHue CIVIAWHOB CJ0KHON CTPYKTYPbI
B IPOCKTHUPOBAHUU TOPOKHBIX TPACC
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MUP3A — Poccuiickunii TexHosiorndeckuii yamsepceutet, Mocksa, 119454 Poccus
@ AsTOp Ang nepenvcku, e-mail: str1942@mail.ru

Pe3iome

Llenu. Llenb paboTbl COCTOMT B pasBuTUM TEOPUN CrlaiiH-annpokcMauumn NocnenoBaTesibHOCTU TOYEK Ha Muio-
CKOCTW Ha Crlyqar UCMNoJIb30BaHWs COCTaBHbIX CMJIaNHOB CJIOXHOW CTPYKTYpPbl. B 0Tnn4me ot npocToro, Hanpumep,
NMOJIMHOMUAJIbHOI O CrylaiHa, COCTaBHOM CrjlalH COOEPXUT NOBTOPSIOLLIMECH CBA3KM HECKOJIbKUX 31IEMEHTOB. Takasi
3aja4a BO3HMKaET B NPOEKTMPOBAHUN TPACC XeNe3HbIX 1 aBTOMOOWSIbHBLIX Aopor. MnaH (Npoekuns Ha ropu3oH-
TaJIbHYIO MJIOCKOCTb) TaKoWM TpaccChl — 3TO KPpMBad, COCTOSLLAs N3 NOBTOPHAOLLENCH CBA3KN 3JIEMEHTOB «NpsiMas +
+ KnoTompa + OKPY>XXHOCTb + KJIOTOMAA ...», YTO 0OecneyYnBaeT HENMPEepPbIBHOCTb HE TOJIbKO KPUBOI 1 KacaTeslbHOM,
HO N KPUBU3HbI. Y1CJI0 3N1EMEHTOB CrilaiHa HEU3BECTHO M LOJIKHO ONPeneNiiTbCA B NPOLEeCcce PeLleHns NPOEKTHOM
3a4a4un. ANropuUTM peLLeHns 3a8a4um NPUMEHUTESNBHO K CrilaiHy, COCTOSILLEMY U3 YT OKPY>KHOCTEN, COMNMpsaraeMbIx
NpsMbIMK, peann3oBaH 1 onybMKoBaH paHee. ANMPOKCUMUPYIOLLMIA crinaliH B OOLLEM Cllydae — MHOro3HadHas
byHKUMA. Ha koopamHatel To4ek ee rpadurka MOryT HakiagplBaTbCH OrpaHuyeHus. Eule ogHuUM CyeCTBEHHbIM
GakTopPOM, YCNOXHALWMM 3a4a4y, SBASETCA HaM4me KoToua, KOTOPbIe HE BbIPaXatTCd aHanMTn4eckn (bGopmy-
JIo). ANropuTM ONpeaesieHns Y1ucna 3N1eMeHTOB CrlaHa ¢ KIoTonaamMm U NOCTPOEHUS HavyaibHOro NPUGIMXEeHNs
onybnnkoBaH paHee. B HacTosLLEel CTaTbe pacCcMaTpPUBAETCS CeAyoLMiA 3Tan peLleHns 3agayin — onTuMmsaLums
C NMPUMEHEHMEM HENIMHENHOI O NPOrpaMMmMPOBaHNS CrijlaHa, NoJly4eHHOro Ha NepBoM 3Tare no MeToay AMHamMun-
4eCKOro NporpamMmMmMpoBaHuS.

MeToabl. [Ina ontuMmnsauum napameTpoB CrjlanHa UCMNoNb3yeTcs HOBas MaTtemMaTuyeckad MoLesib B BUaAe Moam-
bdurunpoBaHHON GyHKUMKM JTarpaHxa 1 cneumasnbHbii anroputM HEIMHEMHOrO NporpamMmMmupoBaHdus. Npu aTom yoa-
€TCSH BbI4UC/IATb aHANIMTUYECKN MPOU3BOLHbIE LeneBor GyHKLMKM NOo napamMeTpam criariHa npmv oTCyTCTBUN €€ aHa-
JINTUYECKOr 0 BblpaXeHus Yepes 3T1 napameTpbl.

PesynbTaTtbl. Pa3paboTaHbl MatemMaTtmyeckas Mogesb U anroputm onTuMmn3aummn napameTpoB COCTAaBHOMO crlaii-
Ha, COCTOSILLErO N3 yI OKPY>XHOCTEN, CONpsAraeMbixX KNoTonaamm v npsiMmbiMu.

BbiBoabl. [1peanoxeHHasa paHee AByxaTarnHas cxema npoekTUPOBaHUS rMiaHa TPacc JIMHENHbIX COOPYXEHU Npu-
rogHa v Npu NCNoJsIb30BaHNM COCTaBHbIX CMJIaNHOB C KNOTOUAAMMU.

KnioueBble cnoBa: niaH Tpacchl, CriiaiH, HeIMHenHoe NporpaMMmMpoBaHmne, knotonaa, uenesas GyHKUMs, orpa-

HU4YeHnA

e Moctynuna: 18.05.2023  flopa6oTaHa: 29.07.2023 * MpuHaTa kK ony6nukoBaHuio: 08.12.2023

Ansa untupoBaHus: CtpyyeHkos B.U., Kapnos [.A. Vicnonb3oBaHne CnianHOB CAOXHOM CTPYKTYPbl B MPOEKTUPOBAHUN
[OPOXHbIX Tpacc. Russ. Technol. J. 2024;12(1):111-122. https://doi.org/10.32362/2500-316X-2024-12-1-111-122

Mpo3payHocTb GUHAHCOBOW AeATEeJNIbHOCTU: ABTOPbI HE UMEIOT (PUHAHCOBOM 3aMHTEPECOBAHHOCTM B NPeACTaB/IEH-
HbIX MaTepuanax uam metogax.

ABTOpPbI 329BASIOT 06 OTCYTCTBUM KOHMIMKTA MHTEPECOB.
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INTRODUCTION

The method of approximating a given sequence of
points in the plane using a special kind of spline implies
a two-stage scheme for obtaining a solution [1]. Here,
the first stage consists in obtaining the number of spline
elements and approximate parameter values using the
dynamic programming method. At the second stage,
optimization of the parameters of obtained spline used
as an initial approximation is performed using nonlinear
programming. The first stage was considered in [1].
In the present article, representing the culmination of
a series of articles [1-3] devoted to spline approximation
methods, the second stage is considered in relation to
the use of a spline with clothoids for conjugating
straight lines with circles. The solution to this problem
with respect to a spline consisting of arcs of circles
conjugated by straight lines was presented in [3]. The
results of this earlier work are referred to in the present
article, which develops the model and algorithm [3] for
the more complex case of a spline with clothoids.

A spline consists of a repeated conjunction “line
segment + clothoid arc + circle arc + clothoid arc....” In
what follows, the word “arc” will be omitted for brevity
unless ambiguity arises. At this stage, the initial point and
the direction of the tangent in it, as well as the lengths of
all curves and lines conjugating them, are known. This
allows us to apply continuous optimization methods—
in particular, methods of nonlinear programming of the
gradient type—despite the desired spline in the general
case representing a multivalued function.

The problem is considered in relation to the design
of route plans for railroads and highways, where—unlike
other linear structures, such as pipelines—clothoids are
a necessary means of ensuring curvature continuity to
ensure traffic comfort and safety.!>?

In this connection, the accepted approach is noted
to differ significantly from the method of selecting
elements in interactive mode used in design practice,
as well as from various semi-automatic methods of
searching curve boundaries on the basis of curvature
and angle diagrams, and from the new heuristic method
of searching curve boundaries [4] with the subsequent
application of genetic optimization algorithms [5—14].

Consequently, the use of adequate mathematical
models and mathematically correct algorithms seems to
represent a more promising approach.

'SP 34.13330.2012. Automobile roads. Updated
edition of SNiP 2.05.02-85* (with Amendments No. 1, 2).
Code of Regulations. June 30, 2012. https://docs.cntd.ru/
document/1200095524 (in Russ.). Accessed December, 20, 2023.

2 SP119.13330.2017. Railway with 1520 mm track. Updated
edition of SNiP 32-01-95 (with Amendment No. 1). https://docs.
cntd.ru/document/550965737 (in Russ.). Accessed December, 20,
2023.

1. TASK STATEMENT
AND ITS FORMALIZATION

The task statement and its formalization do not differ
significantly from that presented in [3] when solving the
problem without clothoids. However, the presence of
clothoids creates significant difficulties in the realization
of gradient calculation concepts for the application of
nonlinear programming.

A clothoid represents a plane curve (Fig. 1) whose
curvature ¢ depends linearly on its length /. Thus, for
a piece of clothoid with an arbitrary initial point A,
curvature at this point c,, and the end point B with
curvature o, we have the formula:

O =0, tkL, (1)

where L is the length of the clothoid piece and £ is its
parameter.

M3

Fig. 1. Clothoid

This linear dependence is the basis for all subsequent
actions in calculating derivatives in order to apply
mathematical programming.

The task is as follows: to find a spline of a given form,
which satisfies all constraints and best approximates
a given sequence of points in the plane (Fig. 2).

3

Fig. 2. One spline bundle:
1—straight line, 2 and 4—clothoids, 3—circle

The preset initial point A and direction of the tangent
to the desired spline at this point do not change during
the optimization process.

Approximation quality is estimated by the sum of
squares of deviations hj (Fig. 2) of the given points from
the spline. In other words, /4 ,; represents the displacement
of'a given point to its designed position, calculated along
the normal to the original broken line [3], i.e., along the
direction to the center of the circle connecting three
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adjacent points. If three points lie on the same line, /4 ; are
calculated along the normal to this line.

Offsets of the initial points to the design position are
considered to be positive if they are carried out in the
direction of the external normal.

Now it is necessary to obtain

min F(h) = 1/2fhj2.. )
1

Here h(h, h,, ..., h,) is the vector of variables; n is
their number. A weighted sum of squares can be specified
instead of a simple sum.

Since each variable is constrained separately, the
system of constraints on the main variables contains
simple inequalities. This system is practically the
same as in [3]. Only the constraint on the length of the
clothoid is added; instead of a variable radius, a variable
curvature is considered. The constraints on the individual
displacements hm are the same as in [3].

Itis not possible to express the conditions of presence
and position of lines, clothoids and circles through the
variables /.. We consider these variables as intermediate
variables, while the main variables are the lengths of
lines, clothoids and circles, as well as the curvatures of
circles.

In formal terms, the mathematical programming
problem is the same as in [3]. However, since the
presence of clothoids significantly complicates the task,
it requires a separate consideration.

2. TASK FEATURES

A spline is completely defined by the main variables,
taking into account the initial point and the direction of
the tangent in it. However, we lack analytical expressions
of dependencies (formulas) of intermediate variables on
the main variables. The constraints on the main variables
are not expressed through the intermediate variables.
Moreover, there is no analytical dependence of the
objective function (2) on the main variables.

A clothoid cannot be generally represented in
a Cartesian coordinate system by a function y(x).

If the origin of the coordinate system coincides with
the point of zero curvature of the clothoid, and the OX
axis is a tangent at this point (Fig. 1), then the parametric
representation of the x and y coordinates as functions of
the length / counted from the point of zero curvature in
the form of degree series is used in this case:

412 874
IR EALSIAL N |
40 3456
472 4 3)
(1)~13_k 1_i+18i_
P s6 7040 )

For expanding the series, formulas for the clothoid
in an arbitrary coordinate system are obtained, taking
into account the coordinates of the initial point, the angle
of the tangent in it to the OX axis, and the curvature [15].

Due to the noted features of the problem, the idea
of solving it as a nonlinear programming task using
gradient methods [16-18] seems unfeasible. However,
the task of spline approximation using circles conjugated
by straight lines was solved in this way [3] despite the
lack of analytical expressions of differentiable functions.
After obtaining formulas for derivatives of intermediate
variables /. on the main variables, we were able to easily
calculate the derivatives of the objective function on the
main variables [3].

3. INTEGRAL REPRESENTATION
OF THE CLOTHOID AND ITS APPLICATION

Since, for any smooth curve, o = do/dl, where G is
the curvature, ¢ and / are the respective current values of
the tangent angle with the OX axis and length, we derive
from (1):

O =Qp +Os\L+k? /2 =@, +L(c, +05)/2. (4)

Between the arc length increment of any smooth
curve and the coordinate increment, there are the
relations dx = cos dl and dy = sing dl, from which,
using (4) to denote the integration variable by ¢, we
derive a representation of the clothoid in parametric
form:

!
x(I)=x, + jcos(q)A +ot+ke2)2)dt,

0

I (5)
y()=ya +jsin(@A + 0\t + k2 [2)dr.

0

Here x,, y, are the coordinates of the initial point
and / is the length of the piece of clothoid from the initial
point A to the current point with coordinates x(/), y(/).

Further, we will rely on the parametric representation
of the clothoid (5).

Let us consider what transformations occur with the
spline when changing one and only one main variable.
An understanding of these transformations will be used
to generate formulas for calculating partial derivatives
of intermediate variables (hj) from element lengths and
curvatures, i.e., by basic variables.

When changing the length of a line by AL, the right
part of the spline is shifted in the direction of this line.
When changing the length of the circle arc, a shift in the
direction of the tangent at the end point of the arc plus
rotation is centered at this point by Ap = cAL. When the
length of the clothoid changes, the following occurs:
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1. The clothoid parameter is varied in such a way
that the curvature at the end point does not change
when the length changes, since we calculate partial
derivatives.

2. The coordinates of the right end (point B) of the
clothoid and the angle of the tangent in it with the
OX axis change. According to (5)

L
Xg =X, +Jcos((pA +0At+ktz/2)dt,

0

. (6)
Vg = s+ jsin(q)A +6 41+ ke [2)dt,

0

Oxg ox Oxg Ok _
—2 =cos
a Ty AT
oxg (og—0,)

meoSPp T

()

ayB 5yB 8k
_Sl

L B AT

g (0504

ok )2

)

=sinQg —

The relation derived from (1) is used here:
OklOL = —~(og —© A)/L2.

P 2
P _ A+ch+%-L—:
oL oL 2
(cr—0,) (o, +0p) ©
=0, +thL— B2 Al A2 B2,

Thus, on the right side of the clothoid there is a shift
and rotation centered at point B, while inside the clothoid
we need to take into account only the effect of changing
the parameter .

When changing the curvature of the circle, the
parameters of the adjacent clothoids on the left and right
change along with the coordinates of the end point of the
circle arc and the angle of the tangent in it with the OX
axis. All this leads to shifts and rotations of the spline part
following the end point of the right clothoid. In addition,
the coordinates of the internal points of the circle arc, as
well as those of the left and right clothoids, also change.

We proceed to derive the formulas that will be used
to account for the change in the clothoid parameter.

We will need four integrals:

12
n((pA +o,t+k 2Jtdt,

2
[‘PA +GAt+k%Jtdt,

L
=J.Sl
0
L
0

2
L= sin[(pA +cAt+k%Jt2dt,

L
]
0
L
14=j
0

2
cos[(pA +o,t+ k%jtzdt,

L
15 2
I :;J‘sm[goA +0At+k%j(kt+cA -G, )dt =
0

1% 12 2

:;J.sin (pA+GAt+k? d (pA+GAt+k? -
0 (10)
L

_Sa
sin (pA+GAt+k— =
0

()
= —;(cosch —COS<PA)—7A(J’B —ya)

L 2
1 =%jcos((pA +0At+k%](kt+cA—cA)dt=
0
L

1 2 2
=;jcos (pA+0At+k? d (pA+cAt+k? -
0 (11

L

o
—A cos((pA+c5At+k— =

0

= —(sin(pB —sin(pA)—G—A(xB —Xp ),
k k

L 2
I :%J‘sin[(pA +0At+k%Jt(kt+GA —GCy)dt =
0

L
1 12) o,
= —zj‘tdcos((pA +0At+k—2 ]——k I =
0

(12)

1
—;(LCOS([)B —(xg —xA))+

Oa
+ k—z((COS(pB —CosP, )+ 0, (Vg —yA)),

L 2
I, =%jcos[<pA +6At+k%jt(kt+cA o, )dt =
0
L

2
= lIta’sin{(pA +6At+kt—J—G—A12 =
ko 2 k (13)
1 .
:;(Lsm(pB _(yB _yA))_

OpA v/, . .
- k—z((sm(pB —sin@, ) —c, (xg —xA)).
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It follows from (5) that

Oxg 1 1
T = 3l =g (beosen — O — ) -
(14)
()
_ﬁ((COﬂPB—COS‘PAHc’A(J’B_yA))’
oy 1 1 .
ZB__g, =—(Lsingg —(yg —yp)) -
ok 27 2k (15)

Ga . .
- W((sm(pB —sinQ, )+, (xg —xA)).

For the left clothoid, the curvature at the initial point
and the length do not change with the changes in the
curvature of the circle. Denoting, as before, the curvature
of the circle by o, taking into account (1) and (5) and
fixing ¢, we obtain:

Ox Oxp 1
_B=_B._’ (16)
oc ok L
ayB ﬁyB 1
—= =2 17
0o ok L an

Let us consider the effect of changing the curvature
of'the circle 6 on the right clothoid. For its initial and end
points, as well as its length, we keep the designations A,
B, and L, respectively.

L —c 2
g :Jcos((pA+ot+GBL G-%]dt,
0
P L —c 2 2
ﬁ:—jsin (pA+Gt+GB °.r t—t— dt =
0o 0 L 2 2L (18)
|
=L +—1,
£ og -0 12
yB=J.sm Py +Ot+ T dt,
0

g op—0 12 12
—==cos + ot + — || t——|dt=
oc I Pa L 2 2L

1
=1, ——1,.
2 2L4

(19)

When substituting in (18) and (19) instead of /,, 1,,
I, 1, their values from (10)—(13) for the right clothoid, it
should be taken into account that 6, = ¢ and k= (65 — 6)/L.
Formulas (18) and (19) can be used in computing
the derivatives of the coordinates of any interior point C

of the right clothoid along the curvature of the circle
by substituting in (10)—(13) x. and y. instead of xy
and yp, @ instead of ¢y, and, instead of L, the length
of the clothoid from the initial point A to this point C.
However, in formulas (18) and (19), L is the length of
the entire right clothoid from point A to point B.

Then it follows from (1) and (2) that:

% = £ (20)
oo 2
Here o is the curvature of the circle, ¢y is the angle
with the OX axis at the end point of the clothoid, and L is
its length.
Formula (20) is applicable to both left and right
clothoids.
Now we have everything necessary to proceed to the
computation of partial derivatives of displacements on
normals (intermediate variables) on basic variables.

4. CALCULATION OF DERIVATIVE
DISPLACEMENTS ALONG NORMALS

Thus, it has been found that, even in the presence
of clothoids, all spline transformations are reduced to
shifts and rotations when changing one main variable.
Let us consider how to successively calculate the
derivatives of displacements by normals on the main
variables without having the corresponding analytical
relationships.

4.1. Derivatives by the straight-line length

When changing the length of the line by o/ the
subsequent part of the spline is shifted in the direction
of the changed line. This direction is determined by the
angle o of the line with the axis OX (Fig. 3). For the shift
along the jth normal, the formula is valid

Oh; _ sin(a—P) 1)

ol sin(y; —B)’

where B is the angle with the OX axis of the
tangent (line AB in Fig. 3) to the spline element (in
a special case it is a line) at the point of intersection with
the jth normal); v; is the angle of the normal (C,C, in
Fig. 3) with the OX axis.

In Fig. 3, point C is the initial position of the
intersection point of the normal and the spline, which
corresponds to the value of the intermediate variable
h.. At the shift in the direction determined by the angle
o at 8/, AB moves to A,B,, point C moves to C,, and
C, becomes the point of intersection of the normal
with the spline. The displacement hj gets the increment
oh = CC,.
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Ya

0 X

Fig. 3. To the calculation of partial derivatives at the shift

Formula (21) is derived from the sine theorem when
applied to the triangle C,CC,. It is valid for all normals
intersecting the spline to the right of the end of the
varying line.

4.2. Derivatives by the arc length of a circle

When the arc length of the circle is changed by 8L,
the whole subsequent part of the spline (starting from the
end point of arc B) is shifted by 6L in the direction of the
tangent to the circle at B. This direction is determined by
the angle a of the tangent with the OX axis. Additionally,
the right side of the spline is rotated by the angle
da = 60L around the point B, where o is the curvature of
the circle. The shift is accounted for in the same way as
for the change in the length of a straight line. In [3], the
formula (13) for calculating the derivative of the length
of the circle of the displacement along the jth normal
is given and justified, which, in the notations we have
adopted, will be as follows:

oy _
oL .
_ sin(a.—B) +[ (xc —xp)cosP+ (v — yg)sinp Jo (22)
sin(y ; —B) '

Here L is the length of the circle arc, a is the angle
of the tangent to it at the end point B, x., y. are the
coordinates of the point of intersection of the spline with
the jth normal, B is the angle of the tangent to the spline at
this point C with the OX axis, y f is the angle of the normal
with the OX axis. This formula takes into account both
shift and rotation. It is valid for any normal intersecting
the spline to the right of the end point of the circle arc.

4.3. Derivatives by the arc length of the clothoid

When the length of the clothoid changes, the
subsequent part of the spline is shifted and rotated with
the center at the end point of the clothoid arc B.

The respective increments of displacements along
the jth normal to the right of the clothoid are represented
in the form:

Oh; = Ok + O, (23)

where 6h;. is the increment of displacement along the

jth normal at the shift; Gh; is the increment of
displacement along the jth normal at the rotation.

The change in the coordinates of the end point B
occurs due to the tangent shift by 0L and the change in
the parameter &, which additionally leads to a change in
the coordinates of the intersection points of the normals
with the clothoid.

For the calculation of ah; , we use formulas (7)
and (8), which give the increments of coordinates Ox,
and Oy of the end point of the clothoid arc caused by the
increment 0L. The same increments will be given by the
shift to the coordinates of all subsequent points. It is
notable that the first summands in these formulas
correspond to the shift along the tangent at point B
by 0L, while the second summands correspond to the
shift due to the change in the parameter of the clothoid
while maintaining the curvature at its initial and end
points. If we denote the increment hj- caused by a shift
along the OX axis by dx; via ahj .» and along the OY axis
by Oyg via oh - then

In order to calculate 6hj .. in formula (21), we replace

Oh; i
0l by &xg , and o by 0. We obtain — jr___ sinp
Xg sin(y I B)
oh v cosP
dyg  sin(y; —P)

Similarly for oh Ly when o = n/2:

Hence it follows:

oS, = —— SINP o BB o )
sin(y,~p) © sin(y, ~P)
Further:
Ofj ___sinB & cosp P o
oL sin(y j—B) OL sin(y j—B) oL
o Oxg
Derivatives —— and —— are calculated by
oL oL
. . . a)CB 6yB
formulas (7) and (8), in which, instead of e and %

we should substitute their expressions from (14)
and (15), respectively.

For intersections with normals inside the clothoid
in (22), instead of (6) and (7), we should use expressions

Oox ox Op — O 0 OR — O
G _ C.(B A)and yC__ayC_(B A)’

oL Ok I? oL Ok I?
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. . axc 6yC
while the derivatives —= and E should be calculated

by formulas (13) and (14), substituting x, - instead of
Xg, Vg, and ¢ instead of @y and L, representing the
length of the clothoid from the initial point A to the end
point B.

For the calculation of 6h;- , it is necessary to take into
account the rotation of the subsequent part of the spline
around the end point of the clothoid B by the angle dgp.
In [3], the formula for calculating the derivatives of
displacements along the jth normal by the rotation angle
is derived, which in our notations will be as follows:

ah; _ (xc —xg)cosP+(yc —yB)sin[S'
dpg sin(y ; —P)

Taking into account that, by formula (9)

09p/0L = (6, + 63)/2, we obtain:

%: (xc —xg)cosP+(yc — yg)sinP

5 sin(yj B (op +0p)/2.(26)

Here x., y. are the coordinates of the point of
intersection of the spline with the jth normal; f is the angle
of the tangent to the spline at this point C with the OX axis;
v;1s the angle of the normal with the OX axis; 6, and o are
tfle curvature at the initial and end points of the clothoid.

According to (23), the sum of the right parts of (25)
and (26) gives the derivative for the subsequent part of
the spline.

4.4. Derivatives by curvature

As already mentioned, the most complex
transformation of the spline takes place when changing
the curvature ¢ of one circle and maintaining the values
of all other main variables: the parameter of the left
clothoid is changed, which results in shifts inside it; the
right part of the spline is shifted and rotated up to its end;
within the circle arc, there are shifts along the normals
intersecting it; additionally, there are shifts and rotations
of the spline part beyond the end point of the circle arc;
finally, the parameter of the right clothoid is changed,
which provides shifts and rotations of the spline part
beyond the end point of this clothoid, as well as shifts
inside it.

We will calculate the derivatives of displacements
by normals along the curvature sequentially by sections.

Within the limits of the left clothoid
and up to the end of the spline
For the point C of intersection of the jth normal with
the clothoid, we designate its coordinates as x, Y, the

length from the origin of the arc of the clothoid (point A)
to the point C as L, the angle of the tangent at the point C
as ¢, and the parameter of the left clothoid as k. Let us
use formulas (14) and (15):

ox 1
C
8_k1:2_k1(LC cosQc — (3¢ = x4 )) =
27)
o
_ ﬁ((coscpC —CcosQ, )+ 0, (Ve —yA)),
1
e 1 .
—=—(L~sinQx — - -
ok, 2k, ( csinec — (e yA))
(28)
c . .
- ﬁ((sm(pB —sin@, )+ 6, (xc —xA)).
1
) Oxc  Oxg 1
According to (16) and (17), . = %L and
c 1
%) 0 1
i=ﬁ'—, where L is the length of the clothoid
oc Ok L
AB.
According to (24), the coordinate increment gives
the normal displacement increment by
ons =——SmP 5 B For the

7 SinGy, )¢ sinGy, -p) " C
corresponding derivative on the curvature of the circle
of the jth normal displacement within the left clothoid,
we obtain:

sinp ¥  cosp Pc

ohs
L= +— L.(29)
oG ( sin(y j—B) Ok, sin(y j -B) ok J /

Here, as before, f§ is the angle with the OX axis of
the tangent to the spline at the point C of intersection
with the normal, while V; is the angle of the normal with
the OX axis. In (29), it is necessary to substitute both

Oxc
— and from (27) and (28).
ok,

For the normals intersecting the spline to the right of
the left clothoid, formulas (27) and (28) are applied to
the end point B and the is result substituted into
formula (29), in which the angles p and i refer to the
corresponding normal. For the same normals, the

oht.
derivative a—J due to the rotation of the tangent at

)
point B of the clothoid is calculated using (26) and

a(PB L D .
e = Py which is derived from (4). As a result, for an
c

arbitrary point C of the intersection of the normal with
the spline to the right of the left clothoid, we obtain:

%: (xc —xg)cosP+(yc —yg)sinP L
oo sin(y; —PB) 2

(30)
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Summarizing (29) and (30) gives

oh, ohS ont
L

— . 31
0c 0o Oo G

Within the circle and to the end of the spline

Additionally, there are changes in coordinates of
intersection points with normals within the circle arc due
to changes in its curvature.

Formula (17), obtained in [1] for calculating the
partial derivatives of the displacements /. along normals
within the circle by radius R, has the following form
oh; _cos(B-a)—1

OR sin(y — )
OX axis: o and P are the angles of the tangents to the arc
of the circle at its initial and end points, while v is the
angle of the jth normal. In our designations for the
curvature derivative of the displacements along the
normals inside the circle, we obtain:

. In it, there are the angles with the

1
5}1; _ 1—cos(B-¢p)
0c  sin(y I B)o?

(32)

As a result, for the derivatives of displacements
along the normals intersecting the arc of the circle, we
obtain:

06 0c 0o Oc

Due to the change of curvature o, there is an

additional shift of the whole subsequent part of the

spline from the end of the circle arc (point B), as well as
its rotation centered at this point.

According to formulas (14) and (15) from [1], when
passing from radius to curvature, we obtain:

(33)

(9x_B _sinB—sino —(B—a)cosp

o o2 S
Oyg :_cosa—cosB—z(B—a)sinB. (35)
0o o

Here, o and P are the angles with the OX axis of
the tangents to the arc of the circle at its initial and end
points, respectively.

We obtain for the derivatives of displacements h;z
along the normals resulting from the shift at the end
point of the circle using formula (24), which allows us to
switch from displacements along x and y coordinates to
displacements along the normal:

2 .
6h§f _ sin 3, @C_B+ . cos B, .GyB. (36)
oo sm(yj—Bl) 0o sm(yj—Bl) oo

Here, B, is the angle with the OX axis of the tangent
to the spline at the point of its intersection by the jth
normal; y / is the angle of this normal with the OX axis.

. . GxB @yB
Following substitution —— and . from (34)
c c
and (35) into (36) and simplifications, we obtain:
s2
Oh i
0c
_cos(B; —a) —cos(B; —P) + (B —o)sin(B; —B)

B sin(yj - [31)02

G37)

The consequences of the tangent rotation at the end
point of the circle when its curvature changes will be
taken into account in the same way as was done above
for the tangent rotation at the end of the left clothoid.
According to (26)

5}1;2 _ (xc —xg)cosB+(yc —yg)sinP
dpg sin(y ; =)

Here x., yo are the coordinates of the point of
intersection of the spline with the jth normal; 8 is the
angle of the tangent to the spline at this point C with the
OX axis; v, is the angle of the normal with the OX axis;
@y is the angle of the tangent to the arc of the circle at
its end point.

L . ¢
Taking into account that, for a 01rclea—B=L,
c

where L is the length of the circle arc, we obtain:

ah;-z _ (xc —xg)cosP+(yc —yg)sinfP
0o sin(yj -B)

L (38)

Formulas (37) and (38) are true for all points of
intersection of normals with the spline not only within
the right clothoid, but also up to the end of the spline.
The effect of a change in the circle curvature on the right
clothoid is taken into account in the same way.

5. CALCULATION OF THE OBJECTIVE
FUNCTION GRADIENT

The initial approximation for the optimization
algorithm is a spline obtained by a separate program
implementing the dynamic programming method [1].
Using this spline, the offsets of given survey points along
the normals to the design position are determined (Fig. 2).
These are the current values of intermediate variables /..
In order to determine them, the elements of the spline
starting from the initial straight line are sequentially
considered. For each element (line, clothoid, circle) the
number of the first normal intersecting it is memorized.
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Formula (9) from [1] is used for determining the
intersection points of normals with the circle. The
iterative algorithm [19] is used to find intersections with
the clothoid. Then, for each basic variable x; (lengths of
elements and curvatures of circles), the number of the first
normal j, is sequentially determined, the displacement
along which is affected by the change of the corresponding
basic variable. For the lengths of straight lines and circles,
this is the number of the first normal that intersects the next
element. For the length of a clothoid, it is the number of
the first normal intersecting it; for the curvature of a circle,
it is the number of the first normal intersecting the left
clothoid. The number of the final normal for all elements
is the number of the last normal 7.

The derivatives of the initial objective function (2)
by main variables are calculated by the formula:
OFh() _ <, 9
. ;hj P (39)

J=Jj J

Here x and h are the vectors of basic and intermediate
variables, respectively.

The same modified Lagrange function [20-22] and
the same algorithm [23, 24] as for the spline consisting of
line segments and arcs of circles [3] are used to optimize
the spline parameters. For this purpose, the derivative of
the penalty function [3] is added to the right part of (39)
when calculating the gradient.

CONCLUSIONS

The main result of this research is the development
of mathematical models and algorithms for
approximation of functions given by a discrete sequence
of points by compound splines of complex structure,
including splines with clothoids. A successful choice of
variables allowed us to solve the task of approximating
multivalued functions. Such problems are typical of
those arising in the design of railroad and highway
traces.

The unique approach of obtaining formulas for
calculating partial derivatives in the absence of analytical
expressions of differentiable functions can also be used
in solving other problems.

Performed calculations using the experimental
programs have shown that, although the presence
of clothoids significantly increases counting time,
this does not become critical when using commonly
available modern personal computers. Unfortunately,
the developed algorithms and programs have yet to
find practical application due to the lack of interest in
improving the quality of design solutions at the same time
as reducing costs in the construction and reconstruction
of the roads and railways.
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