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Abstract

Objectives. The paper considers a satellite with an optoelectronic payload designed to take pictures of the Earth’s
surface. The work sets out to develop a mathematical model for determining the dependencies between the state
vector of the satellite, the state vector of the point being imaged on the Earth’s surface, and the distribution fields
of the velocity vectors and accelerations of the motion of the image along the focal plane of the optoelectronic
payload.

Methods. The method is based on double differentiation of the photogrammetry equation when applied to a survey
of the Earth’s surface from space. For modeling the orbital and angular motion of the satellite, differential equations
with numerical integration were used. The motion parameters of the Earth’s surface were calculated based on the
Standards of fundamental astronomy software library.

Results. Differential equations of motion of the image were obtained. Verification of the developed mathematical
model was carried out. The motion of the considered satellite was simulated in orbital orientation mode using
an image velocity compensation model. The distribution fields of velocity vectors and accelerations of motion of the
image of the Earth’s surface were constructed. The residual motion of the field of image following compensation was
investigated.

Conclusions. The proposed mathematical model can be used both with an optoelectronic payload when modeling
shooting modes and estimating image displacements at the design stage of a satellite, as well as at the satellite
operation stage when incorporating the presented model in the onboard satellite software. The presented
dependencies can also be used to construct an image transformation matrix, both when restoring an image and
when obtaining a super-resolution.

Keywords: remote sensing of the Earth, satellite, images of Earth’s landscapes, mathematical model, image velocity
field, image acceleration field, super-resolution
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Pesiome

Llenu. B ctatbe paccmaTtpuBaeTcsi CIYyTHUK C ONTUKO-3/1EeKTPOHHOW annapaTypoi, npeHa3Ha4YeHHon Ans CbeM-
K1 noBepxHocTn 3emnu. Lienb ctatbn — paspaboTka MaTtemMaTUYeCKOn Moaenn Ojisi onpeaeneHns 3aBMCMMOCTEN
MeXAy BEKTOPOM COCTOSAAHUSA CMYTHMKA, BEKTOPOM COCTOSIHUS CHUMAEMO TOUKM Ha 3€MHON MOBEPXHOCTU U MNOSISIMN
pacnpeneneHuii BEKTOPOB CKOPOCTEN N YCKOPEHWUI ABMXEHUS 13006paxeHus no GokKasibHOW NI0CKOCTU OMTUKO-
3NEKTPOHHOW annapartypbl.

MeTopabl. Vicnonb3yemblii METOA OCHOBAH Ha ABOMHOM AnddepeHuMpoBaHn ypaBHeEHUS HOTOrpaMmMeTpun
npv NPUMEHEHNN ero K CbeMKe NMOBEPXHOCTM 3emMnn 13 kocmoca. s nocTpoeHns Moaen opobuTanbHOro
M YrNOBOrO ABMXEHUI CMYTHUKA NMPUMEHSTCH anddepeHLmnanbHble YPaBHEHUS C YACTIEHHBIM UHTErpPUpPOBa-
HueM. MapameTpbl BpaLLeHns 3eMau 1 ABUXEHNSA 3EMHOW MOBEPXHOCTU BbIYUCHSIOTCA HA OCHOBE OMBIMOTEKN
nporpamm Standards of fundamental astronomy.

PesynbTathbl. [MonyyeHbl anddepeHumanbHble ypaBHEHUS OBMXEHUS n3obpaxeHus. NpoBeneHa Bepudunkaums
pa3paboTaHHO MaTemMaTnyeckom moaenu. NMpoBeneHoO MOLENNPOBAHME ABUKEHNS CNYTHUKA B pEXMMe opbutans-
HOW OpUEHTALMM U B PEXMME KOMMEHCALLMM CKOPOCTU ABMXKXEHUS N300paxeHunsi. NocTpoeHbl Nonsa pacnpeneneHus
BEKTOPOB CKOPOCTEN U YCKOPEHUI ABMXEHNSA N300paxXeHNss MOBEPXHOCTN 3emnu. MiccnenoBaHO OCTAaTOYHOE none
OBUXEHWS N306paxeHns Nocsie KOMMeHcaLmm.

BbiBoabl. [MpeanoxeHHaa matemaTnyeckas MOAEb MOXET HAUTU MPUMEHEHME KakK Ha aTane nNpoeKTUpPOoBaHUS
CMyTHMKA C ONTMKO-3/IEKTPOHHOW annapaTtypor Npu MOAENNPOBAHNN PEXVUMOB CbEMKM N OLLEHKAX CMELLLEHWNM
M300paxeHuns, Tak N Ha aTane aKcryaTaumm CnyTHMKA Npy MPUMEHeHUN NpeacTaBleHHONn Moaen B 60OPTOBOM
nporpaMmMmHOM obecneveHnn crnyTHuka. MNpencraBneHHble 3aBUCMMOCTU TakXe MOXHO MCMOMb30BaTb Afs Mo-
CTPOEHUs MaTpuLbl casura n3obpaxeHus B 3aa4ax BOCCTAHOBNEHUS N300paxXeHUs 1 NOJly4eHUs1 cBepxpaspe-
LeHus.

KnioueBble cnoBa: AMCTaHUMOHHOE 30HAMPOBaHME 3eMin, CNYyTHUK, n3obpaxeHus naHawadTo 3emnn, mate-

mMaTtuyeckas MoJeslb, Nnojie CKOPOCTEel ABMXEHUNS N300paXeHus, nosie YCKOPEHNi OBMKEeHUS N300paxeHnsl, cBepxpas-
pelueHne
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Mpo3payHocTb GUHAHCOBOI OEeATeNbHOCTU: ABTOP HE UMeeT (PUHAHCOBOW 3aMHTEPECOBaHHOCTU B NPeacTaBfieH-

HbIX MaTepuanax nin MetToaax.

ABTOp 3asBnseT 06 OTCYTCTBUN KOH(INKTA UHTEPECOB.

INTRODUCTION

The paper considers a satellite equipped with
a high-resolution imaging optoelectronic payload (OEP)
with charge-coupled photosensitive devices (CCPD)
operating in a time delay and integration (TDI) mode.
The TDI technology is based on multiple exposures
of the same object, which significantly increases the
signal-to-noise ratio and can thus be used for scanning low-
light scenes, but imposes limitations on its application,
since it becomes necessary to ensure the movement of
the projected image of the object in accordance with the
movement of charge packets on photodetectors.

The accuracy at which the image motion
velocity (IMV) is known sharply limits the use of TDI
technology. In order to ensure that the accumulated
shift during the exposure time does not exceed ~1/3 of
a pixel, it is necessary to account for such IMV vector
fields on a CCPD [1].

Among the main components of the superposition
of the charge packet motion along CCPD during the
exposure time are the orbital and angular motion of
the satellite, the curvature of the Earth’s surface and
its rotation, as well as operational errors of the satellite
attitude control and stabilization system (ACSS).

Many authors have dealt with issues of IMV
calculation. The calculation of IMV fields is considered
in [2-4]. In [2, 3, and 5], problems associated with
calculating the velocity field of image motion when
a satellite moves in a central gravitational field are also
considered.

Compensation of IMV fields is considered in [6-9].
These works discuss the method of providing the
required (reference) IMV by means of a satellite’s
rotational motion in accordance with the special program
law of orientation and stabilization control.?

The present author assumes that, in the presence of
compensation, there may be deviations of actual IMV
from the required value, for example, due to unauthorized

I Hang Y. Time-Delay-Integration CMOS Image Sensor

Design for Space Applications: Ph.D. Thesis. Nanyang
Technological University; 2016.

2 Galkina A.S. Synthesis of the Spacecraft Angular Motion
Control Programs for Surveying Curvilinear Routes. Diss. ...
Cand. Sci. (Eng.). Samara; 2011. 143 p. (in Russ.).

turns of the satellite due to errors in the ACSS operation,
possible vibrations affecting the satellite structure, as
well as scanning without considering terrain relief.

The present work aims to develop a general
mathematical model for calculating IMV fields and
image motion acceleration (IMA) vectors taking into
account the main dynamic and kinematic factors of
the imaging process, as well as to estimate the residual
IMV and IMA fields in the presence of compensation. In
the presented mathematical model of IMV calculation,
unlike [2, 3, and 5], the main dynamic effects of external
and internal forces and torques forcing on the satellite
body may be taken into account.

The obtained results can be used in compiling an
image field shift matrix for solving the super-resolution
problem.

PROBLEM STATEMENT

We shall construct a mathematical model of scanning
the Earth’s surface from space based on the following
assumptions:

1. The satellite model represents a completely
solid body orbiting the Earth according to the
EGM2008 gravitational field model [10].

2. The model of the onboard OEP represents
a completely solid body with focal distance f and
focal plane (FP) having dimensions a and b.

3. The Earth model is an ellipsoid with
WGS84 parameters.?

4. Coordinate systems used: geocentric celestial
inertial reference system (GCRS) [11]; international
terrestrial ~ reference  system (ITRS) [11];
local-vertical-local-horizontal (LVLH) coordinate
system or orbital frame (OF) [12]; satellite body
frame (BF); and OEP focal plane frame (FPF). For
writing down equations of the satellite motion,
the inertial quasi-non-moving GCRS coordinate
system is used. When writing differential equations
of the satellite motion in the rotating ITRS
coordinate system, it is necessary to consider the
precession and nutation of the Earth in motion

3 https:/gssc.esa.int/navipedia/index.php/Reference Frames

in_ GNSS. Accessed August 23, 2023.

Russian Technological Journal. 2023;11(6):47-56

49


https://gssc.esa.int/navipedia/index.php/Reference_Frames_in_GNSS
https://gssc.esa.int/navipedia/index.php/Reference_Frames_in_GNSS
https://doi.org/10.32362/2500-316X-2023-11-6-47-56

Mathematical modeling of velocity and accelerations fields of image motion
in the optical equipment of the Earth remote sensing satellite

Sergei Yu. Gorchakov

equations. Considering precession, nutation, and
motion of the Earth’s poles, as well as transition
parameters between the International Atomic
Time (TAI) and Coordinated Universal Time (UTC)
scales are included in the corresponding matrices
in the Earth rotation model using the software
package provided by Standards of Fundamental
Astronomy (SOFA) [13, 14].
5. The time scales used are TAI and UTC [11].
The following functional dependencies need to be
defined:

Vx,y = Xx,y = f(rsat’vsat’qsat’wsat’re’Ve’ae); (1)

ax,y = Xx,y = f(rsat’Vsat’Vsat’qsat’wsat’wsat’re’Ve’ae)’

where v is the vector of IMV at the point with x and
y coordinates on the FP; a, ., is the vector of IMA;
T Veat» Vsat Ar€ position, velocity, and acceleration of
the satellite in the GCRS, respectively; Ggqes Wear> Weat
are orientation quaternion, angular velocity, and angular
acceleration of the satellite in the BF, respectively; r_, v.,
a_ are position, velocity, and acceleration of the scanned
point on the Earth’s surface, respectively.

The schematic explaining the problem statement is
shown in Fig. 1.

Yepr

dacrs Trpr

Fig. 1. Graphical representation of problem statement

MATHEMATICAL SURVEYING MODEL

According to the fundamental equation of space
photogrammetry, the relationship between the FPF
and the GCRS with respect to scale (in image space)

is defined using a system of collinearity equations [15]
expressed in projections on the FPF axis, as follows:

x=fXZ\y=YZ", 2

where x, y are the coordinates of the image point in the
FPF (in image space).

We define the range vector rypp, expressed in the FPF
coordinate system (in object space), using the following
relationship:

_ M FPE
Tepr = MGersdGers: (3)

where d;gg is the scanning range vector in the GCRS

connecting the point on the FPF and the point to be

imaged on the Earth’s surface; Mg = MEEFMBE - ¢

is conversion matrix from the GCRS to the FPF; MEIEF

is conversion matrix from the BF to the FPF; M(B}}ERS is
conversion matrix from the GCRS to the BF (satellite
orientation matrix).

Equations (2) and (3) describe the process when the
imaging object and FP are stationary; x, y coordinates,
dcrs vector, and MERE: o matrix are unchanged. Since
scanning of the Earth’s surface from space takes place
over time, all components in the above equations are
functions of time.

MATHEMATICAL MODEL
FOR IMAGE MOTION VELOCITY

In order to find the IMV vector at the point FP, we
differentiate Egs. (2) by time, as follows:

. d _ d _
ngfXZ 1+fE<XZ 1);

. d _ d(.,_
p= 2 (7)),

d
The first summand % fXZ1 =0,since the focal

length is a constant value within the framework of the
problem to be solved. Then:

d _

xsz(XZ == R
=(ﬂ/x—sz)Z—1,

“
V.Z-YV,

y=f (1) =

=(m,-wr.)z,
where V, :%X u Vy =%Y.
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For defining vector Vppp = {OFPF,VX,V),,VZ} , we
differentiate Eq. (3), as follows:

d d
Vepp = —Tppp = — ML od +
FPF dt FPF dt GCRS™GCRS

d
FPF
+Mgers Z dGers:

©)

We define the derivative of the transformation matrix
MERE o, as follows:

d d d
FPF  _ FPF\BF FPF BF
EMGCRS _EMBF M¢crs + Mpg EMGCRS'

In the resulting equation, since there is no rotation
between FPF and BF (FP and satellite structure)
according to the problem statement conditions, the first
summand reverses to zero.

Then after substituting Poisson’s equation
d
EMEI():FRS = —WXMEPCI}{S [5], we obtain from (5) the
following:
d
Vepr = ME R s —dGeps —
FPF GCRS dt GCRS (6)
FPF BF
— Mpp W Mgcrsdaerss
0 -o, o,
where W, =[ox|=| o, 0 -, |is the angular
0, O, 0

velocity matrix of the satellite in BF.

Equation (6) shows that the total IMV is composed
of translational and angular motions of the OEP and the
imaging object.

We proceed to finding functional dependencies for
the IMA.

MATHEMATICAL MODEL
FOR IMAGE MOTION ACCELERATION

For determining the IMA, we differentiate Eq. (4)
for the second time, as follows:

jézé(f(VxZ—XVZ)Z*Z)z
:f[(AxZ—X}lZ)Z‘Z —2VZ(VxZ—XVZ)Z—3];
(7
s {22 2)-
- fl(4,2-v4,)z2 -2, (v,z-17,) 23]

For determining acceleration vector

Appp :{OFPF,AX,Ay,AZ} in the FPF, we differentiate
Eq. (5) for the second time, as follows:

dl d d
Appp = E[EM“GCRS + MEdGCRs:l =

d? d_ . d d? ®

= ﬁMdGCRS + ZEMEdGCRS + Mdt_szCRs-

We rewrite Eq. (8) in the following form:

d [\ rFPFyw niBF
Appp = _E[MBF WXMGCRS]dGCRS -

d
FPF BF
— 2Mpp W, MG(Rs EdGCRS +

d2
FPFn BF )
+ Mpp MGcrg 72 dGerss

d \FPF BF
Appp =~ ZMBF W.MGcrs +

0

d
FPF BF
+ Mg ZWXMGCRS +

4
dt

FPF BF
+ Mpp W, —MGgGcrs |dGers ©)

d
FPF BF
— 2Mgp" W, MGcrs Z dgers +

d2
FPFnpBF )
+ Mpp MGerg 72 dGerss

_ N{FPF BF
appp = Mpg [_EXMGCRSdGCRS -
BF
- W.W MGcrsdGers —
d
BF
= 2W,M(crs ZdGCRS +

d2
BF
+ MGcrs a2 dGers

-

0 —e, e,
where E, =[ex]=| e, 0 —e | is the angular
—e, e 0

acceleration matrix of the satellite in the BF.

In the resulting equation, the first summand is
the Euler acceleration, the second summand is the
centripetal acceleration, while the third summand is the
Coriolis acceleration. Next, we define the range vector
d;crg and its derivatives.
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MATHEMATICAL MODEL
FOR THE POINT MOTION
ON THE EARTH’S SURFACE

Equations of the point motion on the Earth’s surface
are written as follows:

_ MGCRS .
XGcrs = MITRS XTRS?

. _ MGCRS: )

XGcers = MITRS X1TRS T @GCRS X XGCRS?

.o _ GCRS .o
XGers = MRS XITRS ~ @GCRS X

(10)

X (OGRS *XGers) +29G6cRs X

X XGCRS T OGCRS *XGCRS>

where Xjtrg»>XTRS-XITRS are position, velocity, and
acceleration of the point on the Earth’s surface

(in the ITRS), respectively; MIGT%%S is the rotation
matrix between the ITRS and GCRS coordinate systems;
Ogcrs 18 the angular velocity vector of the Earth’s
rotation in the GCRS.

The angular acceleration vector of the Earth rotation
can be neglected (@gcrg ~0).

Then the range, relative velocity, and relative

acceleration vectors can be defined as follows:

dGers = XGers ™ Xat = M%%%SXITRS ~ Xsat>
dGers = XGers ~ Xear = MRS X7Rs +
+ OGeRsSXGCRS ™ Xsat
aGCRS =Xgers ~ Xeat =
= MERS K 7Rrs — OGeRrs X (@gers *Xgers) + (11

+20G0Rs XXGers ~ Xgat-

The vector field of velocities and accelerations
along the FP are obtained by substituting the resulting
Egs. (11) into (9) and (6), calculating the IMV and IMA
vectors in accordance with Egs. (4) and (7) at each point
of FP.

VERIFICATION

We compare the results obtained in the presented
mathematical model with those obtained in [2] for the
same initial data.

Based on calculations using the proposed
mathematical model at the point with coordinates (0, 0),
the following IMV values are obtained: 46.951 mm/s
along the x axis and 2.592 mm/s along the y axis. In [2],
values of 46.921 mm/s in the x axis and 2.591 mm/s
in the y axis are obtained. Thus, the calculation
relative error is no more than 0.1%, which indicates
the reliability of the proposed model for calculating
the IMV.

Table 1. Initial data for modeling

Parameter Unit of measure Numerical
(UoM) value
Satellite inclination degree 60.000
Orbit eccentricity - 0.01
Semi-major axis of km 6678.000
the orbit ’
OEP focus distance, f m 1.500
FP dimensions mm 120 % 80
IMV field
30 4 ——— e = = = = = = =
47.023
20 4+ = e =
10 1 > 47.022
e 99 S
IS 47.021 g
= =10 A -
B, 7o Y A IV I N S 47.020
T Y A S R A I I —
47.019
—40 - I o I

Fig. 2. Verification of the model
MODELING

The program is developed based on the mathematical
model. The satellite dynamics are described by
differential equations of the solid body motion [7, 12].
The satellite state vector is integrated using the fourth
order Runge-Kutta method [12] in the TAI time
scale [11]. In the linear perturbation part of the satellite
motion, only the acceleration due to the effects of the
Earth’s gravitational field with a 20 x 20 decomposition
according to the EGM2008 model [10] is considered,
while in the angular perturbation part, only the control
torques determined using a proportional derivative
controller based on the mismatch between the actual
angular motion and the reference motion are taken into
account. When calculating the transition matrix from
GCRS to ITRS and calculating the transition between
TAI and UTC time scales, the program library provided
by SOFA [14] is used.

Two cases are considered. In the first case, the satellite
is in orbital orientation (the BF axes are co-directed with
the LVLH axes), while in the second case, the satellite
rotation parameters correspond to the reference angular
motion at which the IMV compensation is provided [7].

Modeling is carried out for the three sets of initial
data presented in Tables 2—4.
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Table 2. Initial data for modeling

Parameter UoM Numerical value
. . 2020-01-01
Modeling start time UTC 00:00-00.000000
. . 2020-01-01
Modeling end time UTC 00-30-00.000000
Satellite inclination degree 97.000
Orbit eccentricity - 0.001
Semi-major axis of km 6900.000
the orbit ’
OEP focus distance, f° m 2.000
FP dimensions mm 160 x 20
Reference IMV in the FP mm/s 20.000
center
Reference IMV at the FP /s 20.000
right edge
The results of the field modeling without

compensation are shown in Figs. 3 and 4.

IMV field
751 + = ==+ + = - 27.619
501 o Beres
2.5 1
27617 o
c 0.0 c
€ €
<—2.51 27.616 _-
[P W [ [N S E ey >
_5.0,
i - — | - - e - - 27615
TS5 == = === =+ = ==
_10.0— T T e | 27614
~80 60 -40 20 0 20 40 60
X, mm
Fig. 3. Field of IMV vectors without compensation
IMA field
;s B——= 1= T B IR R 0.005
S I P U SR B .~ — _| Bto.ooa
2'5<—<— - - - - > | -

NUJ
£ 00+« <« = = I . 0.003 =
€ €
>-; _ e | - - - - — | —

2.5 B — e L Joo ol 0.002 &
-5.01
754 . R S 0.001
-10.01
-80 -60-40 -20 O 20 40 60

X, mm
Fig. 4. Field of IMA vectors without compensation

The modeling results of the residual IMV and

20.2

20.1

20.0

[v], mm/s

19.9

19.8

IMA fields with compensation (reference IMV
along x = 20 mm/s, along y = 0 mm/s) are shown in
Figs. 5 and 6.
IMV field

7.5 4

5.0 4

2'5_—>—>—>—>—>—>—>—>—>—-
EO.O——,——&—&—,——&—,——V——P—E—?
IS
YR S e

ol T T

_7'5_—>—>—>—>—>—>—>—>—>—-
—10_0-———-—-—-—————»—»—-—-

-80 —-60 -40 -20 0
X, mm

20 40 60

Fig. 5. Field of IMV vectors with compensation

0.35

0.30

0.25

0.20

|dv|, mm/s

0.10

IMV error
7544 2t e p v & | =
» v N - - | =
5.0-/ LS
VAV B R B
2.5+ = = =
A AV
é 001717 1 1T 5 T 1
>_‘_2.5_/ / ’/ ;/ ¥ A ] A - - | =
a - —_ —
IV AVArAE
/ / / ' \ -« - — —
—7.5+ / —
Iz 1 T
—10.01
-80 -60-40 -20 0O 20 40 60
X, mm
Fig. 6. Difference between the reference and actual
fields of the IMV after compensation
IMA field
75 £ A A X A A A LN
50_/ VAV Y Y Y AW ARV 4
PV ANV S SN S '
S AVArR N AVAraY
g 00w wiw 7w v % % # 7 ¥
N 25W A A M S S AN
AV Arar SV VAV
Wi #| ¥ ¥ ¥ A 4| ¥ |¥ ¥
—7.54 )
/¥
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-80 -60-40 -20 0 20 40 60

X, mm

Fig. 7. Field of IMA vectors with compensation
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Fig. 8. Satellite attitude angles relative to LVLH

The residual transverse velocity field of IMV (along
the y-axis) can be seen in Fig. 6. This may be explained
by the fact that when calculating the reference angular
velocity using the algorithm described in [7], two points
are taken as reference points: in the center of FP and at the
right edge of FP (in the considered case, corresponding
to the coordinates [0, 10]). It is at these points that the
actual IMV is equal to the reference IMV.

Thus, the modeling shows that the residual field
exists even when the compensation algorithm is used,
allowing such coordinates of the FP to be selected in
which the IMV reference vector is required.

The graphs of satellite attitude angles and satellite
angular velocities in the IMV compensation mode are
presented in Figs. 8 and 9.

The fields of IMV and IMA vectors without
compensation are presented in Figs. 10 and 11.

Table 3. Initial data for modeling

Parameter UoM Numerical value
. . 2020-01-01
Modeling start time UTC 00-00-00.000000
. . 2020-01-01
Modeling end time UTC 00:30-00.000000
Satellite inclination degree 97.000
Orbit eccentricity - 0.001
Seml—major axis of the Kkm 7000.000
orbit
OEP focus distance, f m 2.000
FP dimensions mm 160 x 20
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Fig. 11. Field of IMA vectors without compensation

Figure 12 shows the field of IMV with compensation.
Figure 13 indicates the difference between the reference

and actual fields of IMV after compensation.
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Table 4. Initial data for modeling

IMA field
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Fig. 12. Field of IMV vectors with compensation
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Fig. 13. Difference between the reference and actual
fields of IMV after compensation
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