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Abstract

Objectives. When processing images of the Earth’s surface obtained from satellites, the problem of restoring a
blurry image of a moving object is of great practical importance. The aim of this work is to study the possibility of
improving the quality of restoration of blurry images obtained at the limit of the resolution of the camera.

Methods. Digital signal processing methods informed by the theory of incorrect and ill-conditioned problems were
used.

Results. The proposed method for restoring a blurred photographic image of a moving object differs from traditional
approaches in that the discrete convolution equation, to which the problem of restoring a blurred image is reduced,
is obtained by approximating the corresponding integral equation based on the Kotelnikov interpolation series rather
than on the traditional basis of the quadrature formula. In the work, formulas are obtained for calculating the kernel of
the convolution obtained using the Kotelnikov interpolation series. The discrete convolution inversion problem, which
belongs to the class of ill-posed problems, requires regularization. Results of traditional approaches to restoring
blurred images using the quadrature formula with Tikhonov regularization and the proposed method based on the
Kotelnikov interpolation series are compared. Although the quality of the blurred image restoration is almost the
same in both cases, in the quadrature formula the blur value is expressed as an integer number of pixels, while, when
using the Kotelnikov series, this value can also be specified in fractions of a pixel.

Conclusions. The expediency of discretizing the convolution describing the image distortion of the blur type on the
basis of the Kotelnikov interpolation series when processing a blurred image obtained at the limit of the resolution of
the camera is demonstrated. In this case, the amount of blur can be expressed in fractions of a pixel. This situation
typically arises when processing satellite photography of the Earth’s surface.
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Pesiome

Llenu. 3agava BOCCTAaHOBNEHNS CMa3aHHOM0 N306paxeHns ABMXYLLErocs 06bekTa MMeET B0sbLIOE NPakKTUYeckoe
3HayeHue, B YaCTHOCTU, Npu 06paboTke M306paxeHU i NOBEPXHOCTU 3eMN, NOJlyYaeMbIX CO CNYTHUKOB. Llenbio
paboThl ABNSETCS MCCNEA0BAHME BO3MOXHOCTU NMOBLILLEHNS KAYECTBA BOCCTAHOBIEHNS CMa3aHHbIX M3006paxeHuit,
noslydaemblx Ha npeaene paspeLuaioLlleri cnocobHocTn gpoToannapara.

MeToabl. Vicnonb3oBaHbl MeToabl UndpoBo 06paboTkM CUrHANOB, METOLbLI TEOPUM HEKOPPEKTHBIX N NI0X0 00Yy-
CJIOBJIEHHbIX 3a4a4.

PesynbTatbl. [peanoxeH METOA BOCCTAHOBEHNS «CMa3aHHOr0» GoTorpadmnyeckoro n3obpaxeHus ABUXYLLErO-
csl 06beKTa, OTIMYAIOLMNACS OT TPAOWLMOHHbBIX MOAX0A0B TEM, YTO YPaBHEHME ANCKPETHON CBEPTKU, K PELLUEHWIO
KOTOPOro CBOAMUTCS 3a4a4a BOCCTAHOBJIEHMS CMa3aHHOIro N3006paxeHns, Nosly4aeTcs nyTem anmnpokcMmMmaumm co-
OTBETCTBYIOLLENO UHTErPaNbHOr0 YPaBHEHWS HA OCHOBE MHTEPMONSLMOHHOIO psga KotenbHrkoBa, a He Ha OCHOBE
KBaZpaTypHOI GOpMyIibl, Kak 3TO AenaeTcs TpaauUMoHHO. B paboTe nonyveHbl GopMynbl Af1st BbIYMCIEHUS aapa
CBEPTKM, NOJIy4aEMOWN C MPUMEHEHNEM NHTEPMONSALMOHHOrO psiaa KotensHukosa. Kak n3secTHo, 3azada obpalye-
HUS AMCKPETHOWM CBEPTKM OTHOCUTCS K KNACCy HEKOPPEKTHbIX 3afa4 1 TpebyeT perynspusauuun. JaHo cpaBHeHne
pe3ynbTaToB BOCCTAHOBEHNS CMa3aHHbIX M306paxeHuii (C MCNOJIb30BAHMEM PErynsapusaLnmm no TUXoHoBY), OCy-
LLLECTBNIIEMOrO Kak TPagULMOHHBIM NMyTeM, T.e. C MPUMEHEHNEM KBaapaTypHOU GpopMysibl, Tak 1 NpeanaraembiM
€cnocob0oM, OCHOBbIBAOLLMMCS HA UHTEPNONSLMOHHOM psaae KoTenbHukosa. MokasaHo, YTO Ka4eCTBO BOCCTAHOB-
JIEHNS CMa3aHHOro N306paxeHns B 000MX Crydasix Nosy4yaeTcs npakTuyeckn oamHakosbiM. OfHAKO MCNONb30Ba-
HWe kBaapaTypHoi hopMysbl MpeanonaraeT, 4To BENYMHA «CMas3a» BbIpaXeHa LesfibiM YACIOM NUKCENEN, B TO Bpe-
Msi Kak B CJlydae ncrnosnb3oBaHus psaa KoTenbHMKoBa 9Ta BENIMYNHA MOXET 334aBaTbCsA U A0SIIMU NUKCENS.
BbiBoApl. MNoka3zaHo, YTO AMCKPETU3ALLMI0 CBEPTKM, ONUCHIBAIOLLEN NCKaXKEHNE N30OPaAXeHMs TUNa «CMas», Lere-
Cco06pa3HO OCYLLECTBNSATL HA OCHOBE MHTEPMOJIALUMOHHOMO psiaa KoTenbHrKoBa B ciydae, KOrzia OCyLLECTBSETCS
obpaboTka cMa3aHHOro M306paxeHus, NoJslydyaeMoro Ha npegene paspeluaioleri cnocobHocTy doToannapara.
9710 06YCNOBMEHO TEM, YTO B STOM CJly4ae BENMYMHA «CMa3a» MOXET COCTaBNATb A0NM nukcens. Takas cutyaums
XapakTepHa, Hanpumep, Ans CNyTHUKOBOM GOTOCHEMKM NOBEPXHOCTU 3EMNN.

KnioueBble cnoBa: «cMas» n3o0bpaxeHns ABMXYLLErocs 06bekTa, paspeLuatoLas cnocobHOCTb, BOCCTAHOBIEHNE
1n306paxeHns, TUXOHOBCKas perynapusaums, obpatHas 3agaya, MHTEPNoNsAUNOHHbIA psa KoTenbHMKOBa, KpaeBon ad-
dekT

¢ Moctynuna: 05.12.2022 » flopa6oTaHa: 09.03.2023 ¢ MpuHaTa kK ony6nnkosaHuio: 06.06.2023

Anga uytnposanua: ©enopos B.B., Xapnamos C.I"., Ctapukosckuii A.V. BoccTtaHoBneHne cmasaHHoro gotorpadpuye-
CKOro n3obpaxeHus ABrxKyLLerocs o0bekTa, nosy4aeMoro Ha npeaene paspeluatoLlenn cnocodbHocTu. Russ. Technol. J.
2023;11(4):94-104. https://doi.org/10.32362/2500-316X-2023-11-4-94-104

MpospayHocTb hMHAHCOBOW AeATENbHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOI 3aMHTEPECOBAHHOCTM B NPEACTaB/EH-
HbIX Matepuanax unm MeToaax.

ABTOpPbI 3aBASOT 06 OTCYTCTBUM KOHMIMKTA MHTEPECOB.
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INTRODUCTION

The problem of restoring a blurred image of amoving
object has been quite well studied!' [1-14]. Thus, in the
case when the velocity of the moving object is known
a priori, its solution is reduced to an inversion of the
discrete convolution. This is obtained by approximating
the corresponding integral convolution by replacing
the integral with a quadrature formula (typically the
trapezium quadrature formula). However, another
possibility, proposed in this work, is based on the
replacement of the integrand by its Kotelnikov
interpolation series. In this case, the integrand function
expresses the dependence of the brightness of the image
point on its coordinates.

If we consider an image whose smallest details
are significantly larger than the pixel size, then, when
restoring it after blurring, the value of blurring can be
set to the accuracy of the pixel size, i.e., expressed by
an integer number of pixels. In this case, as we will
show, the result of restoration is almost independent
of the way in which the convolution was discretized.
However, this is not the case when it is necessary to
restore a blurred image obtained at the resolution limit
of the camera, i.e., when the smallest details of the
image are close to the pixel size. In this case, it may
be necessary to express the amount of blur in fractions
of a pixel in order to maximize resolution. In practice,
this may imply the need to interpolate the blurred image
prior to its restoration, i.e., to virtually represent it as
if by smaller pixels. By doing this, it will be possible
to express the exact value of blur by a whole number
of these smaller pixels and then apply a traditional
restoration method.

However, such approaches are associated with
additional consumption of computer memory. For
example, if the pixel size has to be reduced by a factor
of 10, then the size of the corresponding image array
will increase by a factor of 100.

The proposed method of integral convolution
approximation based on the Kotelnikov interpolation
series allows blur to be specified in fractions of a pixel:
consequently, no interpolation of the image implying
additional consumption of computer memory is required.

METHOD
Basic integral equation
A basic integral equation linking the brightness of

points of the blurred image Q(x, y) with the brightness of
points of the restored image P(x, y) has the form:

I Gruzman 1.8, Kirichuk V.S., Kosykh V.P., Peretyagin G.I.,
Spector A.A. Digital Image Processing in Information Systems:
Tutorial. Novosibirsk: NSTU; 2002. 352 p. (in Russ.).

T
O(x,y)= wsz(x —v.Ly— vyt)dt,
0

where (x, y) are Cartesian coordinates of the current
point; (v,, vy) are Cartesian coordinates of the image
velocity on the CCD matrix surface (by assumption all
image points move with the same velocity); w is the
pixel size; T is the exposure time [1-3].

If the vertical component of velocity is absent, then
we have a Fredholm integral equation of the first kind of
convolution type:

2vxT
0 ="~ [ Px-t)de M

X0

Discretization of the convolution based on the
quadrature formula

By replacing the integral in Eq. (1) with the
trapezium quadrature formula, we obtain

2 n
0(x) =~ ¢, P(x - kw),
Y k=0

where ¢, =c¢,=0.5,¢c,=... =c, | = 1 are the coeflicients
of the quadrature formula; n = v /w is the amount of
image shift during exposure time, expressed as an
integer number of pixels; k € {0, ..., n}.

Or, since within a single pixel the brightness must be
considered constant, we have

min{n,m} _ 2

w
O(my~ Y. —c¢ P(m—k), )

=0 Vx
where m is the pixel number; m € {0, ..., M — 1};

M is the number of pixels in one row, k € {0, ..., m};

O[m] = Q(mw); P[m] = P(mw).
Then the equality in (2) will be considered as exact.
Convolution (2) can also be written in matrix form

Q=A-P, 3

where, for example, if M = 8 and n = 3, the Toeplitz
matrix A would have the form:

(0.5 0.0 0.0 00 0.0 0.0]
1.0 05 0.0 00 00 0.0
w2|1.0 1.0 05 0.0 0.0 0.0
v. |05 1.0 1.0 05 0.0 00/
00 05 1.0 1.0 05 0.0
100 00 05 1.0 1.0 05
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Convolution discretization based
on the Kotelnikov interpolation series

Assuming that the maximum spatial frequency in
the Fourier transform of the image P(x) does not exceed
1/2w, the subintegral function in (1) can be represented
by the Kotelnikov interpolation series:

P(x) = f P[k]sinc(i—k}
w

k=—0

Inserting this expression into (1), we obtain

2 +00
0 == Plk] j smc(———— jd&
X k=—o0
or
Olml= Y. Plklalm—k]= Y alk]Plm—k].
k=—o0 fk=—0

However, since the horizontal dimensions of the
image are limited to M pixels, we arrive at an approximate
equality (which we will further assume to be exact):

M-1
Olm]~ Y. Plklalm kI, (4)

k=0

where the kernel of this discrete convolution is defined

by the formula
- kD + Si(nk)J. 5)

w2 v.T
alk]= [S{n[
w

a[k]
CoOo=~=MN
momowmowm

-20 -10 0 10 20

-10-5 0 5 10
k

Corresponding diagrams are shown in Fig. 1.

As we can see from the above diagrams, the
convolution kernel (4) approaches the convolution
kernel (2) as the amount of image displacement for the
exposure time increases. In the case of convolution (4),
the shift value can be expressed not only by an integer
number of pixels, but also by fractions of a pixel. In the
case of convolution (2), however, this value is always
expressed as an integer number of pixels.

Convolution (4) can also be written in matrix form:

Q=A-P. (6)

However, here, unlike case (3), the Toeplitz matrix A
will no longer be a lower triangular matrix (it will not
have zero diagonals).

Simulation of a blurred image
(direct problem solving)

For numerical experiments on blurred image
restoration, it is necessary to have the images blurred
in the right way. It is possible to obtain such images
using relations (2) or (4), considering function P[m] as
given and function Q[m] as unknown. The mentioned
relations can be reduced to a cyclic convolution, which
is effectively computed (and reversed) on the basis of
the fast Fourier transform (FFT). For example, Figs. 2
and 3 show the original image and the horizontally
blurred 20 pixels image obtained in this way,
respectively.

When simulating a blurred image, the essential
point is the presence or absence of transient edges in the
blurred image. In the horizontally blurred image shown
in Fig. 3, such transient edges (left and right) are present.
Each of these transient edges comprises a strip of width

-10 0

10 20
k

Fig. 1. Diagram of the kernel of the discrete convolution (4) obtained using the Kotelnikov interpolation theorem
and corresponding to different values of the image blur Ax = vxT/w
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Fig. 2. Source image

Fig. 3. Simulated blurred image with uncropped edges (horizontal blur size—20 pixels)

equal to the amount of image displacement, whose
brightness gradually decreases to zero.

However, since the prototype of the obtained image
is like an infinite ribbon with no edges at both ends,
the real blurred photographic image will have no such
edges. Therefore, in order to conform the obtained
blurred image to reality, its edges should be cropped.

RESULTS

Results of blurred image restoration without the
application of regularization

Reversal of the simulated blurred image, as well as
obtaining the solution of the direct problem, is feasible
on the basis of FFT. Thus, a discrete convolution of the
form (2) or (4) can be represented as a cyclic convolution
by augmenting each of the finite sequences included in
the convolution with the required number of zeros

M-1
Qlm]= Y Plk]a[m—k], (7

k=0

where Q, P, and a are arrays of length equal to length(P) +
+ length(a) — 1 obtained from the corresponding arrays
0, P, a (included in (2) and (4)) by adding the required
number of zeros.

Then, to reverse this convolution a so-called inverse
filter can be used, whose effect in the frequency domain
is as follows:

FIP]= ﬁf[o],

where F[-] denotes the discrete Fourier transform; 1/F[a]
is the so-called transfer function of the inverse filter.

If in this case the transient edges of the simulated
blurred image are not cut off, the restoration result will
be almost perfect even without the use of regularization.
An example of an image restored in this way is shown in
Fig. 4. Experiments show that, in order to obtain this
result, the length of tails of the Kotelnikov kernel should
be not less than 3 in cases where the edges of a blurred

v
image Ax =——=20 remain uncropped. The length of

tails refers to the number of counts of the kernel with
negative indices, which is also equal to the number of
counts with indices greater than Ax.

However, as already noted, the real blurred image is
distinguished by the fact that it has no transient edges.
If, in accordance with reality, the resulting transient
edges are cut off, the result of restoration (without
regularization) will be extremely poor. A corresponding
example of the result of restoration is shown in Fig. 5.

It is possible to try to correct the situation by
performing a preliminary restoration of the cropped
edges. Such restoration can simply entail the addition of
two vertical bars equal to the width of the blur to the left
and right of the cropped image, whose pixel brightness
of the horizontal rows will increase/decrease (by

Russian Technological Journal. 2023;11(4):94-104
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Fig. 4. Blurred image with uncropped edges restored with an inverse filter using the Kotelnikov kernel
and without regularization

Fig. 5. Blurred image with uncropped edges restored with an inverse filter using the trapezium quadrature formula
and no regularization

continuity) according to a linear law. Figure 6 shows
an example of a simulated blurred image with cropped
transient edges, while Figs. 7 and 8 depict the results of
its restoration after the restoration of the cropped edges.

As can be seen, the result of restoration by reversing
the discrete convolution with the Kotelnikov kernel
turned out to be much better. However, as shown by
numerical experiments, the quality of the restoration
significantly depends on how many counts in the tails
of the Kotelnikov kernel, defined by formula (5), are
taken into account. In this case, only counts with indices
from 0 to 20 (with a blur value of 20 pixels) were taken
into account, i.e., the tails of the kernel were completely

discarded. In general, we cannot claim that the treatment
of the discrete convolution with the Kotelnikov kernel
without the application of regularization in all cases
guarantees a satisfactory result.

As can be seen from the examples, although edge
restoration slightly improves the result of image
restoration, its quality is still generally unsatisfactory. The
reason is that the inversion of discrete convolutions (2)
or (4) can be considered as a solution of a system of
linear algebraic equations (SLAE) of the form (3) or (6)
respectively.

Errors of restoration (and moreover the complete
absence of such restoration) should be considered as

Fig. 6. Simulated blurred image with cropped transient edges at a horizontal blur value of 20 pixels
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Fig. 7. Blurred image with cropped edges restored with an inverse filter using the Kotelnikov kernel
and no regularization

s

Fig. 8. Blurred image with cropped edges restored with an inverse filter using the trapezium quadrature formula
and no regularization

errors in the setting of initial data (i.e. errors in several
extreme values Q[0], ..., O[M — 1]). The estimate of
the relative error of the obtained solution is known to
be proportional to the relative error of the right part of
SLAE with the proportionality coefficient equal to the
conditionality number of SLAE matrix. This number,
whose value depends both on the matrix size and on the
value of blur, is typically quite large. Thus, even a small
relative error of initial data can lead to very significant
relative errors of the obtained solution. To mitigate this
phenomenon, the Tikhonov regularization method is
usually used in the convolution reversal [1-3].

Results of blurred image restoration by inverse
filtering with Tikhonov regularization

The image restoration problem is known to be very
sensitive to errors of initial data (the solution of the
Fredholm 1-grade integral equation (1) belongs to the class
of incorrectly posed problems). Therefore, in the presence
of any significant errors in the initial data, the convolution
reversal requires the application of regularization.

The transfer function of the Tikhonov regularized
discrete inverse filter has the form:

A[m]
| Alm] 2 +a 2P [m]’

where 4= F[a], W? is the stabilizing function of the order
p=0,1,2,...; ais the regularization parameter (o > 0,
with o = 0 there is no regularization; this parameter
can be chosen, for example, experimentally); array a is
defined in Eq. (7) [1-3].

Stabilizing function of zero order is W0 = F([1, 0, ..., 0]),
i.e., identically equal to 1. The first-order regularizing
function is defined as W2 = F([1, -2, 1,0, ..., 0]), i.e.,
the Fourier transform of the 2nd-order finite-difference
filter. Regularizing functions of higher orders are
the degrees of 2. The results of restoration with
edge restoration and application of regularization of
horizontally blurred image by 20 pixels are shown in
Figs. 9 and 10.

As we can see from the obtained results, the quality
of the blurred image restoration is equally good when
using the quadrature formula as in the case of using the
Kotelnikov series.

Results of numerical experiments
on image restoration at blur values expressed
in fractions of a pixel

Let us now consider the situation when we need to
restore a blurred image obtained at the resolution limit
of the camera, i.e., when the instantaneous images of the
smallest details of the moving image are close to the size
of a pixel. In this case, we will consider a test image
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Fig. 9. Blurred image after cropped edge restoration, restored via inverse filter
using the Kotelnikov kernel (a =103, p=1)

Fig. 10. Blurred image after cropped edge restoration, restored using an inverse filter
using the trapezium quadrature formula (a= 1072, p=1)

consisting of parallel strips of decreasing width down
to the size of one pixel (in the image space) as a model
of the subject. Figure 11 shows a momentary image of
such a test image (taking into account the finiteness of
pixel size of the camera CCD matrix). Figure 12 shows
a horizontally blurred image by 5.5 pixels of the same
test image.

Figure 13 shows the restored blurred image with
uncropped edges using the inverse filter using the
Kotelnikov kernel and no regularization. To obtain
the best restoration result for a given value of blur
of the image, the tail length of the Kotelnikov kernel
should be chosen experimentally. Thus, the result
shown in Fig. 13 is obtained with a tail length equal
to 2.

As we can see from comparison of Fig. 14 and 15,
the contrast of the restored blurred picture of the test
image using the Kotelnikov kernel is higher than when
using the quadrature formula. This is not surprising,
since the value of blur is equal to 5.5 pixels: when using
the quadrature formula, only the shift by an integer
number of pixels can be taken into account. Thus, in
case of using the quadrature formula, the inverse filter
has been adjusted to a blur value equal not to 5.5, but
to 6 (because when using the quadrature formula there is
no possibility to consider the fractional part of the blur
value).

111l

Fig. 11. Instantaneous (unblurred) picture of the test
image, obtained at the resolution limit

gl

Fig. 12. Horizontally blurred image of the world by
5.5 pixels (the edges are not cropped)

111l

Fig. 13. Blurred picture of a test image with uncropped
edges, restored with an inverse filter using the Kotelnikov
kernel and no regularization
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(118

Fig. 14. Result of the cropped blurred picture
restoration of the test image with the inverse filter using
the Kotelnikov kernel with preliminary restoration
of the cropped edges (a=1073,p = 1)

i

Fig. 15. Result of the cropped blurred picture restoration
of the test image with uncropped edges using the inverse
filter using the trapezoid quadrature formula
with preliminary restoration of the cropped
edges (a=1072,p=1)
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CONCLUSIONS

Results of numerical experiments show that, in cases
when the blur value is expressed by a whole number of
pixels, the proposed approach based on the Kotelnikov
kernel works as well as the traditional technique based
on the use of quadrature formulas. However, the use
of the Kotelnikov series will have an advantage if the
blur value of the image is expressed in fractions of
pixels, because in this case, to fully account for a priori
information about the blur value, there is no need to
interpolate the original image, as would be the case with
quadrature formulas.

Thus, if blur to be eliminated is a fraction of a pixel
in size, the use of the Kotelnikov kernel is preferable
when processing a blurred image obtained at the
resolution limit of the camera. Such a situation is typical,
for example, when processing satellite photography of
the Earth’s surface.
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