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Abstract

Objectives. Processes of energy transfer in solids and resultant thermal loads are widespread in nature and
technology. This explains the scientific and practical significance of constructing a theory of these processes, as well
as developing effective methods for studying the modeled concepts developed on this basis. The purpose of such
studies is to determine basic flux patterns of complex processes occurring especially under conditions of powerful
energy impacts in various technological operations. These include plasma-chemical processing of materials, their
processing in infrared furnaces and solar plants, intense heating of materials carried out by laser or electron beams,
and the use of powerful radiation emitters for thermal hardening and hardening of the surface of products. In these
cases, the phenomenon of thermal shock arises, forming one of the central topics in thermomechanics and strength
physics of solids. The present work considers an open theoretical problem of thermal shock in terms of a generalized
model of dynamic thermoelasticity under conditions of a locally nonequilibrium heat transfer process. Depending
on the type and curvature of the boundary surface of the considered massive body, the model can be used to study
the problem in three coordinate systems: cartesian coordinates—a massive body bounded by a flat surface;
spherical coordinates—a massive body with an internal spherical cavity; cylindrical coordinates—a massive body
with an internal cylindrical cavity. Three types of intensive heating are considered: temperature heating, thermal
heating, and heating by medium. Following the development of an analytical solution, the results of conducted
numerical experiments are presented along with their physical analysis.

Methods. The study applies methods and theorems of operational calculus according to the theory of special
functions.

Results. Generalized model representations of thermal shock are developed in terms of dynamic thermoelasticity
for locally nonequilibrium heat transfer processes simultaneously in three coordinate systems: Cartesian, spherical,
and cylindrical. The presence of curvature of the boundary surface of the thermal shock area substantiates the initial
statement of the dynamic problem in displacements using the proposed corresponding “compatibility” equation.
Conclusions. A generalized dynamic model of the thermal reaction of massive bodies with internal cavities
simultaneously in Cartesian, spherical, and cylindrical coordinate systems under conditions of intense temperature
heating, thermal heating, and heating by medium is proposed. The model is considered in terms of displacements
based on local nonequilibrium heat transfer. A numerical experiment carried out according to the obtained analytical
solution for stresses forms a basis for a description of the wave nature of the propagation of a thermoelastic wave.
A comparison with the classical solution is made without taking into account local nonequilibrium. The calculation
of engineering relations carried out on the basis of the operational solution of the problem is important in practical
terms for the upper estimate of the maximum thermal stresses.
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Pe3slome

Llenun. Mpouecchl nepeHoca 3Heprum B TBEPAbIX TENAaX N Bbi3bIBAEMbIE MU TEMIOBbIE HArPy3kM UMEIOT LLIMPOKOEe
pacnpocTpaHeHne B NpMpoae U TeXHUKE. DTUM OOBbACHAETCHA UCKITIOUYNTENBHO BaXXHOE Hay4yHOEe W MpakTu4yeckoe
3Ha4YeHne NOCTPOEHNSA TEOPUIN YKa3aHHbIX NMPOLECCOB, co3aaHne apPeKkTMBHbIX METOA0B UCCNea0BaHNS pa3BuBa-
€MbIX NPY 3TOM MOAENbHbIX NpeacTaBneHunii. Llenb aTnx nccnegoBaHnii — yCTaHOBIEHNE OCHOBHbIX 3aKOHOMEPHO-
CTel NpoTeKkaHUs 40CTAaTOYHO CNOXHbIX MPOLLECCOB, 0COOEHHO B YCOBUAX MOLLIHBIX 3HEPreTUYEeCKNX BO3AENCTBUMN
B Pa3/IN4HOI0 poaa TeXHONOrn4yeckmnx onepaumsx. K HUM MOXHO OTHECTU NIasMOXUMUYeckyto 06padboTky MaTepu-
anoB, 06paboTKy B MH(PaKpPaCHbIX Neyax 1 rennmoyctaHoBKax, MHTEHCUBHbIM HarpeB MaTepuanos na3epHbIMU NN
3NEKTPOHHbLIMU NlyHaMU, NPUMEHEHME MOLLHbIX PaanaLIMOHHbIX U3ydaTenei ons TepMMYeCckon 3akanky 1 ynpoyHe-
HUS NOBEPXHOCTU N3AENU. B 3TUX CNy4yanx BO3HUKAET Tak Ha3biBaeMbIi TEPMUYECKNI yaap — 0Ha U3 LeHTPaNbHbIX
TEM B TEpMOMEXaHUKe N PU3MKe NPOYHOCTM TBEPAbIX TEN, MMEIOLLAs BaXHOE Hay4HOEe 1 NPaKTUYeckoe 3Ha4YeHue.
Llenb paboTbl — pacCMOTPEThL OTKPLITYIO NPOobemMy Teopun TEMIOBOIO yaapa B TepMunHax 0600LLeHHOW Moaenn
OMNHAMNYECKOM TEPMOYNPYrocTy B YCNOBUSX JIOKaNIbHO-HEPABHOBECHOIO npoLecca nepeHoca Tennotbl. Moaenb
(B 3aBMCMMOCTW OT BUAA U KPUBU3HbBI FPAHNYHOM MOBEPXHOCTN paccMaTpMBaEMOro MaCCUBHOIO Tesia) No3BoNseT
ucenenosatb NPobnemMy B TPEX CUCTEMAX KOOPAMHAT: AeKapToBbl KOOPAMHATLI — MACCUBHOE TENO, OrpaHN4YeHHoe
MJIOCKOV NMOBEPXHOCThIO; chepunyeckme KoopamHaTbl — MaCCMBHOE TeNo C BHYTPEHHeN cdhepuyieckon NonocTbo;
LMNMHOPUYECKME KOOPANHATLI — MAaCCUBHOE TENI0 C BHYTPEHHEN LMNUHAPUYECKON NONOCTbO. PaccmaTpumBatoTcs
TPU BUaa MHTEHCUMBHOIO Harpesa: TemMnepaTypHbIii, TENI0BOW, Harpes cpenoii. CtaBnTca 3aaaya: nonyyYnTb aHanu-
TU4ecKoe peLleHme, MPOBECTU YACTIEHHbIE 3KCMEPUMEHTbI 1 AaTb UX PUINYECKMA aHaNNS.

MeTogabl. /icnonb3oBaHbl METOABI M TEOPEMbI ONEPALMOHHOIO NCHUCTIEHNS, TEOPUS CrieLManbHbIX PYHKLINIA.
Pe3ynbTatbl. Pa3BuTbl 06000LLEHHBIE MOAENBbHBIE NPEACTAaBNEHMS TEMOBOro yaapa B TepMUHAX ANHAMUYECKOM
TEPMOYNPYyrocTu AN NoKaNbHO-HEPaBHOBECHbLIX NMPOLECCOB NepeHoca TenN0Tbl OAHOBPEMEHHO B TPEX CUcTeMax
KOOPAMHAT: AeKapTOBON, CHepnyeckon N ULMnnHapuieckon. Hanmume KpnBn3aHbI FPaHNYHOM NOBEPXHOCTU 006/1aCcTn
TENNOBOro yaapa 060CHOBLIBAET MCXOAHYIO MOCTAHOBKY AMHAMWYECKOWM 3a[a4uM B NepeMELLLEHNAX C UCMNOb30Ba-
HMEM MPeaoXEeHHOro COOTBETCTBYIOLLLErO YPABHEHUSI «COBMECTHOCTU».

BbiBoAbl. MpennoxeHa 06006L1eHHan AnHaMuUyeckas Moaelb TEPMUYECKON peakuym MacCUBHbIX T C BHYTPEHHN-
MW MOJIOCTAMU OJHOBPEMEHHO B AeKapTOBOM, Chepmnieckon 1 LMINHAPUYECKON CUCTEMAX KOOPAMHAT B YCNOBUAX
MHTEHCUBHOIO TeMnepaTypHOro Harpeea, TenJ0BOro Harpeea, Harpesa cpenon. Moaenb paccMoTpeHa B nepemMe-
LLIEHUSIX Ha OCHOBE JI0KasIbHO-HEPABHOBECHOr O TensionepeHoca. MNMoay4eHo aHanMTUYEeCKOe peLleHne ans Hanps-
XXEHUI, NPOBEAEH YACTIEHHbIN 3KCMEPUMEHT; ONMCaH BOJIHOBOW XapakTep pacnpoCTPaHeHUs TEPMOYNPYroi BOJIHBbI.
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MpoBeaeHO CPaBHEHNE C KJTACCUYECKNM peLleHem 6e3 ydeTa IoKasibHOM HepaBHOBECHOCTW. Ha ocHoBe onepaum-
OHHOr 0 peweHna 3agayn npeanoxXeHbl BaXkKHble B MPakTN4eCKOM OTHOLLEeHUN pacHeTHble MHXEeHEePHble COOTHOLLEe-
HUS 0151 BEPXHEN OLLEHKN MaKCUMyMa TEPMUYECKMX HANPSXKEHNIA.

KnioueBble cnoBa: TennoBon yaap, 06006LLeHHas AMHamuyeckas Moaesb, aHannTuyeckoe pelwieHne, TepMmunye-

CKne HanpsaxeHus
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Mpo3payHocTb pHAHCOBOW AeATeNbHOCTU: ABTOP HE MMeeT GUHAHCOBOW 3aNHTEPECOBAHHOCTU B NPEACTaB/IEH-

HbIX MaTepunanax nin metogax.

ABTOp 3asaBnsieT 06 OTCYTCTBUN KOHDNNKTA MHTEPECOB.

INTRODUCTION

The present work continues the author’s earlier
research described in [ 1, 2]. Within the generalized model
of dynamic thermoelasticity, the open problem of the
thermal response to heating of a massive body bounded
from the inside either by a flat surface (an elastic half-
space in the Cartesian coordinate system), or a cylindrical
surface (an elastic space in the cylindrical coordinate
system with an inner cylindrical cavity), or a spherical
surface (an elastic space in the spherical coordinate
system with an inner spherical cavity), is studied. Three
cases of intense heating of the body (region) boundary
are considered: temperature heating, thermal heating,
and heating by medium.

The development of generalized models involving
numerous practical applications is one of the
insufficiently studied directions in thermal shock
theory. The specificity of such research lies, on the one
hand, in the relative simplicity of initial mathematical
models, and on the other, in computational difficulties
in obtaining the desired result. Moreover, the obtained
relations have obvious relevance for solving numerous
practical situations.

The study is conducted under the conditions
of locally nonequilibrium heat transfer processes [3-8].
Two circumstances are considered. During high-
intensity heating of solids causing thermal shock, heat
fluxes q(M,t),—where ¢ is time in region Q =
= {M(x,y,z) € D, t> 0} describing a real solid body—Ilag
behind the temperature gradient 7(M, f) by a value
proportional to relaxation time T, related to the heat

propagation rate vy by relation vy =./a/t.; here,
a is temperature conductivity [9—-15]:

oq(M.,t)

q(M,t) =—hrgradT(M,1) -7, o

> (1)

where A is the thermal conductivity.

The combination of the energy equation for isotropic
solids cp"0T (M ,t) / 6t = divg (M. 1), where ¢ is specific
heat capacity while p* is the density, and Eq. (1) result
in the following hyperbolic transfer equation [16, 17]:

02T (M, 1)

=aAT(M.0) =%, ——3
t

oT (aM 1) ’ 2
t

containing not only the first, but also the second derivative
of the temperature over time. As a consequence, Eq. (2)
describes wave processes—in this case, wave heat
transfer. While issues of correct formulation of boundary
value problems for Eq. (2) have been considered
relatively recently [16], a number of issues related
to associated thermal problems require further study.

DEFINING RELATIONS OF DYNAMIC
THERMOELASTICITY

Let D be the finite or partially bounded convex
region of space M(x, y, z) describing the real solid body
and being in the thermally stressed state; S be the
piecewise smooth surface bounding region D;
n =(ny,ny,n3)be the external normal to S (the vector
continuous on S); 7(M, t) be the temperature distribution
inregion D at ¢> 0; T}, be the initial temperature at which
the region is in the unstrained and unstressed state. Let
cl.j(M, 1), al.j(M, 1), and UM, ¢) be the components of the
stress tensor, strain tensor, and displacement vector,
respectively, satisfying basic equations of (uncoupled)
thermoelasticity (in index notation) [17]:

o, (M, 1)+ F (M, t)=p UM, 1), 3)

ij
g (M, )= (1/2)[Ui’j(M, n+U M, 1], 4)
(sij(M, )= Zusij(M, )+ [he, (M, 1) —

~ (3h+ 20y (T, 1)~ TS, ME D, t>0, (5)
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where p” is density; A, p are isothermal Lame coefficients;
G is the shear modulus; A=2GV/(1 —2v); v is the Poisson’s
ratio, with 2G(1 +v) = E, where E is the Young’s modulus;
oy is the linear thermal expansion coefficient; 3, is the
Kronecker symbol; F(M, t) are components of volume
force; e(M,t)= Ul.’l. (M,t)=¢;(M,t) is the volume
strain, which is related to the sum of normal stresses
o(M,)=c,,(M,t),n=x,y,z by the
relation:

following

M. = "2V 5(M.1) + 3ar [T(M.0) - T, .

The thermal stress state of region D at ¢t > (0 may
arise under various modes of thermal effect on boundary
S, creating a thermal shock. These may include the most
common in practice cases:

e temperature heating

T(M, £) = T(t), MES, t >0 (T.(t) > Ty, 2 0); (7)

e thermal heating

t
1 LT (M, ) P
—|—= exp| —— |dt=
T '[ on |MES p[ T J

ro T (8)
- L ws, .10
7\‘T
e heating by medium
t
L.l'—aT(M’T) |MeS exp(——t — T]dr =
Ty on T, 9)

= {T(M,0)| ye5 = [Ty + S, (NT, =T ]}, 120,

as well as under the action of internal heat sources. Here,
Ay is the thermal conductivity of the material; g(?) is the
heat flux; 4 is the relative heat transfer coefficient; 7 is
1,2>0,

0,1<0.

Also, the cases of solid cooling can be equally
considered.

The temperature function 7(M, f) included in (5)
is found from the solution of the boundary-value problem
ofunsteady thermal conductivity for Eq. (2) with boundary
conditions (7)—(9). Relations (3)—(6) are general relations
of dynamic thermoelasticity linking stresses, strains,
displacements, and temperature. When passing to specific
cases, it is necessary to transform (3)—(6) into the so-
called compatibility equations either in stresses or in
displacements and to write the corresponding problem
of dynamic thermoelasticity for these equations. For the
case considered in the paper, it is necessary to take into
account the effect of the solid boundary surface curvature

the ambient temperature; S_ (1) = {

on the temperature and the corresponding temperature
stresses. Here, the more convenient mathematical model
is the “compatibility” equation in displacements covering
the cylindrical, spherical, and Cartesian coordinate
systems, simultaneously.

Substituting the right parts of (5) into (3) (without
volume forces) and using further (4) and (6), the
following three equations may be written after a number
of long transformations:

1 de(M.r) 02U, (M., 1)
AU (ML0) + s === O — 5=
20 A0
1-2v) 0Oi

which formally can be written in the following form
of vector equality:

AU(M, 1)+ = grad[dsz(M,t)] -

(/@awM” (10)

_2(1+v)
C(1-2v)

argrad[ 7(M,0)~Ty |,M € D, 1> 0.

It should be noted that it is necessary to equate the
corresponding components in the vector record of the
left and right parts in (10) in the inverse transition.

Let us further consider practical cases of dynamic
thermoelasticity based on Eq. (10). In the first case,
in Cartesian coordinates (x, y, z), region z > R, t > 0
bounded by the flat surface whose temperature state
is described by function 7(z, #), i = 1, 2, 3 is considered;
thus, U = U, = 0, U, = U(z, t), and Eq. (10) may
be wrltten as f{)llows

0%, (z,1) 1 0% (z,0)

0z v2 or?
P (11)
AT (z,0)~T
:1+V- T [7:(z.0) 0],Z>R,t>0.
1-v Oz
2G(1—-v
Here, Yo = (1( 2)) V(A +2H)/P

speed of expansion wave propagation in elastic medium,
which is close to the speed of sound.

The desired stress component 6_(z, 7) is related
to displacement by the following relation:

6U z,t
G (2.0)=2G | —— 1-v U, @z0
1 2v 62
(12)
1+v

—o % [T (z,0)— To]}
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The temperature function satisfies three heating
conditions

oTy(z.1) _ , 02T (z,1) . 0T (z,1)
ot o2 Tt (13)
z>R,t>0,

0T;(z,1)
o - (14)
z> R,|Tl.(z,t)| <o,z2R, 120,

T(z.0-0=T>

T(z.0)|,_g=T,. t >0, (15)

= 1
__REXP . — dt=——q,,t>0, (16)
T }“T

1 £ 0T3(z,7) t—1
—I—| _pCXp| ——— [dt=
a z=R
Ty Ty (17)

=W Ty(z.0)| ,_p =T, ], > 0.

1 07, (z,7)
_I 0z

Tro

In the second case, in spherical coordinates (p, o, 0),
region p > R, ¢t > 0 with inner spherical cavity when
heated under conditions of central symmetry 7, = 7 (p, )
is considered; thus, U(P =U,=0, Up = Up(p, f), and (12)
may be written in the following form:

U, (p,1) 2 U, (p,1)
+_ . —
a  p O

(18)

_l+v o dT(p,0) - Tyl

T 2o

,Pp>R,1>0.
1-v

Here,

1-v U (p.0) 2y
: +

1
c ,H)=2G C—X
pp (P-1) {I—ZV op 1-2v p

(19)
1
< Up(put) ==ty [T,.(p,n—To]},

ot op? p Op

‘ 0T, (p,1)
Toa?

O (p.1) _ a[azup,t) L2 aTi(p,t)J_

(20)

,Pp>R, >0,

oT;(p,1)
ot

Ti(p.0) ;== Tp>

B

1=0 21)
<o, p2R, 120,

p=R,

T:(p,1)

T(p.0|pep=T. >0, (22)

-

t
1 +0T,(p,T) 1
__[2— eXp —T— dT:_)\‘_qO’t>0’ (23)
p=R

op

Tro r T

1 j T (p, 1)
op

=R exp{—t_—‘cj dt =
T (24)

| 1500 pop T, |, 1>0.

‘Cro

In the third case, in cylindrical coordinates (7, @, z),
region » > R, t > 0 with inner cylindrical cavity under
radial temperature conditions 7, = T(r, ) is considered;
thus, U,=U, = 0, U, = U(r, t), and Eq. (10) may
be written in the following form:

02U (1) Ll oU . (r,1)

or? r or
1 1 82U (r,1)
——U.(rf)-— —r 2= 25
r2 (1) vg or? ()
O\ T.(r,t)—T;
=1+V~(XT' [l( ) 0:|,r>R,t>0.
1—v or
Then,
—v oU (r,t
o (r)=2G 1-v U.(r )+ Vo
1-2v  or 1-2v
1 1 20
+v
x;U,(nt)—l_zv-aT[T,-W)—ToJ}n
T, (r.t) T (r,t) 1 OT.(r,1)
=a +—- -
ot or? ro or
(27)
02T (r,t
— r.ﬁ’r>R,I>O,
or?
oT(r,t)
(1) g=Tp 7 2 R, =0,
=0 (28)

r>R,

Tl.(r,t)| <o, r 2R, t>0,

T;'(r,t)|r:R:T;;3 t>0’

ex ez t——L >0 29)
r=R p Tr }\‘Tqu s

L OT, (7, -
L FER] e
T (30)

or
=W Ty(r,0)|,_g =T, |t >0.

e 0T, (r,7)
_I or

’Ero

‘Cro
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Such cases of intense heating of the surface area (real
body) are of considerable practical interest, for example,
in the following cases: surface dielectric heating;
calculation of thermal stresses in the cylinder walls
of steam machines and internal combustion engines;
in the theory of automatic temperature control systems;
in the studying the sound frequency region of metals
at high or very low surface temperatures; numerous cases

of abrupt change in the surface temperature of space
and aviation objects; in the mechanical engineering
industry when working at various experimental
facilities to determine the temperature state of samples;
etc. [6]. Of undoubted practical importance for the
theory of thermal shock is representing all three cases
simultaneously in three coordinate systems within the
framework of the generalized model.

The following dimensionless variables may be introduced to avoid unnecessary inconvenience.

Inregionz >R, t>0:

vz V2t v_R v ha 2Go(1+V)
§=L,T=L,§0=p—,[3=—p,Bi*=—,ST= T i
a a a vr Vo 1-2v
T.(z,t)—T T, (z,t) T
W,'(E»T):&JZL 3a Wz(aat):&al: 5
Ty (4o / Mp)alvy)
N ,t
Gga(aa‘c)=LZ)7i=la 39 Ggé(&»r)= GZZ(Z ) 9i=2> (31)
Sy (T, - Ty) ST(qO/kT)(a/vp)
1-VU_(z,t
U - Dy
(1+v)0LT(TC—T0)(a/vp)
1-v)U_(z,t
Uy =——VED Gy
(1+V)arp(gg / Mp)a/v,)?
In region p >R, t>0:
2
VP vst VR Vo . ha 2Go(1+V)
ézL,r:L,éozp—,B:—p,Bz =—,Sp=— T ’
a a a Vr Vo 1-2v
T.(p,t)-T, T, (p,t) - T
W,(&a )= l(p ) 0,i=1,3;W2(§,T)=M,I= 5
T~ Ty (4o / A )@l v,)
o, (p.t) G0 (Ps1) ,
Gaé’; (‘:7 'C) £p , 1= 1) 3’ Ggé (E_w T) = £p , 1= 29 (32)
Sy (T, - Ty) ST(qO/kT)(a/vp)
A=v)U,(p.1)
Uj(iﬂr): 2 ’i: s
(1+v)0LT(TC—T0)(a/vp)
A=U,(p.1)
U, (&)= - 7 i=2.
(I+v)or(gy /My )(a/vp)
Inregion >R, t > 0:

v r V2t v_R % 2Ga(1
R W W B LA oap(+v).
a a a VI Y 1-2v
T.(r,t)-T; T, (r,t)—T
M(ﬁ,t)zLM,i=1,3;W2(§,1)=M,i= ,

T, —T, (qo/kT)(a/vp)
o, (rt ) c,. (7t .
ST NS G0 R U O . o) R 33)
St (T, - Ty) ST(qO/XT)(a/vp)
1-v)U . (r,t
(I+Vv)ar (T, = Ty)a/ vp)
1-v)U, . (r,t
Uy (E1) = A=V, (1) >, 1=2.
(I+v)ar(gy / Ap)a/ vp)
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GENERALIZED MATHEMATICAL MODEL
OF THE PROBLEM AND ITS ANALYTICAL
SOLUTION

Assuming the boundaries of the region free
of stresses, the generalized model of the problem may
be written as follows:

PULET) | dm+] {av,-(a,n ) U,-(é,r)} )

082 o
zzU (& r)éaW(é I)EJ 5 9
- alrz = o ,£>&y, 1>0.
oU.(E,1)
Uj(é: )“Ez =—— =0,
S (35)
£2&, [U,(6.1)| <o, £2€),T20.
{augg, v, (2,171 +v 1 UL, T)} _
5 Vg &g (36)
:Wl.(@,r)‘&:ao,r>0.
W, (&,1) W (E1) W, (ED)
o T e e
o2, (€,7) 7
(ST
_BZ&E—ZZO’E’>§O’T>O'
W, (E,
Wi(‘taaT)T_o:Oa‘:Z‘E;oa# _O:
=0 (38)
W, (& 1)<, E2E,, 120.
Wl(i,t)‘i:%: 1, t>0. (39)
R LUACS) (—ﬂ]d'z—l >0. (40
BZ.(‘; 6& E_Féoexp BZ T » T : ( )
LTM (_ﬂ]d':
N S

= Bi* l:W3 &,1)

E):é(): _1j|, T> O.

Here, i = 1 at m = —0.5, i = 2 at m = 0.5, and
i =3 at m = 0. It should be noted that the desired stress
G&é(é’ 1) in all three cases is related to displacement
U/(&, 1) by the following relation:
ou,(E,t)  (2m+1)
+ x
o0& 1-v)

Xé-Ui(é,r)—Wi(i,r)-

0r (60) =
42)

The solution of the generalized problem (34)—(42)
in order to study, for example, the impact of the region
geometry on the kinetics of corresponding thermoelastic
stresses is an open problem of thermal shock theory. Its
solution is given below.

According to Laplace, in the image space

Wi(& p) = [ W (&) exp(-pr)ds,
0

Ui(&,p) = [U; (& v)exp(=pr)dr, (43)
0

6 (6,p) = [ 0 (€ Dexp(-pr)d-,
0

the solution of the thermal problem (37)—(41) may
be written in the following form:

W& p)= £ (s )&y /&K, [ER(P)],

i(p)=yB*p*+p),
CORTEN

where
?,' (E)O,p) =
—1 — > i=l1,
pK,,[E)r(p)]
_ u(p) iZn
p2Km+1 [goﬁ(p)]
Bi*n(p) i3
PAPK,, 1 [EgR(P)]+ BiI(p)K,, [EH(P)]}

Here, K, (2) is the modified Bessel function.
We shall transform relations (34)—(36) into the
image space (43):

d?Ui(s,p) , 2m+1 dUi(Ep) _

de? e dg w
2m+1)~ dw (& p)
_[p2+ az )Ui(éﬁp):d—(:az_y>§0'
dUi(Ep) Cm+ly 1 —
—-U.(&, =
{ & 1-v & ’(ép)L_go 45)
Wi, -
Ui p)| < £28. (46)

The general solution of equation (44) consists of the
general solution of homogeneous equation and the
partial solution of inhomogeneous equation:
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— 1
Uigp)= é_m[CIKmH (&p) +Cyl,,,1 (&) ] + 7

+(7ipart (Fw p)

Finding a partial solution of Eq. (44) requires
a separate consideration. We have:

— Ui du,
A aTy=a| i) 2miL T g
dg dg g2 dg
Here,
_ 277, TT.
G, = 42U 2m+1 dU;

de2 & dg’ (49)
AW =(B2p? + p)Wi.

The partial solution in (47) is found in the form

Uipart (€, p) = Ad_ﬁl’ where constant 4 is to be found.
Substituting this expression into (44) and using (48)—(49),
1
p*B*-D+p N
of Eq. (44) with allowance for boundary condition (46)
may be written in the following form:

is found. Thus, the general solution

Uit p) = C[i K, . (ép)} -
g” (50)

_@(E.,oap)(ao 1em Km+1 [iﬁ(p)],

where

o; (&0 D)=
n(p)
PPLp(B? -1 +11K,,[E1(p)]
12 (p)
PLp? -1 +11K,,,, [ER(p)]
Bi*E2(p)
PLpB% =) +11[pK,,,; (EoH(p) + BI*i(p)K,, (Eoi(p)]

The following relation is used here:

a
dg

Usingthe properties of Bessel functions, the following
important relation being of fundamental importance
for finding an analytical solution of the generalized
problem (34)—(42) is found after transformations:

(&K, (EL(p) |=~W(pP)E K ., [ER(P)]

dl1 @m+lyv
d_i{é_’”Km“(&p)} Ty (51)
1 1 =

where

(1-2v)
(1-v)

O(Ep) = EpK, (Ep) + (2m+1)

K (&) (52)

Relations (59)—(60) and the boundary condition (50)
allow determining the constant in (55) along with the
desired displacement. We find:

(& / ©"O[Eon(P) ] K, (EP)F; (E0P)

Ui(&p) = =
& p) o
G 19" K, [E(P) K,y &)1 G )
£5'0(&p)

~(&y /8" 9;(Eg, PIK, 11 [ER(P)].

The desired stress is found, as follows:

See(&:p) _ (& /DOEK,, [Ei(r) ] /1(Eop)
(& /&) O(%p)
L Bi(&-P)O[EH(R)] _ 8,(E, PIO[EG(p) [OEP)
2 E0(Eyp)
~/1(&g> PIK,,, [ER(P)].

The following operational relations for stresses for
all three types of heating may be written:
e temperature heating (i = 1)

S (&1) _ (5 /90&) |
& /D" pOEp)
1(p)®[En(p)] B
P’ [p(B? —1)+11K,, [&GR(p)]
K, [ep)]
PK, [Eon(p)]
_ EpO[g(p) |0 ,
P’ [p(* ~ 1) +11K,, [5H(P)IOE)p)

(53)

e thermal heating (i = 2)

Sz (&) (&) / OR(PIOED)K,, [EH(p)]

/" p*OEPIK,. [ER(P)]

.\ B2 (P)OER(p)) B

P p(B? 1) +11K,,,, [EH(p)]
_R(P)K,,[ER(P)]
Pk, [EGR(P)]

) 2 (P)O(&)OIEH(p)] ,
P [p(B? — 1)+ 1O PIK,, . [ER(P)]

+

(54)
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e heating by medium (i = 3)

5 (&P _ (& /é)@)(ép)
(éo 1eym P®(§0p)
K, [Eoi(p)]Bi*i(p) .
[me+1 (Eor(p)) + Bi*i(p)K,,, (Egi(p))I
L B
&p*p(B? -1 +1]
OlEH(p)] (55)
meH (Eo(p)) + BIi(p)K,,, (EoR(p)]
__BE(p)
EP2p(B* -1 +1]
B[, 1(p)1O(Ep)
[me+1 (EoR(p) + BIFR(P)K,,, (EoR(P)IOGEyp)

B Bii(p)K,,[Eo1(p)]
PLPK,, 1 (Eoi(p) + BiI(p)K,,, (ER(P)]

The inverse transformation in (53)—(55) turns
out to be rather cumbersome resulting in the complex
and hard to see expressions. But if inertial effects
of a microsecond duration [17] during which stresses
(5&(&, T) just reach maximum values are considered
in formulating problem (34)—(42), then short times
T corresponding to large p in images, that is immediately
after the thermal shock, may be considered. For this, the
asymptotic representation of cylindrical functions for
large p is used in (53)—(55), as follows:

T enp. o
P

K, (p)=

where K| is the modified Bessel function.
The following notations are introduced then:

Cm+11-2v) 1
(1-vg 1 1-p

We shall also introduce a function for this class
of problems that is the Kartashov function

p+4,©)
(P=Vp+4,E)]

4,,(8) =

%m(g’p) =

which is used in finding the originals of found images.
The original of this function may be written in the
following form:

+4,,8)
A (6:1) = A—@O)X
A= A®) e ey +expiro |

v+4,(8)

After transformations, we find:

agg & p)
@ o W1(E p)exp[ —(E—E(p) |+ 56

+W2(E, p)exp[ —(E—Eg)p ],

where at temperature heating (i = 1):

YHPH(P)+ 4, O] 1 } 57

nien= { pPH(p-7) p

Ya(&,p) = {—xm(é p)+
P

2

58
+vﬁ(p)[ﬁ(p)+Am(&o)]%m(é,p)} %)
p

at thermal heating (i = 2):

Y2 (p)[(p) + 4, (E)]
P (p-v)

F1E p) ={ “p(” )} (59)

Wi p) = {H(P)(P - pvz)xm(i, P,

O . (60)
B DNEP) + 4, (50T, (&,p)}

p3
at heating by medium (i = 3):

(8, p) =
{sz 2 (P)E(p) + 4, ()] o
pr(p—y)p+Bi* u(p)]

. B"i(p) }
plp+Biu(p)l])

Bi*u(p)(p =), (& P) .
plp + Bi*i(p)]

BT (D)) + 4y, (G0 (& p)}

¥2(&, p) ={

p[p+Bi'i(p)]

When finding the originals in (56)—(62), attention
should be paid to the value of parameter = v_/vy. Thus,
=0.4 for organic glass and B = 0.7 for quartz and silicon,
that is B < 1; B = 3.4 for steel and = 1.8 for crystals and
aluminum, that is B > 1. The value of parameter 3 plays
the determining role in writing stress intervals céa(zg, 1).
The following is found for stresses:
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atp<1: atp>1:
ot o (6D
(&, /E)mH12 (&, /£y
0, T<(E-&))B, (63) 0, T<(E=E&p),
= oL &), (E-EB<T<(E~&) ~{o &), (E-Ey)<T<(E—EB,
~oQ €D +0R (€1, 1> (E-E)) ~oDEn+0DE 0, T>BE-Ey).

Here, Gg:) (&,7) is the original mage

Pi(E pexp| &~y p? + p /B |, o (&) =Wyl T (E-Eo))

(64)

Turning to the originals, the following analytical relations for stresses in all three cases of heating may be written:

e temperature heating (i = 1)

o (&0 =7 (exp it - (- &)B] - (5~ &g) / 2B} +

. 1((/282)(2)? - (&0
. 2 0 expli(e-©)-(1/28)7] | = 2 f )df’>xn[r—<é—<io>ﬁl+
B et Y@ (-5’
A T
+Y m(&!){ J' exp[y(r‘c')(1/232)1']10((I/ZBZ)\/(T')Z(@io)zﬁz)d‘c'}xn[r(éao)ﬁ]
B (E-€o)B
A T
_ mB(E_v){ J' eXp[—(l/ZBZ)T’]IO ((1/2'32)\/(1')2 _(&_&0)262 )d‘t'}xn[f(‘iao)ﬁl
(E-€p)B

o2 (€1 =, [E - (E-E))

where
V560 =1, (&) + 4, @0){26 [%m @,r')dr'] —Bfexpl-(1/28%) (x — T, (&, V)T’
0 0
o thermal heating (i = 2)

ol (&%) = yPexpl~(1/28%)1ll, ((1/ 2p2) [ — (5 £4)2 2 )n['c —(E—EBl+

2 T
+%{ [ explyz—1)-0/287)71, ((1/252)\/@')2 —(&-£0)*P> )d‘t'}xn[t —(&-£y)B]+
(E-€p)P

+4,, @) {{exprlt— (€~ £)B]-1-[t— (&~ & )Bl} exp(~1/2B?) T+

+§;[3§0 .[ [expy(t—1) —1— (v —1")]exp[—(1/2B%)]
(E-p)B

WOABNEE-CGPR)

% T)MT =G =5 )P
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(65)

(66)

(67)

(68)
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Y1 (&1 =1, (50 +

Y1+2B%4,,(E))] j
2B 0

1, (€)Y +74,, ()] (=T, (6, 7)d'; (69)
0

1/2 :

e heating by medium (i = 3). For this case, decomposition of the image f(p) =Pp[1+1/ (B2 p)]1"2 into the binominal
series is used in finding the original. We shall also introduce the following number of notations:

y=1+yB% v, =

Bi*

1
P £ R L
1+ Bi*B 2B(1+ Bi*B)

4 =

Ay =

Y+Y,

_nlr? +(=DBi*4, ()]

_,.h [v* +(y=DBi"4,,(%)]
T+Y, ’

7 +2B4,,(8); 4y =24, (8);

Ay =1 (A+75) =117, —vA+7)BA4,,(E)]-

The desired originals are found, as follows:

W (&1) = 4 {exply(t— (6~ &o)B) — (E—&p) / 2B} +

(1/26) &) - -2 B )

ACE)

' 2y 3 (
0 exp[ y(1-7) = (1/2p?)7']
(§-50)P

+4, <exp[—y2 (t=(E-&)B)—(E—E&,/2B]+

J@? - (6 -gy)?p?
E-& &

dv'xmt—(E-&y)B]+

[ expl=v,y(r=1)—(1/28)7]x
P etom

1 (/287 - 650267

(70)

X

J@? — (e —g0)2p?

E-8& |

+4y xyexp[-(1/2B)(E - )]+ N

(E-Ep)B

dt')xnt— (&Pl +

(/282 @7 - & —)%8?)

j exp[—(1/2p%) '] dr' x

J@? — (6 -g0)2p?

x Mt = (5 =8B

W5 (&) =Y =1 1 (& 7) +2BA,, (50 [ 1, (67T + 4, [exp[ =y, (t— 1), (&, )" (71)
0 0

Thus, the resulted relations (63)—(71) complete
solving the practically important problem on the thermal
reaction of the massive body with internal cavities.
In addition to the developed approach, the highly
effective method of estimating the value of thermal
stresses practically not applied earlier in the theory
of thermal shock may be specified.

As follows from the operational solution of the dynamic

problem, the presence of term ‘P2 (&, p)exp [—(EEJ -&) p:'
in (56) shows the possibility of proposing the computational
engineering formula for the upper-bound estimate of the
temperature stress through the stress jump in (70) at the
front of the thermoelastic wave. For this, the lag theorem [6]
is used in the following form:

(&, pexp[—(E—Ey)p |« 0, T<E-E,
¥,let-(E-¢)], T>E-E,,

wherefrom it is seen that at point (§ — &), a jump
of function ¥,(&, 1) occurs, whose value is calculated
by the following equation:

[AJ=Tim e 10 ¥ [ 67— (E-Eg) |=
=lim_g, ¥y (E D) =limp, P2 p).

We shall first find the jump value for stresses
0@;(&, T) in coordinates (&, T), then we pass to initial
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stresses in initial regions (11)—(30) using transfer
equations (31)—(33). As a result, the following is found
for temperature heating (58):

max

A=

(¢

zz;Gpp;Grr
2Gy(1+v)ar [T, - 1|
(1-2v)
(R/p)2Gy(1+Vv)ar [T, =T (72)
= , m=1/2;
(1-2v)
JR/r2Gy(1+v)ar [T, - T
> m=
(1-2v)

, m=-1/2;

0.

The estimates (72) are valid both for intense
heating (T, > T,) when compressive stresses occur
in the fixed cross-section § = const > &,, and for
cooling (7, < T;)) when more dangerous tensile stresses
occur.

PHYSICAL ANALYSIS OF THE SOLUTION

Figure 1 shows the stress (63), (65)—(67) (temperature
heating) vs. time curves in the fixed cross section & = 1
with §,=0.1,v=0.3, B = 0.4 for m = -0.5; 0; 0.5. The
curves for stresses (temperature heating) under the same
data but for f = 0, i.e., for the case of classical Fourier
phenomenology based on parabolic type equations, are
shown in Fig. 2.

It would be of interest to compare these
two approaches, namely to describe the effect
of hyperbolicity of the dynamic problem (i.e., the effect
of local disequilibrium in the system) on the value
of temperature stresses. We shall write out the solution
of the “parabolic” problem of thermal shock under
temperature heating for all three areas described above,
considering that this part of the research is also of great
practical interest and is also an open problem so far.

o (67) b TSR
Gy gy w7 Do, g
where

ol =-¥;E1: o2& = Vit (E-Ek

Ti‘(éar>=%{exp[r—(&—&o)]qﬁ[iéo —f}

«[E-8
+exp[‘r+(§—§0)]q) ( 2\/;0 +x/;]}+

+4,, (§)<%{6XP(T —(E-¢)@” (F’z_\/éo -k j - (74)

—exp(t+ (& - &) D* [E-’z_\/%‘) + \EH -

BRI,
ﬁexp[ i }(é é())cb(zﬁ ;

0
o (6,7)
(E.>0 /E))n1+l/2

-0.5 -

-1.0 |
—— 1 - half-space
—r——— 2 — spherical cavity
--------- 3 - cylindrical cavity

_1 5 | | | | | | | | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.8

Fig. 1. Stress-time dependence in section§=1at§;=0.1,v=0.3,and B =0.4.
Calculated by equations (63), (65)-(67) for m=-0.5 (curve 1), m = 0.5 (curve 2), and m = 0 (curve 3)
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0.2
0. (67)
((zao /&_,)m+1/2 0

-0.2

-0.6
-0.8

-1.0

1.2 I | I I

0 0.5 1.0 1.5 2.0

2.5 3.0 3.5 4.0 4.5 50 T

Fig. 2. Stress-time dependence in section§=1at§,=0.1,v=0.3,and (B = 0).
Calculated by equations (73)—(75) for m=-0.5 (curve 1), m = 0.5 (curve 2), and m = 0 (curve 3)

Y3E D=2, =ED+

_,_MJ.\/I—T' Ay (& T)dT. (75)
T o

N

Here,
D*(2) =1-®(2), D(2) = (2 /1) [ exp(—y? )by
0

is the Laplace function.

As it follows from the graphs, considering the finite
speed of heat propagation results in a significant change
in the pattern of dynamic temperature stresses compared
to the data in Fig. 2. In contrast to (73), relation (63)
shows the presence of two stress jumps, one occurring
at the front of the heat wave and the other occurring
at the front of the elastic wave moving at speeds v and
Voo respectively.

Let us consider the fixed cross-section inside region
£ > &, At B <1, stresses in the cross-section are zero
at the beginning. At the moment © = B(§ — §;), the
thermal stress wave arrives at this cross-section with its
front moving at speed v; the compressive stress occurs
jumping and increases further. At the moment § — &, the
longitudinal elastic wave approaches the cross-section,
thus causing a jump change in the stress and its further
decrease.

The curves in Fig. 1 also show another interesting
result: the most “vulnerable” (in terms of thermal
reaction) is the region with inner spherical cavity. In all

three cases (m = —0.5; 0; 0.5) the resulting stresses are
compressive. Estimates (72) clearly show that the near-
surface layers (near the boundary of the body (region))
are most susceptible to thermal shock. As for the thermal
shock in the classical case (Fig. 2), the highest
compression stresses are characteristic of the massive
body bounded by flat surface (m = —0.5). In this case,
after passing the expansion wave (due to function

Gé?(i,‘t) in (72)), the stress passes into the region
of positive (tensile) values and then rapidly decreases
reaching quasi-static values.

CONCLUSIONS

The developed generalized model represents
thermal shock in terms of dynamic thermoelasticity
to describe locally nonequilibrium processes of heat
transfer. An analytical solution of the (open) generalized
problem of the thermal reaction of massive bodies
with internal cavities simultaneously in Cartesian,
cylindrical, and spherical coordinate systems under
temperature heating, thermal heating, and heating the
boundary of solid by medium is obtained. Numerical
experiments showing the effect of local nonequilibrium
on the kinetics of temperature stresses (compared
to the classical Fourier phenomenology) have been
carried out. The calculated engineering relations for
the upper boundary of temperature stresses during
intense temperature heating have important practical
applications.
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