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Abstract

Objectives. To study the direct and inverse problem of vibrations of a rectangular rod having a longitudinal notch, to
analyze regularities of the behavior of natural frequencies and natural forms of longitudinal vibrations when changing
the location and size of the notch, and to develop a method for uniquely identifying the parameters of the longitudinal
notch using the natural frequencies of longitudinal vibrations of the rod.

Methods. The rod with a longitudinal notch is modeled as two rods, where the first one does not have a notch,
while the second one does. For connection, conjugation conditions are used, in which longitudinal vibrations and
deformations are equated. The solution of the inverse problem is based on the construction of a frequency equation
under the assumption that the desired parameters are included in the equation. Substituting natural frequencies into
this equation, the nonlinear system with respect to unknown parameters is derived. The solution of the latter is the
desired notch parameters.

Results. Tables of eigenfrequencies and graphs of eigenforms are given for different notch parameters. The results
for different boundary conditions are obtained and analyzed. A method for identifying notch parameters by a finite
number of eigenfrequencies is presented. The inverse problem is shown to have two solutions, which are symmetrical
about the center of the rod. The unambiguous solution requires eigenfrequencies of the same problem with different
boundary conditions at the right end. By adding additional conditions at the ends of the rod, the inverse problem can
be solved with new boundary conditions to construct the exact solution and develop an algorithm for checking the
uniqueness of the solution.

Conclusions. The developed method can be used to solve the problem of identification of geometric parameters of
various parts and structures modeled by rods.
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Peslome

Llenu. Llenn paboTbl: paccMoTpeTb NPsSMyt0 U 06paTHYIO 3agadvy o konebaHun NPsSMOYrosibHOMrO CTEPXHS C Mpo-
L0JbHBIM HaApPe30M; UccnenoBaTb 3aKOHOMEPHOCTU NoBeaeHUst COOCTBEHHbIX YacTOT M COBCTBEHHbLIX POPM Mpo-
LOJbHbIX KONlebaHuin Npu M3MEHEHNN MecTa U pa3Mepa Hagpesa; pa3paboTaTb METOA, NO3BOSSIOWMIA OAHO3HAYHO
MAEHTUOULMPOBATL NapamMeTpPbl NPOAOSIbHOrO Haapes3a C MOMOLLbID COBCTBEHHbIX YACTOT NPOAOJIbHbLIX KOniebaHni
CTepXHS.

MeTopabl. CTepXeHb C NPOA0JIbHLIM HAaAPEe30M MOAENINPYETCS Kak ABa CTEePXXHs, FAe NepBbli He UMeeT Haapeaa,
a BTOpO — nmeeT. [Inga coeauHeHns UCNob3yoTCS YCI0BUS COMPSIXXEHUS, B KOTOPbIX NPUPaBHUBAOTCS NPOA0Sb-
Hble konebaHusa n gedopmaunn. PelleHne obpaTHOM 3a4a4M OCHOBAHO Ha MOCTPOEHMM HYacTOTHOrO YpaBHEHMS
B NPEANOoSIOXKEeHUM, HTO MCKOMbIe NapaMeTpbl BXOAAT B ypaBHeHue. Npu noactaHoBke COOCTBEHHbIX YaCTOT B 3TO
ypaBHEHME NOJIY4MM HEIMHENHYIO CUCTEMY OTHOCUTENTbHO HEM3BECTHbIX MapamMeTpoB. PelueHne nocnegHero ectb
MCKOMble NapamMeTpbl Haapesa.

PeaynbTathl. [MpnBeneHbl Tabnmupbl COOCTBEHHbIX HAacTOT U rpadukn COBCTBEHHbLIX GOPM AS1S Pa3HbIX NapamMeTpoB
Happesa. MonyyeHbl U NpoaHanM3npoBaHbl pe3ynbTaThl A5 PasdsiMyHbIX KpaeBblx YCrnoBui. MNpeactaBneH MeTon,
naeHTUdrKaumMm napamMeTpoB Hagpesa No KOHEYHOMY YMCIy COBCTBEHHbIX YacToT. MNokadaHo, 4To o6paTHas 3aja-
4ya MMeeT [Ba peLleHnst, CUMMETPUYHbIX OTHOCUTESTbHO LIEHTPA CTEPXXHS. 519 0A4HO3HAYHOro pelleHns TpebytoTcs
COBCTBEHHbIE HYaCTOTbl TOM Xe 3a4a4n C APYrMMU rPaHUYHBIMUM YCIIOBUSIMUW Ha NMPaBoM KoHLe. [Jo6aBneHne oonon-
HUTENbHbIX YCOBUIM Ha KOHLAX CTEPXXHS MO3BOJINIO PELUUTbL 06paTHYIO 3a4a4y C HOBbIMW KPaeBbIMU YCIIOBUSIMUA,
LaloLWVMU BO3MOXHOCTb MOCTPOUTbL TOYHOE peLLeHre 1 pa3paboTaTb anropuTM NPoBEPKN OAHO3HAYHOCTU peLle-
HUS.

BbiBoAbl. PaspaboTaHHbIi METO, MO3BOJISIET PeLUNTb 3afa4y MOeHTUdMKALUN reoMeTpUYecKmx napaMeTpoB pas-
JINYHBIX AeTanen n KOHCTPYKLNNA, MOOENNPYEMbIX CTEPXKHAMMU.

KnioueBble cnoBa: npoaosibHblie konebaHusi, cOOCTBEHHAa 4acToTa, coOCTBeHHass dopma, CTepXeHb, 3aJada
naeHTndurkaummn, npamasa 3agada, oobparHas 3agaya, 3agada LUtypma — JInyBunns, rpaHnyHbIe yCroBus

e Moctynuna: 24.07.2022  fJopa6oTtaHa: 06.09.2022 ¢ MpuHaTa k ony6aukoBaHuio: 22.01.2023

AngauutupoBanus: Ytawes V.M., @atxenncnamos A.dD. MiaeHTudumkaumsa npoaoibHOro Haapesa CTEePXKHSA Mo COOCTBEH-
HbIM YacToTam koniebaHuii. Russ. Technol. J. 2023;11(2):92-99. https://doi.org/10.32362/2500-316X-2023-11-2-92-99

Mpo3payHocTb GMHAHCOBOW AEeATENIbHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOW 3aMHTEPECOBAHHOCTN B NPEACTaBNEH-
HbIX MaTepuanax uam meTogax.

ABTOPbI 3a5BASIOT 06 OTCYTCTBUM KOHGMIMKTA MHTEPECOB.
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INTRODUCTION

Vibrations are one of the most common forms of
motion. The study of vibrations is of great practical
importance both in terms of utilizing their positive
properties in engineering and technology, as well as
avoiding undesirable effects of vibrations by limiting
their level. Important practical problems of structural
dynamics can be solved on the basis of the profound
study of different kinds of vibrations only [1]. Studying
natural frequencies of vibrations is of great scientific and
applied interest in many engineering problems.

Many studies are devoted to the identification of
cracks [2—14]. Starting from studies [3-5], transverse
open cracks are typically modeled according to spring
conjugation conditions. In the contemporary literature,
other conjugation conditions for modeling transverse
cracks are also proposed [2, 6, and 7]. However,
longitudinal cracks cannot be modeled by conjugation
conditions. The study [2] proposes to solve the rod
identification problem on the basis of changes in the
moments of inertia around the axes and cross-sectional
areas at the notch. Another study [8] gives the simplest
model of longitudinal vibrations of the rod with nascent
transverse cracks, determining natural frequencies of
vibrations along with coordinates and dimensions of
cracks by experimental values of natural frequencies.
In [9], a rod with a rigidly fixed left end is considered;
here, the fixation on the right end can be either free, or
elastic or rigid. The first three natural frequencies for
different cross-section profiles are given. The closest
problem in terms of the formulation is given in [10],
where the evolution of characteristics of natural
longitudinal vibrations and natural shapes of a circular
rod when increasing its cross-section defect is considered.
The study [14] deals with the method of solving
inverse problems of defectoscopy for rods performing
longitudinal vibrations. Using numerical modeling,
the use of several low frequencies for satisfactorily
determining defect properties is demonstrated. In [15],
experimental data is compared with different theoretical
models for describing the longitudinal vibrations of a
rod. In the present paper, the result is obtained for the
case when the longitudinal notch does not run along
the entire length of a rectangular rod. The results of the
study can find application in the acoustic diagnostics of
various rods, such as I-beams, rails, frame bridges, etc.

The results show that natural frequencies of
longitudinal vibrations can be used to find the start point
of the longitudinal notch of the rod along with its depth
and width. The dependence of the problem output data
on the input data can be determined by analyzing the
graphs of the vibration natural forms.

DIRECT PROBLEM

We consider a homogeneous isotropic rectangular
rod of length L = 1, density p and cross-sectional
area F' (Fig. 1). The boundary conditions are as follows:
the rod is embedded on the left end and free on the right.
The cross section of the rod has height A and width B.
A longitudinal notch of depth /# and width b is located
from point x, to the right end.

In order to determine the influence of the size and
location of the notch start point on these frequencies,
it is necessary to determine the natural frequencies of
longitudinal vibrations of the rod. For clarity of the
solution, natural forms of vibrations are constructed.

The equation of longitudinal vibrations may be
described by the following equation [11, p. 189]:

d?U(x,1) fpF d*U(x,t)

EF
dx? dr?

0, (M

where U = U(x, f) is the longitudinal displacement; EFis
the bending stiffness of the rod; p is the rod density; F is
the cross-sectional area of the rod.

The solution of Eq. (1) is sought in the form of
U(x, t) = y(x)coswz. Then (1) may be reduced to the
following equation:

yn + xzy — 0’ (2)

Fo?
where spectral parameter A2 = P .Since the rod to

the left and right of point x _ has a different cross-sectional
shape, the equations of longitudinal vibrations to the left
and right of point x_ may be written in the following
form:

YAy =0, yl+A%y, =0, 3)

where y_, y, are longitudinal displacements to the left
and right of the point x_.
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Fig. 1. Rod with a notch
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The conjugation condition at point x, for the rod
sections may be written as follows:

d d
EF 2= —pr 2 @)
dx dx
We shall denote the ratio of areas F_+ by P:
F+
F,=BH -bh, F_=BH, P:F—. (5)

The conjugation conditions using P are written as
follows:

y_(xc):y+(xc), y’_(xc)zyjr(xc)P. (6)

Since the rod is embedded at the left end and free at

the right end, the boundary conditions may be written in
the following form:

y_(0)=0, y,(1)=0. (7)

The general solution of equations (3) may be written

as follows:

y_=Cy coshx+Cy SH;M ,

v, =Cf coshx +C5 Sm}j\“x.

(8)

Substituting Egs. (8) into (6) and (7), the following
equation may be written:

y-(0)=Cr1+C30=¢p =0. ©)
From Eq. (9), ¢; =0.

v (1)=-ACf sink + C5 cosA =0. (10)
sin Ax, sin Ax,
C1‘+C2‘T°—C1+cos7»xc—C§ . €=0.(11)

-ACT +C5 coshx, —
—P(-ACff sinhx, +Cj coshx, )=0.  (12)

The system of Eqs. (10)—(12) for finding constants

Cy", C3, C5 has a nonzero solution if and only if the
determinant of the system is zero, as follows:

The result is the following equation for finding the
eigenvalues (natural frequencies):

D =—\sinkcos lxc sin chP + cosAsin? Kxc +
(14)
+sin A cos kxc sin ch + cos? ch cosA =0.

Two kinds of problems—direct and inverse—can be
solved on the basis of this equation.

The solution of the direct problem with different
initial data allows the dependence of natural frequencies
of vibrations on the rod parameters to be analyzed to
derive main conclusions on the problem’s solution.
Therefore, the next stage of the work consists in
analyzing the results of the direct problem.

The measurement values are dimensioned for the
convenience of calculations.

Initial data: H =B =0.1; h =b=0.01.

It is necessary to find natural frequencies of
longitudinal vibrations.

Consider the dependence of the first five natural
frequencies on the position of the notch start point of the rod.

In values x_ equidistant from the middle (1, 2, 5,
and 7 in Table 1), the same values of longitudinal
vibration frequencies can be seen. Hence, the solution of
the inverse problem is dual, i.e., there are two solutions
symmetric to the middle of the rod. The solution duality
can be visualized by plotting the first three eigenforms of
the function (Figs. 2—4).

Table 1. Natural frequencies of longitudinal vibrations
when changing the notch location

No. [Position x| 2, A, Ay Ay As

1 0.1 1.57389(4.72052|7.86408 |11.00378|14.14031
2 0.25 1.57791|4.71956 | 7.84681|10.98846|14.14428
3 0.3 1.57895(4.71552|7.84388(10.99868(14.14536
4 0.5 1.58090(4.70229 | 7.86408 | 10.98547|14.14727
5 0.75 1.57791(4.71956 | 7.84681 |10.98846(14.14428
6 0.8 1.57670(4.72201|7.85398 {10.98595(14.13126
7 0.9 1.57389(4.72052 | 7.86408 |11.00378|14.14031

Note: A, is natural frequencies of longitudinal vibrations of the
rod found numerically in Maple software!.

y
0.7
o6y .
0.51 > x.=1/2
0.41 x.=1/3
o3d = x,=1/8
0.21
0.11

0 0.2 0.4 0.6 0.8 1.0x

0 —AsinA COSA
D sinAx, — cosix _sinAx S0 (13)
A ¢ A
cos MC PAsin MC —Pcos kxc

Fig. 2. First eigenform

! https://www.maplesoft.com/. Accessed January 01, 2023.
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0.2+ x,=1/2
i x,=1/3
0.14 s X = 1/8

0.2 0.4

~0.1-

-0.21

Fig. 3. Second eigenform

0.104 —x,=1/2
—x,=1/3

0.054 Xc - 1/8

0.2 0. 0.6 8 1.0x

—0.05-

—-0.101

Fig. 4. Third eigenform

The graphs of eigenforms (Figs. 2—4) show that the
problem of identifying the notch start point is unstable
and strongly depends on the error of the input data.

We shall consider changes in the natural frequency
from height /2 and width b of the rod notch.

Tables 2 and 3 show that a change in the notch size results
in a more significant alteration to the natural frequencies of
vibrations than a change in the notch location.

INVERSE PROBLEM

We shall consider the inverse problem, where it becomes
necessary to find the notch start point not located in the
middle of the rod by a finite number of eigenfrequencies.

Let eigenvalues A, = 1.57952, &, = 4.71238, and
Ay =7.84524, rod length L = 1, width and height H= 0.1,
B = 0.1, and notch width and depth b = 0.01, 2 = 0.01,
respectively, be known. It is necessary to find the start
point of the notch x...

Substituting the ratio of areas (5) and known values
into the frequency Eq. (14), the following may be
written:

D= —kn sm%n cosknxC sin knxcP +
)
+coskn sin anc +
+sin,, cos knxc sin Knxc +

2 _
+cos knxc coskn =0.

(15)

Equation (15) gives two valid solutions (Fig. 5),
symmetric about the middle of the segment L:

x, =0.25,x,=0.75.

y
0.015] — A

——= A
0.0101 — A
0.0051

Fig. 5. The inverse problem solution

It follows from the solution of the inverse problem
that an unambiguous solution would not be obtained by
identifying the rod by means of longitudinal vibrations
only. The exact solution requires adding supplementary

Table 2. Change in the frequency of natural vibrations from the notch height increase

No. Height A A A, A M As
1 0.01 1.57582 4.70736 7.85901 10.9905 14.14219
2 0.02 1.58090 4.70229 7.86408 10.9854 14.14727
3 0.04 1.59120 4.69198 7.87439 10.9752 14.15758
4 0.05 1.59644 4.68675 7.87963 10.9699 14.16281
5 0.06 1.60173 4.68146 7.88491 10.9646 14.16810
6 0.08 1.61247 4.67071 7.89566 10.9539 14.17884
7 0.09 1.61793 4.66525 7.90112 10.9484 14.18430

Table 3. Change in the frequency of longitudinal vibrations from the position and height of the rod notch
No. Position x,_ Height A M A, Ay Ay As

1 0.9 0.09 1.58485 4.74968 7.90108 11.03455 14.15227

2 0.1 0.01 1.57234 4.71644 7.85901 10.99965 14.13873

3 0.5 0.05 1.59644 4.68675 7.87963 10.96993 14.16281
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conditions, e.g., changing the boundary condition at one
of its ends.

We shall add an elastic element to the right end of
the rod. Accordingly, the Robin condition appears.

The boundary conditions (Robin conditions) for a
rod of unit length (L = 1) may be written in the following
way:

v (1)-Ky(1)=0, (16)
where K is the stiffness of the spring at the end.

Substituting the general solution of (8) into (16), the
following may be written:

. sinA
0 Kcosh, —A,sink, cosh, + K
n
Mo sin,,x, _cosh x. _sin A, X, 0.
7\‘71 k‘n
COSh, X, Phsin, x, —Pcosh, x,
Find the determinant
1 .
D= X—(K cos,, cos(h,x,)sin(h,,x, )P+
n
. . 2
+KsinA, sin(h, x ) P+
+cos,, sin(Knxc)2 Ph,, —
—sin},, cos(knxC )sin(knxC )Pkn —
-K cos(?»nxC ) sin(?»nxc ) +
+K sin (kn )cos(krl)cc)2 +
2
+A,, cos(h,x, )" cosh, +
+sin(k,, ) cos(A,,x, )sin(h, x A, ) =0. (17)

The solution (17) gives the eigenvalues of .

We shall solve the inverse problem and plot graphical
solutions of the equation.

Let the first three natural frequencies A, = 2.2972263,
A, = 5.0846367, and A, = 8.0885773, cross-section area
ratio P = 0.98, and spring stiffness factor K =2 be known. It
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