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Abstract

Objectives. Recently, interest in studying local nonequilibrium processes has increased in the context of the
developmentoflasertechnologies, the possibility of reaching ultrahigh temperatures and pressures, and the need fora
mathematical description of various physical processes under extreme conditions. In simulating local nonequilibrium
processes, it becomes necessary to take into account the internal structure of investigation subjects, which
significantly complicates the classical transport models. An important stage here is to construct mathematical models
of various physical fields in which their spatiotemporal nonlocality should be taken into account. For these purposes,
hyperbolic equations are used for a wide class of phenomena and, first of all, for unsteady-state heat conduction
processes based on the generalized Maxwell-Cattaneo-Luikov-Vernotte phenomenology. Mathematical models
in the form of boundary value problems for hyperbolic equations are called generalized boundary value problems.
These problems differ significantly in solving difficulty from the classical ones based on Fourier phenomenology. The
specificity of these problems is the relative simplicity of the initial mathematical models, together with the difficulty of
solving them in an analytically closed form. Hence, very little success has been achieved in finding exact analytical
solutions to problems of this kind. The most acceptable approach to solving them is operational calculus. However, it
gives analytical solutions in the Laplace transform space as complex functional structures, the inverse transforms of
which are not available in well-known reference books on operational calculus. On this path, serious computational
difficulties arise. The study aimed to analyze a set of nonstandard transforms arising from the operational solution of
mathematical models of local nonequilibrium heat transfer and to obtain their inverse transforms.

Methods. Methods and theorems of operational calculus, methods of contour integration of complex transforms,
and the theory of special functions were used.

Results. Operational calculus was developed for mathematical models of local nonequilibrium heat transfer in terms
of the theory of unsteady-state heat conduction for hyperbolic equations (wave equations). Nonstandard operational
transforms, the inverse transforms of which are unavailable in the literature, were considered. It was shown that the
presented transforms are common to operational solutions of a wide class of generalized boundary value problems
for hyperbolic equations in the theory of heat conduction, diffusion, hydrodynamics, vibrations, propagation of
electricity, thermomechanics, and other areas of science and technology. Partially bounded and finite domains
were explored. lllustrative examples were given, namely, the results of numerical experimental studies of a local
nonequilibrium heat transfer process that took into account the finiteness of the heat transfer rate, which had a
wave character. The latter was expressed by the presence of the Heaviside step function in the analytical solution of
the problem. The physical meaning of the finiteness of the heat transfer rate was substantiated. The isochron was
constructed for the temperature function in a partially bounded domain. It was shown that the temperature profile
has a discontinuity on the surface of the propagating wave front. This leads to the retention of heat outflow beyond
the discontinuity boundary. This is a characteristic feature of the analytical solutions of the wave equations, along
with the possibility to describe the analytical solution of the problem as equivalent integral relations, which noticeably
simplify numerical calculations.
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Conclusions. The inverse transforms of nonstandard operational (Laplace) transforms were presented, which are
contained in the operational solutions of a wide class of problems of local nonequilibrium (heat, mass, momentum)
transfer processes, electrical circuits, hydrodynamics, oscillation theory, thermomechanics, and others. lllustrative
examples were given, and the possibility of transition from one form of an analytical solution to another equivalent
form was shown. The presented analytical solutions of hyperbolic heat transfer models in canonical domains are new
in classical thermal physics.
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Peslome

Uenun. B nocnenHmne rogpl yCunnncsa MHTEPEC K N3y4EHMIO JIOKallbHO-HEPABHOBECHbIX NPOLLECCOB B CBA3M C Pa3Bu-
TUEM NIa3ePHbIX TEXHONOIMIN, BO3MOXHOCTbIO MOJIy4EHNSA CBEPXBLICOKUX TEMMNEePaTyp U AaB/EHN, a TaKXe BBUAOY He-
06X0AMMOCTM MaTEMATUYECKOrO ONUCaHMS Pa3fnyHbIX GU3NYECKMX NPOLECCOB B 9KCTPEMasibHbIX ycnoBusx. Mpu
MOJENMPOBaHNN NTOKaSIbHO-HEPABHOBECHbIX MPOLLECCOB BO3HMKAeT HEOOXOAMMOCTb yYeTa BHYTPEHHEN CTPYKTYpbI
nccnenyemMbix 06bEKTOB, YTO MPUBOAMUT K CYLLLECTBEHHOMY YCIOXHEHUIO KJlaCCUYEeCKMX Moaenel nepeHoca. Bax-
HbIM 3TarnoM B Pa3BUTUN yKa3aHHOW 0651acTy SABASETCS NMOCTPOEHNE MaTeEMATUYECKUX MoAeNel pa3HoobpasHbIX
dU3NYECKNX MOJSIEN C Y4ETOM UX NPOCTPAHCTBEHHO-BPEMEHHOW HENOoKasibHOCTU. ONng 3TuX uenen Ncnonb3yTcs
ypaBHeHUs rnnepbonmMyeckoro Tmuna Ass WUPOoKOro Kiacca siBNeHni 1, Npexae Bcero, A8 NpoLeccoB HecTaumno-
HapPHOW TEMNJIONPOBOAHOCTM Ha OCHOBE 00606LeHHO peHomeHonorum Makceenna — KatraHeo — JlbikoBa — Bep-
HoTTa. MaTtemartumyeckne Moaenu B BUAE KpaeBblx 33434 AN YPaBHEHWI runepboanyeckoro Tmna HoCAT Ha3BaHue
KpaeBbIx 3a4a4 06006LLEHHOM0 TUNa. 3TN 334241 3HAYUTENIBHO OT/IMYAKOTCS OT KJIaCCUYECKMX HA OCHOBE DEHOMEHO-
norumn Mypbe Nno CNoXHOCTU UX peLleHus. Vix cneundurika 3akitoyaeTcs B OTHOCUTENIbHON MPOCTOTE UCXOAHbIX MaTe-
MaTUYECKUX MOAENEN N TPYOHOCTU PELLEHNS B aHANNTUYECKM 3aMKHYTOM Buae. OTCloaa BeCbMa HE3HAYUTESbHbIE
yCrexu B HAX0XOEHMN TOYHbIX aHAMTUYECKNX PELLIEHNI TaKoro poaa 3afaady. Hanbonee npyemnemslii MeTo ux pe-
LLIEHMS — OMepauMOHHbIiA, HO OH NPUBOAUT K aHANIMTUYECKMM PELLEHMSIM B NMPOCTPaHCTBE N306paxeHnii no Jlannacy
B BMAE CJIOXHbIX QYHKUNOHAJIbHBIX KOHCTPYKLMA, OPUTMHATbI KOTOPbLIX HE COLAEPXATCS B U3BECTHLIX CNPaBOYHMKaX
Mo onepauyioHHOMY UCHUCTIEHNIO. Ha 3TOM NyTX BO3HUKAIOT Cepbe3Hble TPYAHOCTU BbIYMCINTENBHOIO Xapakrepa.
Llenb paboTbl — paCCMOTPETb CEPUIO HECTAHAAPTHLIX N306PAXKEHN, BO3HUKAOLLMX NPU ONEPaLMOHHOM peLleHnmn
MaTeMaTU4eCKMX MOLENEeN NnokanbHO-HEPABHOBECHOIO TEMI00OMEHA U NMOJTYHUTb UX OPUTMHASbI.
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MeToabl. /icnonb3oBaHbl METOLbI M TEOPEMbI OMNEPALIMOHHOIO UCYUCTIEHUS, METOLbI KOHTYPHOIO MHTErPUPOBaHUS
CJI0XHbIX N306paxeHUin, TEOPUS crneLmanbHbiX GYHKLNIA.

Pe3ynbTaTbl. [lpeacrasneHo passutne ONEPaUVOHHONO MCHUCEHUA OIS MaTeMaTUY4eCKUX MOLenen nokasb-
HO-HEPaBHOBECHOIO TEMJI0NepeHoca B TEpMUHAxX TEOPUU HECTALMOHAPHOM TEMIONPOBOAHOCTM /19 YPABHEHUIN M1~
nep6onnyeckoro Tuna (BoSHOBbLIX ypaBHEHWI). PACCMOTPEeHbl HeCTaH4aPTHbIE OMNePaLIMOHHbIE M306paxeHus, Opu-
rMHasnbl KOTOPbIX paHee OblIM HEM3BECTHLI. [1oka3aHo, YTO NPUBEAEHHbLIE N300PAXEHS ABMSIOTCS XapakKTePHbIMN
D)5 onepaLumoHHbIX PELLEHWI LLMPOKOro knacca 06006LLEHHbIX KpaeBbIx 3a4a4y AJ1s ypaBHEHUN runepbonmMyeckoro
Tvna B TEOPUN TEMONPOBOAHOCTU, ANDDY3NK, TMAPOANHAMUKN, KONebaHuii, pacnpoCTPaHEHUS 3NEKTPUYECTBA,
TEPMOMEXaHUKN 1 APYrMX HaNpPaBieHUIA HAYKN U TEXHUKU. MI3ydeHbl YaCTUYHO OrpaHMYEeHHbIE N KOHEYHble obna-
cTu. [NpuBeaeHbl MAKCTPATUBHBLIE MPUMEPDLI B KAYECTBE YNCIIEHHbLIX 3KCNEPUMEHTOB J1I0Ka/IbHO-HEPaBHOBECHOIO
npouecca TernsioobmMeHa ¢ y4eTOM KOHEYHOW CKOPOCTU PacnpOCTPaHEHMS TEMMOThI, MMEIOLLIEN BOJTHOBOW Xapak-
Tep. [NocnegHee BbipaxaeTca HaMYMEM CTyneH4YaTon QyHKUMK XeBucarnga B aHaIMTUYECKOM peLleHnn 3a8a4u.
0O60CcHOBaH GUINYECKUI CMbICTT KOHEYHOW CKOPOCTU PacrnpOoCTPaHEHWS TEMOTbI; MOCTPOEHA M30XPOHA AN TEM-
nepaTypHoi GyHKLUMW B YaCTUYHO OrpaHMyYeHHon 06/1aCT1 U NokKa3aHo, YTO Ha MOBEPXHOCTM (GPOHTA MAYLLEN BOSHbI
TemMnepaTypHbIri NPodPUIb MEET PaspbiB. ATO NPUBOAUT K 3a4epPXaHM0 OTTOKA TEMOThI 32 rPaHuLy paspbiBa —
xapakTepHasi 0COOEHHOCTb aHANIMTUYECKMX PELLEHUIA BOSIHOBbIX YPABHEHUI, K KOTOPOW cneayeT A06aBUTb BO3MOX-
HOCTb OMNUCaHUA aHaJIMTUYECKOrO peLleHns 3a4a4m B BUAE IKBMBAIEHTHbIX MHTErPasibHbIX COOTHOLLEHWUN, CyLle-
CTBEHHO YMNpPOLLAKLWMX YACIIOBbIE PacyeThl.

BbiBoabl. MpeacTtaBneHbl OpurnHanbl HECTaHAAPTHBIX ONepaumoHHbIX n306paxeHuii (no Jlannacy), Bxogasiimne B
onepaumMoHHbIE PELLEeHUa WKMPOKOro kjacca 3ajad JlokasbHO-HEPABHOBECHBLIX MPOLLECCOB rnepeHoca (TensoThl,
Macchbl, UMMybCca), SNEKTPUYECKUNX LIENEN, rMOpOoaMHAMMKA, TeOpUN KonebaHni, TEPMOMEXaHNKW 1 Apyrux obna-
cTten. [prBeaeHbl NNIOCTPaTUBHBIE NPUMEPDI 1 NMOKa3aHa BO3MOXHOCTb Nepexona OT 0O4HOW GOpMbl aHannTuye-
CKOrO peLLeHns K Apyron akBuBaneHTHol dopme. MNpeactaBieHHble aHaNUTUYeCckne peLleHns rmnepbonmyeckmx
MoJenel TennonepeHoca B 061aCTsiX KAHOHNYECKOro TUMa SBASOTCSH HOBLIMU B KNTACCUYECKOWN TeNNopuanke.

KnioueBble cnoBa: HeCTaHOAPTHLIE ONEPALMIOHHbIE VI306pa)KeHVIF|, opurnHasibl, MatemMatn4eckme Moaenn JIokKasibHO-

HEepaBHOBECHOIO TernJionepeHoca, aHaanTnyeckmne peeHna

e Moctynuna: 08.09.2021 » Mopa6oTaHa: 20.09.2021 ¢ MNMpuHaTa kK ony6nukoBaHuio: 27.12.2021

Onsa uutupoBanus: Kaptawos 3.M. HoBble onepauyoHHble COOTHOLUEHUS A1 MATEMATUYECKUX MOAENEN NoKanbHO-
HepaBHoBecHoroTernnooomeHa. Russ. Technol.J.2022;10(1):68-79.https://doi.org/10.32362/2500-316X-2022-10-1-68-79

Mpo3payHoCTb GUHAHCOBOI AeATeNbHOCTU: ABTOP HE NMeeT PUHAHCOBOW 3aMHTEPECOBaHHOCTY B NpeAcTaB/eH-

HbIX MaTepunanax nin MmetTogax.

ABTOp 3asBNseT 06 OTCYTCTBUN KOH(DINKTA UHTEPECOB.

INTRODUCTION

The classical models of the analytical theory of heat
transfer originated from Fourier’s linear gradient relation

q(M,t)=—\gradT (M,t),

presented by Fourier in his Mémoire sur la propagation
de la Chaleur dans les corps solides (On the
Propagation of Heat in Solid Bodies) in Paris in 1807.
Fourier finalized his theory in 1822 in the essay Théorie
analytique de la chaleur eur (The Analytical Theory
of Heat), which Kelvin called “the great mathematical
model” [1]. Together with the energy equation for
isotropic solids,

JoT(M,t)
o

Fourier’s law leads to parabolic unsteady-state heat
transfer equation

cp —divg(M,t)+ F(M,1),

—aT(aAf”) = GAT(M, 1)+ —F(M,0), MeD, 10, (1)
cp

and to boundary value problems for equation (1) under
initial condition

T(M,t)‘ —o=Dy(M),M €D )
and boundary conditions

JdT (M, 1)
on

Here, D is a finite of partly bounded convex domain
of M(x, y, z), S is a piecewise smooth surface bounding
the domain D, and 7 is the external normal to S (a
vector, continuous at points of S). The parameters of
problem (1)—(3) are thermophysical characteristics of
the medium, which are constant in arange of temperatures
within the transition points [2]. Some paradoxes of using
model concepts (1)—(3) were repeatedly noted. One of
them is the absence of inertia of the process of heat
conduction in Fourier’s law because of the ignorance of
the mechanism of heat transfer by constituent particles
of matter (electrons, molecules, ionic lattices) and the
relaxation time related to the mean free time of

B, +B,T(M,1)=B;0(M,t), MeS,t>0. (3)
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microparticles. A consequence of this is the conclusion
of the infinity of the heat transfer rate, which follows
from the analytical solutions of models (1)—(3). Another
paradox is the singularity of the heat flow and the
velocity of motion of isotherms at x > 0 and 7 > 0 as
x — 0 (t — 0). Nonetheless, these circumstances do not
limit the applicability range of mathematical models
(1)—(3), which encompasses more and more substantive
subjects of investigation and a wider and wider variety
of applications [3—7].

Recently, theinterestin studyinglocalnonequilibrium
processes has increased in view of the wide potential of
their practical application [8—14], namely, creation of
new technologies to obtain nanomaterials and coatings
with unique physicochemical properties (binary and
multicomponent metal alloys, polymer materials,
amorphous metal semiconductors, nanoliquids, and
colloidal and bio- and cryosystems); optimization of
laser application conditions; intense heating and cooling
of nanoelectronical and nanotechnical components; and
heating, melting, and ablation of matter on exposure to
ultrashort laser pulses; etc. To describe the intensification
of thermal processes under these conditions, it was
required to refine Fourier’s hypothesis. This was done
by taking into account the local nonequilibrium using
relation

dq(M,1)

q(M,t)=—hgradT(M,t) -7, 5

“)

which implies the conclusion of the finiteness of the heat
transfer rate. Here, the time 7, is a measure of the inertia
of the heat flow, which is related to the heat transfer rate

by the expression vy =./a/T.. The necessity to take
into account the effect of the finiteness of the heat (mass)
transfer rate was indicated by Maxwell in gas dynamics
theory [15], Luikov in investigation of the heat and
moisture transfer in capillary porous bodies [16], and
Cattaneo [17] and Vernotte [18] in heat conduction
theory. The energy equation and relation (4) lead to
hyperbolic heat transfer equation

% = aAT(M, 1) -

)

2T(M,t) T.|0F(M,r) 1
-1 +— +—
oo cp| ot T

T

F(M,t)]

and to the corresponding generalized boundary value
problems of unsteady-state heat conduction. In the
mathematical formulation of these problems, the
corresponding local nonequilibrium boundary conditions
should be used. Using standard local equilibrium
boundary conditions (3) (which is quite frequently done
in publications on analytical thermal physics) can lead
to physically contradictory results (e.g., to negative

values of absolute temperature [19]). These issues were
considered in detail previously [20]. Correct generalized
boundary conditions were formulated based on relation
(4) in the integral and equivalent differential forms. For
example, for thermal heating (cooling) conditions, the
Neumann boundary condition has the form

t

1 faT(M,7) t-1
2 e,y L
rr£ s eXp( T, J NG

=1(qy / MS, (1), 20,

and in the case of heating by the medium, one should

write
[ —
exp [— —T) dt =
0 MeS Tr (7)

={T(M,1) ;g —[ Ty + S, (XT, - Ty) |} 2 0.

1 j AT(M,7)

T, on

Here,
1,t>0,

S (0= 8
+ ) {0, t<0. ®
As (1/h) — 0 (h — o), from relation (7), the
boundary condition during thermal heating is obtained:
TM, D)y e g= Ty + ST, — T), t=0. ©)
Note that hyperbolic equation (5) for local
nonequilibrium heat and mass transfer processes was
obtained for the first time by Fock [21] and Davydov
[22] under the assumption of the finiteness of the velocity
of energy- or mass-transferring particles. Equation (5)
was also derived by Predvoditelev [23] by analyzing
the velocities of isothermal surfaces using Riemann’s
concepts, i.e., after completely abandoning the use of
relaxation formula (4).

NEW OPERATIONAL RELATIONS FOR
HYPERBOLIC MATHEMATICAL MODELS

Generalized transfer problems for Eq. (5) differ
significantly from classical problems (1)—(3) because
analytical solutions of the former are more difficult to
obtain. The specificity of these problems is the relative
simplicity of the initial mathematical models together
with the difficulty of solving them in an analytically
closed form. Hence, very little success was achieved
in finding their exact analytical solutions, which were
mostly found within partially bounded domains. The
main approach to solve these problems is operational
calculus, which is, however, accompanied by two main
challenges. Whereas solving a problem using operational
calculus is not too difficult, the inverse transforms are
difficult to obtain because of their absence in operational

Russian Technological Journal. 2022;10(1):68-79

71



New operational relations for mathematical models
of local nonequilibrium heat transfer

Eduard M. Kartashov

calculus tables. The formal application of operational
calculus theorems to finding the inverse transforms
can lead erroneous results because the sought inverse
transforms should contain the Heaviside step function
[24], the formal appearance of which not always can be
ensured. A natural way out of this situation is to develop
artificial techniques or a complex transition to the inverse
transforms by contour integration of the transforms [24].

Partially bounded domain
Let wus consider the operational solution

of homogeneous equation (5) in the domain
Q= {M(z,1): z>0,¢> 0} in the dimensionless variables

§=vpz/a, ‘szgt/a, B
W& =

= /vr>
[T(z,0)-Ty)/(T, - Tp),

V1 = a/Tr’

where v, = \/ZG(I -Vv)/[p(1-2v] is the expansion
wave velocity in an elastic medium, G is the shear
modulus, v is Poisson’s ratio, and p is the density. The
problem has the form

W _°W ., O*W
o B = ,E>0,1>0, (10)

BW@T)
WED) g =3 7|z = 0,620, o

W (&,7)| < e, &2 0,7>0

Let W(E,p)= Jexp(— pOW (E,1)dT be the Laplace

0
transform of the function (&, 7). From Eq. (10), one can

find
W(Ep)=f(p) eXp(—ixlﬁzpz + p)-

The transform written for W(i, p) determines the
further purpose of this study, which is to obtain the
inverse transforms of a set of transforms of the form

7(pyexp -&J(p+2a)(p+2B) | = 7 (p)exp[~ER(p)],

where W(p)=(p+2a)(p+2p),
with the Heaviside step function.
Let us emphasize once again the specific features
of the further calculations. The pioneering publications
on the simplest hyperbolic transfer models in 1970s
showed [25, 26] that the heat conduction according to
the mathematical models for Eq. (5) is characterized by
the wave behavior, which is expressed by the presence
of the step function n(t — &) in the analytical solution

at various f(p)

of Dirichlet boundary value problem (10)—(11) at
W(0, 1) = 1, T > 0. At any time, there is a thermal wake
region at § <t and an unperturbed region at & > t (Fig. 1)
(at points of the region at & above & = 1, the temperature
value remains unchanged and equal to the initial value).
On the surface of the front of the propagating wave, we
have & = 1, and the temperature profile on the front has a
discontinuity, the amplitude of which rapidly decreases
with increasing heating time. It is in the region behind
the front of the heat wave that there is a significant
difference between the solutions of hyperbolic equation
(5) and parabolic equation (1) (in the latter case, the
solutions are smooth and considerably exceed the initial
value). It is these features that are explained by the
presence of the step function in the analytical solution
of the heat problem.

W, (€, 1)

1.0R,
09 I ‘.:'.n' ",
0.8}
0.7y
0.6
0.5}
0.4
0.3
0.2
0.1

.

R
HFle &
P

=25

-
1]
—_
[6)]

3
1
1
1
1
1

- &
e e e
I3

be
OO 0.5 10 1.5 20 2.5 30 35 40 45 5.0
Fig. 1. Isochrone calculated by (29) (B=1)

Below, only operational calculus relations are
considered; therefore, let the time variable be denoted as
t (as it is accepted).

Consider the function ¢(x) = x2] (x!2), where
1 m(xl/ 2) is the modified Bessel function. In the theory of
Bessel functions, there is relation

d" 1 _mtn 1
o [(P(x)]=2—nx 2 Lnl X2 | (12)

which enables oner to write the Maclaurin series for
o(x +xp):

1 1
O(x+xy) = (x+x0)_5mlm [(x+x0)2] =
(13)

Set x, = 2xt, x = 2
Then, we obtain

o) =1, I:Jt(t + 21<)] =y Kn—}:ln (0).

n=0

, and m = 0 in expression (13).
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Take the Laplace transform using the published
tables [27]:

o(p) = TeXp(—pt)Io [Vt +2x) Jae =

1 2 (kp — K\/Pi_)n

\/p _an n!

exp(Kp Ky p? —1).
/p _

Hence, it follows

eXp(—K\/p2 -1)

@(p)exp(—kp) =

I
Vp* -1

and, further,

\/;_1 exp(—Kq/p? —1) «
p? -
< oU—mr—K)=

= I,(N2 —x2)n(r —x).

Let us replace x by 9, and ¢ by o¢ in relation (14) and
make transformations using the similarity theorem [2];
let us then introduce the notation & = &/c. We find

%exr)(—&\/pz -0%)
\p© -0
—Iy(o\r? &> m(t-&).

Set p — p + p on the left-hand side of relation (15)
and apply the shift theorem:

(14)

(15)

1
J(p+p+o)p+p-o0)

 exp(-pn)], (c,/ﬂ g2 )n(t %),

Denote p + =20 and p — 6 =2, whence p=a +
and ¢ = a — B. Now, we finally arrive at the necessary
result:

exp[&J(p+p+o)p+p—0) |«

! c
J(p+20)(p+2B)

1 —
=y Pl ] <

— exp(—pt)] (o2 =&2)m(r - &).

xp| ~&(p+200(p+2B) | =
(16)

From relation (16), we find

1 —
) exp| -Eu(p) | «

t
| [exp(—pr)Iy (o2 —E2)dt |n(r - &).
d

(17)

Application of the convolution theorem to relation
(16) gives

exp[-EL(P)]f (p) <

1
1(p)

t
| [1t-vexp-pn)1, (o\/zZ 2 )dt N -8,
:

(18)

Differentiation of relation (18) with respect to &
gives

exp| —EW(p) |/ (p) /(1 =€) exp(—pE) +

I,(oyt? - E2)
+ ot f(t —1)exp(-p1) F——="d1, (19)
J o

t>E,0,t<C&.

Set f(p)=1 in relation (19), whence f{£) = 3(¢) is
the Dirac delta function, and relation (19) takes the form
exp| -Eu(p) |«

I (o\t> —E%)
[2_e2

| exp(—p&)d(r — &) + & exp(—p?) x (20)

xn(-§).

- 1
Let then f(p)=— in relation (19); then, A7) = 1,
p

and the inverse transform has the form
1 _
;exp[—&u(p)] «

£ I,(c1%? -E2)

| exp(—p&) + o | exp(—p1) T———Z="dt | x (21)
g /T2 _ ;32

xn(t =).

A number of problems in thermal shock theory [2]
lead to the transform

1 [p+2B

A pr2a exp| -&u(p) |

Find the inverse transform. From relation (17), we
have
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1 exp| -Eu(p) |
P J(p+20)(p+2p)

t
— jexp(—pt)lo (ot —E2)dr, t>E.
g

(22)

Multiply relation (22) by 2 and add the result term
by term with relation (6) to obtain

1 |p+2B —
A /m exp [‘iH(P):I “—
—exp(—pt)]y(oy1? &)+
t
+2B[ exp(—pr)ly(oy12 —E2)dt.1 > €,
g

Transformation of relation (23) using the expressions
(dldx)ly(x) = I,(x) and 1,(0) = 1 gives

! J% exp[ ~E(p) | &~ exp(-pE) +

! ot (oy1? —&2)
+ —or)| — 2 _g] 2 _£2)|4q,(24)
%[exp( pr)[ - 6l (012 —E2) |dr

t>E&.

Using the above operational calculus relations
and theorems, let us write the inverse, important for
applications, of the more general transform:

(23)

p+28
p+20

‘ o1l (cy12 - E2)
+| f(t—- —pn)| — =gy, 2_E2)|an,
gf( T)exp(—pT |: ) = ol,(oy1* &%) |dt

t>E&.

exp| ~Eu(p) | £ (p) & /(1 —E)exp(—p&) +

(25)

Expression (25) has a number of practically

important special cases at given f(f) = f(p).

The above operational relations have resolved the
problem of finding analytical solutions of Eq. (10) under
generalized boundary conditions. However, this problem
has an interesting continuation, which is the possibility
to represent one and the same analytical solution as
different functional expressions. It is significant in this
case that a certain cumbersomeness of the analytical
writing of solutions can be simplified using special
transformations leading to new, previously unknown,
analytical solutions. Let us demonstrate this by the
example of the Dirichlet boundary value problem for
Eq. (10) (the boundary conditions are presented above).
An analytical solution of the problem based on relation
(21) has the form

W(E,t) =
AT x"(zlﬁ“x2_§2]
ool 5 Lol

xn(t-ER) =¥, (&, (T —EP).

dx |x (26)

The transform of sought function (26) has the form
WEp) =1/ prexp| -Bep(p+1/8) |

the inverse transform of which can be written using the
Riemann—Mellin integral as follows:

%exp[—ﬁ&\/p(pﬂ/ﬁ%] «
Y+ico

o [ Sew| pe-Belpe 1) = @7)
i p

y-ivo
=¥,E,).

The integrand in relation (27) satisfies the conditions
of Jordan’s lemma [2] and has two points of branching.
Calculation of contour integral (27) gives

1/p2 sin&f P(Blz— )
¥,En=1-= [ exp(-pv)
T 0

dp. (28)

Let us now show that the analytical solution of
the Dirichlet boundary value problem in the form

W(E, 1) ="Y,(& tn(t — EP) are W(E, 1) =¥, (&, tin(t — EP)
equivalent; i.e., ¥ (&, 1) = ¥,(&, 1). We have

/B
w3 ol 5[5

Differentiation of both sides with respect to t gives

oo 1 T 1|7
[\Pl]‘c = i[—gexp(—ﬁ)lo (E B—Z_éz J] =
Jd| 1 1
5ol )
Let us now use the (quite rare) integral
amcosc\/ay—yzdyz
gw—yz
= nexp(—%),}o (ﬂ [c2 —pz).

2
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We find
[(¥En], =
9 11/Bz exp(—pT) B
4T e en T

1
()
11/[32
== J. exp(—pT)sin B /p(BZ JdP

Integration with respect to T gives

| VB sin Bi,/P(Blz - P]
o dp+C.

¥E&0=-— [ exp(-pD
0

Under the conditions of the problem, ¥,(0,7)=1;
therefore, C = 1, and we finally obtain

Y€)=

1
1/p2 sin 3§ P[—P)
1 \ pBZ J

=1-— { exp(—p1)

p:

=¥,

Thus, it was shown that

WE 1) =1, om(t —P) = Fp (& ot —&P). - (29)

Figure 2 presents the curves W(E, 1) in the section
& = 2; both curves calculated from formulas (29)
virtually coincide. The above reasoning can also be
extended to the Neumann and Cauchy boundary value
problems under generalized boundary conditions, which
emphasizes the specificity of hyperbolic transfer models.

W(E, )
0.67

0.5/
0.4}
0.3} 2
0.2}

0.1+

0 ‘ ‘ ‘ ‘ T
0 1 2 3 4 5 6

Fig. 2. Results of calculating the function W(E, T) in the
section £=2 (B = 1): point 1—by (26), point 2—by (28)

Canonical finite domains

Mathematical models for Eq. (10) in the domain
€ € [0, &l, © = 0 under generalized boundary
conditions hardly constitute a necessary apparatus of
operational calculus, which significantly complicates
the determination of their exact analytical solutions.
Let us consider a number of operational relations that
are characteristic of this case. Find the inverse of the
transform

(H-pp)"
(H + )™

Use the reference formula [27]

(30)

a-p"

n
i z (_1)k C’lchk—n—l —
P k=0
n
=" X (e
m=0

— (-1 2 (- 1)mcmitm —

m=0

=(=D"L,(®),

where L, (1) = exp(t)—[t” exp(— t)] is the Laguerre

polynomial [27]
Sequentially using the operational calculus theorems

(L k) f(pk) < f(kt),  f(p—k)<«exp(kt)f(£), and

F(pyexp(=ply) = f(t=1g)N(~1)), we find the
sought inverse transform

(H —Bp)” (=" _H H
Hippy B exp( B’)L”[ZB’)' GD

By similar reasoning, one can show that

<—Bexp(][;[ ]EZ(2%Z], (32)

n
1
where L (1)=(-1)"1 Y C” "

m=0

(H +Bp)”
(H —Bp)™*!

is the Kartashov

polynomial.
Let us find the inverse of the transform

S (p+a)?=b2, if f(p)< f(1). Use the Efros

theorem

t
718 (»]8,(0) « [ F¥(E.ndx,
’ (33)
W(t.0) - exp| =10, (p) |0, ().
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We find
FW(p+a@—p?)
LoNE—y?) |G
—exp(-at)| f(1)+b] yf () F—- }
{ ot

Similarly, we find

Ll a0t esp [ -niprar 5 |

! ’ L(byy? 12 }
— | f(t=7)| exp(=at) + bt| exp(—ay) —A—=—dy |dr
{ [ J vy -7

(35)

Relation (35) has a number of special cases,
including the practically important expression

%7(\/[32192 + p)exp(—yyB2p? + p) <

. T
«— gexp(—ﬁj o(y,1)dr,
o(v.0)=f"t—-B)+
1
]1(2[-}2 tz—yzjd .
\/12 _yz ya

%f(t/B)n(t)-

(36)

2B2 fyf (vy=B)

1r0=

Let then §(p)= JB2p% + p. From the previous

relations, one can find

H-5(p)| _
ﬁexp [—YS(P):I —
eeXP( Bz][f( -8+

(37

ﬂl(zéz NI —’CZJ
d
V2 —12

el o

As applications of the obtained results, let us consider
two model that are characteristic of thermal shock:

T,

t
+$If(r—vﬁ)
0

f()=

oW, aZW oW,
2L 0<E<E,,1>0,(=12), (38
W)._o=@W,/0t),_;=0,0<E<E,
W\‘: 0= 1 W|é £ =0,7>0, (39)
Wle—o=1,(@W,/08),_y=0,7>0.  (40)

In the Laplace transform space, we find

_  1sinh[G-9)S(p)]
Wl@’p)_p sinh[ &, S(p)]

1 cosh[ E—5)S(p) ]
P cosh[&S(p)]|

Transform the hyperbolic functions in the fractions:

W&, p)=

> %{exp[—vlk S(»)]-exp[ -5 ]}
k=0

W&, p)=

i Dk {eXP[_Ylk E(P)] +exp [_Vzk E(P):I} )

where
Vi =2kE, +&, ¥y =

=2(k +1)&y +&, S(p) =B2p% + p.

Calculation of the inverse transforms using the
above relations gives

&= {¥[v,©.1]-¥[vy©]} @D
k=0

WyEn) =Y, (=DF{W[vy, €.t ]+ ¥[ 15, E)7 ]} @)
k=0

where
\P(Yik’T):
©/2p? 11( ( zk/zﬁ) )
= exp(—vzikj+yzﬂ‘ J exp(—y) > dy |x
B B ik /2B —(Yik/zﬁ)
XN =7, B). (43)

Note that solutions (41)—(43) were previously
unknown in analytical thermal physics. All the nine
boundary conditions for W(E, 1) in the domain & € [0, §],
T > 0 can be analyzed similarly, and the studied problem
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for a finite domain can thus be considered resolved.
At the time, here, as above, analytical solutions can be
obtained as other functional expressions, equivalent to
the presented ones. This is one of the specific features of
hyperbolic transfer models. Numerical implementation
of'the obtained relations seems to involve no fundamental
difficulties in view of the potential of the existing
analytical thermal physics software.

CONCLUSIONS

The inverse transforms of nonstandard operational
(Laplace) transforms are presented. These inverse
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