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Abstract. The problem of testing in education is relevant for many countries. Testing solves three problems. The
first task is to assess the quality of current training. The second task is to conduct a comparative analysis of learning
outcomes. The third task is the management of the educational process in a particular educational institution and
in the education sector. This determines the relevance of testing and the relevance of developing new methods for
assessing test results. The article proposes a new method for assessing test results for different situations: “teacher—
student,” computer test, virtual testing model, test on a mixed reality model and others. To solve the problem, a special
quasi-sigmoidal function is introduced. It is analogous to the logistic function, but takes into account the peculiarities
of real testing of students. The logistic function ranges from minus infinity to plus infinity. There are no negative
assessments in education. The introduced function lies only in the positive range of the argument. It describes actual
positive scores when testing students. The authors called this function the complexity function. With its help, the
complexity of the subject is assessed according to the test results. To substantiate the method, the function of the
logarithms of the odds, logistic regression and the resulting Rasch method are investigated. The article notes two
shortcomings of the Rasch method. The testing principle has been defined for the new function, which is used to
estimate complexity. The article introduces two new concepts: the test difficulty function and the integral test score.
Integral assessment of testing is a smooth function and makes it possible to go from a stepwise dependence to a
continuous one. The cumulative test score translates the point test results into a continuous function and creates
a correlation between the scores. The results of an experiment with the participation of RTU MIREA students are
presented. The experimental results are analyzed. The possibility of using the method in educational processes is
shown. The method is an alternative to the Rasch method.
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HAYHYHAA CTATbA

MeToabl OLIEHKH CJI0KHOCTH TECTUPOBAHMS
B cepe oOpazoBaHus
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Pesiome. Npobnema TecTnpoBaHus B chepe 06pa3oBaHns ABASETCSA akTyanbHOM AN MHOMMX CTpaH. TecTupoBa-
HWe peLuaeT TpW 3a4a4n: NPOBOAUT OLLEHKY Ka4ecTBa TEKYLLLEro 0OyyYeHns, [AeT MHCTPYMEHT A1 CPaBHUTENIbHOIO
aHanusa pesynbTaToB 00y4YeHMUs, JaeT MHCTPYMEHT AJis yripaBneHns o6pasoBaTesibHbIM NPOLECCOM B OTAESIbHOM
y4ebHOM 3aBeAEHMM 1 MO OTPACIN. DTO ONPEAENseT akTyanbHOCTb TECTUPOBAHUS 1 pa3paboTKM HOBbIX METOO0B
OLLEHKN pe3ynbTaToB TecTupoBaHus. CTaTes NpeanaraeT HOBbI METOA OLEHKN pe3ynbTaToB TECTUPOBAHUSA O1g
pasHbIX CUTYyaLMin: «<NnpenoaaBaTesib — yHalwWuncs», KOMMNbIOTEPHbIN TECT, BUPTYyasibHaA TECTUPYIOLWAA MOAESb, TECT
Ha MOAENN CMeLUaHHOM peanbHOCTU 1 apyrue. [ng peweHns 3Ton 3agad4m BBOAUTCHA KBa3McUrmomnaasnbHaa QyHK-
ums. OHa 9BNSIETCS aHaNIOroM JIOrMCTUYECKON DYHKLUMKN, HO YYUTbIBAET OCOBEHHOCTU peasibHOro TECTUPOBAHUS.
JlorncTtnyeckas GyHKUMS NEXNUT B MHTEPBane 0T MUHYC A0 nitoc 6eckoHeYHOCTU. B obpazoBaHnM oTpuLaTenbHbIX
OLLEHOK He ObiBaeT. BBeaeHHas OYHKUUSA NEXUT TONbKO B MONIOXUTENIbHON 061aCcTW aprymMeHTa, TO eCTb OLLEHOK
TECTMPOBaHUA. Ty OYHKLMIO aBTOPbI Ha3blBAT PyHKUMEN CNOXHOCTU. [TpeasapmntenbHO nccnenyetcsa GyHkKumns
norapvdMOB LLAHCOB, NOrMCTUYECKasi PErpPeccus U BolTeKaloLwmiin n3 atoro meton, Pawa. OTMeyeHbl ABa HegocTat-
Ka metoga Pawa. Onpegenserca npuHUUN TECTUPOBAHUS, KOTOPbIA MCNOb3YeTCs B PYHKUNM CIOXHOCTU. CTaTbs
BBOAMUT [Ba HOBbIX MOHATUA: PYHKLNA CIOXHOCTU TECTUPOBAHUA U MHTErpasbHas oueHka TeCTupoBaHud. VHTe-
rpanbHasi OLEeHKa TECTUPOBAHUS ABASETCS UHTErpanbHON GyHKUMEN OT TOYEYHbIX OLeHOK. OHa nepeBOauT To4YeY-
Hble pe3dyfibTaTbl TECTUPOBAHUA B HEMPEPLIBHYIO DYHKUMIO U CO3OaeT KOPPENAUMIO MexXay oueHkamu. [NpmusoaaT-
CS pesynbTaTtbl 3KCNEPMMEHTa C y4acTmeM ctygeHToB PTY MUP3A. Pe3ynbTatbl 3KCNEPUMEHTA aHaNIM3npPYOTCS.
MNMoka3zaHa BO3MOXHOCTb NPUMEHEHNSI MeTOAA B 06pa3oBaTefbHbIX npoueccax. MeTton, saBnseTcs anbTepHaTUBOM
meToay Pawa.

KnioueBble cnoBa: anroputm, obpasoBaHne, TECTUPOBAHWE, CITOXHOCTb, MPOrpaMMHble KOMMOHEHTbI, JIOrUThI,
NIOrMCTUYECKOE ypaBHeHne, Moaenb Pawwa

e Moctynuna: 27.08.2021 » Jopa6oTaHa: 04.10.2021 ¢ MpuHaTa kK ony6nukoBanuio: 11.10.2021

Ona untnpoBanusa: Curos A.C., LiseTkos B.4., Poroe N.E. MeToabl OLLEHKN CITOXHOCTM TECTUPOBaHUS B cpepe obpa-
30BaHus. Russ. Technol. J. 2021;9(6):64-72. https://doi.org/10.32362/2500-316X-2021-9-6-64-72

npOSpa'-IHOCTb d)MHaHCOBOVI pearenbHoCcTU: HUKTo 13 aBTOPOB He nmeet q)l/lHaHCOBOI7I 3anHTEpPeCoOBaHHOCTN B
npegcTtaBJIEHHbIX MaTepuanax nin metogax.

ABTOPbI 3a9BNSIOT 06 OTCYTCTBUM KOHMIMKTA MHTEPECOB.

INTRODUCTION in the “person—test” system. Testing algorithms include

two groups: algorithms for informational interaction

The problem of assessing the complexity of testing
and testing programs [1-3] is one of the most important
in the field of education. At the same time, the complexity
of the software components [4] as a computational
object and the complexity of the test as a technological
object, taking into account cognitive factors, are
distinguished. Testing algorithms are qualitatively
different from computational ones. They are designed
to include a person in the information processing chain

“student—test” and algorithms for processing test results.
There is a difference between the two. Algorithms of
information interaction “student—test” are interactive
or the algorithms of the second kind. Algorithms for
processing test results are direct or the algorithms of
the first kind. Testing itself can be viewed as human—
machine interaction. Accordingly, the test structure or
system can be considered as a human—machine system
(HMS). Currently, the HMS comprises various systems,
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including an informational HMS. An example of the
informational HMS is a geographic information system,
in which information is interactively processed, and the
solution to the problem is carried out by the methods
of human and computer iterations. The testing system
can be considered as an information man—machine
system. Human resources and cognitive components
are especially important for testing systems designed
to work with students of a certain level of knowledge
and certain forms of cognitive perception. Therefore,
it is important in the process of using testing systems
to evaluate the complexity of tests, to adapt them to
certain levels of students’ knowledge. Such adaptation is
possible based on the analysis of testing results and the
development of methods for comparative assessment of
the complexity of testing programs based on the results
of direct testing. This article is devoted to this issue.

1. RESEARCH METHODOLOGY

The research is based on logical, statistical,
qualitative, and comparative analysis. The materials
used were publications in the development of testing
algorithms and the application of testing methods in
education.

2. RESULTS OF STUDIES
2.1. Theoretical justification

In 1934, Chester Itner Bliss used the cumulative
normal distribution function to map it and called
it “probit” [7] as a kind of probability unit. In 1944,
Joseph Berkson used the log of odds and called the
function “logit,” an abbreviation for “log istic un it,”
after the analogy of “probit.” This unit has a logarithmic
connotation and can be viewed as a logarithmic unit. In
statistics, the logit function or log-odds is the logarithm
of the odds or logarithmic odds, and the ratio [§]
p/(1 — p) is called the chance, where p is the probability
of an event occurring, (1 — p) is the probability non-
occurrence of the event. Chance is a probabilistic
characteristic, therefore logit connects the logarithmic
and probabilistic components.

Logit-function (log-odds) plays an important role
in logistic regression. By finding the p/(1 — p) relation,
each probability can easily be transformed to logit.
Notwithstanding a simple transformation, the physical
meaning of log-odds can not always be comprehended.
Jaccard, [9, p.10] called them *...illogical and
complicated for interpretation, particularly in cases
when large amount of statistical data is not available.
However, corresponding formulas for their calculation
are relatively simple, even though the results of
calculation are difficult for deciphering.”

Chance is the ratio of the likelihood of success to the
likelihood of failure. As an equation, this is p(A)/p(—A),
where p(A) is the probability of event A, and p(—A) is
the probability of “not A” (that is, the complement to A).
The log odds (logit) give us the log odds of A, which can
be written as

log(A) = log(p(A)p(—A)) (M

Generically, we can describe logarithmic chances
(logit) in the form:

log-odds = log[p/(1 — p)]. 2)

Mathematically, logit is the inversion of a standard
logistic function o(x) = 1/(1 + e™), therefore, logit is
defined as follows:

logit(p) = 6~ (p) = log[p/(1 — p)] 3)

for pe(0, 1).

Thus, logit-function f{x) is a kind of function
(Fig. 1), which maps probability values from (0, 1) on
real numbers in set (—u, +u) [10].

6 e —f(x)=|og1):x

1.0

Fig. 1. Plot of the logit function

In Fig. 1, probabilities are placed on the horizontal
axis. Real numbers on a conventional scale are shown
on the vertical axis. The scale is chosen according to the
conditions of a specific task.

Associated with the concept of logits is the concept
of logistic regression. Simple logistic regression is
ideologically close to linear regression. There are two
differences. Linear regression uses a linear relationship
between two measurements (x, y). Logistic regression
uses a logistic relationship or logistic function between
one measurement x and its probability p.

The logistic function can be one-parameter, two-
parameter, three-parameter, and four-parameter [11].
A one-parameter function is used more often, which is
in good agreement with the theory of logits.
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The logistic function belongs to the class of
sigmoidal functions. Sigmoid or sigmoidal function
is usually called a smooth monotonic function [12],
shaped like the letter “S,” which has two asymptotes
and describes the reaction and saturation (Fig. 1). The
canonical example of a sigmoid is the one-parameter
logistic function

J(x)=

1
=" “)

l+e

>
0 X
Fig. 2. Ascending sigmoid

The sigmoid is bounded by two horizontal
asymptotes (Fig. 2), to which it approaches as the
argument approaches to *oo. Usually, these asymptotes
(for an one-parameter function) are “0” (at x = —)
and some constant (at x = +o). In many cases, the
constant at x = +oo is 1. This simplifies the relationship
between probability and logistic functions. In Rasch’s
assessment theory, the model in Fig. 2 is used to evaluate
the performance of groups. This type of sigmoid can be
called ascending. Such a sigmoid has positive function
values for negative argument values. To shift it, you need
to enter a special parameter b (Fig. 2). There is another
type of sigmoid, which is called descending (Fig. 3). For
this sigmoid, the reaction shows a transition from the
upper asymptote to the lower one.

Pc A

1.0

0.5

0.0

=

b=p
Fig. 3. Descending sigmoid

Figure 3 shows a descending sigmoid for which the
probability values are plotted along the vertical axis and
the test complexity values—along the horizontal axis.

The derivative of any sigmoid is a “Gaussian-
like” curve with a maximum at zero, asymptotically
approaching to zero at x = too. The sigmoid family
includes arctangent, hyperbolic tangent, and other
functions.

If we compare the logit function (Fig. 1) and the
descending sigmoid (Fig. 3), then the rotation of Fig. 1
by 90° clockwise will lead to complete similarity of the
graphs in Fig. 1 and Fig. 3. This is what we mean when
talking about the inversion of the logit function. The
decreasing sigmoid (Fig. 3) is usually used to assess the
difficulty of testing.

Thus, to assess the difficulty of testing, functions are
used that have two asymptotes (upper and lower) and a
smooth section connecting them.

2.2. Experimental research

Experimental researches were conducted in the
study groups of the Institute of Information Technologies
of the RTU MIREA. The shortcoming of the Rasch
model when assessing the complexity of testing is
that its argument exists from —o to +oo, while in real
testing there are no negative values of the argument.
This is mathematically explicable if we analyze the
logit function (Fig. 1). This leads to the fact that most
of the asymptote (Fig. 3) lies in the negative region of
the argument, and the shift of the curve itself in Fig. 3 is
used as a comparative characteristic of the test difficulty.

The basic concept of the Rasch model is that
functions are needed that have two asymptotes and
a transition region between them. To implement this
idea, the authors introduce the “complexity function”
f(x) or “test complexity function,” which exists in the
positive domain of the argument and has an asymptotic
complexity constraint only from below. One can speak
of a quasi-sigmoidal function, since it has a restricted
domain of the argument, only in the positive region. Its
initial value at x = 0 is equal to the constant “c.” This
function allows us to assess the difficulty of different
subjects based on the results of testing one group. There
are many such functions that can be built. The authors
have investigated a number of functions and chosen a
simple form of the complexity function

1
fc(x)=cm- 5

In Eq. (5) x is a real argument, £ (x) is an assessment
function. For x > 0, £ > 1, ¢ > 1. For the normalized
function, f, is equal to 1 at x = 0 and asymptotically
approaches to 0 as x — +oo. This function is a quasi-
sigmoid in the positive domain of the argument.

The ordered number of the student in the study
group was chosen as an argument. This is a strictly point
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value. The function was determined by the assessment
of the given student. The ordered student number means
that the students in the group were pre-ranked by their
grade level in ascending order from lowest to highest.
Conditionally, these can be the numbers that correspond
to real names. If we compare the ordered numbers of
students to their grades, then we get an approximate
picture, shown in Fig. 4.

A
Point
grade

\J

1 Students in group N

Fig. 4. Grouping grades within a group

Figure 4 shows the discrete values of the grades
for the discrete value of the argument (student
number in the group). There is no need to talk about
any continuity in such a situation. Students can
have the same grade, which corresponds to the rows
of fixed grades on the graph. In the course of the
research, it turned out that for sustainable assessment
it is advisable to choose a function in the form of a
cumulative or integral value. The formation of x is
carried out as follows.

1. The grades of students in group z, obtained during
testing, are recorded. Then, the statistics in the form
of'a “comb” is collected.

2. Grades z are ranked, ranked values z* and stepwise
increasing statistics are obtained (Fig. 4).
z—> Z*.

3. After that, the integral grades x are formed according
to the rule

Figure 5 shows integral and point grades.

Integral grades

A

Grades
EEEEEN

EEEEEN
Point grades

\J

Number of students in group

Fig. 5. Integral and point grades

In Fig. 5, integral grades (selectively) are shown
by open squares. The formation of integral grades, as
a method, to some degree resembles the smoothening
of discrete values by the moving average method. Even
the same point grades have different meanings in the
integral grade. This creates correlation and continuity in
the formation of grades.

The complexity function is constructed according to
expression (5). The name of the function is due to the fact
that it characterizes the complexity of the test or subject
for a given study group. Table 1 shows the initial data
of point grades for four subjects of students “Subject 1—
Subject 4.” In groups, 21 students were selected.

Table 1. Initial grades z" in ascending order for four
subjects in one group

Number | Subject1 | Subject2 | Subject3 | Subject4
1 4 4.5 5 5.5
2 5 5.5 6 6.5
3 5.5 6 6.5 7
4 6 6.5 7 7.5
5 6 6.5 7 7.5
6 6 6.5 7 7.5
7 6.5 7 7.5 8
8 7 7.5 8 8.5
9 7 7.5 8 8.5
10 7.5 8 8.5 9
11 7.5 8 8.5 9
12 8 8.5 9 9.5
13 8 8.5 9 9.5
14 8 8.5 9 9.5
15 8.5 9 9.5 10
16 8.5 9 9.5 10
17 8.5 9 9.5 10
18 9 9.5 10 10
19 9 9.5 10 10

20 9 9.5 10 10
21 9 9.5 10 10

Students were assessed on a 10-point system.
A 20-point assessment and even a 100-point one, as
recommended by Khlebnikov [1], is acceptable. Our
research has shown that it is better to normalize the
grades, that is, to set the grade interval for processing
from 0 to 1. Table 2 shows integral normalized grades
for the same groups.
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Table 2. Normalized integral grades for four subjects

Table 3. Values of the complexity function for four subjects

Number | Subject1 | Subject2 | Subject3 | Subject4 Number | Subject 1 | Subject2 | Subject3 | Subject4
1 0.4 0.45 0.5 0.55 1 0.714286 | 0.689655 | 0.666667 | 0.645161
2 0.9 1 1.1 1.2 2 0.526316 0.5 0.47619 | 0.454545
3 1.45 1.6 1.75 1.9 3 0.408163 | 0.384615 | 0.363636 | 0.344828
4 2.05 2.25 2.45 2.65 4 0.327869 | 0.307692 | 0.289855 | 0.273973
5 2.65 2.9 3.15 3.4 5 0.273973 | 0.25641 0.240964 | 0.227273
6 3.25 3.55 3.85 4.15 6 0.235294 | 0.21978 | 0.206186 | 0.194175
7 3.9 4.25 4.6 4.95 7 0.204082 | 0.190476 | 0.178571 | 0.168067
8 4.6 5 5.4 5.8 8 0.178571 | 0.166667 | 0.15625 0.147059
9 5.3 5.75 6.2 6.65 9 0.15873 0.148148 | 0.138889 | 0.130719
10 6.05 6.55 7.05 7.55 10 0.141844 | 0.13245 0.124224 | 0.116959
11 6.8 7.35 7.9 8.45 11 0.128205 0.11976 0.11236 0.10582
12 7.6 8.2 8.8 9.4 12 0.116279 | 0.108696 | 0.102041 | 0.096154
13 8.4 9.05 9.7 10.35 13 0.106383 | 0.099502 | 0.093458 | 0.088106
14 9.2 9.9 10.6 11.3 14 0.098039 | 0.091743 | 0.086207 | 0.081301
15 10.05 10.8 11.55 12.3 15 0.090498 | 0.084746 | 0.079681 | 0.075188
16 10.9 11.7 12.5 13.3 16 0.084034 | 0.07874 | 0.074074 | 0.06993
17 11.75 12.6 13.45 14.3 17 0.078431 | 0.073529 | 0.069204 | 0.065359
18 12.65 13.55 14.45 153 18 0.07326 | 0.068729 | 0.064725 0.06135
19 13.55 14.5 15.45 16.3 19 0.068729 | 0.064516 | 0.06079 | 0.057803

20 14.45 15.45 16.45 17.3 20 0.064725 | 0.06079 | 0.057307 | 0.054645
21 15.35 16.4 17.45 18.3 21 0.061162 | 0.057471 | 0.054201 | 0.051813

Table 3 shows the calculation of the complexity
function for four subjects taken by the same group.

The values given in Table 3 are used to build the
function shown below (Fig. 6).

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

1 234567 8 9101112131415 161718 192021
—o— Subject! == Subject?2 —e— Subject3 Subject4

Fig. 6. Plots of the complexity function for 4 subjects

A feature of real testing (Fig. 6) is that the graph
displays only a part of the sigmoid (Fig. 3), since RTU
MIREA students do not receive zero grades and low
grades of type 1 and 2. A value of f, = 1 corresponds to
a zero result in the test assessment. In reality, students

always gain some points, and therefore the value of the
function f, < 1 for learning conditions at RTU MIREA
(Fig. 6).

In the research, it was shown that the graphical
proximity of the complexity functions to each other is
not clear. Therefore, the true comparison is based on
tabular data. Tables such as Table 3 allow us to find
numerical characteristics featuring the comparative
complexity of objects for a given group. There are two
such characteristics: integral and point. The integral
grade is defined as the integral under the curves. The
point grade is determined as the average of the columns
in Table 3.

The difference between the dynamics of the
complexity function and the function in the Rasch
model is that the Rasch model is shifted horizontally,
but the complexity function is shifted vertically; the
more difficult the subject, the lower the curve. Unlike
the logit-based Rasch model, the complexity function is
calculated with a minimum of computational resources.
Using the data of Table 3, the grades for a group
performance were obtained (Table 4).
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Table 4. Final comparative characteristics of
the complexity of 4 subjects for one test group

Indicators Subject 1 | Subject 2 | Subject 3 | Subject 4
Integral indicator
of complexity 4.139 3.904 3.695 3.510
Relative incre-
ment of integral
indicator n/a 0.235 0.443 0.629
Point complexity
indicator 0.197 0.186 0.176 0.167
Relative increment
of point indicator n/a 0.011 0.021 0.030

It follows from Table 4 that the most difficult
subject for this experiment turned out to be Subject 1.
The easiest subject for testing for RTU MIREA students
is Subject 4 (Mathematical logic). These indicators are
comparative and can be used for different subjects, but
for a given group within one university. Each group is a
bearer of a collective intelligence. It is a self-organizing
system in which group members “pull” each other up
to a common level. For another group, a qualitative
correlation between the complexity of subjects is
possible, but it may have quantitative difference. This
method is an alternative to the Rasch model and serves
as the basis for constructing fairly simple software
components and algorithms for processing test results.
This technique allows conducting comparative analysis
with robust results.

3. DISCUSSION

A functional approach [13] and a statistical
approach can be distinguished in testing. An example
of a statistical approach is the application of the Rasch
model [14, 15]. A significant shortcoming of this
model in assessing the complexity of testing is that
in it the concept of probability is incorrectly used,
that is incomprehensible for specialists who do not
know statistics. And it is unknown whether Rasch
himself knew it. Many humanitarians use the formula
without understanding its meaning and limitations. In
statistics, only the frequency of observations is usually
equated with probability. Usually, a statistical value is
equated to a statistical value. But in the Rasch model,
the probability is determined not by the statistics of
observations (interval grade), but by one (point) student’s
grade. In this approach, the probability is considered
to be 1 if a student (one-time grade) gets the highest
grade, that is, a certain standard is chosen that equates

to a probability equal to 1. The ratio of one student’s
grade to the normative grade is declared a probability
and the Rasch model is applied. In fact, the grade
characterizes the intellectual level of the student, taking
into account his mental state (anxiety, physical fatigue,
mental fatigue, etc.). In a different state, a student can
receive different grades at the same intellectual level.
Accordingly, the application of the Rasch method to the
same group will give different grades, meaning that it
is a statistically unstable characteristic. The difference
in this assessment is explained by the presence of an
objective causal relationship, and not by a probabilistic
characteristic, as in the Rasch model. Therefore, the
Rasch’s model is simple and good, but completely
unreliable.

The obtained results have shown that the complexity
function is applicable for assessing the complexity of
subjects and is easy to use. Application of the function
gives relative grades [16] and group grades [17].

CONCLUSIONS

The proposed method is applicable for the majority
of tests of the following kinds: “teacher—student,”
“software program—student,” “virtual test simulator—
student,” “mixed reality simulator—student,” and others.
Testing assessment quality increases with the increase
of the grading scale up to a 10-score system and higher.
This method differs from the majority of the assessment
methods by introduction of an integral grade that relates
to the grades in a group thereby reducing random errors.
The method and the algorithm based on this method
are fairly clear if compared to the Rasch model which
is conditional. In the Rasch model, a single-parameter
logistic function is used that has one asymptote at the
zero value of the function and another asymptote at the
value of the function equal to 1. Such a function can
suitably be related with probabilities. However, the
meaning of the sigmoid slope value stays behind the
frames of this work. The study conducted by Arnol’d
[18] has shown that in some cases the slope can change
depending on the value of a parameter of the two-
parametric logistic model, and characterizes the rate
of the resource consumption. The proposed method
includes simple algorithms of ranging, computation of
the integral variable, computation of the complexity
function, and statistical processing of the results. The
method is simple and available for the majority of
teachers/professors in universities. At the same time, the
method is accessible for researching other complexity
functions.
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