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Abstract

Objectives. An important role in modern physics, particularly in waveguide optics, is played by studies that involve
the search for exact solutions to equations used in modeling to identify classes of exactly solvable models. This work
set out to use analytical modeling methods to explore the properties of surface shear waves propagating without loss
along the interface between a nonlinear and a graded-index nonmagnetic medium.

Methods. Methods of mathematical modeling, calculus, mathematical physics, differential equations, and the theory
of special functions were used. Fundamental principles, methods, and physical models of nonlinear and waveguide
optics were also applied.

Results. The properties of surface transverse waves propagating along the interface between a nonlinear and
a graded-index medium are modeled. In order to model the nonlinearity of the medium to describe the nonlinear
optical response of the medium to electric field perturbations, the linear dependence of permittivity on light intensity
is chosen as a parameter. The graded-index medium is modeled using a spatial profile of permittivity as a function
of distance from the interface for which an exact analytical solution to the stationary wave equation can be found.
A mathematical formulation of the model is presented, consisting of a conjugation boundary value problem for
a nonlinear equation with variable coefficients. Exact analytical solutions to this boundary value problem are found
for the cases of focusing and defocusing nonlinearities to describe the spatial distributions of the electric field
strength in the direction transverse to the interface. Analysis of the model revealed significant differences in the
spatial distribution of the field intensity in surface waves propagating in the focusing and defocusing media. The
effect of the values of model parameters used to characterize the optical properties of the contacting media on the
spatial distribution of light intensity in surface waves was also studied in detail.

Conclusions. The obtained, which results supplement the existing theory of nonlinear and waveguide optics, can
be applied in the design of new waveguide structures with user-defined properties. The obtained new solutions
expand the class of exactly solvable models of planar waveguide structures with distributed inhomogeneous and
nonlinear properties.
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waveguide optics, nonlinear optics
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Pesiome

LUenu. BaxHylo ponb B COBPEMEHHON PU3NKE N BOJIHOBOLHOM OMNTUKE UIPaloT U UCCNEOOBAHUA, CBA3aHHbIE
C HaxXOXOEHVEM TOYHbIX PELUEHUNN NUCMONb3YEMbIX NMPU MOLENNPOBAHUN YPaBHEHWI, NO3BONSAIOLWME BbIABUTH
Knacchl TOYHO pellaemMbix Moaeneit. Llenb paboTbl — M3yYeHne CBOMCTB MOBEPXHOCTHbIX NMOMEPEYHbIX BOJIH, pac-
NPOCTPaHSIOLWLMXCS BOOb rPaHULbl pa3aena HeNMHENHOM U rpaaueHTHON HEMArHUTHbIX cpe 6e3 noTepsb.
MeTopabl. B paboTe 1crnonb30BaHbl METOAb MAaTEMATUYECKOrO MOAENIMPOBAHMS, METObI aHanM3a u matemMa-
Tnyeckon Guankn, anddepeHumanbHbiX YpaBHEHUIA 1 TEOPUM cneymanbHbix GyHkumii. cnonb3osanuch 6a30-
Bbl€ MPUHLWMbI, METOAbI U GU3NHECKME MOLESNIN HENIMHENHOW N BOJTHOBOAHOM ONTUKN.

PesynbTatsl. [1poBeaeHO MoaeNnpoBaHe CBOMCTB MOBEPXHOCTHbLIX MOMEPEYHbIX BOJIH, PACMNPOCTPaHAOLLNX-
CA BOOJIb rpaHuubl pasgena HeIMHENHON N rpadneHTHOM cpen. B kayecTBe mMoaenu HENMHENHOCTU Cpenbl,
OMUCHIBAIOLLEN HENIMHENHO-ONTUYECKNA OTKIMK CPeAbl HAa BO3MYLLLEHUS 3JIEKTPUYECKOrO MNoss, BolbpaHa nu-
HelHaa dopma 3aBUCUMOCTU ANIJIEKTPUYECKON MPOHULAEMOCTN OT MHTEHCMBHOCTMK CBeTa. B KkauecTse mone-
N1 TPaANEHTHOW cpenbl BbibpaHa ¢popmMa NPOCTPaAHCTBEHHOIrO NPOGUAsA AU3NEKTPUYECKON NPOHULAEMOCTH,
onuvcbiBaoLLLasd ee USMEHEHVE B 3aBUCMMOCTM OT PaCCTOSAHUSA 00 rpaHuLbl pasaena, aj1s KOTOPOM MOXHO HanTU
TOYHOE aHa/IMTMYEeCKOe peLleHne CTauoHapHoro BOJIHOBOrO ypaBHeHud. lNpueeneHa matemartmndeckasa dop-
MYJIMPOBKa MOAENM, KoTopas npeacTaBnseT coboli KpaeByo 3a4a4y COMNPSXeHUs AN HEJIMHEHOrO ypaBHe-
HUA C NepeMeHHbIMU KoadbdurumeHTaMmun. HargeHbl TOYHbIE aHaIMTUYECKNE PELLEeHN AaHHOM KpaeBon 3aja4n
ang cny4daes dokycupyowen n nedoKyCupyoLLen HEJIMHENHOCTEN, KOTOPbIE ONUCLIBAIOT NPOCTPAHCTBEHHbIE
pacnpeneneHns HanpsaXeHHOCTU SNEKTPUYECKOro Nosd B NOMNepeYyHoOM rpaHuLe pasaena cpe HanpasieHuu.
AHann3 moaenu no3BoJsin BbIABUTb CYLLLECTBEHHbIE PA3INYMA MPOCTPAHCTBEHHOIO pacnpeneneHns MUHTEHCUB-
HOCTU NMOJIA B MOBEPXHOCTHbIX BOJIHAX, PACMPOCTPAHAIOLLNXCA B GOKYCUPYIOLWMX N 0edOKYCUPYIOLLNX Cpenax.
[MpoBeneH aetanbHbIM aHaNM3 BIANAHUSA 3HAYEHNI NapaMeTPOB MOLEIN, XapaKTEPUIYIOLLMX ONTUYECKNE CBOM-
CTBa KOHTaKTUPYIOLLNX CPe, Ha NPOCTPAHCTBEHHOE pacrnpenesieHne NHTEHCUBHOCTU CBETa B MOBEPXHOCTHbIX
BOJIHAX.
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BbiBoAabl. [lonyyeHHble pesynbrarbl AOMOJSHAIOT CYLWECTBYIOLLYIO TEOPUIO HEJIMHENHOW W BOJIHOBOOHOWM OMTUKW
1 MOTYT HarTW NPUMEHEHNE NPU NPOEKTUPOBAHNM HOBbIX BOJIHOBOAHbLIX CTPYKTYP C OnpeaensaemMbsiMm rnosib3osare-
ngMu ceoncTBamMm. [onyyeHHble HOBblE PELLEHNSA PACLUMPSIOT KNAacC TOYHO PELLaeMbIX MOLESNEN MiaHaPHbIX BOJIHO-
BOLHbIX CTPYKTYP C pacnpeeneHHbIM1U HEOLAHOPOOHLIMU N HENIMHENHBIMU CBOMCTBaMM.

KnioueBble cnoBa: MatemMaTMyeckoe MogeNnpoBaHne, MaTteMaTnyeckass MOAesNb, KpaeBas 3azaqa, TO4HOe peLle-
HMe, MOBEPXHOCTHas BOSIHA, BOIHOBOAHASA ONTUKA, HENMMHENHAa onTuka

Ana uutupoBaHua: CasotyeHko C.E., AdaHacbeBa H.O. OcCoBGeHHOCTM aHanUTUY4eCKOro MOOEeNMPOBaHUS He-
JINHENHbIX MOBEPXHOCTHbIX BOJIH B rpagMeHTHbIX cpepax. Russian Technological Journal. 2026;14(3):115-130.
https://doi.org/10.32362/2500-316X-2026-14-3-115-130, https://www.elibrary.ru/MYWEJW

Mpo3payHocTb pMHAHCOBOM AEATENBHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOM 3aMHTEPECOBAHHOCTY B NPEACTaB/IEH-

HbIX MaTepuanax nin Mmetogax.

ABTOpbI 3251BNSIIOT 06 OTCYTCTBUM KOHGMIMKTA UHTEPECOB.

INTRODUCTION

Mathematical modeling occupies a central place in
modern physics and waveguide optics. In particular [1],
this approach can be used to identify, describe, and
predict the behavior of a physical system under the
influence of various parameters. Most mathematical
models of physical processes are based on boundary
value problems for partial differential equations, which
under certain conditions can transform into ordinary
differential equations. Modern computing systems can
be used not only to find solutions to such problems using
numerical methods but also to visualize them. However,
an important role in applied mathematical research his
also played by problems of finding exact solutions to
formulated equations, which permit the identification of
classes of exactly solvable models. The existence of an
exact solution, as opposed to a numerical one, makes
it possible not only to quickly and clearly analyze the
effect of model parameters on the process under study,
but also to obtain asymptotic expressions and other
estimates in explicit analytical form [2].

The obtaining of exact solutions to boundary
value problems arising in the modeling of surface
wave propagation in planar waveguide structures
is discussed in the work [3]. Although waveguide
properties of interfaces between media with different
optical characteristics have been examined in numerous
works [4—6], many unexplored problems remain that
involve the analytical description of surface wave
properties within the framework of waveguide models
that allow exact solutions. Such models are referred to
as exactly solvable [7].

In nonlinear and waveguide optics, the
fundamental model equation is the wave equation,
which is derived from Maxwell’s equations. For
time-independent wave processes, the wave equation
transforms into the Helmholtz equation [8]. The
optical properties of the medium in which the wave
process is being studied are determined by the

refractive index or permittivity (for nonmagnetic
media). Therefore, the choice of the form of
dependence of these characteristics on the process
function (e.g., light intensity) or spatial variables
determines the possibility of an exact solution to
the model equation. Such dependencies, which are
themselves model equations, characterize the optical
response of the medium to various perturbations.

The nonlinear response of a medium is described
by models in which the permittivity depends on the
light intensity, i.e., on the square of the amplitude of
the electric (or magnetic) field strength [9]. Many of
these models allow exact analytical solutions. The most
common of these is the Kerr nonlinearity model, in which
the permittivity depends linearly on the light intensity. In
such a nonlinear model, depending on the geometry of
the system, there are various classes of exact solutions
for nonlinear equations, known as solitons [10-12],
kinks, and cnoidal waves [ 13]. Furthermore [12], solitons
can be not only optical, but also of a different physical
nature, which emphasizes the wide application of similar
mathematical models fora large class of phenomena that
differ in physical nature.

The spatial inhomogeneity of the optical properties
of a medium is characterized using models in which
the permittivity depends on spatial coordinates. In
waveguide optics, the media in which the refractive
index smoothly depends on the spatial coordinate are
referred to as graded-index media [14]. In this case,
the equation contains variable (distributed) coefficients
determined by the chosen inhomogeneity model. Exact
analytical solutions are known for a wide range of
models; these solutions are expressed through various
special functions [15].

From a physical perspective, it is important to
investigate the characteristics of wave propagation
along interfaces between media having different optical
properties. When modeling such processes, boundary
value problems with conjugation conditions at the
interface are formulated. A number of studies examined
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various surface waves propagating along interfaces
between nonlinear and inhomogeneous media [16].
Exact solutions to model conjugation boundary value
problems describing various types of surface waves
were obtained [17, 18].

Recently [19], a study was made of surface waves
along the surface of an optically inhomogeneous crystal
with permittivity € modeled by a special type of profile
generalizing a hyperbolic profile (¢ ~1/x) [20] and an
inverse square profile (¢ ~1/x?) [21]. Consideration
was made of the contact of an inhomogeneous medium
having such a profile with a homogeneous linear medium
in which the field intensity decreases exponentially with
distance from the interface between the media. An exact
analytical solution to the posed conjugation boundary
value problem was found, the possibility of whose
expression through the Whittaker function has been
demonstrated.

The present work examines the contact of an
inhomogeneous medium with an optical nonlinear
medium having the same spatial profile. Kerr nonlinearity
was chosen as the model of the nonlinear response. It
is confirmed that the boundary value problem has an
exact solution with this choice of inhomogeneity and
nonlinearity models. The resulting solution is used to
identify the characteristics of the formation of the spatial
profile of the electric field in the transverse direction
of the interface between the media at various optical
parameters of the model.

The main result of this work is the derivation of
an exact solution for this configuration of media. This
solution describes a new type of wave with a novel shape
of its profile in the direction transverse to the interface
between the media. Furthermore, the sensitivity of
the properties of this wave to changes in the optical
parameters of the media is revealed.

1. MATHEMATICAL FORMULATION
OF THE MODEL

Consider a plane interface between two lossless
nonmagnetic media having different optical properties.
Let the interface plane be located in the x = 0 coordinate
plane (the yOz plane in space), and let the x axis be
perpendicular to the interface and aligned with the
direction of surface wave propagation. If the media are
assumed to be uniform along their interface, then the
electric field distribution in the transverse wave will
also be uniform along it and characterized by spatial
differences only in the transverse direction. When
modeling surface waves in such systems, the problem
is reduced to a one-dimensional one in the direction
perpendicular to the interface; its solution describes the
spatial distribution of the y component of the electric
field strength vector in this direction.

As is known [8], the fundamental equation of
the theory of waveguide optics for the transverse
distribution u(x) of the electric field in a surface wave
can be written in the form

u"(x)+ {kga(x,l) —B2lu(x) =0, €))

where &(x, I) is the permittivity; / = u? is the
intensity of the electric field (light); k, = 2n/A is the
longitudinal wave number; A, is the wavelength of
the sent radiation; and [ is the propagation constant,
which is related to the effective refractive index n by
the expression B = nk,,.

Equation (1) is, in general, a nonlinear equation with
variable coefficients.

The optical properties of media and their
spatial distribution are completely described by the
permittivity &(x, /). Therefore, the differences in models
of media are described by this function. In the case
of a flat interface between media, such a function is
represented in step form:

&g (x), x>0,
&)= {aN (), x <0, @

where itis considered that the model describes the contact
of a nonlinear medium with a graded-index medium and
assumed that the nonlinear medium occupies a half-
space x < 0, while the graded-index medium fills the
half-space x > 0.

In (2), the function &\ (/) describes the dependence
of the permittivity on the light intensity in the nonlinear
medium. Its specific form is determined by the model
of the medium’s nonlinearity, which characterizes the
nonlinear optical response of the medium to electric
field perturbations arising from the redistribution
of internal charges with varying intensity of the
laser radiation exciting the surface wave. Note that
there is a wide variety of real materials exhibiting
Kerr nonlinearity. For example, these include crystals
like AgGaSexsz(1 T which have high nonlinearity,
including Kerr nonlinearity, and in which the refractive
index changes proportionally to the square of the light
field strength, as well as GaP, InAs, InP, and InSb
semiconductors.

The function g5(/) actually characterizes the spatial
inhomogeneity of the refractive index profile in a
graded-index medium. Its specific form is determined by
the graded-index medium model, in which the change in
refractive index with distance from the surface depends
on the spatial distribution of charges induced, for
example, by implanted ions. In this case, the refractive
index profile can be similar to the spatial distribution
of the implanted ion concentration. This means that,
if it is technologically possible to create a specific ion
concentration profile by implantation, a corresponding
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refractive index profile will be obtained to determine the
function g5(/).

In this paper, we consider the most common model
of nonlinearity in the form of a linear dependence
of permittivity on light intensity (i.e., a quadratic
dependence on electric field). This model describes
nonlinear media that exhibit the Kerr effect and are
called Kerr media. In the case of Kerr nonlinearity, the
function g(/) can be written as

en() = g\ (D) + o, (3)

where o is the Kerr nonlinearity coefficient, and
gon = En(/= 0) is the unperturbed value of the permittivity
of the nonlinear medium.

In nonlinear optics, a positive value of the
Kerr nonlinearity coefficient is characteristic of
media in which a self-focusing effect of light beam
propagation is exhibited (focusing media), while
a negative value models media characterized by a
defocusing effect (defocusing media) [9]. The choice
of the nonlinearity model in form (3) is primarily
due to the fact that Eq. (1) with coefficient (3) has
exact analytical solutions, the specific form of which
is determined by the sign of the Kerr nonlinearity
coefficient and additional conditions (boundedness,
periodicity, etc.).

To model the spatial inhomogeneity of the refractive
index in the graded-index medium in this work, we use
a function of the form

2 o)
x+h  (x+h)?’

where ¢, e, e,, and h are the parameters of the spatial
profile of the permittivity.

The choice of the graded-index medium model in
form (4) is primarily due to the fact that Eq. (1) with
coefficient (4) has exact analytical solutions [19],
whose specific form is determined by the profile
parameters and expressed through special functions
of mathematical physics. In addition, the shape of the
permittivity profile of form (4) is a generalization of
the monotonically decreasing profiles of the refractive
index that were previously used in modeling surface
waves propagating along the contact of graded-index
media with a Kerr nonlinear medium. In particular,
ate; = e, = 0, expression (4) takes the form of the profile
eg(x)= e /(x+h)[20],and ate; = e, = 0, Eq. (4) becomes
the profile 5(x) = e,/(x + h)* [21].

A refractive index profile that sharply
monotonically (but not exponentially) decreases within
a narrow region was mentioned in the development
of special photonic crystal heterostructures [22, 23].
A profile of form (4) is a more general version of the
hyperbolic profile mentioned in those works. Selecting
the parameters of profile (4) allows for a more accurate

eg(x)=¢y +

approximation of experimentally obtained profiles
of a similar class. In this regard, interest arises in
theoretically studying the possibility of constructing a
crystalline system as a composite of the above types of
optical materials, which could lead to the discovery of
new properties.

Since the coefficient ¢ in Eq. (1) is generally
discontinuous (with a jump), its solution can be
represented as

un (1), x <0,

where the sought functions u(x) and u(x) describe the
spatial transverse distributions of the electric field strength
in the graded-index and nonlinear media, respectively;
and are defined on the corresponding half-axes.

As a result, instead of Eq. (1), taking into
account (2)—(5), two equations can be written on the
half-axes:

u(x) = {MG (x), x>0 )

up (x)+| e + 9,2 2|«
G O " x+h  (x+h)? (6)

x kguG (x)=0,x>0,

Uy (x) + fegy + ol | — 12 ki (x) = 0, x < 0. (7)

The requirement for continuity of the components
of the electromagnetic field when moving from one of
the media to the other leads to the need to use boundary
conditions of conjugation at the interface between the
media at x = 0:

ug(+0) = ug(-0), (8)
ug; (+0) = up (0). 9)

From here on,

lim f(x) = /(20)

we mean one-sided limits

Since the field must tend to zero at infinity, the
following conditions at infinity naturally arise:

lim ”G,N(x) =0. (10)
x—>to0

Thus, the mathematical formulation of the model
is a boundary value problem of finding continuous
and bounded solutions of Egs. (6) and (7) on the
corresponding half-axes that are related by conjugation
conditions (8) and (9) and satisfy the conditions at
infinity (10).

2. ANALYTICAL RESULTS

Equation (6) is an equation with variable
coefficients, and its solution bounded on the positive
half-axis can be written in various ways: through a
hypergeometric function, a confluent Heun function, or
also a Whittaker function. In our opinion, the preferred
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form of representing the solution is through the
Whittaker function.

A solution, bounded on the positive half-axis, to the
Whittaker differential equation [24]

is the Whittaker function Wiy (z). By changing the
variables, Eq. (6) is reduced to the Whittaker equation,
and then its solution bounded on the positive half-axis
can be written as

Wiv (p(x+h))

> 11
W, (ph) ()

ug(x)=u,

where u, is the amplitude of the electric field strength at
the interface between the media, and the subscripts and
parameters of the Whittaker function are determined by
the coefficients of Eq. (6) as

eky

=, (12)
2«/112 -¢

= J1-4kZe, /2, (13)

p=2ky\n?> —¢,. (14)

For such a solution to exist, the conditions n%> eyand
k¢ >1/4e, must be met. Due to the choice of the
Whittaker function, solution (11) satisfies the condition
at infinity (10), which for it has the form
ug(x) — 0 as x — +oo.

Equation (7) is a nonlinear differential equation. It
has several types of solutions, depending on the sign
of the nonlinearity coefficient o. Therefore, further
analysis of the model is carried out separately for the
cases o > 0 and o < 0.

(1) The case of focusing nonlinearity (o > 0).

At o > 0, a solution, bounded on the negative half-
axis, to Eq. (7) satisfies the condition at infinity (10),
which for it has the form uy(x) — 0 as x — —o, and is
expressed through the hyperbolic cosine:

_ |2 q
"= \/; beosh(gG—xg) )

q2 = k2(n2 - SON)’ (16)

Here,

and the quantity x,; is the position of the maximum (if any)
ofthe intensity of the surface wave in the nonlinear medium,
which is determined from the boundary conditions.

To determine the field amplitude at the interface
and xy;, solutions (11) and (15) should be substituted into
boundary conditions (8) and (9). Such transformations
give

2 q
Uy =4|— ——0, (17)
o kycosh(gxy)
1 q9G
xy = —artanh (—] , (18)
q q
where
W, (ph)
[TRY
46 =P~ (19)
L, (o)

Taking into account expression (18), from
relation (17), we can obtain the field intensity at the
interface between the media in the form

2 2
Iy =luo| == 0% 2o g 1K) (20)

Thus, an everywhere continuous, smooth, bounded,
vanishing at infinity solution to the posed boundary
value problem in the case of positive nonlinearity can be
written in the form

u(x)= \/7
kycosh (q(x - xN)) ’

Expression (21) describes a nonlinear surface wave
propagating along the interface between the nonlinear
focusing and the graded-index media using the selected
models of nonlinearity and spatial distribution of the
refractive index.

(2) The case of defocusing nonlinearity (o < 0).

At a <0, a solution, bounded on the negative half-
axis, to equation (7) satisfies the condition at infinity (10),
which for it has the form u(x) — 0 as x — —o0, and is
expressed through the hyperbolic sine:

HV (p(x+h))
pv(Ph)

x>

b

1)

x<0.

__ |2, q
NG s (gx)

To determine the field amplitude at the interface
and xy;, solutions (11) and (22) should be substituted into
boundary conditions (8) and (9). Such transformations

give
2 q
==, 23
“o \/; ksinh(qry) 23)
XN =larcoth (q—Gj (24)
q q

Taking into account (24), from (23), we can obtain
the field intensity at the interface between the media in
the form

2
Iy :W(qé /kg +eqn = 1%). (25)
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Thus, an everywhere continuous, smooth, bounded,
vanishing at infinity solution of the posed boundary
value problem in the case of negative nonlinearity can
be written in the form

WH’V (p(x + h)) 50
2] W T
u(x) = |a| . . (26)

kysinh (g(x = xy))’

Expression (26) describes a nonlinear surface wave
propagating along the interface between the nonlinear
defocusing and graded-index media using the selected
models of nonlinearity and spatial distribution of the
refractive index.

3. RESULTS OF MODELING THE PROPERTIES
OF SURFACE WAVES

First of all, we note the differences in the spatial
distribution of the field intensity / in the surface waves
propagating in the focusing and defocusing media in
contact with the graded-index medium in the considered
heterogeneity model.

Figure 1 shows the characteristic transverse
intensity profiles constructed using solutions (21)
and (26) at the same values of the optical parameters.
Note that we chose |a| = 1, specifically, o = 1 for the
case of the focusing medium (line /) and o = —1 for
the case of the defocusing medium (line 2). All other
parameter values are the same, and they are chosen so
that their values fall within the ranges of existence of
both surface waves.

45 -10 -5 0 5 10 15 «x
Fig. 1. Spatial distributions of the field intensity in the
surface waves determined by expressions (21) (line 1)
and (26) (line 2) at the following values of the system
parameters (in conventional dimensionless units):
kog=0.5,h=0.5,¢,=-0.1,e,=0.8,e6,=0.2, g5, =0.05,
n=0.44,anda=(7) 1and (2) -1

The surface waves are characterized by a single,
clearly defined maximum in the spatial distribution of
the field intensity, which decreases monotonically with
distance from the maximum in both directions from the
interface. In the selected range of parameter values,

the maximum of the intensity for both types of surface
waves is located in the graded-index medium. As will
be shown below, in the case of defocusing nonlinearity,
the maximum of the intensity is always located in the
graded-index medium, while in the case of focusing
nonlinearity, it can also be located in the nonlinear
medium (not only in the graded-index medium),
but at other parameter values. In other words, in the
defocusing nonlinear medium, the field always decays
strictly monotonically at any parameter values. In the
focusing medium, the decay can be nonmonotonic,
with an intensity spike near the interface, in which
case the decay in the graded-index medium becomes
monotonic.

The intensity peak height in the surface wave in
the defocusing medium (Fig. 1, line 2) significantly
exceeds the intensity peak height in the surface wave
in the focusing medium (Fig. 1, line 7). For example,
at the parameter values selected in Fig. 1, this excess
is more than twofold. This results in a higher light
intensity in the surface wave in the defocusing medium
in comparison with the intensity in the surface wave
in the focusing medium at the same distance from the
interface.

Below, we will present the results of modeling
the properties of the surface waves due to changes in
the optical characteristics of the media. For the cases
of focusing and defocusing media, this analysis is
performed separately.

Note that varying the parameters of the models
of nonlinearity (3) and graded-index media (4) means
that different media correspond to different parameter
values. Varying the effective refractive index » (which is
equivalent to varying the propagation constant ) means
changing the angle of incidence of the beam exciting the
surface wave in a given medium. Varying the longitudinal
wavenumber k, means changing the wavelength of the
radiation exciting the surface wave (for example, the
wavelength of a laser).

(1) The case of focusing nonlinearity (o > 0).

Modeling using analytical solution (21) revealed
that, depending on the effective refractive index, the
surface wave propagating along the interface with the
focusing nonlinear medium can be characterized by an
intensity maximum located in both the nonlinear and
the graded-index media. Specifically, at relatively low
effective refractive index values, the intensity maximum
is located in the graded-index medium. As the effective
refractive index increases, the maximum shifts closer
to the interface and then transitions into the nonlinear
medium (Fig. 2), while its height also increases. The field
penetration depth into the nonlinear medium increases;
however, in the graded-index medium, it initially
increases and then begins to decrease with increasing
effective refractive index.
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Fig. 2. Spatial distributions of the field intensity in the
surface waves in the focusing medium (expression (21))
at the following values of the system
parameters (in conventional dimensionless units):
a=1,ky=0.5,h=0.5¢,=-0.1,
e;=1,e,=0.1,gy,=0.05;
andn=(7)0.5,(2)0.65,and (3) 0.8

It can be seen that there are two distinct
characteristic field intensity distributions in the surface
wave propagating along the interface with the focusing
nonlinear medium at two different values of the effective
refractive index. One type corresponds to the maximum
intensity in the graded-index medium (Fig. 2, line /),
while the other corresponds to the maximum intensity in
the nonlinear medium (Fig. 2, line 3).

-15 -10 -5 0 5 10 15 x

Next, we will analyze the change in the spatial
distribution of the surface wave intensity at these two
characteristic values of the effective refractive index
when varying the parameters of the models of the
media.

Figure 3 illustrates the effect of the parameter 4
of graded-index profile (4) on the spatial distribution
of the surface wave intensity. With increasing 4, the
position of the intensity maximum shifts from the
graded-index medium to the nonlinear medium.
However, the shape of the field profiles depends on the
effective refractive index. In particular, at small values
of n (Fig. 3a), the field intensity is lower than that at its
large values (Fig. 3b).

Figure 4 presents the effect of the parameter e, of
graded-index profile (4) on the spatial distribution of the
surface wave intensity. At small values of the effective
refractive index (Fig. 4a), with increasing e,, the position
of the intensity maximum located in the graded-index
medium remains unchanged, and its height decreases. At
large values of the effective refractive index (Fig. 4b),
with increasing e,, the position of the intensity maximum
located in the nonlinear medium shifts to the graded-
index medium, and its height also decreases.

8 6 4 2 0 2 4 6 8x

Fig. 3. Spatial distributions of the field intensity in the surface waves in the focusing medium (expression (21))
at the following values of the system parameters (in conventional dimensionless units):

a=1,ky=0.5,,=-0.1,e, =

1,8,=0.2, g5 = 0.05,

(a)n=0.5andh=(1)0.5,(2) 0.7, and (3) 1.5;
and (b)n=0.8andh=(7)0.2, (2) 0.4, and (3) 0.6

0 2 4 6 8 10x
(b)

-10 -8 -6 -4 -2

Fig. 4. Spatial distributions of the field intensity in the surface waves in the focusing medium (expression (21))
at the following values of the system parameters (in conventional dimensionless units):
a=1,k;=0.5,e,=-0.1,e,=1,h=0.5, gy = 0.05,

(a)n=0.5and e, =(7)0.15, (2) 0.2, and (3) 0.25;
and (b)n=0.8ande,=(7)0.2,(2)0.5,and (3) 0.8
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Figure 5 shows the effect of the parameter e, of
graded-index profile (4) on the spatial distribution of the
surface wave intensity. At small values of the effective
refractive index (Fig. 5a), with increasing e,, the
position of the intensity maximum located in the graded-
index medium shifts into the depth of the graded-index
medium, and its height decreases. At large values of the
effective refractive index (Fig. 5b), with increasing e,
the position of the intensity maximum located in the
nonlinear medium shifts into the graded-index medium,
and its height also decreases.

Figure 6 displays the effect of the parameter ¢ of
graded-index profile (4) on the spatial distribution of the
surface wave intensity. At small values of the effective
refractive index (Fig. 6a), with decreasing e, the position
of the intensity maximum located in the graded-index
medium shifts into the depth of the graded-index medium,
and its height increases. At large values of the effective
refractive index (Fig. 6b), with decreasing e, the position
of'the intensity maximum located in the nonlinear medium
shifts into its depth, moving away from the interface
between the media, and its height does not change.

Figure 7 demonstrates the effect of the parameter ¢,
of nonlinear model (3) on the spatial distribution of the

-10 -5 0 5 10 x
(a)

surface wave intensity. At small values of the effective
refractive index (Fig. 7a), with increasing gy, the
position of the intensity maximum located in the graded-
index medium does not change, and its height decreases.
At large values of the effective refractive index (Fig. 7b),
a similar effect is observed when the position of the
intensity maximum is located in the nonlinear medium,
but the decrease in the height of the maximum is less
significant than in the case of small # in the same range
of gy

Figure 8 presents the effect of the nonlinearity
coefficient o of model (3) on the spatial distribution
of the surface wave intensity. At small (Fig. 8a) and
large (Fig. 8b) values of the effective refractive index,
with increasing o, the position of the intensity maximum
does not change, and its height decreases. However, at
large values of n, the penetration depth of the field into
the nonlinear medium decreases more significantly than
at small 7.

Figure 9 demonstrates the effect of the optical
parameters of the model on the intensity /, of the surface
wave at the interface between the media (expression (20)).
It should be noted that the dependencies of the intensity of
the surface wave at the interface on the optical parameters

6 4 20 2 4 6 8 10x

(b)

-10 -8

Fig. 5. Spatial distributions of the field intensity in the surface waves in the focusing medium (expression (21))
at the following values of the system parameters (in conventional dimensionless units):
a=1,k;=0.5,e,=-0.1,6,=0.2,h=0.5, g3 = 0.05,

(@)n=0.5and e, =(7)0.8,(2) 0.9, and (3) 0.95;
and (b)n=0.8ande;=(7)0.9,(2) 1.1,and (3) 1.5

-15

10 -8 6 -4 2 0 2 4 6 8
(b)

Fig. 6. Spatial distributions of the field intensity in the surface waves in the focusing medium (expression (21))
at the following values of the system parameters (in conventional dimensionless units):
a=1,ky=0.5,e,=1,6,=0.2, h=0.5, gy, = 0.05,
€,=(17)-0.1,(2)-0.2,and (3) 0.4,
andn=(a)0.5and (b) 0.8
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(a) (b)

Fig. 7. Spatial distributions of the field intensity in the surface waves in the focusing medium (expression (21))
at the following values of the system parameters (in conventional dimensionless units):
a=1,k;=0.5,e5=-0.1,e,=1,6,=0.2,h=0.5, g5 = (7) 0.01, (2) 0.07, and (3) 0.1;
andn=(a)0.5and (b) 0.8

-10 -5 0 5 10 x -5  -10 -5 0 5 10 x
(a) (b)

Fig. 8. Spatial distributions of the field intensity in the surface waves in the focusing medium (expression (21))
at the following values of the system parameters (in conventional dimensionless units):
ky=0.5,e,=-0.1,e,=1,6,=0.2,h=0.5, g3 = 0.05,
a=(1)0.8,(2)1,and (3) 1.2;
andn=(a)0.5and (b) 0.8
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Fig. 9. Field intensity at the interface between the media (expression (20))
at the following values of the system parameters (in conventional dimensionless units): k, = 0.5;

(a) dependenceonnath=0.5e,=-0.1,e,=1,6,=0.2,¢,,=0.05,and a = 1;
(b) dependenceonhatn=0.5,e,=-0.1,e,=1,6,=0.2,g5,=0.05,anda = 1;
(c) dependenceone,atn=0.5¢,=-0.1,e,=1,h=0.5,¢,,=0.05,and a = 1;

(d) dependence one, atn=0.5,e,=-0.1,6,=0.2, h=0.5, gy = 0.05,and a = 1;

(e) dependence on |ey| atn=0.5,e,=1,€,=0.2, h=0.5,g,,=0.05,and a = 1;

(f) dependence on g, atn=0.5,e,=-0.1,e,=1,¢,=0.2,h=0.5,anda=1; and

(9) dependenceonaatn=0.5,e,=-0.1,e,=1,e,=0.2, h=0.5, and g, = 0.05
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of the model are not all monotonic; i.e., at certain values
of a number of optical parameters, /;, has a maximum.
Analysis of the modeling results showed that, with an
increase in the effective refractive index, the intensity of the
surface wave at the interface between the media increases
monotonically (Fig. 9a). The intensity /, monotonically
decreases with an increase in such optical parameters
as e, (Fig. 9¢), gy (Fig. 91), and a (Fig. 9g). Intensity
maxima were found in the dependencies on such optical
parameters as 4 (Fig. 9b), e, (Fig. 9d), and ¢, (Fig. 9e).

(2) The case of defocusing nonlinearity (a0 < 0).

Modeling using analytical solution (26) revealed that
the surface wave propagating along the interface with the
defocusing nonlinear medium is always characterized by
a single intensity maximum located in the graded-index
medium. As the effective refractive index increases, its
height decreases (Fig. 10), the field localization width
decreases, and the position of the maximum shifts slightly
toward the interface. This effect of the effective refractive
index at the interface with the defocusing medium is
opposite to the effect observed at the interface with the
focusing medium (compare Figs. 3 and 10). Consequently,
changing the angle of incidence of the beam exciting the
surface wave has different (or, more accurately, opposite)
effects on the field distribution in the surface waves in the
focusing and defocusing media.

1

2
3

-10 -5 0 5 10 15 x

Fig. 10. Spatial distributions
of the field intensity in the surface waves
in the defocusing medium (expression (26))
at the following values of the system
parameters (in conventional dimensionless units):
a=-1,k;=0.5,h=0.5,
e,=-0.1,e,=1,6,=0.2, g4, =0.05,
andn=(7)0.42, (2) 0.44, and (3) 0.45

Figure 11 displays the effect of the parameter 4
of graded-index profile (4) on the spatial distribution
of the intensity of the surface wave determined by
solution (26). With increasing 4, an effect similar to an
increase in the effective refractive index is observed.

Figure 12 illustrates the effect of the parameter e,
of graded-index profile (4) on the spatial distribution
of the intensity of the surface wave determined by
solution (26). With increasing e,, the position of the
intensity maximum located in the graded-index medium
remains unchanged, its height increases, and the width
of the field localization also increases.

10 X
Fig. 11. Spatial distributions
of the field intensity in the surface waves
in the defocusing medium (expression (26))

at the following values of the system

parameters (in conventional dimensionless units):
a=-1,ky=0.5¢,=-0.1,
e;=1,6,=0.2,gy,,=0.05,n=0.44,
and h=(17)0.45, (2) 0.50, and (3) 0.55
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Fig. 12. Spatial distributions
of the field intensity in the surface waves
in the defocusing medium (expression (26))
at the following values of the system
parameters (in conventional dimensionless units):
a=-1,k;=0.5¢,=-0.1,e,=1,
h=0.5,gy,=0.05n=0.44,
ande, =(7)0.15,(2) 0.2, and (3) 0.25

Figure 13 presents the effect of the parameter e,
of graded-index profile (4) on the spatial distribution
of the intensity of the surface wave determined by
solution (26). With increasing e, an effect similar to an
increase in the parameter e, of graded-index profile (4)
is observed.
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2
1
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Fig. 13. Spatial distributions
of the field intensity in the surface waves
in the defocusing medium (expression (26))
at the following values of the system
parameters (in conventional dimensionless units):

a=-1,k;=0.5¢e,=-0.1,,=0.2,

h=0.5,¢g,,=0.05n=0.5,
ande; =(7)0.95,(2) 1.0, and (3) 1.05
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Figure 14 demonstrates the effect of the parameter ¢,
of graded-index profile (4) on the spatial distribution
of the intensity of the surface wave determined by
solution (26). With decreasing e, an effect similar to
an increase in the effective refractive index and the
parameter 4 is observed.

-10 -5 0 5 10 15 x
Fig. 14. Spatial distributions
of the field intensity in the surface waves
in the defocusing medium (expression (26))
at the following values of the system
parameters (in conventional dimensionless units):
a=-1,ky=05,e,=1,
e,=0.2,h=0.5,¢,,=0.05n=0.44,
and e, =(7) -0.07, (2) -0.10, and (3) -0.11

Figure 15 shows the effect of the parameter g of
nonlinear model (3) on the spatial distribution of the
surface wave intensity determined by solution (26).
With increasing gy, an effect similar to an increase in
the parameters e, and e, of graded-index profile (4) is
observed.

Fig. 15. Spatial distributions
of the field intensity in the surface waves
in the defocusing medium (expression (26))
at the following values of the system
parameters (in conventional dimensionless units):
a=-1,k;=0.5,e,=-0.1,e, =1,

e,=0.2,h=0.5,n=0.44, and

gon = (1) 0.04, (2) 0.05, and (3) 0.06

Figure 16 illustrates the effect of the nonlinearity
coefficient o of model (3) on the spatial distribution
of the intensity of the surface wave determined by
solution (26). With a decrease in the Kerr nonlinearity
coefficient (i.e., with an increase in the absolute
value of o), an effect similar to an increase in the
effective refractive index and the parameter % is
observed.

Thus, it is clear that the effect of the optical
parameters of the model on the profiles of the spatial
intensity distribution in the surface waves propagating
along the interfaces depends significantly on the sign of
the nonlinearity coefficient, and the observed effects are
often opposite in the focusing and defocusing media.

10 -5 0 5 10 15 x
Fig. 16. Spatial distributions of the field
intensity in the surface waves in the defocusing
medium (expression (26)) at the following values of the
system parameters (in conventional dimensionless units):
ky=0.5,65=-0.1,e,=1,6,=0.2,h=0.5, g5 = 0.05,
n=0.44,anda=(1)-0.8,(2)-1.0,and (3) -1.2

Figure 17 displays the effect of the optical parameters
of the model on the intensity /;, of the surface wave at
the interface between the media (expression (25)). It
should be noted that the dependencies of the intensity
of the surface wave at the interface with the defocusing
medium on the optical parameters of the model are all
monotonic, unlike the case of contact with the focusing
medium. Analysis of the modeling results showed that
the surface wave intensity at the interface between the
media decreases monotonically with increasing effective
refractive index (Fig. 17a), parameter 4 (Fig. 17b), and
absolute value of ¢, (Fig. 17¢). The intensity /, increases
monotonically with increasing optical parameters such
as e, (Fig. 17c¢), e (Fig. 17d), and g (Fig. 17f). In these
cases, the effects observed in the defocusing medium are
opposite to those observed in the focusing medium. The
increase in the absolute value of the Kerr nonlinearity
coefficient (Fig. 17g) is completely analogous to the
increase in o in the focusing medium (Fig. 9g).

CONCLUSIONS

This paper presents the results of analytical modeling
of surface shear waves propagating without loss
along the interface between a nonlinear and a graded-
index nonmagnetic medium. A linear dependence of
permittivity on light intensity is chosen as a model of
the nonlinearity of the medium to describe the nonlinear
optical response of the medium to electric field
perturbations. The graded-index medium is modeled
using a special form of the spatial profile of permittivity
as a function of distance to the interface for which an
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Fig. 17. Field intensity at the interface between the media (expression (25)) at the following values
of the system parameters (in conventional dimensionless units): k; = 0.5;
(a) dependenceonnath=0.5,¢,=-0.1,e,=1,6,=0.2,g,,=0.05,and a = -1;
(b) dependenceonhatn=0.44,e,=-0.1,e,=1,6,=0.2,€;,=0.05,and a = -1;
(c) dependence on e, atn=0.44,e,=-0.1,e,=1,h=0.5, gy, =0.05,and a = —1;
(d) dependenceone, atn=0.44,e,=-0.1,6,=0.2, h=0.5, g5 = 0.05,and a = - 1;
(e) dependence on |e,| atn=0.44,e,=1,e,=0.2,h=0.5,¢,,=0.05,and a =-1;
(f) dependence on gy atn=0.44,e,=-0.1,e,=1,6,=0.2,h=0.5,anda=-1; and
(g) dependence on [a| atn=0.44,e,=-0.1,e,=1,e,=0.2, h=0.5, and g, = 0.05

exact analytical solution of the stationary wave equation
can be found.

The presented mathematical formulation of the
model consists in a conjugation boundary value problem
for a nonlinear equation with variable coefficients. Exact
analytical solutions to this boundary value problem
are found for the cases of focusing and defocusing
nonlinearities to describe the spatial distributions of the
electric field strength in the direction transverse to the
interface.

Analysis of the model revealed significant differences
in the spatial distribution of the field intensity in surface
waves propagating in the focusing and defocusing
media. In the case of defocusing nonlinearity, the
intensity maximum is always located in the graded-index
medium, while in the case of focusing nonlinearity, it
can be located in either the graded-index or the nonlinear
medium, but at different parameter values. Furthermore,
the light intensity in the surface wave in the defocusing
medium is higher than the intensity in the surface wave
in the focusing medium at the same distance from the
interface and the same model parameter values.

The effect of the values of model parameters
characterizing the optical properties of the contacting
media on the spatial distribution of the light intensity in
the surface waves was analyzed in detail. The modeling
results showed that changing the same parameters has

different (or, more accurately, opposite) effects on the
field distribution in the surface waves in the focusing and
defocusing media. Specifically, as the effective refractive
index increases, the height of the intensity distribution
maximum increases in the focusing medium, while it
decreases in the defocusing medium.

In this paper, we chose a different model of contacting
optical media than the one considered in our previous
studies. The resulting new analytical solutions differ
from those obtained previously, leading to differences
in the properties of the surface waves they describe,
particularly with regard to the sensitivity of their profile
shapes to changes in the optical parameters of the media.

The obtained results, which supplement the
existing theory of nonlinear and waveguide optics, can
be applied in the design of new waveguide structures
whose required dispersion properties are determined
by the intensity of surface waves and by the optical
characteristics of nonlinear and graded-index media.
The new solutions obtained expand the class of exactly
solvable models of planar waveguide structures with
distributed inhomogeneous and nonlinear properties.
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