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Abstract

Objectives. Identification of the propagation patterns of surface waves in inhomogeneous and nonlinear crystal
structures using mathematical models is an important fundamental problem in condensed matter physics, specifically
waveguide optics. Models of waveguide structures used to establish an exact analytical solution are of particular
significance. The aim of this work is to carry out a theoretical study of transversely polarized surface electric waves
propagating along a photonic crystal with a certain refractive index profile.

Methods. The methods of mathematical physics, analysis, differential equations, and theory of special functions,
as well as physical models of waveguide optics, were used in this study.

Results. A generalized hyperbolic permittivity profile was proposed to describe the spatially inhomogeneous
distribution of the optical properties of a photonic crystal. This profile has a wide range of possibilities for varying
its shape, allowing it to be used for a wide range of problems not limited to waveguide optics. An exact analytical
solution of the wave equation with the selected permittivity profile was found in terms of the Whittaker function.
Frequent cases of the generalized profile for which exact analytical solutions were indicated were also considered.
These are expressed through the Whittaker and Macdonald functions. The study also describes surface transverse
electric waves, where the field is localized near the surface of the photonic crystal and decreases with distance
from it. The solution obtained also describes waveguide modes in which the field decreases with distance from
the surface of the photonic crystal with oscillations. New features of surface wave localization were established.
These were caused by a change in the parameters of the generalized hyperbolic profile modeling the dependence
of the permittivity. It was also established that the maximum intensity of the surface wave is located in the photonic
crystal.

Conclusions. The results of the description of the characteristics of surface waves obtained expand the
theoretical concepts of waveguide optics. They can be useful in predicting the optical properties of various
photonic crystal structures, as well as in designing various waveguide structures with the required dispersion-
optical characteristics.
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Pe3iome

Lenu. BoisBneHne 3akOHOMEPHOCTEN PacnpoOCTPaHEHUSI MOBEPXHOCTHbLIX BOJSIH B HEOAHOPOOHbIX N HENMHENHbIX
KpUCTaNIMYECKNX CTPYKTYPaxX Ha OCHOBE MaTeMaTUYECKUX MOLENEN ABNAETCS BaXHOM pyHOAMEHTaNbHOM 3a4a4en
B PM31KE KOHOEHCUPOBAHHOIO COCTOSIHUS, OTHOCSLLENCS K BOTHOBOAHOM onTuKe. Mpn 3TOM 0CO00I BaXXHOCThLIO
obnagaloT Takme MOAEeNN BOJSIHOBOAHbLIX CTPYKTYP, B KOTOPbIX YOAETCS HAWTX TOYHOE aHaNIMTUYeCKOoe peLleHune.
Llenb paboTbl — TeOpeTUYeckoe N3yHeHne NOBEPXHOCTHbIX SNIEKTPUYECKMX BOJIH NMOMNEPEYHON nonspusaunu, pac-
NMPOCTPaHALWMXCA BOOSIb GOTOHHOIO KpucTania ¢ onpeaeneHHomn Gopmon npoduis nokasaTesns NpenoMaeHns.
MeToabl. [IpyMeHeHbl METOAbI MaTeEMATMYECKON GU3nkn, aHanusa, guddepeHumanbHbiX YPaBHEHUA U TEOPUN
cneumanbHbIX PYHKUMIA, a Takke pusndeckmne Mmoaesnm BOTHOBOAHOM ONTUKU.

PesynbTaTbl. 19 onncaHna NnpocTPaHCTBEHHO HEOAHOPOLHOMO pacrnpeneneHns onTMY4eCckmnx CBOMCTB POTOHHO-
ro KpucTasnia npeanoxeH 0600LLEHHbIN rmnepdonmyeckmini NPodub AN3NEKTPUYECKON MPOHULIAEMOCTU, KOTOPbIN
o6nagaeT WNPOKNMM BO3MOXHOCTSIMU Bapuaumm GopMsbl, 4TO NO3BOJISIET €ro UCMNONb30BaTb A1 LUMPOKOro Kpyra
3a4a4, He OrpaHMyYMBasdCb BOSTHOBOAHOM ONTMKOW. HamgeHo ToOYHOEe aHanuTUYeckoe pelueHne BOSIHOBOro ypaBs-
HEeHUs1 ost BbIOPaHHOro Npoduns OUanekTPMYeCcKon NPOHULLAEMOCTH, BbipakaeMoe Yepe3d PyHKUmMio YnTTekepa.
PaccMoTpeHbl YacTble crydam 0600LLEeHHOro Npoduns, Ans KOTOPOro ykasdaHbl TOYHbIE aHAIMTUYECKUE PELLeHMS,
Bblpaxkaemble Yepe3d pyHkunm Yuttekepa n MakpooHanbna. OnmcaHbl MOBEPXHOCTHbIE MOMepeYHble aneKkTpuye-
CKMe BOJIHbI, M0OJiIe B KOTOPbIX JIOKaNM30BaHO BOIM3M NOBEPXHOCTU GOTOHHOIO KpuUcTanna n ybblBaeT npu yaane-
HUM OT Hee. [Mony4YeHHoe peLleHmne Takxke ONnUCbIBaeT BOSTHOBOHbIE MO/bI, B KOTOPbIX NoJsie yOblBaeT Npuv yaaneHnm
OT NOBEPXHOCTM GOTOHHOIO KpMcTaia ¢ ocumnnaumsamu. BoisBneHbl HOBble 0COOEHHOCTM NlokanmMaaumm noBepx-
HOCTHbIX BOJIH, 06YCNOB/IEHHbIE UBMEHEHMEM MapaMeTpoB 0006LLEHHOMO rMnepbonnyeckoro Nnpoduns, Moaenm-
PYIOLLEro 3aBUCMMOCTb ANINEKTPUYECKOWN MPOHNLLAEMOCTN. YCTAHOBMAEHO, YTO B JIMHENHOW MOBEPXHOCTHOM BOJTHE
MaKCUMYM UHTEHCMBHOCTW pacnosioxeH B pOTOHHOM KpucTanne.

BbiBOAbI. [105y4eHHbIE pe3ynbTaTbl ONMCAHUSA XapakTEPUCTUK NMOBEPXHOCTHbLIX BOJIH PACLUMPSIOT TeopeTnyeckme
npencTaBneHns BONHOBOAHOM onTUKK. OHM MOTyT ObITb NOMIE3HbI AJ1 NPOrHO3MPOBAaHMS ONTUYECKMX CBOMCTB pas-
JINYHBbIX GOTOHHbLIX KPUCTANINYECKNX CTPYKTYP, a Takxke Npu NpoekTUPOBaHUM Pa3INYHbIX BOTHOBOOHbIX CTPYKTYP
¢ TpebyeMbIMM ANCNEPCUOHHO-0NTUYECKUMIN XapakTePUCTUKaMM.

92

Russian Technological Journal. 2026;14(1):91-102


https://doi.org/10.32362/2500-316X-2026-14-1-91-102
https://www.elibrary.ru/KVXGWT
mailto:savotchenkose@mail.ru

Modeling of surface waves in photonic crystal structures

Sergey E. Savotchenko

with a refractive index profile decreasing with distance from the surface

KniouyeBble croBa: HEOAHOPOAHbLIE ONTUYECKNE cpenbl, POTOHHbIM KPUCTa1, MOBEPXHOCTHbLIE BOJIHbI, YNpaBse-

Mbl€ BOJIHbI, BOJTHOBOAHbIE MOAbI

AnguntupoBanunsa: CasotyeHko C.E. MogenvpoBaHme NOBEPXHOCTHLIX BOJTH B GOTOHHbIX KPUCTANIMYECKNX CTPYKTYpax
¢ Nnpodunem nokasaTens npenomneHns, yobiBaloLLMM C PacCTOSHMEM OT NOBEPXHOCTU. Russian Technological Journal.
2026;14(1):91-102. https://doi.org/10.32362/2500-316X-2026-14-1-91-102, https://www.elibrary.ru/KVXGWT

MpospayHocTb pMHAHCOBOMN AeATEesIbHOCTU: ABTOP HE MMEET GUHAHCOBOW 3aMHTEPECOBAHHOCTM B NMPEACTaBEH-

HbIX MaTepuanax nin Metoaax.

ABTOp 3aaBNSeT 00 OTCYTCTBUM KOHPIMKTA UHTEPECOB.

INTRODUCTION

The study of the properties of surface waves
in crystals, including photonic heterostructures, by
mathematical modeling is an important fundamental
problem [1]. Of special significance are such models of
waveguide structures which can be used to find an exact
analytical solution.

When describing real crystals,the refractive
index (or permittivity) profile which models the optical
inhomogeneity is selected, in such a way that it best fits
the experimental data. For example [2], the photonic band
gap in one-dimensional exponentially graded photonic
crystals was investigated using an exponential profile,
in order to represent the change in refractive index
between the initial and final boundaries of the graded
layer. An exponential refractive index profile was also
used to describe the properties of a new photonic crystal
resonator structure [3]. A simple hyperbolic refractive
index profile in the form n ~ 1/x, characterizing its
decrease with distance x from the contact surface, was
used in the description of photonic band gaps [4, 5]. It
was also used in a new approach to achieve improved
sensitivity characteristics of photonic crystal [6].

The problem of finding exact solutions to the
wave equation in nonlinear and inhomogeneous
media is associated with the choice of the refractive
index (permittivity) profile in inhomogeneous
media [7]. Many exactly integrable refractive index
profiles are known [8—11]. However, there remain
a significant number of problems involving the
definition of explicit analytical expressions for
surface waves. These are described not by solutions
of individual equations, but by solutions of boundary-
value problems of systems of equations in certain
domains which satisfy the conjugation conditions at
their boundaries [12—-14].

This paper presents the results of a theoretical
study of surface waves, or more precisely, transversely
polarized electric waves propagating along a photonic
crystal with a specific refractive index profile. A new
exact analytical solution was obtained for this spatial
dependence, which is a generalization of the hyperbolic
profile [15]. It was used to describe new types of linear

and nonlinear surface waves. Linear surface waves
for a simple hyperbolic permittivity profile € ~ 1/x
were recently described [16]. Nonlinear surface waves
propagating along the contact of an inhomogeneous
medium with such a profile with a nonlinear medium
with step nonlinearity were also described [17]. In this
work, surface waves with step nonlinearity were studied
using a generalized hyperbolic permittivity profile. Such
a profile has wide possibilities for varying its shape
which allows its use for a wide range of problems not
limited to waveguide optics [18].

1. MODEL OF APHOTONIC CRYSTAL STRUCTURE
WITH A VARIABLE REFRACTIVE INDEX

Let us consider a photonic crystal in which the
refractive index decreases with distance from its
surface. Such a decreasing profile can be achieved by
injecting ions of specially selected impurities [5]. Ton
implantation technologies are well developed and allow
the formation of an ion distribution which will provide
the desired spatial refractive index profile [2—6]. This
paper considers models of hetero-structures made
of nonmagnetic materials consisting of a photonic
crystal in contact with a medium with uniform optical
characteristics.

Let the Ox axis be perpendicular to the surface of
the photonic crystal which is assumed to be flat. Then
the crystal surface coincides with the plane x = 0. The
Oy and Oz axes are located in this plane. The spatial
distributions of the optical properties of the photonic
heterostructure under consideration over the surface
are assumed to be uniform. They change only in the
direction transverse to the surface.

Let us consider only transverse monochromatic
waves propagating along the surface of the crystal with
the electric field strength component:

E (x,2) = u(x)e k==, (1)

wherein u(x) is the transverse profile of the electric
field strength, £ = 2m/A is the wave number, A is the
wavelength, n = ck/o is the effective refractive index,
o is the frequency, and c is the speed of light in a vacuum.
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The equation for finding the transverse profile of the
electric field strength has the following form [7]:

u"(x) + {e(x,I) — n2}kKu(x) = 0. 2)

Here, &(x,/) is the permittivity of the photonic
hetero-structure which in general can reflect a nonlinear
response in the form of a specific dependence on the
electric field intensity 7 = |u|> (a model of nonlinearity
of the medium). It also characterizes the optical
inhomogeneity modeled by a dependence on the
spatial coordinate (a spatial profile). The square of the
permittivity determines the refractive index.

In the case under consideration, when the photonic
crystal with the flat surface is in contact with the optically
homogeneous medium with a nonlinear response
(nonlinear medium) or without it (linear medium), the
permittivity can be represented as follows [13]:

N g, (x), x>0,
e D)= e (1), x <. 3)

Here, ¢, (x) models the inhomogeneity of the
permittivity profile as a function of the coordinate in the
direction perpendicular to the surface of the photonic
crystal, and g, (/) models the nonlinear response of
the optically homogeneous medium in contact with the
photonic crystal.

If the transverse profile of the electric field strength
is written as:

in( ;x>0
u(x)={” o @

upo (1), x <0,

wherein u; (x) and w, (1) are the electric field strength
profiles defined on the half-axes in the photonic crystal
and in the optically homogeneous medium, respectively,
then Eq. (2) is divided into two equations on the half-axes:

ufy (%) + {3, () =2 k2w (6) =0, x>0, (5)
up (%) + {epo (1) — n?}k2uy (x) =0,x<0.  (6)
The continuity of the field components on the

surface of the photonic crystal determines the boundary
conditions of conjugation at x = 0:

U, (10) = uy (-0), (7)
ul (+0) =u] _(-0). (8)

Finally, the following conditions should be added
which follow from the requirement that the field

disappears at infinity: u, (x) — 0, u; (x) — 0 as x| — oo.

As a result, a model is formulated as conjugation
boundary-value problem (5)—<8). The continuous and
everywhere bounded solutions can be used to describe the
propagation of surface waves in photonic crystal structures.

2. MODELING OF A DESCENDING
REFRACTIVE INDEX PROFILE OF APHOTONIC
CRYSTAL STRUCTURE

In order to find solutions in explicit form, a specific
form of the permittivity profile ¢, (x) and the model & (/)
of nonlinearity of the medium need to be selected. The
inhomogeneity of the photonic crystal structure is often
modeled using decreasing profiles [2—6]. They describe a
decrease in the refractive index with increasing distance
from the surface into the depth of the photonic structure.
The following dependence is proposed:

X+hyo (x+hy)?

g, (X)=¢y +

wherein e, e,, e,, h,, and h, are parameters of the spatial
profile of the permittivity.

This form ofthe permittivity profile is a generalization
of the hyperbolic profile considered earlier [ 15—17]. This
can be obtained from expression (9) at ¢, = e, = 0.

Substitution of profile (9) into Eq. (5) leads to the
following equation:

" € &
u (%) + [eo +

+ —n? |k%u,_(x)=0. (10
X+hy o (x+hy)? nj i) =0 (10)

Using the definition of the Heun confluent
function H (g, o, v, 3, e, z) as a solution }(z) of the Heun
confluent differential equation [19]

z(z=-1Dy"+(y(z=1D)+8z+z(z-1e)y +(az—¢q)y =0,

the general solution of Eq. (10) can be written with its
help in the following form:

i+l
i, (¥) = (x+ Iy C (x+hy) 2 H %

) 1 x+h2
x| 2kng(hy —hy), my, 1,k el(hz_h])’?h ) +
2 1

ny+l

+Cy(x+hy) 2 H,x

) 1 x+h,
X 2kn0(h2—h1),—n1,l,k el(hz_hl),g,m .
2 1

1
wherein 7 =1/n2—eo, n =5,11—4k2e2, and

C, and C, are integration constants.
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The analysis of such a solution is clearly very
difficult. However, if it is assumed that 4, = &, = h, then,
for the profile:

a \7)
—t .
x+h  (x+h)?

g, (x)=¢y +

an

Equation (10) has the following form:

u! (x)+ e()+i+e—2—n2 k2u._(x)=0. (12)
" x+h  (x+h)? "

Given this simplification, the general solution
of Eq. (12) is expressed in terms of the Whittaker

functions WH’V(Z) and MH’V(Z) as solutions y(z) of the
Whittaker differential equation [19]:

which is clearly simpler than the Heun differential
equation.

Since a solution of the Whittaker equation
which is bounded and decreases at infinity is the
Whittaker function Wu,v(z), then the transverse profile
of the electric field strength in the photonic crystal
structure determined by the solution of Eq. (10) can be
written as follows:

Wu,v (2ngk(x + h))
Wiy (2nykh)

(13)

Ui () =g

Here, u,, is the value of the electric field strength on
the surface of the photonic crystal, and the parameters of
the Whittaker function are determined by the parameters
of Eq. (11) as:

u=ek/2n, =elk/2,/n2 -€,
v=n = 1-4k2e, /2.

Hence, it follows that solution (13) exists under the
conditions n? > ¢, and k? > 1/4e,.

Thus, the spatial distribution of the electric field
strength in the photonic crystal structure with the
permittivity profile decreasing with distance from the
surface according to generalized hyperbolic law (11)
was obtained in explicit analytical form (12).

Note that the use of the generalized profile (11)
allows the solution obtained (13) to be applied not only
in the theory of waveguide optics, but also in quantum

mechanics. Equation (12) can be considered as the
stationary Schrodinger equation [18] with a generalized
hyperbolic potential described by profile (11).
Moreover, varying the values of the parameters of
profile (11) enables significantly different forms of it to
be obtained (Fig. 1). These are applicable in describing
both monotonic (Fig. 1a) and nonmonotonic (Fig. 1b)
potential barriers, as well as potential wells (Fig. 1c).

8 2.0
7
6 1.8
E{Ci :;5;1.6
w'3 W 1.4
2 1.2
]
0 L 1.0
2 4 6 8101214 02 46 8101214
X X
(a) (b)
1.0
0.81
20.6-
& 0.4
0.21

2 46 8101214
X
(c)

Fig. 1. Spatial profiles of permittivity (11)

at various values of its parameters

(in conventional dimensionless units):
(a)ey=-0.1,e,=38,and e, =0.2;
(b)eg=-1,e,=2,and e, = —1;

and(c)ey=1,e,=-2,e,=1,andh=0.5

Let us consider special cases of profile (9).

1) e, = 0. In this case, profile (9) takes the form of
a dependence decreasing according to a hyperbolic law:

4
g, (¥) = ey +——, 14
ln(x) eO x+h ( )

and Eq. (12) is written as:
" e] 2 k2 -0
u; (x)+ eo+m—n u;, (x)=0. (15)
The general solution of Eq. (5) is expressed in terms
of the Whittaker functions:
u, (x) = C, Wu, 1 (2nok(x + h)) +
(16)

+OW »(2ngk(x + h)),

wherein the parameters of the Whittaker functions are

w=ek/2ny =ek/2,n? —e, andv=1/2.
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Since the description of surface waves requires that
the solution should be bounded at infinity: u; (x) — 0
as |x| — oo, for further application of solution (16),
it is necessary to set C, = 0. In order to satisfy
conjugation condition (7) at the interface of the crystals,
C, = uy/ Wi »(2nykh), may be chosen. In this case,
solution (16), which can be used to solve the boundary-
value conjugation problem, takes the following form:

W12 2ngk(x + 1))
W, 172 (2nokh)

a7

u;, (x) =

2) e; = 0. In this case, profile (9) takes the form of
a dependence decreasing according to a hyperbolic law:

)

(x+h)?’ (18)

g,(X)=¢y +

and Eq. (12) is represented as:

ui"n(x)+[eo+ © —nzjkzuin(x)zo. (19)

(x + h)?

The study found a general solution to Eq. (19):

U, (X) =~x+hx 20)
x {C\1,2nyk(x + h)) + C, K, (2nyk(x + h))}.
Wherein [ (z) and K (z) are modified cylindrical

functions of the imaginary argument of the first and second
kind, also called the Infeld and Macdonald functions,

respectively, of the order v =n, =/1-4k2e, /2. These

functions are linearly independent solutions of the modified
Bessel differential equation [19]:

2
y//+lyl_[l+v_2jy:()’
z z

which is obviously simpler in comparison with both the
Heun differential equation and the Whittaker differential
equation.

Since the Infeld function is unbounded, C; = 0 needs
to be set for the further application of solution (20). In
order to satisfy conjugation condition (7) at the interface

of the crystals, C, = uoﬁ / K, (2nykh), can be chosen.
In this case the solution (20), which can be used to solve
the boundary-value conjugation problem, takes the
following form:

~ / X K, (2nyk(x + h))
u, (x) =ug, |1+ P —KV NG . (21)

It should be noted that solution (17) is such a special
case of solution (13) obtained at e, = 0 in an obvious
way, while solution (21) does not follow explicitly from
solution (13) at e, = 0. However, its form is preferable
for use in constructing a solution to the boundary-value
conjugation problem in modeling surface waves. The
Macdonald function contains one parameter less than
the Whittaker function, which simplifies the analysis of
the solution.

3. SURFACE WAVES ALONG
A PHOTONIC CRYSTAL WITH A DECREASING
REFRACTIVE INDEX

In the case under consideration, when the
photonic crystal is in contact with air or with an
optically homogeneous dielectric without a nonlinear
response (linear medium), the permittivity in this half-
space is assumed to be constant and independent of the
field intensity: g, (/) = &,

As a result, the photonic crystal structure under
consideration has a permittivity of:

e e,
+ )
x+h (x+h)?

€y, x<0.

x>0

€0+

e(x,]) = (22)

Then, taking into account the assumptions made,
Eq. (6) describing the distribution of the field in
a homogeneous medium is written as follows:

up (%) — qguho (x)=0,x<0, (23)
wherein g = k2(n? - €g)-

The solution of Eq. (15) decreasing at infinity has
the following form:

Uy (X) = upe?or (24)

The surface wave is described by the solution of
boundary-value conjugation problem (5)—(8). To find
this solution, the parameters of obtained solutions (13)
and (24) on the semi-axes need to be defined in such a
way that they satisfy boundary conditions (7) and (8).
Solutions (13) and (24) clearly satisfy continuity
condition (7) on the surface of the photonic crystal. In
order to satisfy the continuity condition of the derivatives,
i.e., to ensure the smoothness of the transverse profile of
the surface wave, solutions (13) and (24) are substituted
into boundary condition (8). This gives the following
dispersion equation:

W .. (2nkh)
% =£(n3—61/2)— p+Lv 0

_ . (25)
n, h Wu’V (2ngkh)
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®

Fig. 2. Dependencies of the effective refractive index (in conventional dimensionless units):
(@)onhatey=-0.1,e,=3,e,=0.2,6,=0.05, and k= 0.5;
(b)oneyath=0.5e,=3,e,=0.2,e,=0.05,and k= 0.5;

(c)one,ath=0.5,e,=-0.1,6,=0.2,6,=0.05,and k= 0.5;
(dyoneyath=0.5e,=-0.1,e,=3,e,=0.05and k=0.5;
(e)oneyath=0.5e,=-0.1,e,=3,e,=0.2,and k=0.5;

and (fjonkath=0.5,e,=-0.1,e,=3,€,=0.2,and g, = 0.05

The dispersion equation defines a continuous
spectrum of values of the effective refractive index n as
a function of the parameters of permittivity profile (22).
Figure 2 presents the results of the numerical solution
of dispersion Eq. (25). The effective refractive index
increases with increasing parameters e, e, e,, €,, and k
and decreases only with increasing 4.

Thus, the solution to boundary-value problem (5)—8),
describing a surface wave propagating along the surface
of the photonic crystal, is obtained after substituting
solutions (13) and (24) into

expressions (4):

following

An increase in parameter /2 leads to an increase in
the field localization width. The intensity maximum
shifts into the depth of the photonic crystal, and its
intensity increases (Fig. 3a). With a decrease in the
parameter e, (an increase in its absolute value), the
field penetration depth into the homogeneous dielectric
increases and that into the photonic crystal decreases.
The intensity maximum shifts toward the surface, and
its intensity also decreases (Fig. 3b). An increase in the
parameter e, leads to a decrease in the field localization
width. The intensity of the maximum increases, and
its position does not change (Fig. 3¢). An increase in
the parameter e, also leads to a decrease in the field

W, v 2ok (x + h)) localization width. However, the intensity of the
maximum decreases, and its position shifts toward

u(x)=ugq Wy (2nokh) the surface (Fig. 3d). An increase in parameter g,
ed0*  x < 0. leads to almost the same effect, except that the field

Figure 3 presents the transverse profiles of the
electric field strength in surface wave (26).

The electric field is clearly localized in narrow
regions near the surface on both sides, with the maximum
intensity in the photonic crystal. The intensity can be
higher in the photonic crystal than in the homogeneous
dielectric, despite the fact that the field penetration
depth in the photonic crystal may be less than that in the

dielectric.

penetration depth into the homogeneous dielectric
increases (Fig. 3d). An increase in the wavenumber (a
decrease in the wavelength) leads to a decrease in the
field localization width, the intensity of the maximum
increases, and its position shifts slightly toward the
surface (Fig. 3e).

The analysis shows that the field penetration depth
into the photonic crystal decreases with increasing
effective refractive index. Therefore, by adjusting the
angle of incidence of the laser beam exciting the surface
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wave, the field penetration depth into the photonic
crystal can be varied.

An important point is that the solution (26) to the
formulated boundary-value problem (5)—(8) obtained
describes not only a surface wave, in which the electric
field strength profile decreases fairly rapidly with
increasing distance from the surface, but also waveguide
modes, in which the electric field strength profile

_15

-15

_15

decreases with oscillations. Waveguide modes are
excited at specific parameter values. Their characteristic
profiles are shown in Fig. 4. The oscillation amplitudes of
waveguide modes decrease as they approach the crystal
surface. The order of a waveguide mode can be defined
as the number of maxima of the intensity / = |u|? (the
number of maxima and minima of the electric field

strength).

Fig. 3. Transverse profiles of the electric field strength in surface wave (26) at various values of the system
parameters (in conventional dimensionless units):

(@)h=(17)0.5and (2)0.9,e,=-0.1,e,=3,e,=0.2,e,=0.05, and k= 0.5;
(b)h=0.5,e5=(7)-0.1and (2)-0.9,e,=3,e,=0.2,e,=0.05, and k= 0.5;
(c)h=0.5,e,=-0.1,e,=(7)2and (2) 3,e,=0.2,e,=0.05, and k= 0.5;
(d)h=0.5¢,=-0.1,e,=3,e,=(7)0.2and (2) 0.9, e, = 0.05, and k= 0.5;
(e)h=0.5,e45=-0.1,6,=3,€,=0.2,e5=(7) 0.05and (2) 0.5, and k= 0.5; and
(fh=0.5,e,=-0.1,6,=3,e,=0.2,6,=0.05,and k= (7) 0.5and (2) 0.7
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u/ug

Fig. 4. Transverse profiles of the electric field strength
of waveguide modes (26) at fixed values
(in conventional dimensionless units)
ofh=0.5,e,=-0.1,e,=0.2,e,=0.05,
and k = 0.5 and various values
ofe;=(1)3,(2)9.1,(3) 10.1,and (4) 17.5

Let us now briefly consider a special case of
profile (9) at e, = 0. Then the photonic crystal structure
under consideration is characterized by a permittivity of:

)

e t——7,%> 0,
e(x,l)= (x+h) 27)

€y, X <0.

The mathematical description of the surface
wave is now constructed from solutions (21)
and (24). In order to find a solution to conjugation
problem (5)—(8) in this case, the parameters of
obtained solutions (21) and (24) on the semi-axes
need to be defined, in such a way that they satisfy
boundary conditions (7) and (8). Solutions (21)
and (24) clearly satisfy continuity condition (7) on the
surface of the photonic crystal. As a result, a solution
to boundary-value conjugation problem (5)—(8) is
obtained in the following form:

x K, ngk(x + )
ik VNN
u(x) = 1, h K, (2nykh)

e?0* x <.

(28)

In a similar way, a dispersion equation is obtained:

2_ 2_1 _ KV+](§)
V& ey k) =2 +v e

wherein § = nkh.
Dispersion Eq. (29) defines a continuous spectrum
of values of the following effective refractive index:

(29)

n? = ey + (&/ kh), (30)

wherein & is the positive root of Eq. (29).

A detailed analysis of solution (28) and the roots of
the dispersion equation in the special case ¢, = 0 was
given previously [20].

Thus, the exact analytical solutions of the boundary-
value problem are obtained. In two cases using different
functions, these solutions describe surface waves and
waveguide modes propagating along a photonic crystal
in contact with an optically homogeneous medium. The
photonic crystal is characterized by the refractive index
which decreases with distance from the contact surface
in accordance with a generalized hyperbolic profile.

The formulated models and described characteristics of
linearand nonlinear surface waves can be useful in predicting
the optical properties of various photonic crystal structures,
and multilayer composite optical structures [21, 22] used in
optoelectronic engineering and photonics [23]. The results
of this work can also be used in the design of various
waveguide structures, including layered ones, with the
required dispersion-optical characteristics.

CONCLUSIONS

This paper proposes models of photonic
heterostructures with a spatial permittivity profile that allows
for an exact analytical solution. A generalized hyperbolic
profile was used to model this spatial distribution. Exact
analytical solutions of the wave equation for the selected
permittivity profiles were found. These are expressed in
terms of the Whittaker and Macdonald functions.

A boundary-value problem was formulated
to describe surface waves and waveguide modes
propagating along the surface of the photonic crystal.
This problem was solved using an exact solution for the
generalized hyperbolic profile. Cases of contact between
the photonic crystal and a homogeneous dielectric or a
nonlinear optical medium were considered. Expressions
were derived for surface transverse electric waves where
the field is localized near the surface of the photonic
crystal and decreases with distance from it.

A detailed analysis was made of the influence of
the optical characteristics of the system for photonic
crystal in contact with the homogeneous dielectric.
This includes the parameters of the generalized
hyperbolic permittivity profile, the permittivity of
the homogeneous medium, and the wavenumber. A
dispersion equation describing the dependence of the
effective refractive index on the optical parameters
of the system was derived and numerically analyzed.
The study identified conditions for control parameters
which allow for the localization of the electric field
near the photonic crystal surface. It was shown that the
solution to the boundary-value problem also describes
waveguide modes, where the field decreases with
oscillations with distance from the photonic crystal
surface.
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