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Abstract

Objectives. The work compares studies on BSF portfolios consisting of a risk-free Bond (B) asset, a Stock (S), and
a cash Flow (F) that represents risky asset prices in the form of a tree structure. On the basis of existing models for
managing dynamic investment portfolios, the work develops a dynamic model for managing a BSF portfolio that
combines risk-free and risky assets with a deposit. Random changes in the prices of a risky asset are reflected in the
developed model according to a tree structure. Two approaches to portfolio formation are proposed for the study:
(1) initial capital is invested in a risk-free asset, while management is conducted at the expense of a risky asset;
(2) the initial capital is invested in a risky asset, but management is carried out at the expense of a risk-free asset.
Methods. A binomial model was used to predict the prices of risky assets. Changes in risky asset prices in the model
are dynamically managed via a branching tree structure. A comparative analysis of modeling results reveals the
optimal control method.

Results. A dynamic model for unrestricted management of a BSF portfolio has been developed. By presenting risky
asset prices according to a tree structure, the model can be used to increase the accuracy of evaluating investments
by from 2.4 to 2.7 times for the first approach and from 1.7 to 2.7 times for the second. The increased accuracy of
evaluating investments as compared with previously proposed models is achieved by averaging prices at various
vertices of the tree.

Conclusions. The results of the research suggest that the use of a dynamic management model based on a tree-like
price structure can significantly increase the accuracy of evaluating investments in an investment portfolio.
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Pe3iome

Llenu. PaccmaTpuBaloTcs Mogenu ynpasieHns MHBECTULMOHHBIMU NOPTHENaIMm, HOCALMMN ANHAMUYECKUIA Xa-
pakTep, NPOBOAUTCS CPaBHEHME UCCNENO0BaHN, NOCBsSLEeHHbIX BSF-nopTdensm (coctoawmm n3 6e3pruckoBoro
akTmBa (bond), akuum (stock) n notoka nnatexen (cash flow)) ¢ ApeBOBMAHON CTPYKTYPOW LLEH PUCKOBOIO akT1BA.
Llenbio paboTbl iBNsieTcs paspaboTka AMHaMmMyYeckolr moaenun ynpaeneHus BSF-nopTtdenem, Bkioyawowmm 6e3-
PUCKOBbI, PUCKOBBI aKTVBbI U AeN03UT. B 0TAnyme oT NnpoBeAEHHbIX paHee UCCenoBaHuiA, B paspabaTbiBaeMoi
MOJENU LEHbI PUCKOBOIr0 akT1Ba M3MEHSOTCS ClydaliHbiM 00pa3omMm, cnenys ApeBoBuaHon cTpykType. K nccneno-
BaHWIO NpeafiaraeTcs Aga noaxona hopmuposaHus noptdens: 1) HavanbHbIN KanuTan BkiaabiBaeTcs B 6e3pncko-
Bbll1 aKTVB, yNpaBieHe NPONCXOANT 32 CHET PUCKOBOIO akTUBA; 2) HaYasibHbI KanuTan BKNaapiBaeTCs B PUCKOBbIN
aKTUB, yNpaBieHne NponcxoamnT 3a cHeT 6e3pMCcKOBOro akT1Ba.

MerTopbl. Vicnonb3oBaHa GuHOMManbHas MoaesNb A4J19 MOAENMPOBAHUS LIEH PUCKOBOro akTuea. JuHammuyeckasi Mo-
Jenb ynpasieHns Ha OCHOBE APEBOBUAHON CTPYKTYPbI LIEH PUCKOBOMO akTVBa MO3BONSAET Y4YUTbIBATb USMEHEHMS B LiE-
Hax akTMBOB. CpaBHUTESbHbIA aHaNIM3 PE3YNIbTAaTOB MOAEIMPOBaHMS BbISBNSIET ONTUMAasbHbIM CNOcob ynpaBneHus.
PesynbTaTtbl. PazpaboTtaHa anHammyeckas Mofenb ynpasneHus BSF-noptdenem 6e3 orpaHuyeHnii. MNokasaHo,
4YTO AMHaAMMYeckasi MOAENb YNPABAEHNS HA OCHOBE OPEBOBUAHOWN CTPYKTYPbI LLlEH PUCKOBOIO akTvBa MNO3BONSAET
NOBbLICUTb TOYHOCTb OLLEHKM 0ObeMa BIOXEHWI OT 2.4 0o 2.7 pas ans nepeoro noaxoga v ot 1.7 pno 2.7 pas — ans
BTOPOro. MNoBbILLEHNE TOYHOCTN OLEHKN OO BLEMOB BIIOXEHUIA MO CPABHEHWIO C PaHEE NPEaOXKEHHbIMY MOAENSMUN
[OCTUraeTcs NyTeM yCpeaHEHUS LIeH N0 PasnnyHbIM BEPLUMHAM epeBa.

BbiBoabl. [poBEeAeHHOE nCCneaoBaHMe NO3BOMSIET FOBOPUTbL O TOM, HTO MPUMEHEHWe OUHAMWYECKOW Moaenu
ynpaBfieHMsi, OCHOBAHHOM Ha APEBOBUAHOWN CTPYKTYPE LIEH, NO3BONSET 3HAYUTENbHO MOBbLICUTb TOYHOCTb OLLEHKM
006beMa BNOXEHNIA B UIHBECTULMOHHBIN NOPTQEb.

KnioueBble cnoBsa: ontumanbHoe yrnpasJieHne, gnHamMmmndeckaa cmncrtema co CﬂyHaﬁHblMM napameTpamMmum, anMHa-

Munyeckoe nporpamMmmMmmpoBaHne, MHBECTULMOHHbIN nopchenb, cnexeHme 3a 3TaJIOHHbIM nopTd)eneM, OuHoMManbHas
CTPYKTypa LLEeH PUCKOBOIro aktnea

e Moctynuna: 26.02.2024 » fopa6oTaHa: 24.06.2024 ¢ MNMpuHaTa k onyonukoBanuio: 17.02.2025

AnsuutupoBanusa: Muuens A.A., BuktopeHko E.B. InHamunyeckas mogens ynpasneHns BSF-noptdenem 6e3 orpaHm-
yeHwui. Russian Technological Journal. 2025;13(2):93-110. https://doi.org/10.32362/2500-316X-2025-13-2-93-110,
https://elibrary.ru/JCRKUO

Mpo3payHocTb PUHAHCOBOW AEATEJNIbHOCTU: ABTOPbI HE UMEIOT (PUHAHCOBOM 3aMHTEPECOBAHHOCTN B NPEACTaB/IEH-
HbIX MaTepuanax uim mMeTogax.

ABTOpr 3aaBn40T 06 OTCYTCTBUN KOHCDJ'II/IKTa NHTEepeCOoB.
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INTRODUCTION

The management of investment portfolios (IP) can
be analyzed in terms of multi-period dynamic decision-
making problems pertaining to transactions that occur at
discrete points in time. An evaluation carried out by the
investor concerning possible future changes in interest
rates, prices, or cash flows from securities forms the
basis for further decisions to buy or sell, open deposits
or lend, i.e., decisions to reshape the IP. The present
work sets out to develop and verify a dynamic model
for the management of a portfolio that combines a risky
asset (RA), a riskless asset (RLA), and a deposit.

Dynamic models of the IP management have been
studied in detail in a number of works [1-12]. The study
carried out by V.V. Dombrovsky discusses problems
involved in controlling discrete stochastic systems and
applying the quadratic criterion in this area. The author
considers systems characterized by their functional
dependency on states and control actions whose various
random parameters include additive and multiplicative
sources of noise. As well as deriving equations for
optimal linear static and dynamic output regulators,
the study applies the obtained conclusions to solve the
dynamic IP optimization problem for a portfolio whose
financial assets having variable price volatility are
analyzed in discrete time. The practical significance of
the work lies in the possibility of developing effective IP
management strategies [1]. In the study [3], the problems
of synthesizing control strategies in discrete systems
using a predictive model are considered. These systems
also include random parameters comprising additive
and multiplicative noise phenomena that depend on the
states and controls. The work develops control strategies
using prediction for closed-loop and open-loop systems
taking into account random factors and restrictions. The
results are applied to solve the dynamic optimization
problem of IP taking into account restrictions on trading
operations. Another study [8] considers the problem of
managing an IP consisting of RA and RLA taking into
account dynamic tracking of the benchmark portfolio.
Price changes on RA are described by stochastic equations
with Gaussian and impulsive Poisson perturbations. The
method for determining an optimal control strategy
using feedback based on the application of a quadratic
criterion can be used to evaluate the quality of control
and select the best strategy for minimizing uncertainty
and achieving the best results. The main scientific
contribution of the study to the field of IP control
consists in its innovative use of stochastic analysis and
feedback techniques. The study by D.V. Dombrovsky
and E.A. Lyashenko [9] analyzes the dynamics of the
IP control model taking into account restrictions on
the trading operations. The model includes stochastic
difference equations with random volatility to describe

the dynamics of prices of risky financial assets within
the given IP. An important problem of IP management
arises when trying to ensure effective investment
management under conditions of restrictions on trading
operations. In order to minimize risks and achieve the
best results under financial market conditions where
asset prices are subject to random fluctuations, volatility
is considered as a random variable. The dissertation by
T.Yu. Pashinskaya! synthesizes the results of research
devoted to the control of nonlinear discrete systems
with random parameters under constraints. The author
develops a methodology for tracking a hypothetical
benchmark portfolio with a predetermined growth
trajectory in the field of IP management. The results of
the study are used to derive equations for determining
optimal strategies of IP management with feedback in
the presence of constraints. In [13], a dynamic model
of IP management using a linear quality criterion is
developed.

Studies based on BSF-portfolios comprising RLA
Bond (B), Stock (S), and cash Flow (F) with a tree-like
RA price structure have also been conducted [14-21].
These studies analyze market structures including
such assets as stocks, RLA bonds, and cash flow.
The essence of the model is revealed under certain
conditions for completeness and absence of arbitrage in
the market. A numerical approach to the development
of a self-financing strategy provides a payment function
superior to the one established in the terminal vertices
of the price tree given an initial portfolio of minimum
value. The works [17-21] analyze the properties of the
(B, S)-market when market completeness and arbitrage-
free conditions are violated. Particular attention is paid
to the problems related to the inadequacy of the model
representation of the RA price evolution in the process of
exchange trading using the binomial pricing mechanism
in an incomplete (B, S)-market. The described methods
take the impact of market trends on the process of
RA price evolution into account.

The present study proposes a new dynamic
model of BSF portfolio management including
RLA, RA, and deposits. Unlike those described in
works [1-12], the presented model considers random
RA price changes according to a tree structure.
The novelty of the model consists in the increased
accuracy of investment evaluation as compared to the
model described in the work of T.Yu. Pashinskaya.
This effect is achieved by averaging prices across
different vertices of the tree.

I Pashinskaya T.Yu. Control with prediction of nonlinear

discrete systems with random parameters under constraints:
Cand. Sci. Thesis (Phys.-Math.). Tomsk: Tomsk State
University; ~ 2021.  http:/vital.lib.tsu.ru/vital/access/manager/
Repository/koha:000702951 (in Russ.). Accessed February 26, 2024.
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MODEL CONSTRUCTION

Let us consider a portfolio consisting of RLA, RA,
and deposits at discrete moments of time 0, 1, 2, ..., n.
We will denote the RLA return rate as r(¢). The price
of RLA is known at each moment of time. The randomly
changing price of RLA can take one of two possible
values at any one time, i.e., possible prices of the stock
have the structure of a binary tree (Fig. 1) with terminal
vertices (Fig. 2). Let us denote the probability of the
RA price increasing by a random value 1 as p, while the
probability that the asset price will decrease by a random
value n will be denoted as ¢ =1 — p.

(2, 1)

Fig. 1. Two-period RA tree. F, ;is the payment function

for the point with number (t, i);
P(t) is the payment for time step t

(Xte1,2i-11 Yer1,2i-1)
Fie1,2i1

(Xty,'; y“-)

(41,20 Yer1,21)

P(t) P(t+1)

Fig. 2. Terminal vertices of the RA tree

Let us denote the share of RLA as x, and the share
of RA as y. The successors of the (¢, i)th vertex are the
vertices with the numbers (¢ + 1, 2i — 1) and (¢ + 1, 2i).
The price of RLA in the vertex with number (¢, i)
corresponding to the moment of time 7 is equal to C(7),
while the price of RLA in the vertices with
numbers (z+ 1, 2i — 1) and (¢ + 1, 2i) corresponding to the

moment of time ¢ + 1 is equal to C'(¢ + 1). The price of
RA in the vertex with number (z, i) corresponding to the

!

moment of time ¢ is equal to C;’;, while the prices of RA
in the vertices with numbers (¢ + 1, 2i — 1) and (¢ + 1, 2i)
corresponding to the moment of time ¢ + 1 are equal to

re12im1 = G (+m;) and 12 = Cri1=mp)
respectively. For each time step ¢, the payments P(¢) are
set.

We will suppose that at the initial stage all available
funds were invested in RLA and no borrowed funds
were used. It is important to note that both RLA and RA
can be acquired or alienated at any time, which implies
their high availability and readiness for trading [15, 16].
One of the key features of payment flow is its limited
liquidity according to which payments are constrained.
Since each path from the initial vertex of the price tree
structure to the terminal vertex represents a particular
scenario, it can be randomized.

The method of asset portfolio management consists
in determining at each point of the price tree the RLA x;
and RA y, under the following conditions [16, 17]:

a) for each endpoint of the tree, a payment function
Ft, ;20,i=1,2, .., 2!, is defined, representing the
amount that the investor expects to receive when asset
prices reach the corresponding tree vertex, after selling
assets and making payments or receipts of funds along
the payment stream;

b) there is a fee for borrowing assets. For example, if
x units of RLA are borrowed, at the next moment of time
Ax units (RLA) should be returned, and p is the RA loan
fee;

¢) the market is self-financing, i.e., the investor can
buy and sell assets, providing payments and receipts
on the payment flow so that the portfolio value at each
moment of time does not change, but at the same time the
vertex-average value of the portfolio with time changes
according to the given law in accordance with the law of
change of the vertex-average payment function. Specific
vertices can be mathematically written as follows:

C'(t+ l)kxm. + Ct,-'l—l,2i—1 Hy,;+ P(it+1)=

. " (1)
= C+Dx4 0501 + Clipic1Ves1 2015
C'(t+Dhx,; +Cly iy, + P +1) = o
= C+D)x, 0+ CliniVisn i

at i=12¢.
In the terminal vertices the following inequalities
must be met:

C+Dhx,; +Crl g by + PAED 2 F 5,4, (3)

C't+Dhx, ; +Clyp by, +PE+D2F 5 (4)
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Constructing a dynamic model of a BSF portfolio
with one RA and one RLA

Let us analyze the IP, where the components are RA
with variable returns and risk-free deposits with constant
return. At the moment of time 7 the funds invested in RA
are equal to V"(f), and the funds invested in RLA are
equal to V'(¢). Then the total amount of investments at
the moment of time ¢ will be equal, taking into account
the deposit

o) = V(@) + V'@ — P(). (6))

Using formulas (1), (2) for the moment of time
t=1 (vertices (1, 1) and (1, 2)), we obtain

C'xy + gy = P = C'(Dhxg o +1Ci v
C'(Dx; 5 + Coyy 5 = P() = C'(DAxg o + 1L g -

Given the fact that RA prices in vertices (1, 1)
and (1, 2) are random, accepting values C'; and Cj),
with probabilities p and g = 1 — p respectively, the value
of the portfolio at the moment of time ¢ = 1 will be
equal to

V(1) = AC'(1xg o+ 1C(Dyy . (6)

Here C'(1)x,, is the RLA cost at the moment of
time ¢ = 1; C"(1)y,, is the RA cost at the moment of
time 1= 1;

C"(M)=pG) +9C; . 0

C"(1) is the average value of RA price at the moment
of time = 1.

For the moment of time 7 = 2 (vertices (2, 1), (2, 2),
(2, 3) and (2, 4)) we obtain:

(2) =MC'2)x, +pC"(2)y,. ®)

Here

C" (@)= p(pCy, +4C5, )+ 4(pChs +4Chy). O

C"(2) is the vertex-averaged value of RA price at the
moment of time # = 2; x, is the average value of RLA
share at the moment of time 7= 1, y, is the average value
of RA share at the moment of time 7 = 1.

For the moment of time ¢ = 3 (vertices (3, 1), (3, 2),
(3,3),(3,4),(3,95),(3,6),(3,7), (3, 8)) we obtain:

V(3) = AC'(3)x, + uC"(3)y,, (10)
where x, is the average value of the RLA share at the
moment of time 7 = 2; y, is the average value of the RA
share at the moment of time ¢ = 2;

C'(3)= p(p(pCé"l + qCé"Z ) + q(pC§:3 + qCé”4 )) +

)
+q( p(pCys +aCye) +a(pCyy + chgg)).
C"(3) is the average value of RA price at the moment of
time # = 3.
Continuing this process, we obtain:

V() = \C'(t)yx, | + uC"(D)y, 1, t=1,2,3, ..., (12)

where x = x o, ¥y = ¥ - Here x,_ is the vertex average
of the RLA share at the moment of time ¢ — 1; y, | is
the average value of the RA share at the moment of
time ¢ — 1; C"(¢) is the average value of the RA price at
the moment of time 7, y, is the average value of the RA
share at the moment of time ¢.

Let us introduce the values

_ " " . t—1
m,; =pCl 1 +9C 5, i=1,2""

(13)

Then the average price of RA at the moments of time
1, 2, 3, ... can be represented as

'y =m, (14)

c"(2) =pmy + qm; », (15)
c"(3) =p(pm3,1 + qm3,2) + Q(pm3,3 + qm3,4)‘ (16)

It is easy to show that for any moment of time ¢ the
sum of probabilities is equal to 1. Indeed,

n
D Ckphgn* =(p+q)" =1,
k=0

(17)

n!
where Cr’f =
kl(n—k)!
In the terminal vertices the following inequalities
must be met:

for the moment of time 7 =1

are the binomial coefficients.

AC(1xg o+ nC"(D)yg o + P(1) = F(1); (18)
for the moment of time ¢ = 2
AC'2)x; +uC"2)y, + P(2) = F(2); (19)
for the moment of time ¢
MC'(t)x,_ + uC"(t)y,  + P() = F(1), t=1n. (20)

Here F() is the average value of the payment function
at the moment of time #. In our case it is a deterministic
a priori known value.
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In accordance with the approach outlined in the
dissertation of T.Yu. Pashinskaya, let us introduce the
RA return rate for the period of time [¢, ¢ + 1]:

C't+1)=C"(¢)

vit+1) = 20

@

Earlier we have introduced the value r(f)—the RLA
return rate. Let us introduce the value r,(7) the rate on
RLA loan (deposit rate).

The dynamics of RLA price and risk-free borrowing
are defined by the expressions:

C(t+ 1)=Cl(o)(1 +ry(t + 1)), (22)
P(t+ 1) = P()(1 + ry(t + 1)). (23)

Then from the formulas (20), (22), and (23) for the
moment of time 7 + 1 it follows:

AC'(O)(1 + 7y (¢ + D)x, + pC"(O)(1 +v(t + 1))y, +
+PO(1+ry(t+1)=F+1)

or

M (A +r @+ D)+l + v+ 1)) +

+P(t)(1 +ry(t+ 1) > F(t+ 1). (24)

Model 1

Let us consider the change in IP capital in discrete
time. Such a change can be written using the equation
taking into account (24) and (5):

Vt+ 1) =M1 +r @+ 1)+
V'O + v+ 1)) =M1 +r (e +1)] +
I D)= (14 D)IP@, 3D
t=0,2,...,n—1,

where 7 is the depth of the tree.
The capital placed in RLA is equal to
Vi(t)= V() — V"(t) + P(¢). (26)
Note that expression (25) coincides with a similar
formula for the dynamics of capital at A = 1, p =1,
obtained in the works of V.V. Dombrovsky [10] and
T.Yu. Pashinskaya for the RA random rate.
Let us define the equation of the benchmark portfolio
by an expression for the payment function:
F@+1)=[1+py(H]FQ), (27)
where (7)) is a given benchmark portfolio rate. This
indicator characterizes the investor’s risk aptitude: the
larger it is, the higher the risk aptitude. F(0) = V(0)
(at the initial moment of time the capital of the reference
portfolio coincides with the capital of real IP).

Let us introduce the notations ul (1) = V'(2),
ul, (1) = P(1),

AMl+r(E+]1) 0
Al() = (1+4 ) . (28)
0 (I+py(r+1)
Bl1(t) =
_ _ (29)
3 pd+vE+ D))= A1 +r+1) AA+7r+1) =1 +r(+1)
e o)
z(t) = (V(0) F())". (30)

Taking into account (29), (30), and (31), the
expression (27) will take the form:

z(t + 1) = Al(H)z(¢) + B1(f)ul(s), (31)
where

ul(r) = (V"(t) P))". (32)
The control variables here are the values
ul () = V"(1), ul,(t) = P(2).

The cost of the riskless part of the portfolio in this
case is equal to

Viie)= V() = V") + P(t) = V(t) —ul (1) + ul,(5). (33)

Model 2

Let us describe the IP capital dynamics in discrete
time by the equation taking into account (24) and (5):

Vie+ 1) =u(l +v(+ D))+
+ VO + 7yt + 1) = (1 + vt + )] +
Flul v+ D))= (1 4+ Pe,  GY
1=0,2, ...n—1,

where 7 is the depth of the tree.
Then the matrices for Model 2 will have the
following form:

n(l+v()) 0
A2(1) = , 35
“ ( 0 (1+u0(t))J G
B2(1) =
[H O (), 69
0 0 .

The control vector will now be
u2(n) = (V'(2) P(e)". (37)

The value of the risk part of the portfolio in this case
is equal to

V(1) = V(1) — V() + P(6) = V() — u2,(6) + u2,(0). (38)
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Tracking task

As an optimality criterion we choose a quadratic
functional

n—1
J= YO = FOP + @) ROu@) + [V () - Fn)P | >
t=0
N mmM’ (39)
u 2a

R(?) is a diagonal matrix of weight coefficients of
dimension 2 x 2. Here u(¢) means either ul(z) or u2(7).
The second summand in the functional (39) imposes
restrictions on the size of monetary amounts that are
used to buy/sell securities.
Let us write the functional (39) as follows:

n—1
J=y [zT OhThz(t) + (@) TR@Ou(t) + 2T (n)hThz(n)], (40)
t=0

where 2 =1, —1].

In order to determine the optimal control strategy
with quadratic criterion feedback, a linear control law of
the following form is used

u(t) = K, (O)V(1) + KH(OF (1) = K(D)z(2), 41
where K(¢) = [K(7), K,()]-—the matrix of feedback
coefficients—is chosen from the condition of the
minimum of the functional (40).

The functional (40) can be rewritten in the form

n—1
J= tr{z [hThS()+ KT (OROK(OS(0) |+ hThS(n)}, (42)

t=0

where #7{-} is the trace of the matrix, and the matrix is

V@2 V@) F)
S() =2z (1) = [V(t) F@) (F@)? j

Equation of state

Based on (31) and (41), the dynamics of the matrix
S(¢) = z(£)z' () is determined by the expression:

S(t+1) =[A(1) + B(OK () |S®)[A(r) + B(t)K(t)]T .(43)

Here, either Al1(z), B1(¢), or A2(¢), B2(¢) is taken
as A(¢) and B(?).

The optimal control strategy is determined by
solving the system optimization problem [22, 23].
In this problem, the equation of state dynamics (43)
is considered, where the matrix K(#) represents the
control action and the functional (44) serves as a quality
criterion.

In the context of this task it is required to minimize
the criterion (42) under dynamic constraints, which are
described by the difference matrix equation (43). To
solve this problem, the maximum principle in the matrix
formulation, which was developed earlier in [3, 4], is
applied.

Algorithm for finding a solution
1. We find Q(#), t=n,n— 1, ..., 1, 0 from the equation
Q1) = A(NQ + DA() + A(D)Q( + DB(1) x
x (R(t)-BT ()Q(t + 1)1:;(¢))_1 (BT()Q(:+DA®))-hTh.

2. Then, we calculate K(¢), t = 0, 1, ...
accordance with the formula

,n—11n

K(1)=(R(®)-BT()Q(t+ I)B(t))_l (BT(1)Q( + DA®)).

3. By found K(?), we calculate S(¢), t = 1, 2, ..., n,

2
where S(t)=( v@y”  Vor (Z)j.
VOF@©)  (F@)

The elements of the matrix S(¢) and the matrix K(?)
are the desired solution to the benchmark portfolio
tracking problem.

Knowing the matrix S(7), we have:

F(@) =\/S22(t); V(t)=S81,(0)/ F(t),

where V(7) is the investments in the real portfolio.
The portfolio management is calculated by the
formula
u(t) = K,(O)V(1) + K (OF(?).

4. In order to calculate the amount of investment in
the portfolio, it is necessary to solve the system of

relations:
u(t) =K,@)V(t)+ K,()F(t)=K()z(t), t =0,n—1; (44)
z(t+1) = A(®)z(t) + B(t)u(?).

Here for Model 1: A(Y) = Al(¢), B(r) = B1(?),

z(t) = [Zigj, [V”( )j for Model 2:

P(¢)
V'(t)
A(H)=A2(1), B()=B2(s), z(t) = ( j EP(t)j'

5. The RLA investments is calculated by (33)

(for Model 1)
V)= V) — V") + P(t)

or the RA investments in is calculated by (38)
(for Model 2)

V'(t) = V() — V(1) + P(D).
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6. Let us calculate the RA and RLA shares in the
portfolio

@/ ol it V(62 0, -
Ul o i <o, T @)
0/ CoL V020,

. _{[|V”(t)|/(HC”(t))], if 7"(1) <0, t=0,n. (46)

Here [] is the integer part of the number.

NUMERICAL MODELING RESULTS

RA prices were modeled on the basis of a mixture of
two normal distributions with parameters:

ml; =COl+hl- j, j=0,500, ol;
m2; =C02+h2- j, j=0,500, 62,

where m1, m2. are the price distributions; CO01, C02
is the initial price for the corresponding distribution;
h1, h2 are possible price fluctuations at a given sample
size; o1 and o2 are standard deviations.

The parameter values were as follows: C0O1 = 100,
C02 =90, 11 =0.04, 12 =10,02, 61 =10, 02 = 15.

Figure 3 shows the calculated RA prices. Hereinafter
monetary values are shown in conventional units.

C

T WW w

|

i

J
100 200 300 400

500 |

Fig. 3. RA prices. C is the RA price, units of money;
jis the number of realizations

Figure 4 shows the obtained probability distribution
of RA prices.

This distribution is treated as an analog of the
empirical distribution. Then RA prices at the tree nodes
are modeled based on this distribution. The probability
of price growth was estimated based on the constructed

distribution for the price difference C;'-Cj, i =1,500.
The probability of price growth (the probability that
C/'-C{">0) was p =0.495.

The values of the other parameters were as follows:
C"(0)=150,C'(0)=10,A=1.02, u=1.02, F(0) = 10000,
V(0) = 10000, P(0) = 0, r(t) = 0.02, r,(z) = 0.015,
Ho(?) = 0.02, tree depth n = 5.

0.02 /\

0.01

0 150 200 X

Fig. 4. Probability distribution of RA prices.
f(x) is the probability distribution density;
x is the RA price, unit of money

The values of investments were taken as follows.
For Model 1, V'(0) = 10000, V"(0) = 0, i.e., at the
initial moment of time all funds were invested in RLA.
For Model 2, V'(0) = 0, V"(0) = 10000, i.e., all funds
were invested in RA.

Modeling results are given in Tables 1-5.

Figure 5 shows graphs of tracking the desired
portfolio value. Here and further in the graphs time 7 is
given in relative units.

Figure 6 shows the necessary changes in the
RA investments to achieve the portfolio value not less
than the desired one.

Figure 7 shows the necessary changes in the RLA
investments to achieve the portfolio value not less than
the desired one.

Figure 8 shows the tracking for the payment function
(desired portfolio value).

Figure 9 shows the necessary changes in the RA
investments to achieve the portfolio value not less than
the desired one.

Figure 10 shows the necessary changes in the RLA
investments to achieve the portfolio value not less than
the desired one.

Figure 11 shows the tracking for the payment
function (desired portfolio value).

Figure 12 shows the necessary changes in RA
investments to achieve the portfolio value not less than
the desired one.

Figure 13 shows the necessary changes in the RLA
investments in to achieve the portfolio value not less
than the desired one.

Figure 14 shows the tracking for the payment
function (desired portfolio value).

Figure 15 shows the necessary changes in RA
investments to achieve the portfolio value not less than
the desired one.

Figure 16 shows the necessary changes in the RLA
investments to achieve the portfolio value not less than
the desired one.
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Table 1. Tree depthupton=1

Model 1 Model 2
Tree depth Investments Investments
b o el RLA share| RA share Deposit i i o el RLA share | RA share Deposit
0 10000 1 0 0 10000 0 1 0
1 10340 1.028 —0.028 —0.368 11750 0.725 0.272 -35.890
Vp Fp Vp Fp
1.030- 104 1.20- 104
Vp Vp
1.024 - 104 1.16- 104
1.018-10% 1.12-104
Fo
1.006 - 104 1.04 - 104 E
p
[ - N
1.000 - 10 1.00 - 10 —
0 0.2 0.4 0.6 0.8 1.0t 0 0.2 0.4 0.6 0.8 1.0t

(a) (b)
Fig. 5. Tracking the desired portfolio value: (a) Model 1, (b) Model 2.
Vp is the investments or portfolio capital, units of money; Fp is the payment function, units of money; tis time, arb. units

VS VS
500 1.300 - 104
20 I— \
— 9.775-10
540 T~

6.550 - 10°

~1.06- 103 T
3.325.10°

-1.58- 103
-2.10-108 100
0 02 04 06 08 10t 0 0.25 0.50 0.75 1,00 t

(a) (b)
Fig. 6. Necessary changes in the RA investments: (a) Model 1, (b) Model 2.
V, is the RA investments, units of money; tis time, arb. units

Vb Vb
1.210- 104 1.050 - 104
1.168 - 104
7.713-103
1.126- 104 /
4.925.103
1.084 - 10
1.042 - 104 | —] 2.138-10%
| /
/
1.000 - 104 -650
0 0.2 0.4 0.6 0.8 1.0t 0 0.2 0.4 0.6 0.8 1.0t

(a) (b)

Fig. 7. Necessary changes in the RLA investments: (a) Model 1, (b) Model 2.
V,, is the investments in RLA, units of money; tis time, arb. units
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Table 2. Tree depthupton=2
Model 1 Model 2
Tree depth | Investments in . Investments in ;
fhe et RLA share | RA share Deposit fho et RLA share | RA share Deposit
0 10000 1 0 0 10000 0 1 0
1 10260 1.067 —-0.067 —-0.874 11400 0.427 0.568 —54.988
2 10690 1.079 -0.079 —-1.089 11820 0.698 0.294 —93.140
Vp Fp Vp Fp
1.060 - 104 1.20- 104
%
1.048 - 10* b 1.16-10*
Vp /
1.036 - 10% 1.12.104
Fo
1.024 - 104 1.08-10%
1.012-10% 1.04-10% 1
1.000 - 104 1.00- 104
0 0.4 0.8 1.2 1.6 20t 0 0.4 0.8 1.2 1.6 20t

(a) (b)
Fig. 8. Tracking for the payment function: (a) Model 1, (b) Model 2.
Vp is the investments or portfolio capital, units of money; Fp is the payment function, units of money; tis time, arb. units

V. V

S S
500 1.300- 10

-20
\ 9.775-108

-540
6.550- 108

-1.06- 103
1 58. 107 3.325-10°
-2.10-108 100

0 0.4 0.8 1.2 1.6 20t 0 0.5 1.0 1.5 20 t
(a) (b)
Fig. 9. Necessary changes in the RA investments: (a) Model 1, (b) Model 2.
V, is the RA investments, units of money; tis time, arb. units
A Y
1.210- 104 1.050 - 104
1.168- 104 /

7.713-103

1.126 - 10%
T 4.925.10°

1.084 - 104
1.042-10% / 2.138- 108
1.000 - 104 -650

0 0.4 0.8 1.2 1.6 20t 0 0.5 1.0 1.5 20 t

(b)
Fig. 10. Necessary changes in the RLA investments:
(a) Model 1, (b) Model 2. V, is the RLA investments, units of money; t is time, arb. units
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Table 3. Tree depthupton=3

Model 1 Model 2
Tree depth | Investments in . Investments in .
E—— RLA share | RA share Deposit A — RLA share | RA share Deposit
0 10000 1 0 0 10000 0 1 0
1 10180 1.110 -0.111 —1.484 11190 0.538 0.456 —67.938
2 10610 1.100 -0.103 —1.450 11610 0.814 0.177 -106.597
3 11030 0.975 0.018 —2.705 11850 —0.024 1.024 -3.375
Vp Fp Vp Fp
1.10- 104 1.20-104
Vv
1.08 - 104 P 1.16-10%
Vp /
1.06 - 104 1.12.104
Fo
1.04.104 1.08'104
/ Fp/
1.02-104 1.04-104
/
// L
1.00- 104 1.00- 104
0 0.6 1.2 1.8 2.4 3.0t 0 0.6 1.2 1.8 2.4 3.0t

(a) (b)
Fig. 11. Tracking for the payment function: (a) Model 1, (b) Model 2.

Vp is the investments or portfolio capital, units of money; Fp is the payment function, units of money; tis time, arb. units

V.

S

500

-20

-540

-1.06- 108

-1.58- 103

-2.10- 108

Vy

1.210-10%

1.168 - 104

1.126- 10*

1.084 - 10*

1.042-10%

1.000 - 10%

V.

S

1.300 - 10*

9.775-108

/

6.550- 108

3.325- 108

/
__/

100
0.6 1.2 1.8 2.4 3.0t 0 0.75

(a) (b)

Fig. 12. Necessary changes in RA investments: (a) Model 1, (b) Model 2.
V, is the RA investments, units of money; tis time, arb. units

1.50 2.25 3.00 t

b

1.050 - 10*

-

7.713-108

4.925-10°3

2.138- 108

-650

0

0.4 0.8 1.2 1.6 20t 0 0.75

(a) (b)
Fig. 13. Necessary changes in the RLA investments: (a) Model 1, (b) Model 2.
V,, is the RLA investments, units of money; tis time, arb. units

1.50 2.25 3.00 t
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Table 4. Treedepthupton=4

Model 1 Model 2
Tree depth | Investments in . Investments in .
T ot RLA share | RA share Deposit N RLA share RA share| Deposit
0 10000 1 0 0 1-104 0 1 0
1 10080 1.159 -0.159 -2.078 1.057 - 10* 0.913 0.078 -100.38
2 10510 1.119 -0.119 -1.653 1.1-10% 0.977 0.013 —111.746
3 10930 0.970 0.030 —4.141 1.124 - 10* —-0.027 1.026 -1.617
4 11370 0.977 0.023 -3.411 1.146 - 10* 3.502- 1073 0.996 -3.804
Vp Fp Vp Fp
1.15.104 1.20- 104
v v
p
1.10- 104 1.16- 10 £
1.07-10% 1.12.10 ]
// Fp
1.03-104 1.08-10%
4_/ T
9.90- 108 1.04- 104
/
9.50- 103 1.00- 104
0 0.8 1.6 2.4 3.2 40t 0 0.8 1.6 2.4 3.2 40t

(a) (b)
Fig. 14. Tracking for the payment function: (a) Model 1, (b) Model 2.
Vp is the investments or portfolio capital, units of money; F'D is the payment function, units of money; tis time, arb. units

VS VS
500 1.300- 104
— \
-20
9.775-108

6.550 - 103

~1.06 - 10° \/ \ /
158.10° 3.325-108
-2.10- 103 100
0 0.8 1.6 2.4 3.2 4.0t 0 1 2 3 4t
(a) (b)
Fig. 15. Necessary changes in the RA investments: (a) Model 1, (b) Model 2.
V, is the RA investments, units of money; tis time, arb. units

Vb Vb
1.210- 104 1.050 - 104

1.168 - 104 \

7.713-108

1.126 - 10% / \
4.925.103

1.084 - 104 \/ / \
2.138-103

1.042- 104

1.000- 10* -650
0 0.8 1.6 2.4 3.2 40t 0 1 2 3 4t

(a) (b)
Fig. 16. Necessary changes in the RLA investments: (a) Model 1, (b) Model 2.
V, is the RLA investments, units of money; tis time, arb. units
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Table 5. Tree depthupton=5

Model 1 Model 2

Tree depth I?}Y:i;[ﬁglsi ;n RLA share | RA share Deposit htl;l,:sptg:g 1s1 gn RLA share | RA share Deposit
0 10000 1 0 10000 0 1 0
1 9815 1.095 —0.095 —0.379 10480 0.934 0.056 —101.88
2 10220 1.034 —0.034 —0.140 10910 0.979 0.011 —111.062
3 10630 0.971 0.028 —3.587 11130 —0.025 1.025 —2.593
4 11060 0.976 0.023 —3.602 11350 0.003 0.996 —4.519
5 11500 0.980 0.019 —2.986 11580 —0.01 1.01 —1.555

Figure 17 shows the tracking for the payment
function (desired portfolio value).

Figure 18 shows the necessary changes in
RA investments to achieve the portfolio value not less
than the desired one.

Figure 19 shows the necessary changes in the
RLA investments to achieve the portfolio value not less
than the desired one.

Negative deposit shares observed in Tables 1-5 can
be interpreted as “short sales.” Negative deposit fractions
present in Tables 1-5 mean borrowing of funds. Such
results within the framework of this dynamic model are

Vp Fp
1.20-10%

1.15-10%

1.10- 104

1.05-10%

1.00- 10%

9.50- 103

(a)

explained by the fact that no restrictions were imposed
on the investments and deposits.

It can be seen that portfolio reforming according to
the dynamic model allows us to provide a given level of
the payment function.

It is of interest to compare the error of the dynamic
model based on the tree structure of RA price changes
with the general model of RA price changes [13]. Tables 6
and 7 summarize the errors of investment estimation.
Here oV is the error of portfolio value; oV is the error of
RA investment; 6V}, is the error of RLA investment; ox is
the error of RA quantity; oy is the error of RLA quantity.

Vpr
1.20-10%

1.16-10%

/

1.12-104

1.08-10%

1.04-10%

1.00- 104
0 1 2 3 4 5 t

()

Fig. 17. Tracking for the payment function: (a) Model 1, (b) Model 2.
Vp is the investments or portfolio capital, units of money; Fp is the payment function, units of money; tis time, arb. units

V,

S

500

-20

-540 \\
-1.06 - 10°

-1.58- 103

-2.10- 108
0 1 2 3 4 5t

(a)

%

S

1.300- 10*

\/
9.775-108 /\

6.550 - 103 \ /

N/

0 1.25 2.50 3.75

100
5.00 t

Fig. 18. Necessary changes in RA investments:
(a) Model 1, (b) Model 2. V is the RA investments, units of money; tis time, arb. units
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Vb Vb
1.210-10% 1.050 - 104
1.168 - 104 / \
7.713-103
1.126- 104 /
\ 4.925-103
1.084 - 10% / \
1.042. 104 / \ 2.138-10°
\//\
1.000 - 104 -650
0 1 2 3 4 5 t 0 1.25 2.50 3.75 5.00 t

(b)

Fig. 19. Necessary changes in the RLA investments. (a) Model 1, (b) Model 2.
V, is the RLA investments, units of money; tis time, arb. units

Table 6. Estimation of the Model 1 error

Tree depth / Tree structure of RA prices Natural change in RA prices Gain in model accuracy
mvestment o oV, oV, oVl oVl o1 Z_’;l ofl | okl
oV ol
1 6.44 61.5 61.7 15.4 84.9 83.3 2.4 1.4 1.3
2 12.3 26.3 219 21.25 37.0 34.0 1.7 1.4 1.6
3 18.64 417 410 39.0 581 575 2.1 1.4 1.4
4 25.1 340 354 61.49 625 654 2.4 1.8 1.8
5 26.9 234 238 73.7 552 556 2.7 2.4 23

Table 7. Estimation of the Model 2 error

Tree depth / Tree structure of RA prices Natural change in RA prices Gain in model accuracy
investment o2 oV,2 o2
s i (14 8 ol cl2 oV 2 cl2 s ol o7,
1 194.4 5003 302 339.7 875 531 1.7 1.7 1.7
2 210.3 52.8 157 366.2 98.2 269 1.7 1.9 1.7
3 370.3 981 637 743.6 1726 1083 2.0 1.8 1.7
4 367.8 560 493 781.0 1900 1959 2.1 3.4 4.0
5 370.0 559 280 843.2 1685 1288 23 3.0 4.6
As follows from Table 6, the error of the dynamic CONCLUSIONS

model based on the tree structure of RA price changes
is smaller than for the conventional model, and the
gain in accuracy of the model increases with increasing
investment horizon. Thus, for the portfolio value
the gain in model accuracy varies from 2.4 (n = 1)
to 2.7 (n = 5); for the RA investments, the gain in
accuracy varies from 1.4 (n = 1) to 2.4 (n = 5); for
the RLA investments, the gain in accuracy varies
from 1.3 (n=1)to 2.3 (n=5).

Accuracy gains are also observed for Model 2.
For example, the gain in accuracy of portfolio value
estimation ranges from 1.7 (n=1)to 2.3 (n =5).

The study analyzes a securities portfolio comprising
assets having different risk levels, as well as risk-free
assets and deposits. A binomial model was used to
model the RA price structure. The main objective of the
study was to develop a management model for tracking
the benchmark portfolio. For this purpose, a quality
criterion in the form of a quadratic function served as
the basis for the construction of the management model.
The developed model belongs to the class of dynamic
programming models for determining the optimal
management strategy using feedback.
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The study considers two approaches to portfolio
formation. The first approach involves initial investment
of capital in RLA and subsequent management carried out
through RA. The second approach, conversely, includes
initial capital investment in RA, with management
is carried out through RLA. In order to optimize
management for achieving the desired objective, the
study applies a linear control law to determine the
optimal values of the control parameters based on the
current state of the system and the target value of the
benchmark portfolio.

By using the described dynamic management model
based on the tree structure of RA prices the accuracy of
evaluating investments inthe portfolio can be significantly
increased. For the first approach (Model 1), there is an

increase in evaluation accuracy from 2.4 to 2.7 times,
while the second approach (Model 2) increases
evaluation accuracy from 1.7 to 2.7 times.

Thus, the developed model can become a useful tool
for financial analysts and investors by allowing them
to make better informed decisions when forming and
managing a securities portfolio. The model can be used
to carry out a more accurate determination of the optimal
amount of investments, leading to higher investment
efficiency and better results for investors.
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