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Abstract

Objectives. The work set out to create a mathematical model to investigate the process of hot isostatic pressing (HIP)
process of long tubes from powder materials in metal capsules. By analyzing the stress-strain state in the areas far
from the top and bottom borders in the cylindrical system of coordinates, the axial strain rate at every moment of the
process can be considered to be constant through the entire volume.

Methods. Mathematical modeling methods were used to describe mechanical properties in the process of HIP
deformation by Green’s model of porous compressible media. The HIP capsule material, which is considered to be
non-compressible, is described by the ideal plasticity model. The temperature field is assumed to be uniform over
the volume and constant during the time of deformation.

Results. The hypothesis of the uniform density over the cross section at each moment of the process was considered
during analysis to the extent that the wall thickness of the tube is substantially less than its diameter. This hypothesis
allowed us to reduce the task of determining the strain rates at every step of the process to a solution comprising two
equations having two variables. When the strain rates are determined, the deformation field is built to obtain the final
dimensions of the tube when the powder material is fully consolidated at the end of the HIP process.

Conclusions. The proposed model for describing the process hot isostatic pressing of long tubes from powder
materials takes all the features of this process into account depending on the system parameters. The possibility
of using tubular samples to determine the functions included in the Green’s condition is demonstrated.
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Pe3lome

Llenu. Lenb paboTbl — co3gaHne Moaesnu, KoTopasi Mo3BOJISIET C MOMOLLLbIO MaTeMaTUYeCKOro MOAEeIMPOBaHNS UC-
cnenoBaTth NPOLLECC ropsiyero nsoctatuyeckoro npeccosanus (M) AnvHHBIX TPYO M3 MOPOLLKOBbLIX MaTepmasos.
HanpsixeHHo-gedopMmpyeMoe COCTOsIHME UCCeayeTcs BOaNM OT BEPXHEN U HUXHEN rpaHuL, Kancysbl B LINH-
LpUYecKol cucTeMe koopauHaT, Mo3TOMY OCeBasi CKOPOCTb AedopmaLnmm B KaxKablii MOMEHT npoLecca npeanona-
raeTcsl MOCTOSIHHOW MO 0ObEMY.

MeTopabl. Vicnonb3yloTcs MeToapl MaTeMaTMYeCcKoro MoAenpoBaHms. NMopoLLKOBLIA MaTepuan MoAenMpyeTcs Kak
nnacTMyeckn cxmnmaemas crnaollHas cpeaa. s onMcaHus ero MexaHm4eckux CBOMCTB B npouecce aedpopmMaumm
ncnonb3yeTcs Moaenb puHa. 1na aHanmaa MexaHM4eckoro noBeaeHus maTepurana kancyJsibl NpUMeHseTcs Moaesb
naeanbHOW NAacTUYHOCTU MPWU YCIOBUMM HECXKMMaeMOoCTu. TemnepaTypHoe noJie npeanosiaraetcsl NoCTOSIHHbIM
no o6beMy 1 Mo BPeEMEHU B TEHEHKe BCero npoLiecca.

PeaynbTaTthl. [10CKOJIbKY, Kak MpaBuio, TOJNLWLMHA CTEHOK TPYO CYLLLECTBEHHO MEHbLUe UX paauyca, TO B Npouec-
ce nuccnenoBaHus NpUHMManach rmnoTe3a O NocTOsSIHCTBE OTHOCUTESIbHOW MJIOTHOCTM MOPOLUKOBOrO MaTtepuana
no o6beMy B Kaxabli MOMEHT npouecca. MNMpuHaTasa runotesa Nno3Bosivia CBECTU 3aaady onpeaesieHns CKopocTen
nedopmMaumii Ha KaxkaoM Liare npoLecca K peLleHnto HeKOTOPO CUCTEMbI ABYX YPaBHEHWI C ABYMS HEM3BECTHbI-
Mn. Mo M3BECTHBLIM CKOPOCTSM AedopMaLmn onpeaenstoTcsl CKOPOCTU NepeMeLLEHUIA, YTO NO3BONSET MOYYNTb
KOHEeYHble pa3mepbl TPyObl (NPY OTHOCUTENbHON MIOTHOCTY MNOPOLLIKOBOro MaTtepunasna paBHoli eauHuLue). AHannaum-
pyloTCs yCaZlkm BCeX pa3mepoB TPyObl (BEPTMKANIbHOIO, BHYTPEHHEro paauyca, Hapy>XHOro paguyca), kak GyHKUumn
OTHOCUTESIbHOM MJIOTHOCTM.

BbiBoAbl. [peanoxeHHas moaenb onvcanus npouecca MMM afnHHBIX TPY6 M3 NOPOLLKOBbLIX MaTepuanosB NO3BOS-
€T yunTbiBaTh BCE 0COBEHHOCTWN AAHHOrO NpoLecca B 3aBUCUMOCTHM OT NapaMeTpoB cucTeMbI. [loka3aHa BO3MOX-
HOCTb MCMOJIb30BaHWS TPyOUaTbix 06pa3L,0B ANa onpeneneHns GyHKuuWiA, BXxoasawmx B ycnosme NpuHa.

KniouyeBble cnoea: marematuyeckoe MOAENMPOBaHMe, NMiacTUYeckKn CxXnmMaemas cpepa, ropsiiee msocrtatmye-
cKoe npeccoBaHue, NopPOoLLKOBbI MaTepuan, ycnosue MpuHa, naeanbHasi N1acTUYHOCTb

¢ Moctynuna: 25.06.2024 » flopa6oTaHa: 29.08.2024 ¢ MpuHarta kK onyonukosaHuio: 06.02.2025

Ansa umtupoBaHusa: MNonoselwknH B.A., HukonaeHko A.A., Camapos B.H., PeiiccoH X., ®ucyHosa .M. MaTtemaTtunue-
CckOe MoAeNnMpoBaHMe NpoLiecca ropsyero n3o0CcTaTnyeckoro npeccoBaHms Tpyo 13 NOPOLLIKOBLIX MaTtepuanoB. Russian
Technological Journal. 2025;13(2):74-92. https://doi.org/10.32362/2500-316X-2025-13-2-74-92, https://elibrary.
ru/KPQMIJ

Mpo3payHocTb GMHAHCOBOW AEATENIbHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOW 3aMHTEPECOBAHHOCTN B NPEACTABNEH-
HbIX MaTepuanax uam meTogax.

ABTOpbI 325BNSIOT 06 OTCYTCTBUM KOHGMINKTA UHTEPECOB.
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INTRODUCTION

Hot isostatic pressing (HIP) is a process of high-
temperature compaction (~1000°C) of powder materials
under the action of external pressure (~1000 atm).
Products manufactured using the HIP powder metallurgy
process have high performance characteristics. However,
itis precisely because of their high strength properties that
their subsequent processing presents certain difficulties,
requiring maximum precision at the manufacturing stage.
As part of the HIP process, the powder material is placed
in a metal container (capsule). This capsule is deformed
together with the powder material until the latter is
completely compacted, then removed chemically or
mechanically. The function of the capsule is to induce the
powder monolith to take the desired shape following the
completion of the process. The mathematical modeling
of the process sets out to design the capsule in such a way
that the powder monolith takes the desired geometric
shape after the end of the process.

Two main problems of mathematical modeling of
the HIP process can be distinguished. Firstly, the HIP
process is characterized by large deformations (initial
powder density is about 65% of the monolith density). In
mathematical terms, this means that the defining relations
will be nonlinear with the boundary conditions set on
a time-variable boundary. The second more fundamental
problem consists in the difficulty of constructing the
constitutive relations (under constitutive relations,
we understand the relations defining the relationship
between the stress tensor in the medium and the
parameters characterizing the state of the medium). This
problem is characteristic of all problems of mechanics of
deformable solids that investigate their behavior beyond
the elasticity limit. Since any defining relations will be
approximate, any calculation will be approximate even
if mathematical problems are excluded. Therefore,
the actual powder manufacturing process must be an
iterative process, a schema of which is outlined in [1].
The essence is as follows: a mathematical model is built,
a capsule is designed on the basis of this model, and
the product is manufactured. The product parameters
are then compared with the required to provide a basis
for refining the mathematical model. This method is
some analog of the complex loading computer method
proposed by Ilyushin in [2, 3]. A model satisfying the
following requirements is considered to be an acceptable
mathematical model of the HIP process:

1) it provides a close first approximation;

2) it correctly considers the influence of parameters;

3)it enables changes to be made to the model
parameters based on the experimental results and,
if necessary, additional parameters to be introduced.

Typically, 2-3 experimental iterations are required
to put a product into production. At the present stage,

the task of mathematical modeling is to consistently
obtain the desired geometry at the second experimental
iteration. For this purpose, experience shows that it
is necessary to have an error of about 10% at the first
iteration.

There are various approaches to describing the
behavior of powder medium, some of which, for
example [4], consider the medium as discrete. Within
such approaches, when considering the interaction of
individual particles, it is necessary to take into account
the effects arising on the surface of their interaction [5, 6].
The use of such an approach requires the application of
statistical methods [7]. More often, powder material
is considered as a single continuum; thus, since we
are interested in the kinematic aspects of behavior in
the process of HIP as shown in [8-10], the kinematic
aspects of the behavior of powder materials do not differ
significantly from the behavior of continuous media.

The defining relations for powder materials have
one essential difference from those used in classical
theories of plasticity [11-14] due to the fact that
these works proceed, as a rule, from small volume
deformations or their equality to zero. For powder
materials, the volume strain (or equivalent parameters:
relative density, porosity) is an important parameter
characterizing the state of the medium. It should be
noted that it is the shear part of the strain tensor that is
of real interest in describing the HIP process. Since the
purpose of ISU is to obtain a monolithic product and
the initial density can be determined with a high degree
of accuracy, the volume component of the strain tensor
can be considered as known. The time of the compaction
process can be determined quite accurately (at known
temperature and pressure) by compaction diagrams
(Ashby diagram) [15-18]. Various models describing
the behavior of plastically compressible media are
presented in the works of Druyanov [19], Green [20],
Shtern [21], Skorokhod [22].

The presence of the capsule causes its walls to
“shield” the external pressure differently in different
directions. This is particularly evident in the fabrication
of pipes made of powder materials. In this process,
there are actually three external boundaries: an outer
and inner radial boundary, and another boundary at
the ends. As shown in [23], under certain conditions
this can lead to a looping motion of the inner wall.
The peculiarities of the behavior of powder tubes at
the initial stage of the process are investigated in [24].
The purpose of this work is to develop a model that
for qualitatively assessing the change of the main
parameters to determine the pipe geometry at the
entire stage of the HIP process, as well as to establish
the possibility of using pipe pressing experiments to
determine the parameters characterizing the mechanical
behavior of powder material.
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1. MATHEMATICAL TASK STATEMENT

Let there be the following system in the cylindrical coordinate system (7, z): at R, <r <R, and 0 <z < H, there
is a capsule with perfectly plastic material with yield strength 7; at R, <r <R, and 0 <z < H, there is a capsule
with perfectly plastic material with yield strength 7,; at R, <r <R,, and 0 <z < H, there is a powder material, whose
behavior is described by the Green’s model, with a monolithic yield strength Y. Here R, R,, R;, R,, and H are the
current geometrical dimensions of the pipe.

The elliptic Green’s yield condition is used to describe the mechanical properties of powder material [20, 22]:

2 2

e (1.1)
i A
where 6 = o,/3 is the first invariant of the stress tensor (cl.j are the components of the stress tensor); s is the intensity
of the deviator of the stress tensor, s% = (3/2)sl.jsl.l., $;=0;~ od,; indices i, j take integer values 1, 2, 3, with the r axis
corresponding to index 1, ¢ axis—to index 2, z axis—to index 3; 81.]. is the Kronecker symbol (61.1. =0ati#J, 8,.]. =1at
i =J); f, and f, are the relative density p functions known from experiment.

According to the flow law

od
g; =0—, (1.2)
Y 661].

where ¢, are the components of the strain rate tensor; (D(cl.j) = 0 is the yield surface equation (1.1); ® is the
proportionality factor determined at each point of space during the solution process.

The process is investigated away from the pipe ends. This allows us to assume that the strain rate ¢_ is
constant throughout the entire volume of the system. Then, by virtue of the assumption made and axial symmetry,

T 0,0,.=0,, = 0,0 = 0. Using (1.1), (1.2), taking into account the last remarks, we obtain:

? o

e, =0/9](2/ fZ+18/ f2)o, +(2/ 2 =91 )0, +(2/ /7 =9/ 12)o. |,
e =0/9(2/ /7 =9/ )0, +(2/ 17 +18/ f7 )0, +(2/ 7 -9/ f?)s. ], (1.3)
e.=0/9(2/ /7 -9/ f2)o, +(2/ 17 =9/ )0, +(2/ 2 +18/ ). |.

Considering (1.3) as a system of equations with respect to stresses, we obtain

o, =1/(180)[ (97 + 412 )e, +(9/7 =212 )2 + (947 — 212 )e. |,
o =1/ (180)[(9/7 =2/2)e, + (97 + 412 e, +(9/7 —2/2)2. ).

(¢

(1.4)
o =1/(180) (9/7 =212 )e, +(9/7 212 )eo + (947 + 412 )e. |
Substituting (1.4) into (1.1), we obtain:
1 6Y
—= > . (1.5)
)
\/(9/‘22 —2f12)(8r +& +sz) +6f12(8% +8(2p +a§)
The power of internal forces in a unit volume w is determined by the relation
W=0, 8 (1.6)
According to (1.4)—(1.6)
Y 2_ g2 2 622 o2 2
WZ? (9f2 =21 )(8r+8(p+82) +6f; (8r+8(p+gz)’ (1.7)
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The capsule material is assumed to be incompressible. Its behavior is described by the law of perfect plasticity.
s2=T2 (1.8)

where T is the yield strength.
According to the flow law (1.2) and the yield surface Eq. (1.8),

g, =(D|:2(Sr —G, —GZ:I, € =0)|:2G(P -0, —62], €, =oo[202 —0, —Gr:l. (1.9)
We suppose
c,+t0

o TO,=73p. (1.10)

Since due to the incompressibility condition

8r+8(p+82=0, (1.11)
then from (1.9)—(1.11) we have:
G,=-p+e, /3o, G(pz—p+8q)/3u), c,=-p+e_ /3o (1.12)
According to (1.8), (1.12),
1 T~6
—=—\/7. (1.13)
®

2 2 2
(Sr +8(p+82)

Power of internal forces per unit volume:

2 22 a2
w_T\g (22 +82 +62). (1.14)

Taking into account the axial symmetry, the radial equation of equilibrium in the quasi-static approximation has
the form:
aGr (Gr B G‘P)

+—:0. 1.15
or r ( )

The equilibrium equation along the z axis is satisfied integrally, i.e., the total stress forces o, in each section
z = const are balanced by the external pressure on the capsule face:

R
2nfczrdr=—nP(R§ ~R?), (1.16)
B

where P is the external pressure.

At the boundaries r = R,, r = Ry we assume the condition of equality of radial velocities U,. At the boundaries
r= Rl, r= R4 we assume
c,=—P. (1.17)

r

By assumption of the constancy of the strain rate &, over the volume, since the problem statement allows the
system to move as a rigid body along the z axis, we can put the following expression for the axial velocity U_:

U.=(V/H)z, (1.18)

where V'is the value of velocity U, at z = H, determined during the solution process.
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The radial velocity at each moment is a function of radius only U, = U (r). For strain rates we have the following
relations:

r e, =—Z=V/H. (1.19)

g =—2> g =
" or ® z

ou U, ou
r

oz

Relations (1.1)—(1.13), (1.15), (1.19) with additional conditions (1.16)—(1.18) mathematically define the problem
of finding the velocity field at each moment of time at known distribution of relative density of powder material.
The law of change of powder material density is determined by the continuity equation:

o, 19(pU,r)

=0, 1.20
ot r or ( )

where ¢ is time.

2. FIELD OF VELOCITIES

As shown in [24], a nonuniform density distribution along the radius occurs when the tube is pressed. However,
as a rule, the wall thickness of the tube is significantly less than its radius. Under these conditions, it can be
approximated that the relative density of the powder material is constant along the radius at each moment of the
process. Consequently, for the radial velocity of displacements U, in the powder material we have an approximate
representation:

U,=Ar+BJr, 2.1)

where A, B are coefficients determined in the solution process.
The value of the velocity U, is determined by Eq. (1.18).

r

+—L"+¢_=0. Consequently:
ror

From the incompressibility condition (1.11) in the capsule material we have:
U.=-1/2¢_r+C/r, (2.2)
where C is the coefficient determined in the solution process.
We suppose that
U =U atr=R,; U .=U,atr=R;. (2.3)
Finally, taking into account (2.3) and the condition of continuity of velocities at » = R,, r = R;, the velocities in

the total area are equal to:
at R, <r<R,, 0 <z < H (capsule)

U,=V/H,
U,=—(1/2)e,r+C /r, (2.4)
C,=(1/2)e,R3 +U|R,;

at Ry <r<R,, 0 <z < H (capsule)
U,=V/H,
U,=—(1/2)e,r+Cy/r, (2.5)
C; =(1/2)e,R} +U,Ry;

at Ry <r <R, 0 <z < H (powder)

U, =(V/H)z,
U.=Ar+BR;/r, (2.6)
A=(U,Ry ~UR,)/ (R} ~R3), B, =(U R, U, RS /| Ry )/ (Rs2 ~ R ).
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According to (2.4)—~2.6), (1.19) strain rates in the entire domain:
at R) <r<R,, 0 <z <H (capsule)

e,=V/H, g,.=—(1/2)e,~C /1%, g,=~(1/2)e, +C /r?; (2.7)

z

at Ry <r<R,,0<z<H (capsule)

e, =VIH, e =—(1/2)e,~Cy /1, g,=~(1/2)g, +C3 /12 (2.8)

z

at R, <r <R, 0 <z <H (powder)
e,=V/IH, e, =A-BR}/r? e ,=A+BR}/r (2.9)

The total internal force power W consists of three components: W = W, + W, + W,, where W is the internal force
power in the inner capsule at R| <7 <R,, 0 <z < H; Wj is the internal force power in the outer capsule at R; <r <R,
0 <z < H; W, is the internal force power in the powder at R, <r<R;,0<z<H.

At R, <r<R,, 0 <z < H the power of internal forces per unit volume, according to (1.14), (2.7), is equal to

w =TN2/ 3\/(3 / 2)g§ + 2C12 /r*, where T | is the yield strength. Then the total power in the internal capsule:

Ry
Wy =2nHTN273 [ (3/2)e2 +2CF 1 rrar.
B

After the corresponding calculations:

R2 2C, +4J3e2R} +4C2

W, = T, | | Be2RE +4C7 — 3R] 47 |20 2 N a.0)
3 R2 2 p4 2
2 20, +3e2R? +4C

At Ry <r <R,, 0 <z < H the power of internal forces per unit volume, according to (1.14), (2.8) is equal to
wy =Ty~2/ 3\/(3 /2)e2 +2C3 /r*, where T, is the yield strength. Total power:

Ry
Wy =2mHTy2/3 [ J(3/2)e2 +2CF / r*rar.
Ry
By calculating, we get:

1 R2 2Cy+43e2R§ +4C3
W3:75HT2\/; |:\/3S§R2+4C32 —\/38§R§‘+4C32}+2C3 Y St A s B N S G B 0

RS 2Cy +\362RE +4C3

At R, <r<R,, 0 <z<H ((in powder), the power of internal forces in a unit volume, according to (1.7), (2.9), is
2p4n2

Y 2 12f°RyB
equal tow, = ?\/[(9f22 —2f )(2A +e,) +6/2 (822 +242 )} + %. Total power:

Ry
Wy =(2/3)mHY | \/[(9f22 ~2/2)(24+¢e,) +6£2 (22 +2A2)} +12/2RB2 /4 rdr.
R,
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Integrating, we come to the expression:

W, = RHYR? /3{\/[(%2 ~2/2)(24+e, ) +6£2(s2 +2A2)}+12f12312 -

- \/[(9f22 ~2f2)(24+e, ) + 642 (s2 +2A2)}R§' /R$ +12/2B2 + (2.12)

R2 J12£,B, +\/[(9f22 _2f12)(2A+gZ)2 +612 (gg +2A2)}R§ / R +12 2B}

3
2
2

+ 2438, In

V12,8, +\/[(9f22 —2f12)(2A+SZ )2 +61 (sg +242 )]+12f12312

Let P be the external pressure. Let us determine the power of external forces. The total power of external forces
contains three components: N, is the power of external forces at the boundary z = H; N, is the power of external
forces at the boundary » = R|; N; is the power of external forces at the boundary » = R,. After the corresponding
calculations, we obtain:

Ny =-nPV (R} - RZ),
N, =2mPRH(~1/2e_R, +1/2&_R3 | Ry +U R, I R, ),
Ny =-2mPRyH =1/ 28 Ry +1/26_R3 | Ry +U,Ry /| Ry).

Total power N= N, + N, + N,.
Considering that ¢ = V/H:

N =-PH (R} —Rg)n[V/H +2(UyRy —UyRy )/ (R2 — R} )} (2.13)
From the condition N = W, + W, + W, we obtain:

W+ W, + W

v R R, |
2 _p2 v 3 _ 2
H (R3 Rz)nl:H +2[U2 pEs U, pEs H

P=-

(2.14)

Since the velocities are determined with accuracy up to a constant multiplier and there is no characteristic time
in the problem formulation, we can put:

4 Ry R,
—+2|U, 7 Ui—5— =-1. (2.15)
H Ry —R; Ry —R5
Let us represent the external pressure P in the form:
P=TM,+YM,+ T,M,. (2.16)

Let us denote:
B,=1,/Y,B,=1,17,
o =R, /R, 0, =Ry /Ry, a3 =R, / R, (2.17)
W =U /Ry, uy=U, /R

Relations (2.15), (2.16) will take the form:

PIY=B,M, +M, +B,M,, 2.18
171 2 2773
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8Z+2(a%u2—u1)/(oc%—l)=—1. (2.19)

Then, according to (2.10)—(2.14), (2.16)—(2.19):

~ 1 \/ 5 2 [3e? 2
MI—MI(HI,SZ)—W 382+(2H1+82) — a4 +(2M1+82)

) —— 5 (2.20)
2u, + +\/3 + 2u, +
n (2M1+SZ)111 ( Y 8z)al € OLl( Hy 82) ’
(2u1 +SZ)+\/38§ +(2p1 +SZ)2
. o e
3= 3(u2,82)— 2 3g2 oc3 2u2+8 - 382+(2u2+sz) +
221
(2u2 ‘e, \/382 (2, +¢, ) (221
+ (2p2+az)ln oc% = 1(
2u2+8 \/38 2u2+8 )
2
M, =M, (4, Bl)z(z—z{\/[%z +4ﬂ2(1+3A)2}+12]q2312 -
3((12—1)
1 2
- \/a—§[9f22 waf2(134) [+12/2B7 + (2.22)
V12038, + \/[9f22 4 f2(1434) | +1204 7287
+ 23,8, In :
V1215, +\/[9f22 +4£2(1 +3A)2}+12f12312
where
A=(p0d )/ (a3 -1), By = (1 —1y )/ (ad -1). (2.23)

3. SYSTEM OF EQUATIONS FOR DETERMINING VARIABLES UNKNOWN

At each step of the HIP process it is necessary to determine the unknown values p,, p,, €, and P. At known
values of u, and p,, the values €_and P are determined by Egs. (2.18) and (2.19). The values u,, u, are determined
from the condition of minimum P in the area bounded by the lines p; > py; u, <0, €, < 0 on the plane of
parameters u,, |, (see Figure).

Hap
T iy —1p03 =1/2(ad 1)
-1/2
/ M
-1/3
y —1/2

Figure. Area of finding the minimum
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According to (2.18) the system of equations for determining p,, W, is obtained from the conditions:

%(B1M1+M2+B2M3)=0, ey
%(BlMl + My +ByM5) =0. .
So we have:
o231, Gt nad ()
;::_1/< 2-1), jﬁw%/(aﬁ—l);
%:1/(&%—1), 2%?1/(&%—1).

Consequently, Egs. (3.1), (3.2) will take the form:

oM, oM, 2B, oM, 1 oM, 1 oMy 2B,
TR (a3-1) o4 (a§—1)+ o8B, (a%_l)J” e, (o3-1) 0, (3.3)

oM, 28,03 oM, o M, 1 oM,y oMy 2B,03
- + - + - =0. 34
%, (a3 1) 04 (o3 -1) OB (a3 1) 20w, o5, (a3 1) G4
For the above derivatives the corresponding relations are as follows:
o1 2 [(wre)ad e o (2 e )’ .
O (O‘%_l)\/g (2u1+az)+\/38§+(2u1+82)2
M, _
Og, -
3.6
1 \F | (2u1+az)oc12+\/38§+ocf‘(2ul+sz)2 1 382(0#—1) (36
= —<In )
(oc%—l) 3 (2u1+sz)+\/38§+(2ul+az)2 al \/38 +(2u, +¢,) +\/38§/ai‘+(2ul+sz)2
2
8]\/[_3: (;% iln ocz (2;12 +e, \/382 + 2u2 +82) ’ 37)
Oz (0‘2_1)\/g (2n, +€.) \/38 +(2p, +e, )2
6M3 —
Ot -
(3.8)
a3 1 il o2 (2u2+sz)+\/3a§+(2p2+82)2 N 382(0@—1)
= — Z ,
(0‘%_1) 3 (2u2 +SZ)+\/38§(X§+(2}/[2 +:3Z)2 \/38§(x§+(2u2 +ez)2 +\/3sg +(2u2 +ez)2
oM,
04
4f2(1+34)(ad +1) 1 (3.9)
= a% ,

\/[9f22 af2(1434) |+12£257 +\/[9f22 +4f12(1+3A)2}0%4+12f12812

2
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2 4p2 2] 1 252
. ) \/ﬁlelJrJsz +4£2(1+34) J—4+12f1 B
ZZLifl In| a3 )

5_31 (a%—l)\/g

(3.10)
Ji2fB, +\/[9f22 rap2 (1+3A)2]+12f12312

Equation (3.3) implicitly determines p, at a given value of p,. Under certain conditions, the equation has no
solutions for the parameters under study, and then the value of , is at the boundary of the area. That is, it can be
argued, taking into account the above remark, that Eq. (3.3) implicitly defines p, as a function of w,, i.e., =, = p,; ().
Then, using Eq. (3.4), given that p;, = p,(u,), we can determine p,. Again, the equation has no solutions, and the
point of minimum is on the boundary of the domain. Knowing the parameters p, and p, allows us to determine all
other parameters of the process. In order to determine the nature of change of the pipe parameters, it remains to find
out what was meant by the concept of time when the condition (2.20) was accepted. From the law of conservation of
mass of powder material it follows:

it (R —R3 ) = pomy (RS, ~ 3y ).

where p,, is the initial relative density; R,, and R, are the initial pipe dimensions.
Differentiating this relation, after some simplifications we obtain:

dpH (R} = R} )+ pV (R2 = R3 )dt + 2pH (RyU, — RyU, ) dt = 0. (3.11)
Let us convert it to the form

dp/p+|e.+2(adun, 1)/ (a3 ~1)]d =0, (3.12)

Then, considering (2.19), we have:
dt =dplp. (3.13)

Consequently, the relative density of the powder material p can be taken as a process parameter instead of time z.
Then the laws of change of values of H, R, and R, are determined by the relations:

dH =¢_Hdt = dH =¢_Hdp/p—=dH /dp=¢_H /p, (3.14)
dR, =U,dt = dR, =\ R,dp/p=dR, /dp=W R, /p, (3.15)
dR; =U,dt = dR; =, Rydp / p= dRy / dp =, Ry / p. (3.16)

When H, R,, Ry are known, the values of R, R, are determined from the condition of incompressibility of the
capsule material.

n(R3 ~ R H = (B3, — Rfy ) H, (3.17)

n(R} - R} )H =n(R3) — R} ) Hy, (3.18)

where R, and R, are the initial dimensions of the pipe.

Table 1 shows the results of calculation of the process of HIP of the pipe with initial parameters—initial dimensions
in millimeters: R, = 18, R,, = 20, R;, = 30, R, = 32, H, = 100, initial relative density p, = 0.6.

The following function values were taken in the calculation:

£)=(P=ro)/ (1=py). £2(p)=y(p—pp)/(1-p).
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Table 1. Results of parameter calculation as a function of relative density

p 0.659 0.719 0.778 0.838 0.897 0.937 0.977
PIY 0.447 0.682 0.932 1.249 1.742 2.357 4.083
HIH, 0.977 0.954 0.933 0.915 0.898 0.889 0.882
R//R,, 0.976 0.949 0.923 0.901 0.881 0.870 0.863
Ry/Ry, 0.983 0.963 0.946 0.930 0.916 0.909 0.905
R4/Ry, 0.973 0.948 0.925 0.905 0.887 0.876 0.867
R/R,, 0.978 0.957 0.939 0.923 0.909 0.900 0.893

Here is another example of calculation of initial and final dimension ratios under other conditions.
B, =B, = 2/9, R, = 15, Ry, = 20, Ry, = 30, R,, = 45, H, = 100, p, = 0.6, p = 0.978, P/Y = 4.309, H/H, = 1,
R\/R =1, Ry/Ry =1, Ry/Ry;, = 0.886, Ry/R,, = 0.918.

In the latter case, the shrinkage for the powder was directed towards the radius reduction. Vertical shrinkage
was not observed. The inner capsule remained nondeformable. The minimum was reached at the boundary of the
area.

4. POSSIBILITY OF EXPERIMENTAL DETERMINATION OF FUNCTIONS

Traditionally, the functions f,(p), f,(p) are determined on the basis of two experiments [25, 26]. The first
experiment involves the process of HIP of a cylindrical sample in a thin-walled capsule up to a certain relative
density p, while the second investigates the free deposition of the obtained sample after removing the capsule. It
should be assumed that the first experiment (considered to be the main one for determining the function f,(p)) does
not provide uniform all-round compression due to the influence of the capsule. The second precipitation experiment
(considered basic for determining the function f,(p)) is not easy to perform, especially for small values of relative
density p. The second drawback of the free settlement experiment for a cylindrical specimen is as follows. In the real
HIP process, all deformations are overwhelmingly compressive in nature, while in the settlement experiment, two out
of three main deformations are tensile in nature. As shown in [27], the real vector of principal strain rates in the HIP
process makes a significantly smaller angle with the vector of uniform compression as compared to that obtained in
free settlement. While the ideal experiment in this respect involves one-dimensional pressing of a powder layer, it is
difficult to realize due to technical issues. In [27-29] it is shown that both functions can in principle be determined
in one experiment if the ratio of strain rates is known at each moment of the experiment. In [28], the possibility of
determining the desired functions based on experiments with the same cylindrical specimens interrupted at different
values of relative density is demonstrated. The main disadvantage of these experiments is that their results lie rather
close to the hydrostatic axis (uniform all-round compression). However, the use of tubular specimens allows us to
eliminate this disadvantage to a certain extent. The purpose of this section is to determine the feasibility in principle
of determining the functions f(p), /5(p).

Adding (3.3) to (3.4), we obtain:

B,0M, / ou, —2B,0M, / Os, +0OM, /| OA+PB,0M5 / O, —2B,0M / O, = 0. 4.1
Using (3.9), we rewrite Eq. (4.1) in the form:

412 (1+34)(a3 +1) )

a%{\/[9f22 +4f12(1+3A)2J+12f]2812 +\/[9f22 +4J’12(1+3A)2}14+12ﬁ2312} (4.2)

)
= —B,0M, / O, +2B,0M, | B —B,0M | By, +B,0M / B

Let us denote:

Yi=¢, /n,, ¥y=p/pn,. 4.3)
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Then

(34+1)/ B, =A, :(ag —\112)/(\112 —1)—‘1’1(&% —1)/(\1!2 -1), (4.4)

1/ B =Ay ==¥(ad -1)/(¥, -1)-2(a} =¥, )/ (¥, -1). (4.5)

According to (3.5)—(3.10) and (4.3)—(4.5), we obtain

oM, 1 2 —(2‘1’2+‘P1)a12+\/3‘P12+0Li‘(2‘112+‘~1’1)2

—=————"1n
o (a3-1)V3 (2%, +‘P1)+\/3‘P12 + (29, + W, )

oMy _ a3 2 2 —(2+‘P1)+\/3‘P12+(2+‘P1)2
- 3

ou, (OL% —1) \/§

b

—(2+‘P1)+\/3‘P12a‘3‘ +(2+\I’1)2

oM,
882_
1 2
-(2¥, +¥,)+ Y2 +(2¥,+ V¥

D S L P (22 v 1)+\/ lo‘f+( 2+ ~ 3% (o -1)

=3 1 :
(«3-1) (20, )39 (29, ) afl\/3‘l’12+(2‘1’2+‘[’1)2+\/3‘1’1214+(2‘P2+‘P1)2}

(04
2

oMy o3 \ﬁ In| o2 —(2+¥)+ \/3\112 z+\y) 3\111(a§—1) ‘
o, (a3-1)V3 —(2+¥))+ \/3‘P2a3 2+¥,) {\/3\1/2 +(2+W) +\/3‘P12+(2+‘P1)2}

Let x% = [(3 /4)A3fF +(1/ S)Alzflz]. Then, according to (4.2):

f12

X2+ f2 4+ x2y2 4 f2 :Ql(\Plﬂ\Pz),
where
2
YZO%%<1; Ql(\yl’\yz)zzAf(zaf-l-l)( B oW, +2By aM -B, 5M +2pB, aaj‘: J
Let us denote
z= X/fl-
Consequently, we have:
/’1(\/22 +14z2p2 +1)=

We represent Eq. (2.19) in the form:

M, =PIY - B,M, - B,M,

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)
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According to (4.7) and (2.23), we have:

a

2
N T Ry J[9f2+4f1 (1434) | 127287 +
2
} 1124282

\/Eleﬁ\/[% +4£2(1+34)

+23/,B,In| o} =~ ~BiM; —B,M;.

OL
Ji2£B, +\/[9f2 +afR(1+34)° |+12/287

Taking into account (4.3)—(4.5) and (4.8), we transform this equation to the form:

x4 2 ) Bad-1)a, p
1 - ; [——BlMl —B2M3j.
Y fl +4[x2 +f12 2(12 Y

We note that according to (4.3), (2.21), and (2.22):

24 f2 - x22 + f2 4 fiIn (4.11)

1 1

2 1 2
M1=\/§‘Pl( {\/3%2 +(2‘P2+LPI) —\/3\11120(—?+(2\112+\111) }

‘Pz

2\1! +‘I’ a +\/3‘P2+a 29, + ¥
o, | S22 f2v, v, )

—(2¥, +¥,) \/31}'2 2%, + %)

M3:\g‘1’1( —1)(?2(& 3w, Nypl% (2+\Pl)2_¢3w%+(2+\?1)2}

—(2+¥,)+ \/3\1112 (2+w,)

—(2+‘P1)ln o3
2
—(2+¥))+ \/3‘1’10(3 +(2+¥,)

Consequently, Eq. (4.11) can be represented in the form:

1144/2292 +1
A2 -2 e T o (v, ), (4.12)
1{ \/ y 1+\/: 2( 1 2)
where Q) =v/3(a3 ~1)A, /(203 )(P/Y -B,M, —B,M;).

From Egs. (4.9) and (4.12) it follows

2
NEFTIN Ex |V e rr BN B8 b e et § SR 4.13
A A S e =l LRSI

where Q(¥, ¥,) = Q,/Q,.
Let us consider the function

R R ey
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This function is monotonically increasing at z > 0. Consequently, Eq. (4.13) has a single solution z > 0 provided
that {0) < Q.

Let H,H"; Ry, Ry; Ry, Ry are the previous and subsequent values of the corresponding parameters. Then
€., Iy, I, can be assumed as:

e, ~2(H*-H")/(H*+H"),
w ~2(Ry —Ry )/ (R} + Ry ),

My ~2(RY =Ry )/(RY +Ry).

Consequently, we have W ~e_ /puy; Wy =/ 1,.

If the value of z is found, than f; =H, (\/22 +1 +\/22y2 + 1). Since x%=z2f?, from the equation
(/AL fF +(113)A] f2 =22 £ we have:

Below are the results of approximate determination of the functions based on the calculation under the conditions
used in Table 1.

Table 2. Initial data for calculation of the functions f,(p), f,(p)

Parameter 1 (initial state) 2 3 4
p 0.6198 0.6396 0.6594 0.6792
P/Y 0.2544 0.3594 0.4468 0.5272
H 99.2634 98.4711 97.6770 96.8966
R, 19.9027 19.7805 19.6517 19.5218
Ry 29.7277 29.4550 29.1885 28.9299

The value presented in column 1 of Table 2 was taken as the initial state.

1. The final state is column 2. The relative density increment is 2%. Theoretical values: f, = 0.3324, f, = 0.3154.

Calculated values: f, = 0.3329, f; = 0.3180.

2. The final state is column 3. The relative density increment is 4%. Theoretical values: f, = 0.4184, f; = 0.3860.

Calculated values: f, = 0.42281, f; = 0.3646.

3. The final state is column 4. The relative density increment is 6%. Theoretical values: f, = 0.4977, f, = 0.4455.

Calculated values: f, = 0.5026, f, = 0.4079.

These results show that even at a relative density step of 6%, we obtain quite acceptable agreement between
theoretical and calculated data.

Nevertheless, the above method of determining the functions is not applicable if plane deformation is realized
(see the second calculation example). In this case, as a rule, one of the capsule walls remains nondeformable. That
is, it is in a rigid state. And in this case, the equations for determining the functions are already incorrect, because the
minimum is reached at the boundary of the area, and Eqs. (4.1) and (4.10) are obtained under the assumption that the
entire system is deformed.

CONCLUSIONS

A model of the HIP process for a powder tube  a model of an ideal plastic body with the condition
has been developed. To describe the mechanical of incompressibility. However, the application of this
properties of the powder material, Green’s model  model requires knowledge of the following mechanical
is adopted; for the capsule material, this involves  characteristics of materials: yield strength of capsule
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materials, yield strength of powder material monolith,
two experimentally determined functions of relative
density fi(p) and f,(p). The model can be used to
analyze different possible variants of the process—
complete deformation of the system and the variant
of plane deformation with one fixed boundary. The
application of this model permits the use of a relatively

The possibility in principle of using tubular
specimens for experimental determination of functions
included in Green’s yield condition is confirmed.
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