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Abstract

Objectives. Recently studied phenomenain condensed matter physics have prompted new insights into the dynamic
theory of crystals. The results of numerous experimental data demonstrate the impossibility of their explanation
within the framework of linear models of the dynamics of many-particle systems, resulting in the necessity to account
for nonlinear effects. Analyzing the dynamics of systems in condensed matter physics containing a sufficiently large
number of particles shows that modes of motion can undergo changes depending on the potential of interparticle
interaction. This is also reflected in the presence of domains with essentially chaotic phase space having a number
of degrees of freedom N > 1.5 and a certain set of interparticle interaction parameters. However, it is not only the
dynamic model that appears to be strongly nonlinear. A similar nature of motion can be also observed in a static
nonlinear many-particle system. The paper aims to study the influence of the external field specified by the interatomic
triple-well potential on the equilibrium structure of a chain of interacting atoms.

Methods. Methods of Hamiltonian mechanics are used.

Results. Analytical expressions are obtained and analyzed for determining the phase portrait of the equilibrium
structure of a chain of interacting atoms for various values of the parameter characterizing the local potential
of the field in which each atom of the chain moves. Phase portraits of the equilibrium structure of the system are
constructed in continuous and discrete representations of the equilibrium equations for various values of the
parameter characterizing the local potential of the field in which each atom of the chain moves.

Conclusions. Itis shown that both periodic and random chaotic arrangements of atoms are implemented depending
on the magnitude of the external field.
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Pesiome

Llenu. 9BneHusi, KoTopble B NocrnegHee Bpems naydarTcs Guanko KOHAEHCUPOBAHHOIO COCTOSIHUS, NMPUBENN
K HOBbIM B3rnsigamM Ha npobsieMbl AMHaMUYeCKOol Teopumn KpUcTanioB. Pe3ynbTaTbl MHOMOYMCIEHHbIX 9KCNEePUMEH-
TabHbIX AaHHbIX NOKa3bIBAOT, YTO X HEBO3MOXHO 00bSACHMTb, OCTaBasiCb B paMKax JIMHeNHbIX Mogenen AMHaMuUKm
MHOIO4YaCTUYHbIX cnucTeM. HeoBXxoaMMO yunTbiBaTb CYLLECTBEHHO HeJIMHelrHble apdekTbl. AHaNM3 ANHAMUKN CU-
cTeM B GU3MKe KOHOEHCUPOBAHHOIO COCTOSIHUS, CoOAep XalUMX AOCTaTO4YHO 60JbLUIOE YMCNO0 YacTuLl, NoKa3bIBaeT,
4YTO OHM MOTYT, B 3aBUCUMOCTM OT MOTeHLUMana Mex4acTMiHOro B3aMMoOLeNCTBUS!, UCMbITbIBAaTb CMEHY PEXNUMOB
OBUXEHUSs. DTO NPOSBASIETCS U B TOM, YTO B $a30BOM NPOCTPAHCTBE Tako CUCTEMbI C YACIIOM CTerneHei cBO6OAbI
N > 1.5 npu onpeaeneHHoM Habope NapamMeTPOoB MEXHYaCTUYHOIrO B3aMMOAENCTBUS MMEOTCs 061acTh, B KOTOPbIX
OBUXEHME SBNSETCA NO CyLecTBYy xaoTudeckum. OgHaKko He TOJIbKO AMHaAMMYeckas MoAeslb Oka3blBaeTCs CUSIbHO
HennHerHoli. MoaobHbIN xapakTep ABMXEHNS MOXET NPOSIBISTLCSA U B CTAaTUYECKO HEJIMHENHO MHOrO4YaCTUYHOW
cucteme. Llenb paboTbl — nccnegoBaThb BAVSIHWME BHELLIHErO NOJis, 3a4aBaeMOro MexaToMHbIM TPeXbIMHbLIM NMOTEH-
LManom, Ha paBHOBECHYIO CTPYKTYPY LenoYykn B3aMMOLENCTBYIOLLMX aTOMOB.

MeToabl. /icnonb3oBaHbl METOAbI FAMUIIbTOHOBOM MEXaHUKN.

PesynbTathbl. [ToflydyeHbl 1 NpoaHannM3anpoBaHbl aHaNIUTUYECKNe BbipaXeHusl, onpeaensiowme GasoBbli NopTpeT
PaBHOBECHO CTPYKTYPbI LIeNo4YKM B3aMMOOENCTBYIOLLIMX aTOMOB MPW passiMyHbIX 3HAYeHUsX napamMeTpa noTeHuma-
Jla MeX4acTMYHOro B3aMMOLENCTBUS, B KOTOPOM ABUXETCS Kaxapbli aToM Lenodkn. NMoctpoeHbl da3oBbie nopTpe-
Tbl PABHOBECHOW CTPYKTYPbl CUCTEMbI B KOHTVMHYa/lbHOM U AMCKPETHOM MpeacTaBieHnsIX ypaBHeHW I paBHOBECUS
NpY pas3nnyHbIX 3HAYEHUSX NapamMeTpa, XapakTepPU3yoLLLEr0 MeX4YaCTUYHbI NoTeHLMas, B KOTOPOM ABMXETCS Kax-
Oblli aTOM LIeNOYKU.

BbiBoAgbl. [Moka3aHO, 4TO B 3aBMCMMOCTM OT BEJINYMHbLI BHELLIHEro MoJis peanuayeTcs kak rnepuoguyeckoe, Tak
1 cryyaHoe, XaoTM4eckoe pacrosioXeHne aToOMOB LEMOYKN.

KnioueBble cnoBa: TpexbsMHbIA MNOTEHUMan, Lenoyka, B3aMMOAencTBme, atom, ¢as3oBbii MNOPTPET, Xaoc,

CTPYKTYypa

e MocTtynuna: 22.03.2024 ¢ fopa6oTaHa: 15.04.2024 ¢ MpuHaATa kK ony6nukoBaHuio: 27.09.2024

Ana uutnpoBanua: Oxepenkosa J1.M., CasuH E.C., Tuwaesa W.P., LLleeenes B.B. CTpyKTypHble Nepexoabl B CUCTe-
Max C TPEXMUHUMYMHbIM noTeHumanom. Russ. Technol. J. 2024;12(6):91-101. https://doi.org/10.32362/2500-
316X-2024-12-6-91-101

MpospayHocTb hMHAHCOBOW AeATENbHOCTU: ABTOPbI HE UMEIOT PUHAHCOBOM 3aMHTEPECOBAHHOCTM B MPEACTaB/EH-
HbIX MaTepuanax nam MetToaax.

ABTOpbI 329BNASIOT 06 OTCYTCTBUN KOHDNINKTA MHTEPECOB.
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INTRODUCTION

Recently studied phenomena in condensed state
physics have prompted new approaches to problems
in the dynamical theory of crystals [1, 2]. In order
to explain numerous experimental data [3, 4], it has
become necessary to allow for essentially nonlinear
effects. However, it is not only the dynamical model
that is strongly nonlinear. For example, it has been
revealed [4, 5] that the type of crystal lattice depends
on nonlinear properties of the interaction potential
between crystal atoms even at absolute temperature
T=0K.

From analyzing the dynamics of systems
consisting of a sufficiently large number of particles
shows [1-5] that a system can undergo a number
of bifurcations occurring in the change of different
types of motion depending on the nature and
magnitude of interactions between particles. This is
also reflected in the existence of regions in the phase
space of such system having a number of degrees of
freedom N > 1.5 at a certain set of parameters of the
interparticle interaction potential, where motion is
essentially chaotic [6—12].

This implies that the character of the system motion
in such regions determinized by dynamic equations is
such that it can be hardly distinguished from a random
process. In addition, the presence of such regions
implies that either deterministic or stochastic trajectories
of motion can be realized in the system when the
parameters of the interparticle interaction potential
or initial conditions are changed. Such effects are
best understood as a manifestation of the interparticle
interaction potential nonlinearity.

The bifurcation phenomenon may also occur in
a static system where the potential of interparticle
interaction is nonlinear. In this case, such bifurcations
imply the presence of structural transitions of different
degrees of regularity up to chaotic.

-0.1

Fig. 1. Potential V(u) atg, > 0

In [3, 5], possible types of one-dimensional structures
and transitions between them are studied. Distinguishing
one-dimensional systems from their non-dimensional
counterparts significantly simplifies the solution to
the problem of atomic chain equilibrium due to the
arrangement of atoms along one coordinate giving the
meaning of “time” to this coordinate. The model of atomic
one-dimensional chain in the periodic field and U(4)
model are discussed in [13, 14] and [13], respectively. In
the present work, the U(6) model is considered.

MATHEMATICAL MODEL

Following [4], we consider a one-dimensional chain
of atoms interacting with their nearest neighbors in
external field V(u,) determined by the atom number 7 in
the chain interacting with the lattice atoms surrounding
it. The Hamilton function (Hamiltonian) for this
chain (system) has the following form (the atomic mass
is assumed equal to 1):

N1 1 5
H = Z[Epﬁ +§Xa2 (“n ~u, —1) +V(un )} (1)
n=1

Here u, is displacement of the nth atom in units of
interatomic distance a in the unperturbed chain, since at
V' =0, the condition of minimum potential energy gives
u, ., —u, =1 for all numbers n; p, =au,, y is the force
interaction constant of chain atoms; /(u,) is the external
potential field in which the nth atom moves. We define
potential field /(u,) as the following function (the U(6)
model):

V(u)=ggu®w? -1)>2, )

where [¢| is the potential barrier value. The function has
three minima and two maxima at g, > 0 (Fig. 1), while
two minima and three maxima occur at g, < 0 (Fig. 2).

v, J
0.1,

2u
~0.1;
-0.2;

-0.3/

0.4/

-0.5¢

Fig. 2. Potential V(u) ate, <0
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ANALYZING THE MATHEMATICAL MODEL:
CONTINUUM APPROXIMATION

1. Special points on a phase plane. The relative
value of potential barrier || and energy of interatomic

coupling ~ya® between atoms in neighboring nodes
of the chain are essential parameters affecting the
properties of the chain having Hamiltonian (1) with
external potential (2). If inequality xa2>>|£0| is
satisfied, the equilibrium position of chain atoms
would take the form of a spatial periodic wave. For

xaz < |80 , bonds between particles become
insignificant so that the chain forms a “gas” of particles
that are chaotically scattered over potential wells of
the external field.

All possible configurations of the chain are solutions
to equation

dv
X (14 = 2, +it,) = (3)
n

Expression (3) is a difference equation. In the
continuum approximation, where displacement values
of atoms u,, slightly depend on index n, we have

du 1 d%u
_du 1 d%u
K A TR

while the equation describing the equilibrium form of
the chain has the following form:

2 d?u _dv
at—==—. 4
dx du
For function W= -V, formula (4) is the equation of
motion of a nonlinear oscillator provided that variable
x is understood as time. This is equivalent to a system of
two first-order equations:

xa-——=v,
X

dv

P =g (6u5 —8u3 +2u).
x

Special points on phase plane (u, du/dx) are defined
by conditions (v = 0, dv/dx = 0), i.e., by the following
system of equations:

v=0,
6ud —8u +2u =0.

This system defines five special points: u =0,
u= il/\/g, u==xl.Ate,> 0, points u = 0, +1 are saddle
points, while points u = J_rl/ 3 are centers. Conversely,

points u = 0, 1 are centers and points u = il/ V3 are
saddles at g, < 0.

2. Phase trajectories of motion. Integrating Eq. (4)
for once, the equation defining phase trajectories on
plane (u, du/dx) is obtained:

X

where E — integration constant. The trajectories of the
system motion (phase portrait) significantly depend on
the sign of parameter ¢, Therefore, we consider two
cases.

2.1. Parameter g, > 0. As follows from (5), at
g,>0 in the finite depth potential well, periodic
oscillations of atoms (periodic structures) exist only
under condition —4g,/27 < E <0.

Periodic oscillations and their corresponding
periodic (ordered) chain structures are impossible within
interval £> 0.

For ¢, > 0, phase trajectories of the system motion
on phase plane, based on Eq. (5), have the form shown
in Fig. 3. It can be seen from the figure that the system
phase portrait contains five main elements: special

points of the “center” type at u=il/ V3 and three
special saddle points u = 0, £1. The selected motion
trajectory leaving one saddle and entering another is
a separatrix. This curve separates the regions of phase
plane with substantially different nature of motion: the
separatrix separates periodic motions of the chain from

aperiodic motions, i.e., ordered structures from
disordered ones.
du/dx
k/i/_\/
-1. 1.5u

Fig. 3. Phase portrait of the system at g, > 0
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2.2. Parameter g, < 0. Phase trajectories of the
system motion on phase plane at g, < 0 are shown
in Fig. 4. It is evident from the figure that all phase
trajectories in this case are closed, thus responding
to the oscillatory motion of atoms in the chain and
corresponding to the existence of its periodic structures.
Here, separatrices have the form of loops beginning and
ending in the same saddle to distinguish trajectories that
correspond to oscillations of the chain with different
nature; small-amplitude oscillations near minima
u = 0, 1 are separated by the separatrix from large-
amplitude oscillations near the origin.

du/dx

Fig. 4. Phase portrait of the system atg;, <0

3. Analyzing solutions to Eq. (5). Next we consider
solutions to Eq. (5) separately depending on the sign of
parameter g, in Eq. (2).

3.1. Parameter g, > 0. After integrating Eq. (5) in
this case, we denote £, = E/g, and obtain the following

J.\/6 2ut +u? +E,
(6)

St

Here, value Py(u,Ey)=ub —2u* +u? + E,. Limits
of integration u,, u, should satisfy condition
P(u, E;) > 0. We introduce a new integration variable
using relation u? = y and then transform expression (6) to
the following form:

2¢g
de

Y2
dy N 2¢

P, (y,EO) xa

g (x—xo). (7)

Here, P, (y,Ey) = yr =23 +y2 + E,y. The graphs
of function P,(y, E)) for two different values of £, are
shown in Fig. 5.

20y

-0.2

-0.3
Fig. 5. Graphs of function P,(y, Ey) atg, > 0

We study all possible cases of representing
polynomial P,(y, Ej) in the form of a product of
cofactors. At E <-4g, / 27, polynomial P,(y, E,) has
two real and two complex conjugate roots. Given this,
Eq. (7) takes the following form:

F——
o1,
=12 xfzz (x xo)

Here, C, is the real root of polynomial P,(y, Ey), the
second real root y = 0, and complex roots a*iB. The
integral in the left part of Eq. (8) is expressed through
elliptic Jacobi functions [15, 16], as follows:

y dy

le \/y(y—Cl)[(y—a)z +BZ}

)
-C 2,
:LF 2arctg q(y 1); 1 (p+q) +C .
Jpa V' 2\ pg

Here, p> = (C; — o)’ + B2, ¢* =

(2C, - a)? + B2

2g4pq
XOT(?C—XO)’

the following is obtained from Egs. (8) and (9):

Introducing new variable z=2

=+F(y,k). (10)

f C + +C?
Here, y = 2arctg 1 p q) !
Pq

while F(y,k) is an elhptlc 1ntegral of the first kind.
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It follows from Eq. (10) that

. . 9(y-C))
sn(z,k)=sin(y)=sin| 2arctg, [ —— |=
(2.k)=sin(y) )
Loy
_, Jab=G)|, ab=a) |
py py
Then
Cgsn?(zk
y= 1gsn” (2,4) - (12)
gsn?(z,k)- p(l + cn(z,k))

Here, sn(z, k) and cn(z, k) are elliptic sine and cosine,
respectively.

Function y defined by Eq. (12) is an even function
with period 7' = 4K(k)/d, where K(k) is the complete
elliptic integral of the first kind, 6 = 8|80{pq/(xa2). Hence,

sn(z,k)\/oc—q ‘
Jasn? (=)~ p(1£en(z,0))’

In domain —4/27 < E, <0, polynomial P,(y, E,)
has four real roots, C, > C, > C; > C, = 0. Roots
C,, C,, C;, and C, should satisfy the following
conditions:

u:+

(13)

C+C+G+Cy=-2,
CiCy +C3C, +(C + G, )(Cy +Cy ) =-1,
GG, (Cy+Cy)+C3C,4 (G +Cy ) = Ey,
With allowance for the location of roots
C,, C,, C;, and C, on the real axis, polynomial
P,(y, E;) > 0 in intervals y € (C3,C,) and

Oninterval y € (C5,C,), the integral on the left side
of Eq. (7) has the following form:

y dy _
(& \/(Cl_y)(CZ_y)(y_C3)y (14)
__2F(rg)
(€ -GG
Here, y = arcsin Cz(y—C3) - (C2_C3)C1_
) (CZ_C??)y’ (CI_C3)C2
We denote
2¢,(C, —C; )C
Z:\/%(X—xo). (15)

Then from (14), (15), we obtain that z=+F (v,¢), so
C -C
sn(z,q)=siny = M
(C-C3)y
Hence,

12
u==+ €25 . (16)
C, —(C, —C5)sn%(z,q)

As above, function u is an even function with period
T'=4K(k)/5, where

:\/280(C1_C3)C2.

xa?

If we assume C, = C, in (16), then parameter
q = 1 and solution (16) is a soliton solution having the
following form:

GG
u=1 — (17)
C, —(C, - Cy)th?z

Within the interval of values y > C,, polynomial
P,(v, E)) > 0. Substituting the necessary limits of
integration into (8), periodic solutions at £, > 0 are
obtained. Thus, we have the following:

y dy

CIM(y—cl)(y—cz)(y—cs)y

2 2g,
2 F(ek)=42 70 (x—x,),
\/(Cl—C3)C2 (0:4) xa* (x xO)
C2 \/(CZ_C:;)CI.

Cly C2

where @ = arcsin

[T

Then z=2F(¢,k) and hence,

HQ

C3) 2 (xx,).

G(r-6)
Cl(y_cz) .

, we obtain the following:

sn(z,k)=sing= (19)

Given that u ==+ yl/ 2

GG, (1-sn2(z,k)) v
u==x . (20)
C, - Cysn?(z,k)
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For C, = C, (k= 1) from (20), the solution is bell- P,
shaped: 0.3
12 0.2

2
. GG, (1-th?(z))
| G, —-C th?(z)
2.0 y

Atz =0, u has the formofuziCll/z,while u=0
at z > to,
3.2 Parameter g, < 0. For ¢, < 0, Eq. (5) has the

following form:

a2

|80| dx—+\/ WS +2ut —u2+ By, (21)

where E, = E/lg|.

Three points of stable equilibrium positions

u =0, =1 and two points u = irl/ NG corresponding to
unstable positions are observed on the oscillator phase
plane (u, du/dx).

We integrate Eq. (21):

j\/—u 6 42yt u2+E0

(22)
2le
_ j - j ”
A /PG u E0
where Py(u, Eq) = —u® + 2u* —u? + E,.
We introduce a new integration variable,

2=y, du=dy/2\[y. Then (22) takes the following
form:

2[e,|
=42 - . 23
P4(y,E0) a2 (x xO) ( )

Here, Py(».E))=-y*+2y>—y>+E,y. The
graphs of function P,(y, Ej) at two different values
of £ are shown in Fig. 6.

As Dbefore, different cases of decomposing
polynomial P,(y, E;) into multipliers are also studied
here. When polynomial P,(y, E,) has two real y = 0,
y = C, and two complex conjugate roots y = a + if3,
expression (23) is transformed to:

dy

\/y(Cl —y)[(y—OL)2 +BzJ

(=

(24)

(x—xo), 0<y<(.

-0.3

Fig. 6. Graphs of function P,(y, E,) at €5 <0

Since the integral in the left part of Eq. (24) is an
elliptic Jacobi function, this equation can be represented
as follows:

z=%F(v.k), (25)
2 C —
where z=2 |gg|pq(x—xo), y = 2arcctg M,
xa py
An—a)V +C2
el (P—q) +C ’ q2=(12+l32,p2=(0t—cl)2+[32,
2 r4q

F(y,k) is the Jacobi elliptic function.
It follows from Eq. (25) that

Sn(z’k)=5inY=Sin 2arcctg M _
py
py+q(C-y)

Hence, we obtain that y = u? and

qC,sn?(z,k)
y= 3 . (26)
p(l + cn(z,k)) +gsn?(z,k)

Function y is an even periodic function with period
T = 4K(k)/5. At x = x,, the function becomes zero. Thus,

sn(z,k)\/a

u==x . (27)

\/p(l * cn(z,k))2 +qsn?(z,k)

It follows from (27) that function u can be either even
with period 7' = 4K(k)/5 or odd with period T = 8K(k)/9,
8 = 8gglpg/(xa®).

We consider the case when all roots C;, C,, Cj,
and C, of polynomial P,(y,E,) are real, where
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C, > C,> (3> C,=0. Then the integral in the left-hand
part of (23) is transformed to the form under condition
0 <y <(j, as follows:

J@-»)( )y

(28)
2le
= 2 2 |g| x xO
(G-G)6G
(G-c G
Here, P = arcsin
G 6, (C
0<y<G;.
It follows from expression (28) that
CC,sn(z,r
GG o)

(G -G) 2 (zr)

Equation (29) has a soliton solution in case of
C, = C;, with parameter » = 1. This solution has the
following form:
C,C, th
S &3 hz
JC —C3+Cyth? 2

(30)

Note that u = 0 at z = 0 while uzi\/C_3 at z — Foo,

The polynomial P,(y, E) is also positive within
interval C, <y <C,.

Substituting the desired limits
from (23), we obtain:

of integration

J' dy _
y y G)\v-C
Cz\/ )( | |3) 31)
2 2g,
== F(hr)=t -xy),
(G -G)¢, () xa? (=)

where 2, :arcsin\/(c1 _CS)(y_CZ), r:\/c3 (S _CZ).
(€ -G)(r-6) G, (6 -G)
With allowance for (31), we obtain the following:

) _+\/c3(c1 ~ Gy )sn? (z,r) - C, (G~ Cy)
N\ (G-G)s? ()~ (G- G)

» (32)

2le
where z = \/%(Cl —C3)C2 (x—xo).

Thus, the results obtained in the continuum
approximation (under conditions of weak external field)
indicate that phase curves are closed and have the form of
slightly deformed ellipses in the neighborhood of stable
position points regardless of the g; sign. Each curve
corresponds to the equilibrium position of the chain in the
form of a spatial periodic wave. Separatrices connecting
the points of unstable position and limiting the domain
of closed curves correspond to the equilibrium in the
form of a bell-shaped solitary wave.

ANALYSING THE MATHEMATICAL MODEL:
DISCRETE APPROXIMATION

When the external field potential is sufficiently large,
function u, cannot be considered to be weakly dependent
on n, so it is necessary to return to difference equations.

Equation (3) can be visualized as a representation
given the introduction of variable /, = (u, —u, ;). Then
Eq. (3) transforms into the universal representation [3]:

I, ,=1,+—,
d, (33)
Uy =Y, + In+1’

where V,, = V/(xa?).

Representation (33) has periodic and chaotic
solutions that determine the corresponding arrangements
of atoms in the chain, i.e., its structure. Thus, studying
equilibrium forms of the chain is reduced to studying
sequences of points {u,, [} plotted on a plane.
Depending on initial values (u,, /), this sequence either
regularly fits into closed lines or appears chaotically
scattered in some domain on the coordinate plane.

Numerical solutions to the system of equations (33)
with function 7 in form (2) are shown in Figs. 7 and 8 as
phase portraits of the system at different values of
parameter €y = &y/(xa?).

The solution to system (33) in coordinates (u, /) at
any initial values (u, /;) is a straight line parallel to the
u axis. At sufficiently small €, (Fig. 7), the most of
phase space is occupied by the sequence of points fitting
into closed curves.

ln
0.4

0.2

0 0.2 0.4 0.6 0.8

Fig. 7. Phase portrait of the system at &, =0.4
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However, a disorderly distribution of sequential
pairs (u,, 1,) on the plane occurs in a minor part of the
phase space, thus demonstrating the chaotic phenomenon
for model (33). In the phase space, these pairs occupy
narrow stochastic layers separated from each other by
invariant curves. Separate domains on the phase plane
are not occupied by stochastic trajectory points. Since
these domains contain a finite measure of periodic
trajectories, the conditions of KAM-theory (Kolmogorov—
Arnold—Moser theory) are fulfilled in central parts of the
domains [13]. This means that in case of €, smallness,
the stochastic layers are not connected to each other. This
is the direct consequence of the KAM-theory [13] for the
number of degrees of freedom N < 2.

According to [3], the stochastic layer width 64 can
be estimated for gy < I:

T

sh~2(2n)te V0. (34)

It follows from (34) that at arbitrarily small
perturbations, an exponentially small stochastic layer
appears that can be interpreted as a germ of structural
chaos in the arrangement of chain atoms.

An increase in values of parameter €; results in the
growth of the stochastic layer width, thus leading, in
turn, to the destruction of KAM curves and merging of
stochastic layers and the subsequent formation of
a stochastic sea containing islands of stability.

The system phase portrait at €, =0.7 is shown
in Fig. 8.

—0.24.:

~0.4
0 0.2 0.4 0.6 0.8

1.0u

n

Fig. 8. Phase portrait of the system at £, =0.7

It is evident from Fig. 8 that the largest object of the
phase portrait is the separatrix cell with saddle

u =il/ 3, which is destroyed to allow a stochastic
structural layer to be formed in its place. The domain
limited by this main layer contains a family of nested
invariant curves that span point / = 0. Outside the
domain limited by the main stochastic layer, a group of
separatrix cells containing narrower stochastic layers is
located. Invariant curves are beyond the cells. Thus, the
system phase portrait consists of an infinite number of
alternating invariant curves and stochastic layers. At
g ~1, the merging of stochastic layers and formation
of a common stochastic sea is observed indicating
a transition to the formation of the chain chaotic
structure.

At |86| > 1, almost the entire domain of phase space
becomes the domain of stochastic motion. The exceptions

are islands of stability, whose size is of 1/ |86|0rder at

|86| > 1. These islands are located in the neighborhood
of elliptic points (points of stable equilibrium position)
of the representation.

CONCLUSIONS

In the present paper, it is shown that closed phase
curves in the continuum approximation under the
conditions of a small external field have the form of
slightly deformed ellipses in the neighborhood of
stable position points regardless of the g, sign. Each
curve corresponds to the equilibrium position of the
chain having the form of a spatial periodic wave.
Separatrices connecting the points of unstable position
and limiting the area of closed curves correspond to the
chain equilibrium in the form of a bell-shaped solitary
wave.

The numerical solutions to the system of
equilibrium  equations also demonstrate the
implementation of that both periodic and random
chaotic arrangements of chain atoms depending on
the external field strength.
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